
Citation: Moroz, V.; Makarchuk, O.

Application of a Fractional Transfer

Function for Simulating the Eddy

Currents Effect in Electrical Systems.

Energies 2022, 15, 7046. https://

doi.org/10.3390/en15197046

Academic Editor: Abu-Siada

Ahmed

Received: 18 August 2022

Accepted: 22 September 2022

Published: 25 September 2022

Publisher’s Note: MDPI stays neutral

with regard to jurisdictional claims in

published maps and institutional affil-

iations.

Copyright: © 2022 by the authors.

Licensee MDPI, Basel, Switzerland.

This article is an open access article

distributed under the terms and

conditions of the Creative Commons

Attribution (CC BY) license (https://

creativecommons.org/licenses/by/

4.0/).

energies

Article

Application of a Fractional Transfer Function for Simulating the
Eddy Currents Effect in Electrical Systems
Volodymyr Moroz 1,2,* and Oleksandr Makarchuk 1,2

1 Institute of Power Engineering and Control Systems, Lviv Polytechnic National University,
79013 Lviv, Ukraine

2 Faculty of Electrical Engineering, Czestochowa University of Technology, 42-201 Czestochowa, Poland
* Correspondence: volodymyr.i.moroz@lpnu.ua; Tel.: +380-96-781-3092

Abstract: Some electrical devices contain a solid nonlaminated magnetic core as a component. In the
case of variable magnetic flux, eddy currents arise in such a core, which should be taken into account
for computer simulation if higher precision is needed. The fractional order transfer function (FOTF)
based on the simple traditional model of excitation circuit of a DC machine is proposed for eddy
current simulation. This model is illustrated by mathematical (based on differential equations and the
Laplace operator) and structural approaches to the excitation circuit of a common DC generator with a
solid core. The skin effect for more precise simulation of eddy currents is also considered by means of
fractional order transfer functions in the computer models. Magnetic saturation and hysteresis were
not taken into account in this case. The proposed model is simple and ensures adequate accuracy,
confirmed experimentally using the FOTF Toolbox for MATLAB and Simulink. This model is distinct
and proposed for the fast and accurate computer simulation of eddy currents in electrical devices
with a solid magnetic core.

Keywords: computer simulation; eddy currents; FOTF Toolbox; fractional order transfer function;
structural model

1. Introduction

Many electromechanical systems have complex structures, and in this case, computer
simulation provides a quick and often easy approach to studying the behavior of many
systems. Thus, computer simulation makes it possible to simplify the process of studying
electrical systems (such as electric drives), which are the main consumers of electric energy.
We believe that complex computer models determine the depth of research in the processes
of electrical engineering systems. One of the factors in the increased accuracy of simulating
such a system is considering eddy currents if the system includes a solid ferromagnetic
core. The stator frame of an electric machine or a DC relay is a good example of electrical
systems for simulation.

The problem of eddy current simulation emerged more than half a century ago in
automated DC electric drives with alternating excitation of a DC machine. For example,
in 1962, Olgerd Slezhanovsky published the article “On Accounting and Compensation
of the Influence of Eddy Currents in the Control Systems of the Flow of Excitation of
Electric Machines” in the ELECTRICITY magazine [1]. He suggested to consider the effect
of eddy currents in a massive magnetic frame of DC machines for the motors with variable
excitation, as indicated in this article.

Modern research is also focused on the investigation of the phenomenon of eddy
currents in magnetic circuits, e.g.:

• Various types of electric machines and devices [2–10];
• Energy transformation systems [4,8,10]; and
• Measuring systems [11].
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In the mid-1980s, after conducting experiments, the need for more accurate consid-
eration of eddy currents in the modeling of electrical systems had become obvious. The
test system of these experiments was a simple voltage regulator based on the 4GPEM-220
220 kW DC generator (see Figure 1). This type of DC generator was used for a mining
shovel excavator with a BUTV thyristor exciter (reference code: B-3801) and the Ward–
Leonard system as the main part of the electric driver for the main shovel mechanism.
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Figure 3. Photos of equipment for experiment. (a) Prototype of BUTV (B-3801) thyristor exciter for 
mining excavators; (b) The testing stand in Karpinsky Electric Machine Building Plant. 

Figure 1. Photo of 4GPEM-220 DC generator in a factory.

In this experiment, to regulate the generator’s output UG, a voltage controller (a simple
P-regulator based on a single operating amplifier) with a voltage feedback (see Figure 2)
was used on the testing stand (see Figure 3) at the Karpinsky Electric Machine Building
Plant (ex-USSR plant, now Russia).
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The oscillogram in Figure 4 shows the reason for considering eddy currents for the
computer simulation of the solid conductive ferromagnetic core of most electrical elements.
It shows a significant difference between the exciting current Id and the output voltage UG
of the DC generator, which corresponds to the magnetizing current Iµ.
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UG—output voltage of DC generator (generator’s EMF); Ud—filtered excitation voltage; Id—filtered
excitation current.

For engineering applications, if high accuracy is not required and high calculation
speed is preferred, it is possible to use a simple model considering the presence of eddy
currents with the skin effect.

2. Materials and Methods

Some models for eddy current simulation with a skin effect are complicated because
they use FEM analyses for the best accuracy [7,11]. Such models are detailed and provide
high accuracy, but at the same time, they require proper software and high computing
power, making it impossible to perform high-speed simulations, which are often needed
for primary evaluation of engineering decisions.

The classical model of eddy currents, particularly in DC machines (see Figure 5),
was suggested more than half century ago by many authors (see [1,5,6,10], for example).
This model is based on a simple equivalent Lµ–Rk circuit with a fictitious element Rk of
the eddy current (indicated as ik). The introduction of the fictitious element of the eddy
current creates the difference between the exciting current id and the magnetizing current
iµ (corresponding to the EMF or the generator voltage UG).
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Figure 5. Traditional equivalent electric exciting circuits of a DC machine with eddy current element.
id is an exciting current; iµ is a magnetizing current; Ud is an excitation voltage; ik is a current
of fictitious element of eddy currents; Ls is a leakage inductance for excitation winding; Lµ is a
magnetizing inductance for excitation winding; Rd is a field resistance; Rk is a resistance of fictitious
element of eddy currents.

The above-discussed model (Figure 5) is described by the system of algebraic and
differential equations and is shown below:
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
Ls

did
dt + idRd + Lµ

diµ
dt = Ud ;

Lµ
diµ
dt = ikRk ;

iµ + ik − id = 0 ;
(1)

or 
Ts

did
dt + id + Tµ

diµ
dt = Ud

Rd
;

Tk
diµ
dt = ik;

iµ + ik − id = 0 ;

(2)

where iµ is a magnetizing current; id is an exciting current; ik is a current of fictitious
element of eddy currents; Ts = Ls

Rd
is an inertia or time constant of leakage inductance

circuit; Tk =
Lµ
Rk

is an inertia or time constant of the eddy currents circuit with the fictitious

element; Tµ =
Lµ
Rd

is an inertia or time constant of the magnetizing circuit.
It is possible to express the structural model in the operator form (also known as

a transfer function in Control Theory) for exciting and magnetizing currents using the
previous Equations (1) and (2):

Id(s) =
Tks + 1

s2TsTk + (Ts + Tk + Tµ) · s + 1
· Ud

Rd
(3)

Iµ(s) =
1

s2TsTk + (Ts + Tk + Tµ) · s + 1
· Ud

Rd
(4)

Using an equivalent electrical circuit, shown in Figure 5, and the system of Equation (2),
one can develop a structural model for describing the effect of eddy currents. The different
form of a traditional model of a magnetizing circuit with eddy currents is presented in
Figure 6 by two structure models:

1. Directly developed based on the electrical circuit in Figure 2 and the system of Equa-
tions (1) and (2); and

2. Slightly structurally transformed based on the system of Equation (2).
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(2), one can develop a structural model for describing the effect of eddy currents. The 
different form of a traditional model of a magnetizing circuit with eddy currents is pre-
sented in Figure 6 by two structure models: 
1. Directly developed based on the electrical circuit in Figure 2 and the system of Equa-
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Figure 6. Structural model for the excitation circuit of a DC machine with eddy currents, based on the
system of Equation (2). (a) structural model (first step); (b) structural model after transformations.

For most DC generators with a solid iron frame, the time constant Tk (inertia) of the
fictitious eddy current circuit is 15% . . . 30% of the time constant (inertia) of the entire
excitation winding. In particular, the value of the time constant Tk can be calculated
according to the empirical formula suggested by O. Slezhanovskiy [1]:

Tk
∼=

4lj a2b2

πkρδ(a2 + b2)

where lj is the distance between the stator poles in cm; a and b are the thickness and length
of the stator back, respectively, in cm; δ is the air gap between the pole and the rotor of a
DC machine in cm; kρ = 2 × 104 (coefficient for steel).



Energies 2022, 15, 7046 5 of 11

3. Results
3.1. Simulation of Eddy Current Distribution

This is the simplest model for eddy currents but also currently the most popular one.
The coefficient of distribution of the magnetic field in the stator frame (also known as
the skin effect) was not considered in the model [12,13]. This phenomenon changes the
parameters of the fictitious element of eddy currents in transient processes, which can
be easily considered if we assume that the stator frame is unsaturated in most cases. An
analytical expression for the distribution of magnetic and electric fields in solid metal is
known from electromagnetics (for example, [14]) as an expression for the distribution of
the current density in a finite thickness metal:

j = j0 ·
(

e−αd + e−α·(b−d)
)

(5)

where j0 is the eddy current density at the edge of the metal, d is the distance from the edge,
and b is the thickness of the metal.

α =

√
ωµµ0σ

2
(6)

where ω is the angular frequency of AC, µ is a relative magnetic permeability of the
rolling steel type CT3, µ0 is a magnetic permeability of the vacuum, and σ is the specific
conductivity. For iron (steel), σ ∼= 107 S/m.

Given in Figure 7 is the graphical representation of Equation (5) for the relative density
of the eddy current along a solid block of rolled steel, type CT3, of 5 cm thickness, which
corresponds to the stator thickness of the generator 4GPEM-220. The plots were built in
MATLAB software for three frequencies of 10, 30, and 100 Hz, which visually demonstrate
the skin effect in a solid conductor. The MATLAB script is presented below.

The skin (surface) effect can be taken into account in the model by the coefficient of
the varied resistance, depending on the frequencyω, i.e.,

Kσ =
Rk
Rω

(7)

where Rω is the resistance of the fictitious element of eddy currents at the frequency ω,
and Rk is the resistance of fictitious element of eddy currents on direct current.

Coefficient Kσ is calculated by integrating the current distribution (5) due to the
skin effect:

Kσ =
1
2b

b∫
0

(
e−αx + e−α·(b−x)

)
dx =

1 − e−αb

αb
(8)

Replacing in (8) the α coefficient with its expression from the frequency ω of
Equation (6) [12,13,15], one can obtain (see Figure 8):

Kσ(ω) =
1 − e−αb

αb

∣∣∣∣∣
α=

√
ωµµ0σ

2

=
1 − e−b

√
ωµµ0σ

2

b
√
ωµµ0σ

2

(9)

The part of the MATLAB script for building the plot for the visual representation of
the coefficient of change in resistance of eddy currents is given below.
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Figure 7. Relative density of eddy currents within a solid steel core of 5 cm thickness for frequencies
of 10, 30, and 100 Hz due to the skin effect.

3.2. Simulation of Eddy Current Distribution Using Fractional Order Transfer Function

A simulation of the resistance growth with the frequency ω was suggested by one
of the authors in the mid-1990s [12,13] with satisfactory approximation accuracy by
adding imaginary inductance (designated as Lk), which is connected in series to the re-
sistance Rk of the fictitious element of eddy currents. This approximation includes the
following assumptions:

• The coefficient Kσ increases proportionally to the square root of the angular frequency
ω as opposed to the inductive resistance, which is in proportion to the frequencyω.

• The saturation of the stator core is not taken into account in places of the magnetic
field concentration (this is true in most cases during transient processes).

As suggested in [12,13], the value of the additional inductance Lk can be chosen for
the slightest error of approximation of the transient characteristic of the viable DC machine
in the generator mode or by the convergence of the amplitude–frequency characteristics of
the coefficient Kσ and the circuit, which is formed by the additional imaginary inductance
Lk and the resistance Rk. As shown by experimental studies [12,13], for the majority of
electric machines with a solid stator, the value Lk is (1 . . . 2) Lµ. It should be mentioned for
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future analysis that such an RL circuit has a decline of –20 dB/decade on the graph of the
amplitude–frequency characteristics (also known as the Bode diagram).
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A more precise approximation of the effect of eddy currents on the magnetizing current
can be made by replacing the permanent resistance of the equivalent (or virtual) element
of eddy currents Rk with the variable resistance Rω of the system having a frequency
dependence of the fractional order (proportional to the square root of the angular frequency
ω or the frequency f ) according to the dependence (9). This resistance can be visualized
by the structural model shown in Figure 3b as a block of the fractional order with the
corresponding transfer function [15]:

Rω(s) =
Rk

Tks0.5 + 1
(10)

The frequency response graph (Bode diagram—see Figure 9) for this type of block
can be constructed using the Control Systems Toolbox with FOTF Toolbox (ver. 1.3 used)
for MATLAB [16], and it confirms the corresponding frequency response for the planned
resistance model Rω. It should be noted that this transfer function does have a decline of
−10 dB/decade of the amplitude–frequency characteristic. The MATLAB script using the
FOTF Toolbox ver. 1.3 is presented below.

3.3. Results of the Computer Simulation

The suggested fractional transfer function for resistance Rω can be used to build a struc-
tural model of the impact of eddy currents in a solid ferromagnetic frame (Figure 10) [15].
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Figure 10. Structural model of the impact of eddy currents by the approximation of Rω by means of
the fractional order block.

This model (Figure 11) was tested for a step disturbance (with a value of 20) using
the FOTF Toolbox (version 1.3) for MATLAB and Simulink [15,16]. These computer model
parameters are based on a DC generator model for a mining shovel excavator of GPEM-220
type: Rd = 1.764 Ohm; Rk = 6Rd; Ts = 0.127 s; Tk = 0.52 s. Parameters of the used FOTF block
are show in Figure 12.

Figure 13 shows the results of the computer simulation of the 20 V voltage jump (also
known as the step response in Control Theory) with the suggested Simulink model based on
the transfer function of the fractional order (labeled “Proposed model”) in comparison with
the classical model (see Figure 5, labeled “Traditional model”), as well as the experimental
results (labeled “Experiment”). The experiment was conducted on the excavator DC
generator of GPEM-220 type using the BUTV exciter for the reduced output voltage in
order to ensure its operation on the linear part of the magnetizing curve. This ensures the
correspondence between the generator’s EMF (or generator’s voltage UG without load)
and the magnetizing current Iµ. The magnetizing current in this experiment is easily
calculated—in static mode, the magnetizing current Iµ and the excitation current Id (it
measured by equipment) are equal. The proportional coefficient between the magnetizing
current Iµ and the generator’s EMF (measured by equipment) is easily calculated. It should
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be noted that a slight discrete filtering (leveling) of measurement values from the DC
machine was used to construct these lines to reduce noise and interference.

Energies 2022, 15, x FOR PEER REVIEW 9 of 11 
 

 

 
Ud  Id Iμ 

  

Ik 

 
Figure 10. Structural model of the impact of eddy currents by the approximation of Rω by means of 
the fractional order block. 

This model (Figure 11) was tested for a step disturbance (with a value of 20) using 
the FOTF Toolbox (version 1.3) for MATLAB and Simulink [15,16]. These computer model 
parameters are based on a DC generator model for a mining shovel excavator of GPEM-
220 type: Rd = 1.764 Ohm; Rk = 6Rd; Ts = 0.127 s; Tk = 0.52 s. Parameters of the used FOTF 
block are show in Figure 12. 

 
Figure 11. Computer Simulink model based on structural models of the eddy currents’ influence 
with an approximation of Rω of a fractional order block. 

 
Figure 12. Parameters of the FOTF block from Figure 11. 

Figure 13 shows the results of the computer simulation of the 20 V voltage jump (also 
known as the step response in Control Theory) with the suggested Simulink model based 
on the transfer function of the fractional order (labeled “Proposed model”) in comparison 

Figure 11. Computer Simulink model based on structural models of the eddy currents’ influence
with an approximation of Rω of a fractional order block.

Energies 2022, 15, x FOR PEER REVIEW 9 of 11 
 

 

 
Ud  Id Iμ 

  

Ik 

 
Figure 10. Structural model of the impact of eddy currents by the approximation of Rω by means of 
the fractional order block. 

This model (Figure 11) was tested for a step disturbance (with a value of 20) using 
the FOTF Toolbox (version 1.3) for MATLAB and Simulink [15,16]. These computer model 
parameters are based on a DC generator model for a mining shovel excavator of GPEM-
220 type: Rd = 1.764 Ohm; Rk = 6Rd; Ts = 0.127 s; Tk = 0.52 s. Parameters of the used FOTF 
block are show in Figure 12. 

 
Figure 11. Computer Simulink model based on structural models of the eddy currents’ influence 
with an approximation of Rω of a fractional order block. 

 
Figure 12. Parameters of the FOTF block from Figure 11. 

Figure 13 shows the results of the computer simulation of the 20 V voltage jump (also 
known as the step response in Control Theory) with the suggested Simulink model based 
on the transfer function of the fractional order (labeled “Proposed model”) in comparison 

Figure 12. Parameters of the FOTF block from Figure 11.

Energies 2022, 15, x FOR PEER REVIEW 10 of 11 
 

 

with the classical model (see Figure 5, labeled “Traditional model”), as well as the exper-
imental results (labeled “Experiment”). The experiment was conducted on the excavator 
DC generator of GPEM-220 type using the BUTV exciter for the reduced output voltage 
in order to ensure its operation on the linear part of the magnetizing curve. This ensures 
the correspondence between the generator’s EMF (or generator’s voltage UG without load) 
and the magnetizing current Iµ. The magnetizing current in this experiment is easily cal-
culated—in static mode, the magnetizing current Iµ and the excitation current Id (it meas-
ured by equipment) are equal. The proportional coefficient between the magnetizing cur-
rent Iµ and the generator’s EMF (measured by equipment) is easily calculated. It should 
be noted that a slight discrete filtering (leveling) of measurement values from the DC ma-
chine was used to construct these lines to reduce noise and interference. 

  
(a) (b) 

Figure 13. Results of simulation and experimental. (a) Exciting current of generator; (b) Magnetiz-
ing current of generator 

Note that the line labeled “Experiment” in the graphs is noisy (looks “hairy”) and 
fully covers the line from the proposed computer model, labeled “Proposed model”. This 
indicates almost complete convergence of the results and the accuracy of the proposed 
model. 

4. Discussion 
The method suggested for the simulation of eddy currents in a solid metallic core of 

electric machines is relatively simple and suitable for many computer applications. It is 
more accurate than the well-known traditional method considering eddy currents (as sug-
gested in the article), and provides results practically identical to experimental data for a 
viable DC generator with a solid frame. 

This method is not highly accurate because the magnetization curve and the hystere-
sis of the magnetic material of the core are not taken into account. However, the proposed 
model is suitable for brief computer simulation for engineering purposes and gives pre-
cise results. 

5. Conclusions 
The proposed computer model for eddy current simulation was used in a traction 

electrical driver model of a mining shovel excavator and produced satisfactory results that 
were published in some articles during the 2000s, but these are not included in the refer-
ences list. 

The fractional calculus application in the simulation can give adequate results in elec-
trical engineering. We have reaffirmed that the FOTF Toolbox for MATLAB and Simulink 
is a useful tool for implementing the fractional order transfer function, and we express 
gratitude to Dinya Xue [16] for his work in this regard. 

Figure 13. Results of simulation and experimental. (a) Exciting current of generator; (b) Magnetizing
current of generator.



Energies 2022, 15, 7046 10 of 11

Note that the line labeled “Experiment” in the graphs is noisy (looks “hairy”) and fully
covers the line from the proposed computer model, labeled “Proposed model”. This indi-
cates almost complete convergence of the results and the accuracy of the proposed model.

4. Discussion

The method suggested for the simulation of eddy currents in a solid metallic core
of electric machines is relatively simple and suitable for many computer applications. It
is more accurate than the well-known traditional method considering eddy currents (as
suggested in the article), and provides results practically identical to experimental data for
a viable DC generator with a solid frame.

This method is not highly accurate because the magnetization curve and the hys-
teresis of the magnetic material of the core are not taken into account. However, the
proposed model is suitable for brief computer simulation for engineering purposes and
gives precise results.

5. Conclusions

The proposed computer model for eddy current simulation was used in a traction
electrical driver model of a mining shovel excavator and produced satisfactory results
that were published in some articles during the 2000s, but these are not included in the
references list.

The fractional calculus application in the simulation can give adequate results in
electrical engineering. We have reaffirmed that the FOTF Toolbox for MATLAB and
Simulink is a useful tool for implementing the fractional order transfer function, and we
express gratitude to Dinya Xue [16] for his work in this regard.
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