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Abstract: The Francis hydro-turbine is a typical nonlinear system with coupled hydraulic, mechanical,
and electrical subsystems. It is difficult to understand the reasons for its operational failures, since the
main cause of failures is due to the complex interaction of the three subsystems. This paper presents
an improved dynamic model of the Francis hydro-turbine. This study involves the development
of a nonlinear dynamic model of a hydraulic unit, given start-up and emergency processes, and
the consideration of the effect of water hammer during transients. To accomplish the objectives
set, existing models used to model hydroelectric units are analyzed and a mathematical model is
proposed, which takes into account the dynamics during abrupt changes in the conditions. Based
on these mathematical models, a computer model was developed, and numerical simulation was
carried out with an assessment of the results obtained. The mathematical model built was verified on
an experimental model. As a result, a model of a hydraulic unit was produced, which factors in the
main hydraulic processes in the hydro-turbine.

Keywords: hydro-turbine modeling; dynamic modeling; transient processes; hydropower; hy-
dropower plants; mathematical modeling; water flow inertia

1. Introduction

Currently, stochastic renewable (wind and solar) energy sources are rapidly developing
in the world, and hydropower plays a key role in ensuring the security and stability of
the energy system with a high share of renewable energy sources. Global hydropower
continues to increase with relatively higher rates of total installed capacity in the last
10 years alone. This expansion means that it is becoming increasingly more important to
investigate various hydropower plants (HPPs). A significant number of studies examine
the dynamics of the Francis turbine. In particular, the work by E.Vagnonia, et al. [1]
focuses on the study of the dynamics of the Francis turbine under the action of a voltage
regulator. The paper presents the results of the studies on the behavior of the generator
operating as a synchronous compensator, given the pressure fluctuations in the turbine.
The study presented in [2] is devoted to the minimization of fluctuations in the rotation
speed at the idle start of the turbine and the optimization of starting the unit with the
turbine control algorithm based on the theory of fuzzy logic. This approach provides the
flexibility of the regulator settings and reduces vibration during unit start-up. Article [3]
provides an analysis of the algorithms and their impact on the turbine operating conditions
and the effects of disturbances from the load side. Article [4] presents the construction
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of dynamic models of the turbine and their transfer functions, which affect the quality
of the transient process in the case of various auxiliary systems during the hydraulic
unit operation, but do not take into account emergency processes in the power system.
There are studies focusing on the modeling of power fluctuation that occurs during the
start-up of the unit [5]. However, the authors of this work do not provide a condition
for the emergency shutdown of the unit. The authors of [6] analyze the dynamics of
the HPP pump-turbine in terms of an improvement of the model of the Francis turbine.
Article [7] addresses quantitative analysis and identification of the mechanism of influence
of hydraulic damping of low-frequency oscillations in power systems. In [8], the authors
present the results of the analysis of complex power systems, which have a large number of
various energy sources, and the dynamic simulation of their electromechanical transients.
Article [9] presents various transfer functions for turbine models used in pumped-storage
plants, given the process constraints. The authors of [10] present some simulation models of
a hydro-turbine governing system with different water diversion system topologies, which
make it possible to calculate the damping of low-frequency oscillations. The focus of [11] is
on the analysis of various nonlinear dynamic characteristics of regulation systems, which
ensure the stability of the control system. Article [12] performs an analysis of the stability of
the hydro-turbine controller, which is the most important stage in the design of the prime
mover operating in the power system, since it is essential for the safety of both the power
plant and the power system. Given the nonlinearity of the hydro-turbine, a comprehensive
analysis of the stability of the hydro-turbine control system was carried out for the cases of
frequency control and power control. However, the algorithms of emergency scenarios are
not provided. In [13], authors consider a nonlinear modal method, which was introduced
to analyze the dynamic modal interactions between the subsystems of the HPP hydraulic
unit, and compare the results obtained by different methods to check the feasibility of the
method. There are studies of the multi-frequency dynamic characteristics of a hydropower
plant under the coupling effect of the power grid and the turbine regulating system with a
surge tank [14]. In article [15], the study examines the hydraulic oscillations between two
pump-turbines after the water flow rate is reduced to zero for the parallel operation of the
two units. The findings indicate that two pump-turbine units have the same oscillation
cycle, but their transient processes are significantly different. In [16], the influence of
the conduit geometry on the dynamic parameters of the unit is analyzed. The finite
element method is used to evaluate the performance of the turbine. Article [17] analyzes
the influence of backlash nonlinearity on the stability of island power systems, where the
Nyquist stability criterion and the numerical modeling method are used to control hydraulic
turbines. Another focus of the study is on the mechanism of the influence of four important
hydromechanical time constants on the stability of a nonlinear system of a hydraulic unit.
Article [18] considers simplified mathematical models to help in monitoring the vibration
of hydro-generators and illustrates this proposal by modeling a hydro-generator with a
capacity of 700 MW. In [19], fluctuations between two hydroelectric power plants in a
separate power system of China are investigated, where different excitation systems are
considered. Article [20] considers quaternary storage hydropower technology as one of
the new advanced technologies, which combines a variable speed pumping unit and a
conventional hydropower turbine in a four-component configuration, which allows it to
have a greater competitive ability to provide fast power support in a future system with
a high degree of penetration of renewable energy sources. The above studies do not take
into account the transient processes associated with emergency processes during load
shedding. There is a study investigating transient processes during fast unloading of
the turbine [21]. The findings suggest that the output real power characteristic is highly
dependent on the guide vane opening speed in both field and simulation tests, however, the
studies consider load shedding without analyzing different load ranges. The development
of such a model would make it possible to create a system of automatic diagnostics in
real time. The study [22] focuses on the development of turbine models for wider ranges
of hydraulic unit start-up. The contribution of this article is that an accurate real-time
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equivalent circuit model of HPP with error compensation is proposed to resolve the conflict
between real-time online simulation and accuracy under various operating conditions. In
the future, this can help build a system for the automatic distribution of operating units,
taking into account the model implemented by the station [23,24]. Article [25] is devoted to
modeling the turbine of pumped-storage plants operating in a wide range of power. The
finite element method is applied to simulate the pulsation. Numerical transient simulation
can support the operation of hydropower plants and help avoid hazardous operating
conditions, thereby indirectly extending plant run time and improving economic effect.

Currently, there is a whole host of works constructing mathematical models to study
a wide variety of processes from electromechanical oscillations to the influence of hydro-
dynamic processes on the behavior of the unit. According to the analysis of the literature,
many previous studies use the finite element method and the construction of transfer
functions for modeling individual main components of hydroelectric power plants, but the
developed models are simplified and cannot simulate some complex transients during the
emergency unloading of the turbine. The design of a modern hydroelectric power plant or
theoretical research in the field of hydropower are unthinkable without the widespread
use of mathematical modeling at all stages of development [26–29]. Therefore, this paper
develops a nonlinear dynamic model of a hydraulic unit, given start-up and emergency
processes, and considers the effect of water hammer during transients. To analyze transient
processes, a model is implemented in the SimInTech simulation environment, which al-
lows dynamic simulation for a huge number of various technical systems and automatic
control devices.

2. Construction of a Mathematical Model

Figure 1 shows a block diagram of a hydroelectric power plant (HPP) [3]. Running
water from the upstream enters the spiral chamber after passing through the guide vanes,
thus contributing to the rotation of the turbine connected to the generator through the shaft.
Hydro-generator speed is maintained by changing the opening angle of the guide vanes,
which are regulated by an oil servomotor. The system consists of four main parts: piping
system, water turbine, servosystem, and generator. In recent years, linear and nonlinear
dynamic models of the main parts have been proposed [3,30], but modeling with these
models is carried out in ideal situations or is too simplified.
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According to the theory of hydrodynamics, the flow equation is as follows:[
Hp(s)
Qp(s)

]
=

[
cosh(r∆x) −zcsinh(r∆x)

−sinh(r∆x)/zc cosh(r∆x)

][
Hq(s)
Qq(s)

]
(1)
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where the subscripts q and p are the designations of the conduit sections for the upper and
lower pools of the HPP, ∆x = L is the conduit length, and r and zc are HPP the conduit
equation components.

3. The Mathematical Model Development
3.1. Model of a Water Turbine with Elastic Water Hammer

The turbine equation for a small perturbation around the target point is:{
mt = exxt + eyy + ehh
q = eqxxt + eqyy + eqhh (2)

Partial derivatives of the turbine torque and flow with respect to the turbine speed
have the form [30]: 

eh = ∂mt/∂h
ex = ∂mt/∂x
ey = ∂mt/∂y
eqh = ∂q/∂h
eqx = ∂q/∂x
eqy = ∂q/∂y

(3)

Transfer function of the turbine and conduit [3] are:

Gt(s) = −
ey

egh
·

ems3 − 3
hwTr

s2 + 24em
T2

r
s− 24

hwT3
r

s3 + 3
eqhhwTr

s2 + 24
T2

r s
+ 24

eqhhwT3
r

(4)

where em = eqyeh/ey − eqh are Francis turbine performance parameters.

3.2. Generator Model

This paper considers the operation of a hydroelectric power plant for an isolated load.
The mathematical model can be represented as follows:

.
δ = xt.

xt = (mt −me − D · xt)/Ta
.
E
′
=
(

E f − E′q − (zd − z′d) · id

)
/Td

(5)

where: {
id =

(
E′q −Vs cos δ

)
/z′d

me =
Vs
z′d

E′q sin δ + V2
s

2

(
1
zq
− 1

z′d

)
sin(2δ)

(6)

δ is the rotor angle, me is the output electric moment, D is the damper factor, Ta is the
generator mechanical time constant, Ef is the field voltage, E′q is the generator voltage, zd is
the positive sequence reactance, z′d is the positive sequence transient impedance, Td is the
field winding time constant, id is the positive sequence current, vs. is the network voltage,
and Zq is the generator reactance.

4. Francis Turbine Control Dynamics

The main expression, which takes into account the control dynamics of the unit, can
be represented by an integrating factor that describes the inertia of the water flow in the
turbine conduit [27]:

dq
dt

=
1

TR
(h0 − h) (7)
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where q is the turbine flow, h0 is the full head of the hydraulic turbine, h is the turbine inlet
head, p.u.; TB is the water hammer time constant (s) calculated from:

TR =
L

A · g (8)

where L is conduit length, m; A is the conduit area, m2; g = 9.81 m2/s is the gravitational
acceleration, or:

Wq(s) =
1

TRs
(h0 − h) (9)

To study the behavior of a hydraulic unit, a simplified mathematical model (Figure 2)
is usually used [27]. Its derivation is provided in [31,32]. All formulas are provided for
parameters reduced to per units.
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To calculate the flow through the unit, a simplified equation is used for the liquid
outflow through a surface area S, which depends on the opening of the guide vane. This
study assumes a linear dependence of change in the flow rate on opening. In actuality, the
dependence is not linear and depends on the geometry of the guide vane; however, such
an assumption will not affect the quality of the transient process.

q = a0
√

h (10)

where a0 is the guide vane opening, p.u.
Figure 3 shows the model according to the block diagram shown in Figures 1 and 2.

To verify the correctness of the resulting model, numerical modeling at the initial stage was
carried out with the following conditions: ∆w = 0.05, qnl = 0.05, H0 = 1, TR = 0.1, β = 1.
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Figure 3. The proposed model of the hydraulic turbine.

To test the model, the response of the system to the step input that occurs at the time
of 10 s was investigated. A graph of the turbine transient process, with a sharp step change
in the opening of the guide vane (GV) (αst) from 0.5 to 0.9, is provided in Figure 4. The
graph shows a dip at the time of GV opening (t = 10 s), which is explained by a sharp
change in the water flow rate in the penstock conduit, causing water hammer. Thus, at the
initial moment, most of the flow energy is applied to increase the pressure, and the turbine
power drops.
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In practice, such a sharp dip does not occur, due to the inertia of the control system.
The movement of the guide vanes takes a few seconds but does not happen instantly. The
servomotor can be simulated aperiodically by an expression with time constant Ts:

WS(s) =
1

TSs + 1
(11)

The diagram of a hydro-turbine with an aperiodic inertia element, which takes into
account the servomotor, is shown in Figure 5. The result is shown in Figure 6. The power
dip caused by the change in setpoint (at the time t = 10 s) is much less compared with
the previous result. At the same time, the time of the transient process increased. Such a
response of the turbine to a stepped input is more adequate and closer to the behavior of a
real-world turbine, in contrast to the transient process shown in Figure 4. All this proves
the need to take into account the inertia of the control element, in addition to the inertia of
the impeller itself.
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5. Comparison of Results with Experimental Data

The modeling results allow the conclusion that the behavior of the model is adequate;
however, to make sure of this, it is necessary to compare the results obtained by calculation
with real data. To this end, the data obtained in the experiment [33] for the Francis radial–
axial turbine are used.

5.1. Simulated Plant

The object of simulation in the work is an experimental stand with a radial–axial
turbine, provided by the Norwegian Hydropower Centre for open-source access [34] The
stand consists of two tanks simulating the upstream and downstream; the penstock conduit
is represented by a pipe closed by a valve. The model turbine diameter is 0.35 m. A
magnetic system flow meter is used to measure the water flow. The nominal head of the
plant is 12 m. The nominal flow rate at the optimum point is 0.2 m3/s. The nominal power
of the hydraulic unit is 24 kW. To measure the water flow parameters, several pressure
sensors are placed on the stand: at the turbine inlet (between the guide vanes and the
impeller blades), on the turbine blades, and at the turbine outlet (in the suction pipe cone).
The sampling frequency of the sensors is 2 KHz. The diagram of this plant is shown
in Figure 7.

This experiment involved the investigation of the processes during the turbine acceler-
ation from the minimum opening to the optimal one and the turbine deceleration from the
optimal opening angle to the minimum one.

The initial data for the experiment are shown in Table 1.
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Table 1. Limiting parameters of the experiment.

Parameter Minimum Load Optimal Load

Guide vane angle (◦) 0.8 9.84
Net head (m) 12.14 11.94

Discharge (m3/s) 0.022 0.200
Torque to the generator (Nm) 11.16 616.13

Friction torque (Nm) 4.66 4.52
Efficiency (%) 20.94 98.39

Runner angular speed (rpm) 332.8 332.59
Casing inlet pressure-abs (kPa) 221.03 215.57

Draft tube outlet pressure-abs (kPa) 101.85 111.13
Water density (kg/m3) 999.59 999.8

Kinematic viscosity (m2/s) 9.57 × 10−7 9.57 × 10−7

Gravity (m/c2) 9.82 9.82

5.2. Braking Process

The study examines the process of braking, in which the opening angle of the guide
vane changes from 9.84 to 0.8 degrees. Changing the opening angle of the guide vane is
shown in Figure 8.

The change in the flow through the turbine, in time, causes a head surge. This can
be seen from the pressure measured at the turbine inlet in Figure 9. When the guide vane
reaches the minimum opening angle, the change in the flow stops and the inlet pressure
begins to recover. The difference between the steady-state pressure before and after the
opening of the guide vanes is explained by a decrease in the speed losses in the conduit,
which are virtually absent at the turbine idling.
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5.3. Acceleration Process

For the case with turbine acceleration, the opening angle changes from 0.8 degrees to
9.84, as shown in Figure 9. The graph of the inlet pressure is shown in Figure 10.
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Figure 10. Transient process in the case of closing the guide vane and the pressure value before
the turbine.

To set the opening of the guide vane, the model employs a piecewise linear approxi-
mation. The base value of the guide vane opening is taken to be 12.5◦. The maximum and
minimum opening values are 9.84 and 0.8, respectively. The opening value is fed to the
input of the hydro-turbine model; the results are shown in Figures 10 and 11. Closing the
guide vane within 6 s leads to an increase in pressure due to a decreasing flow. When the
turn of the guide vanes ends, the pressure value reaches its original value. The basic head
value is 12.14 m, and the working head is 11.80 m.
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The results of the load increase modeling are shown in Figures 12 and 13. When the
guide vane is opened, the flow energy is used to increase the flow rate and the pressure
drops. In contrast to the model characteristic, the steady-state value of the head is different
for measurements before and after the guide vane opening. The pressure at the turbine inlet
decreases with an increase in the flow, which is caused by water speed losses in the conduit.
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Based on the modeling and comparison of the modeling results with empirical data,
we can conclude that the behavior of the model is not only adequate, but also corresponds
to the behavior of a real-world turbine.

After the successful verification of the mathematical model, we will model a hydro-
turbine as part of a hydroelectric unit. The modeling object will be the above-described
radial–axial turbine impeller operating on a shaft with a hydro-generator for an isolated load.

The “bidirectional bus” block (which transmits the values of the power on the shaft, the
speed setting, and the actual speed) is used to relate the turbine model with the generator
model. The internal structure of the “hydro-turbine” block is shown in Figure 14.
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The above-described mathematical model is used to build an electrical circuit (Figure 15).
The circuit simulates the energy block “hydraulic unit—transformer” operating for the load.
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Figure 15. Model of the block “hydraulic unit—transformer” operating for the isolated load.

To set the current operating conditions of the hydraulic unit and provide feedback,
automatic control circuits are used, which, based on an array of input signals, generate
output signals according to a given algorithm.

The following conditions are considered:

1. Shutdown of the hydraulic unit
2. No-load conditions of the hydraulic unit
3. No-load conditions of the generator
4. Generator normal operating conditions

Switching to another operating condition is performed on an appropriate command.
The described algorithm is shown in Figure 16.
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Figure 16. An algorithm of automatic control of the hydraulic unit operating conditions.

To control the power of the hydraulic turbine and maintain a given speed, it is neces-
sary to use a controller. Therefore, we use a feedback PID controller. The diagram of such a
controller is described in [34].

PID controller maintains the speed of the hydraulic turbine (Figure 17), and, in addition
to speed control, implements mechanisms for limiting the maximum and minimum opening
of the guide vane. The minimum and maximum opening setpoints depend on the operating
conditions of the turbine. For example, when the speed rises from 0 to 100%, the opening
limit is 40%, which does not allow the controller to force the opening of the guide vane
because of a large speed deviation from the setpoint. Such action of the controller would
lead to a significant overshoot and an increase in the time necessary to reach a steady-state
value [35–37].
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6. Analysis of Results
6.1. Turbine and Generator No-Load Operating Conditions

Based on the comparative studies, the mathematical models were verified for various
operating conditions of the hydraulic turbine. Relying on the comparative data obtained,
we built a model of the hydraulic unit operating for an isolated load. The calculation
for a generator with known parameters can be carried out and the previously modeled
hydro-turbine can be scaled using known similarity formulas. The similarity equations
for hydraulic machines are used to switch from a model turbine to a turbine of a different
power [36]:

Qp = Q′1D2
1

√
H (12)

n′1 = nD1/
√

H (13)

Thus, a hydraulic unit with an active power of 42 MW, a nominal voltage of 10.5 kV,
and a rotation speed of 100 rpm was chosen as an object to be simulated.

First of all, we check the no-load operation of the unit. When the “generator no-
load operation” command is given, the unit sequentially switches to the turbine no-load
operation mode, and then to the generator no-load operation mode, supplying the field
current to the rotor winding. Figure 18 shows the parameters of this transient process. At
the first time instant, the guide vane (GV) opens for start-up (40%), then, when approaching
the nominal speed, it is closed to the opening of no-load conditions. At the same moment,
the excitation of the synchronous machine is turned on and the stator voltage rises to the
nominal value (10.5 kV). Rotation speed deviation is less than 2%.
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6.2. On-Load Operation and Load Increase

Another operating condition to explore is an increase in the load. Figure 19 shows the
transient process during the acceleration of the hydraulic unit to the nominal speed under
no load, which is followed by the connection of a 12 MW load [38–40].

When the turbine unit is started and generator reaches the idle speed, the generator
breaker is turned on. In this case, a slowly damping oscillatory process occurs with a swing
of 12.5 Hz (25%).

In real-world control systems, the controller coefficients are often changed for different
operating conditions. Figure 20 presents the frequency response characteristic for the
current PID controller (Table 2) and for the desired controller operating under load.
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Table 2. Final controller settings.

Parameter Value

Proportional link P 4-2

Integral link I 0.08

Differential link D 2

Time Tf 0.1 s.

Analysis of the diagrams indicates that in order to obtain the desired response, it is
enough to reduce the proportional coefficient of the PID controller [41–43]. Therefore, we
made a proportional change in the coefficient of the controller from 4 to 2. The result of
this change is shown in Figure 21. After load surge, the frequency dropped to 43 Hz and
recovered to the nominal value within 50 s.
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6.3. Emergency Load Shedding

Compared to load surge, load shedding is much more dangerous. To simulate load
shedding, we increased the load to the nominal value and when the generator reached the
nominal conditions, the load was shed. As soon as the transient process ended and the
frequency was nominal, the generator circuit breaker was turned off. The time of tripping
corresponds to the simulation time, i.e., 90 s (Figure 22).
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When the load dropped to 12 MW, the unit accelerated to a frequency of 57 Hz (114%);
at the same moment, the controller operated and closed the guide vane to the minimum
opening. It took approximately a minute for the frequency to recover. The controller
responded instantly, at the moment of load shedding, by “landing” the guide vane on the
lower opening limit, thereby preventing further acceleration of the rotor of the unit.

7. Conclusions

The paper presents a model developed to simulate the electromechanical transient
processes of a hydraulic unit operating for an isolated load. With the constructed model,
numerical modeling was carried out and the characteristics of transient processes were ob-
tained for various operating conditions of the unit (no-load, load surge, and load shedding).
Similar results can be used to study and analyze the operation of existing systems.

The modeling results can be used not only to examine but also to tune the controllers
and debug automatic systems used at hydropower plants. Moreover, such real-time
simulations can be used to build simulators for the plant personnel to study all the nuances
of the process control systems of a hydroelectric unit and its auxiliary equipment.
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