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Abstract

:

Thermal response time is an important parameter for the control of fast reactors. Modern thermal hydraulic codes allow for the modeling of transient responses and can also be used to understand the dominant factors that affect them. However, simulations can be computationally expensive, particularly for performing parametric analyses of how thermophysical properties affect transient behavior. Here, we present a method for using linear stability analysis to estimate thermal response time and determine the key parameters that affect transient behavior without performing a forward simulation. The approach can also be used to corroborate simulation results and is tested against simulation results produced with a 2D finite difference model. The results show that this approach produces time-dependent temperature profiles that are within 2 × 10−5–0.1% of the numerical results for a single node perturbation. Changes in temperature have the greatest effect on thermal response time, followed by changes to thermal conductivity.
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1. Introduction


Accurately modeling heat transfer in a nuclear reactor core is central to understanding safety and performance. While thermal transport directly affects in-core material temperatures, it also affects the stability of the reactor due to the strong feedback between neutron multiplication, fuel, and coolant temperatures. Increases in fuel temperature tend to lower core reactivity due to the Doppler broadening of neutron absorption resonances in 238U. In contrast, changes in coolant temperature have effects on reactivity that strongly depend on coolant type and core geometry [1]. Fuel compositions evolve over time in a reactor due to the high temperatures and radiation fields. Properties such a porosity are difficult to measure but can have huge impacts on the thermal conductivity of fuel, resulting in changes in thermal response over the lifetime of the fuel.



Multiple codes exist for transient thermal analysis (e.g., ASTEC-Na/CESAR, RELAP5, SIMMER, CATHARE, SAS-SFR, and many others) [2,3,4,5,6,7,8,9,10,11]. However, they can be computationally expensive to run, especially for understanding which thermophysical parameters are dominant. Many of the codes in this domain are also coupled to larger packages that allow for neutronic or systems analysis. Validating the results of these codes is always important, as is understanding the dominant parameters that affect transient behavior.



A method with which to estimate thermal transient behavior, and the dominant factors affecting it, that does not require a complete thermal hydraulic simulation would be of significant value. Here, we present a method for using linear perturbation analysis to do exactly this. Linear perturbation methods have been used in reactor physics to understand the stability of LWRs [12,13,14] and fast reactors [15,16] to thermal perturbations or the insertion of reactivity. The approach has been to formulate a set of equations for reactivity and its coupling to temperature in the core, which itself can be modeled simply as a thermal resistor network [13]. A linearized set of differential equations can then be formed whose eigenvalues provide the stability of the system to perturbations. A similar approach has found broad use for understanding the flow instabilities in BWRs. The onset of density wave oscillations has been modeled in this way [17,18,19], as it has with super critical water reactors [20,21,22,23]. Linear stability analysis has also been used to understand natural circulation in purely thermal hydraulic systems related to reactors [24]. The technique in these types of applications has its origins in understanding fluid instabilities, in general [25,26]. Recent advances in the application of linear stability analysis to fission waves have also shown that it can be used to understand the parameter space where stability, instability, and Hopf bifurcations can arise [27].



The use of linear perturbation theory here is not for understanding the rise of instabilities that leads to changes in flow regime; rather, the eigenvalues of the Jacobian are used in conjunction with the perturbation to create an eigenfunction expansion that can be used to predict the temporal behavior of the temperature and its related properties. When used in this way, the eigenvalues of the Jacobian can be used to directly estimate thermal trajectories. This is useful in systems where computation is expensive, but also to verify computational results even where it is not. However, the real virtue of this approach is that it can be directly used to determine the dominant factors affecting thermal transients and the parameter sensitivities of these transient phenomena. The Jacobian can also be used to produce a covariance matrix that shows how the trajectory of variables relate to one another [28].




2. Materials and Methods


Here, we consider thermal transients in a sodium-cooled fast reactor and use open-source information on the BN800 fuel as a reference. A finite difference model for thermal transport in a fuel pin is used to estimate the terms in a Jacobian matrix when a thermal transient occurs without the need to complete a forward calculation beyond one time step. The eigenvalues from the Jacobian can then be used to estimate the trajectory of the temperature and thermophysical properties. The results are validated against a full forward simulation of the finite difference model that was, itself, validated using the results of the CABRI BI1 experiment [29] whose design parameters are given in Supplementary Note S1 and Table S1.



2.1. Fuel Parameters and Numerical Simulations


Table 1 provides the properties for the BN800 MOX fuel and coolant. The thermophysical properties used come from open literature, with the fuel thermal conductivity and density properties coming from [30], the fuel specific heating coming from [30,31] for the U and Pu dioxide correlations, the gap thermal conductivity from [32], the cladding properties from [33], the coolant density and specific heat from [31], and the coolant dynamic viscosity from [34]. The convective heat transfer correlations between the outer cladding surface and the coolant are obtained from a Nusselt number correlation based on the pitch to diameter ratio of 1.31 [33]. The Ross and Stout gap heat transfer coefficient model is also used [33]. The material thermophysical properties vary both axially and radially.



For the linear stability analysis and finite difference model, we consider a single fuel pin (Figure 1) with 18 axial nodes and 121 radial nodes. Of the latter, 100 radial nodes are in the fuel, 20 in the cladding, and 1 is in the coolant, as in the previous finite difference forward stepping model. For the numerical simulation, a time step of 0.0001 s is used. Supplementary Note S1 provides the details on the convergence test used to determine the time step size and node spacing.



A Crank–Nicolson discretization scheme is used for the numerical simulation. The initial governing equations and the discretized forms are provided in Supplementary Note S1. The numerical simulation was benchmarked against the CABRI BI1 experiment and SAS-SFR model of the experiment [29]. Details of the CABRI validation, as well as the additional crosschecks, are provided in Supplementary Note S1.




2.2. Linear Stability Model


The Jacobian-based sensitivity analysis comes from a linear stability model and is consistent with the formulation developed by Cady and Kenton (1983) [35]. This model uses the same node spacing and design parameters as the numerical simulation. One starts with a vector,   F ⇀  , of the temporal derivatives of temperatures and properties within the system, Equation (1). Here, we look at the setup for a single node. For the full system, terms are added for all nodes being considered. The trajectory of the system properties can be written as:


   F ⇀  =   ∂  f ⇀    ∂ t   =  [        ∂ T   ∂ t           ∂ k   ∂ t           ∂ ρ   ∂ t           ∂  c p    ∂ t        ]   



(1)







Stability analyses are done around the fixed points determined from the steady-state system:


    f *  ⇀  =  [       T *         k *         ρ *         c p    *       ]   



(2)







The perturbation,     f ′  ⇀   , is the difference in the current vector,   f ⇀  , and the fixed-point vector:


     f ′  ⇀   =  f ⇀  −    f *  ⇀    



(3)







Using a first-order linear stability approximation evolution of the perturbation, it can be written as [36]:


    ∂   f ′  ⇀    ∂ t   =  (  J  F ⇀   )    f *  ⇀   



(4)




where the Jacobian, denoted by J, whose eigenvalues can be used to estimate the temporal response of temperature, specific heat, density, and thermal conductivity is given by:


  J  F ⇀  =  [       (   ∂  ∂ T     ∂ T   ∂ t    )   (   ∂  ∂ ρ     ∂ T   ∂ t    )   (   ∂  ∂  c p      ∂ T   ∂ t    )   (   ∂  ∂ k     ∂ T   ∂ t    )         (   ∂  ∂ T     ∂ k   ∂ t    )   (   ∂  ∂ k     ∂ k   ∂ t    )   (   ∂  ∂ ρ     ∂ k   ∂ t    )   (   ∂  ∂  c p      ∂ k   ∂ t    )         (   ∂  ∂ T     ∂ ρ   ∂ t    )   (   ∂  ∂ k     ∂ ρ   ∂ t    )   (   ∂  ∂ ρ     ∂ ρ   ∂ t    )   (   ∂  ∂  c p      ∂ ρ   ∂ t    )         (   ∂  ∂ T     ∂  c p    ∂ t    )   (   ∂  ∂ k     ∂  c p    ∂ t    )   (   ∂  ∂ ρ     ∂  c p    ∂ t    )   (   ∂  ∂  c p      ∂  c p    ∂ t    )       ]   



(5)







The derivatives are applied directly to the thermophysical properties with explicit equations. Where analytical expressions for terms are not available, the partial derivatives are estimated using the finite difference equations for temperature. Here, the explicit Euler method is utilized instead of the Crank–Nicolson method used with the finite difference simulations [29]. Details of the derivation of each term in Equation (5) are provided in Supplementary Note S2. This matrix expands to include all four variables of Equation (2) for every location within the fuel pin, except for the nodes in the coolant. The coolant nodes could be included in a future iteration of this model in order to provide axial coupling. However, the coolant temperatures are not included in the Jacobian because they are not significantly impacted by the perturbations used in this analysis.



A first-order linear stability analysis provides a solution for the time evolution of perturbations to system parameters [36]:


   ε j   ( t )  =   ∑   n = 1  N   c n   e   λ n  t    η  j , n    



(6)







Here,    ε j    represents the perturbations to the parameters in     f ′  ⇀   , cn represents the constants, λn represents the eigenvalues of the Jacobian, and ηj,n represents the corresponding eigenvectors specific to the nodal location j. The constants, cn, are determined using:


   ε j   (   t 0  + ∆ t  )  −  ε j   (   t 0   )  = ∆  ε j  =   ∑   n = 1  N   c n   e   λ n   (   t 0  + ∆ t  )     η  j , n   −   ∑   n = 1  N   c n   e   λ n   t 0     η  j , n    



(7)







Equation (7) can then be written as:


  ∆  ε j  =   ∑   n = 1  N     c n     e   λ n   t 0      (  e   λ n  ∆ t   − 1 )  η  j , n    



(8)







Here, the ∆εj terms are the perturbed values of the respective parameters in Equation (2), and the time step, ∆t, corresponds to the time step used in the finite difference model. Starting from a stable system where    ε j   (   t 0   )  = 0   and    t 0  = 0  , and assuming the perturbation is applied instantaneously as in the simulations presented here, Equation (8) can be simplified as follows:


   ε j   (  ∆ t  )  =   ∑   n = 1  N   c n   η  j , n     (  e   λ n  ∆ t   − 1 )  



(9)







If the perturbation is close enough to the fixed point, then the eigenvalues of the Jacobian, Equation (5), can be used in Equation (9), or more generally Equation (8), which can be represented as a matrix equation and solved for the constants cn. Here, the standard Matlab function eig is used [37]. The coolant nodes are not considered in the Jacobian, and we use 120 radial (100 in the fuel and 20 in the cladding) and 18 axial nodes, for a total of 2160 nodes. The time step used for the results with a single node being perturbed is 0.0001 s. When the entire centerline of the fuel is perturbed, a longer simulation time is needed; therefore, the time step is increased to 0.001 s. The axial mesh size is 4.89 cm. In the radial direction, the distance between the nodes in the fuel is 0.00292 cm, and in the cladding, it is 0.00211 cm.





3. Results and Discussion


Figure 2, Figure 3, Figure 4 and Figure 5 show a comparison of the simulation results with the approximations from the linear stability analysis (Equation (6)). In Figure 2, the temporal response of the peak temperature in the fuel pin is shown for four different perturbations at that location: + 0.01% Tinitial, + 0.1% Tinitial, + 1.0% Tinitial, and + 3% Tinitial. This represents a perturbation applied to the volume of fuel associated with the peak temperature. For all perturbation cases, the difference between the new eigen solution result and the finite difference model results were 1.91 × 10−5%, or less, at 0.01 s.



Similar results can be seen for the three main properties of the system: thermal conductivity, density, and specific heat (Figure 3). The results align well, but we can start to see the differences between the linear stability approach and the finite difference simulations as the perturbations increase towards 3%. This is expected as stability models based on eigen solutions are only guaranteed to hold true for small perturbations. For all thermophysical properties with perturbations of 1% or lower, the difference between the new steady-state value the eigen solution reaches and the finite difference model results were 1.30 × 10−2%, or less, at 0.01 s.



For the 3% perturbation, the maximum difference was 0.116% (only for thermal conductivity). The difference between the performance of the linear stability approach for thermal conductivity, relative to specific heat and density, stems from the concave nature of the k(T) over the temperature range in the simulations. This functional shape is inherently less amenable to linear stability modeling.



To confirm that the eigen solution successfully models the thermal response behavior across an entire axial section of the fuel, Figure 4 shows the finite difference model and Jacobian temperature results for nodes radially across from the 1% centerline perturbation at the outer fuel, inner cladding, and outer cladding nodes. The percent differences between the models at 1 s are all in the order of 10−7%. The large number of significant digits shown in the figures is required to visualize the differences in the linear stability and simulation results.



Figure 5 shows the time evolution of the thermal conductivity for one second following a 1% perturbation in the centerline temperature. Here, the percent differences between the eigen solution result and the finite difference model at 1 s are all in the order of 10−7% or below. The linear stability model performs better closer to the location at which the perturbation is applied, but it still provides excellent results throughout.



The large number of significant figures shown in the graphs in Figure 5 are again needed to visualize any difference between the linear stability model and the numerical simulations. There is a slight divergence between the simulation and the linear stability results as time moves forward. This is to be expected, as the linear stability approach has the greatest validity in the vicinity of the perturbation and the system moves away from that as time evolves. However, the results clearly show that the linear stability method gives essentially the same answer as the simulation does, and it can be used as a cross-check for it, or over this time frame, by itself.



Figure 6 shows the temperatures at different positions for the axial section of the fuel pin corresponding to the peak fuel temperature. Here, a perturbation of + 1.0% Tinitial is applied to all the nodes within the fuel. This represents a perturbation applied to the entirety of the fuel at the same time. The timestep size is increased to 0.001 s due to the longer runtime of 10 s for the simulation. Again, one can see that the linear stability approach works best close to the perturbation itself (here, confined to the fuel). The inner and outer cladding are not subject to the temperature perturbation and show the greatest divergence from the simulations. However, even here, the linear stability results are within 0.1% of the simulations. As with the results in Figure 5, there is a slight divergence between the simulation and linear stability results as time moves forward. Again, this is to be expected, as the linear stability approach has the greatest validity in the vicinity of the perturbation and the system moves away from that as time evolves. Particularly within the fuel region (Figure 5a,b), the linear stability method provides essentially the same results as the simulation does. This again confirms that it could be used by itself over a 10 s time frame post-perturbation.



Figure 7 shows the thermal conductivity values for the perturbation of all fuel nodes. Adding in the complexity of perturbing all of the fuel nodes, the linear stability model still returns to the same steady-state value and follows a similar, but faster, trajectory when returning to the steady-state compared to the numerical simulation. In all cases, regardless of location, the thermal conductivities return to the correct steady-state values.



As with the results in Figure 4, Figure 5 and Figure 6, the linear stability model performs best in regions close to, or in this case, coincident with, the perturbation. The cladding, both inner and outer, are not part of the temperature perturbation and shows the greatest divergence from the finite difference simulations. Here, the absolute difference between the approaches in the cladding region is still only 0.2% at its peak. Here, too, the linear stability approach could be used as a stand-alone method to approximate the trajectory of the thermal conductivity, particularly in the fuel regions. The predicted change in thermal conductivity computed using the linear stability approach is least accurate at the outer cladding (OC). However, this also corresponds to a higher curvature in k(T) than at the inner cladding (IC). Since the linear perturbation approach only uses first derivatives, this is expected.



Stability and Sensitivity Analyses


The signs of the real portion of the eigenvalues can be used to understand the stability of the system. The eigenvalues for the perturbation results shown in Figure 2, Figure 3, Figure 4, Figure 5, Figure 6 and Figure 7 are all negative, meaning that the temperature and properties within a fuel pin are fully stable. This is to be expected as there is no feedback mechanism in the formulation that could cause a perturbation to grow.



The magnitude of terms in the Jacobian can be used to determine which properties have the largest impact on the temperatures or other properties in the system. From the line in the Jacobian associated with the peak fuel temperature, we can see how the five-second derivatives of temperature change with time. The derivative with respect to temperature at that location,    ∂  ∂ T     ∂ T   ∂ t    , is −3430 s−1. Since the peak temperature occurs at the centerline, there is also the derivative from the temperature of the node to the right,    ∂  ∂  T  j + 1       ∂ T   ∂ t    , which equals 3430 s−1. The term for the thermal conductivity derivative,    ∂  ∂ k     ∂ T   ∂ t    , is −80.39 K2-m/W−s. The density,    ∂  ∂ ρ     ∂ T   ∂ t    , and specific heat,    ∂  ∂  c p      ∂ T   ∂ t    , terms have the lowest values at −1.4303 × 10−12 K-m3/kg−s and −4.4305 × 10−11 K2-kg/J−s, respectively. The negative signs, aside from the derivative from the neighboring node, show how the system will start returning to a steady state after an initial perturbation. Increases in the neighboring node temperature would initially result in an increase in the centerline node’s temperature, but due to the stability of the system, it would return to its initial condition after a short period of time. We also see that the magnitude of the temperature derivatives themselves are the highest, followed by that of the thermal conductivity. Changing the temperature itself would have result in the greatest impact, but this shows that the thermal conductivity needs to be modeled with greater fidelity than the density or specific heat does.



It should be noted that the stability shown in Figure 6 and Figure 7 is expected. However, this would not be true if the fuel temperatures were coupled to neutronics. When designing a new reactor, stability is an important consideration. The method presented here for thermal analysis can also be used to understand neutronic stability in the presence of thermal feedback, and the recent paper by Osborne and Deinert (2021) provides an example [27].





4. Conclusions


In this work, we present and validate a method for using linear stability analysis to understand thermal transients in nuclear reactors. The method is validated by comparison to a finite difference model which is, itself, validated against experimental results from the CABRI BI1 experiment and the SAS-SFR model of the experiment [29]. The approach can also be used for rapid sensitivity analysis to understand the effects of different parameters (i.e., thermal conductivity, fuel density, heat capacity, etc.) on transient behavior. This approach is more direct and easier to implement than other approaches used with transient phenomena, such as frequency domain sensitivity analysis [38]. The linear stability solution can be used for small perturbations to determine property evolutions due to a perturbation or perturbations in that property or other properties. However, one of its greatest benefits comes not from modelling, but from the simplicity of being able to predict behavior from the resulting Jacobian terms and eigenvalues without needing to march a simulation in time.



The linear stability approach is demonstrated for thermal transients in the BN800, such as a sodium-cooled fast reactor. Aside from temperature changes themselves, thermal conductivity is seen to have the largest role in correctly modeling the temperature. Porosity can change over time in a fuel rod and has the greatest impact on thermal conductivity compared to other properties, which further emphasizes the need for an accurate conductivity model in thermal hydraulics codes. The negative real eigenvalues let us know that the properties of the fuel pin being modeled are stable. Future work will include the coolant nodes in the model, which will allow for perturbations to properties, including the mass flow rate and coolant–cladding heat transfer coefficient.
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Figure 1. Pin geometry–axial geometry of the pin-coolant system. 
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Figure 2. Temperature evolution at the point of perturbation. Perturbations of 0.01 and 0.01% of the original temperature (left). Perturbations of 1.0 and 3% of the original temperature (right). 
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Figure 3. Thermophysical property evolutions at the point of the temperature perturbation. (a) Thermal conductivity evolution for temperature perturbations of 0.01 and 0.1% Tinitial. (b) Thermal conductivity evolution for temperature perturbations of 1 and 3% Tinitial. (c) Density evolution for temperature perturbations of 0.1 and 0.01% Tinitial. (d) Density evolution for temperature perturbations of 1 and 3% Tini. (e) Specific heat evolution for temperature perturbations of 0.1 and 0.01% Tinitial. (f) Specific heat evolution for temperature perturbations of 1 and 3% Tinitial. 
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Figure 4. Temperature evolutions at other radial positions (OF = outer fuel, IC = inner cladding, and OC = outer cladding) across from the 1% centerline temperature perturbation. (a) Temperature evolution at the outer fuel node. (b) Temperature evolution at the inner cladding node. (c) Temperature evolution at the outer cladding node. 
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Figure 5. Thermal conductivity evolutions at other radial positions (OF = outer fuel, IC = inner cladding, and OC = outer cladding) across from the 1% centerline temperature perturbation. (a) Thermal conductivity evolution at the outer fuel node. (b) Thermal conductivity evolution at the inner cladding node. (c) Thermal conductivity evolution at the outer cladding node. 






Figure 5. Thermal conductivity evolutions at other radial positions (OF = outer fuel, IC = inner cladding, and OC = outer cladding) across from the 1% centerline temperature perturbation. (a) Thermal conductivity evolution at the outer fuel node. (b) Thermal conductivity evolution at the inner cladding node. (c) Thermal conductivity evolution at the outer cladding node.
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Figure 6. Temperature evolutions at various radial positions (CF = centerline fuel, OF = outer fuel, IC = inner cladding, and OC = outer cladding) during the 1% all-fuel temperature perturbation. (a) Temperature evolution at the fuel centerline node. (b) Temperature evolution at the outer fuel node. (c) Temperature evolution at the inner cladding node. (d) Temperature evolution at the outer cladding node. 
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Figure 7. Thermal conductivity evolutions at various radial positions (CF = centerline fuel, OF = outer fuel, IC = inner cladding, and OC = outer cladding) during the 1% all-fuel temperature perturbation. (a) Thermal conductivity evolution at the fuel centerline node. (b) Thermal conductivity evolution at the outer fuel node. (c) Thermal conductivity evolution at the inner cladding node. (d) Thermal conductivity evolution at the outer cladding node. 
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Table 1. Design parameters for the mixed oxide reactor based on a BN-800 reactor [33]. * corresponds to calculated values.
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	Core
	Mixed Oxide





	Fuel form
	UPuO2



	Coolant
	Sodium



	Cladding
	Steel



	Gap fill
	Helium



	Inlet coolant temperature (K)
	627.15



	Average linear power (kW/m)
	31



	Initial coolant mass flow rate * (kg/s)
	0.1786



	Fissile section height (cm)
	88



	Cladding thickness (cm)
	0.04



	Gap thickness * (cm)
	0.001158



	Pin diameter (cm)
	0.66



	Hexagonal lattice pitch * (cm)
	0.8662
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