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Abstract: With the development of power transmission technology and power electronics, electrified
railroads are widely used and pose a great challenge for the power grid. Hybrid energy storage
integrates different advantages of multiple energy storage and can cope with the complex energy
situation of rail transit. The complementary characteristics of lithium batteries and flywheels in terms
of techno-economic indicators make them the main form of hybrid energy storage. In this paper, we
analyze the power demand during train operation by studying the electromechanical characteristics
of the rail transit traction process. On this basis, hybrid energy storage is configured to meet the
power demand, and particle swarm optimization is chosen as the solution tool to perform the capacity
configuration of lithium battery and flywheel in this paper. Finally, this paper proves the feasibility
of the proposed theory by arithmetic example analysis, and it is shown that the proposed scheme can
achieve a high percentage of energy reuse and low application cost.

Keywords: hybrid energy storage; rail transit; traction model; optimized volume

1. Introduction

New energy technologies, represented by energy storage, are widely used in rail
transport. Along with the development of transport electrification, energy storage has
gradually become an important crossover direction and a hot technology growth point for
the transport industry and the power industry. On the one hand, the power regulation
capability of energy storage can improve the power quality of the traction power supply
system and reduce the impact of the train operation on the power grid. On the other hand,
the capacity characteristics of energy storage can provide support for energy recovery and
regenerative braking technologies for rail transportation, providing a theoretical basis for
energy-efficient operation in multiple scenarios of rail transportation [1–3].

Hybrid energy storages are energy storage systems that integrate a variety of energy
storages with different characteristics. Energy storage devices can be classified by their
external characteristics into energy-based energy storage and power-based energy storage.
Energy-based energy storage has a high capacity density and can be used as a stable source
of energy over a long period of time. Power-based storage has a high power density and can
provide instantaneous high power support for the system. For high energy consumption
and high-impact loads such as rail transport, hybrid energy storage can be configured to
meet the energy requirements in different phases of operation [4–6]. Now, the research on
hybrid energy storage for rail transit is mainly focused on two aspects: power conditioner
and energy storage siting.

The power conditioner is a technology that uses power electronics to achieve phase
balancing in traction substations [7–9]. Traction substations in rail transit need to supply
power to both the upward and downward directions, and the imbalance of loads on both
sides can lead to phase imbalance in the power system. The power conditioner achieves this
by linking the two sides of the substation via back-to-back converters and equipping the DC
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bus side with energy storage units to balance the energy on both sides. The topology and
the modulation strategy of the power conditioner have been extensively studied [5,10,11].
Energy storage is configured within this system according to demand, and the energy from
the storage is allocated through energy management strategies according to the power
imbalance on both sides of the substation.

Energy storage siting under traction power supply systems is another extensive area
of research. The research is based on deep mining of historical data of traction power
supply systems and substations. The optimal allocation of energy storage is obtained by
solving optimization algorithms such as neural nets, genetic algorithms and nonlinear
programming [12–14]. This type of research usually chooses economy and power quality
as the optimization objectives and obtains the corresponding index characteristic gains
through the configuration of hybrid energy storage. By combining control theories such as
the economic operation of power systems, this type of research achieves the management
and allocation of energy storage on a constant capacity basis over a full-day timescale.

The two directions above analyze the application of hybrid energy storage in rail
transport at the micro-device level and at the macro-system level, respectively. In this
process, trains in rail transport are replaced by transient power states and periodic regular
loads, respectively. The lack of analysis of the electromechanical and load characteristics of
rail transport in the studies that have been carried out makes the hybrid energy storage in
the relevant studies lacking in conjunction with rail transport.

In this paper, a hybrid energy storage capacity optimization approach is proposed
which is based on the electric traction model and achieves energy storage capacity opti-
mization at the rail transit operating timescale. This paper firstly achieves a static char-
acterization of the electromechanical properties of the rail traction process by modeling
the dynamics model, the traction motor model and the traction power supply system
model involved in the rail traction process. Afterward, the dynamic solution of the traction
process is used to derive the system energy demand during the operation. Finally, the
hybrid energy storage is allocated to the power and energy requirements of the train during
its journey by means of an economy-based optimization algorithm. The approach in this
paper achieves an economic capacity optimization of the hybrid energy storage, in which
the generated energy storage power allocation sequence can also provide a basis for a
control strategy after the energy storage has been built.

2. Modeling the Electromechanical Characteristics of Rail Traction

The energy consumption of rail transport is influenced by many factors. One of the
main influences is the electromechanical characteristics of the train. This section focuses
on the characterization of the train’s motion through the development of a train dynamics
model, a traction motor model and a traction network model.

2.1. Dynamics Model for Trains

The force model of a train in a rail system can be represented with the front and rear
axles in the same plane, as shown in Figure 1.

The train is subject to gravity, ground support, traction and drag. The traction and
drag forces along the train’s direction of travel are the main factors affecting the dynamic
characteristics. The equation of motion of the train is shown as follows:

M(1 + λ)
dv
dt

= FT(t)− FG(t)− FR(t)− FE(t) (1)

where M is the overall mass of the train, λ is the slew correction factor, v is the instantaneous
speed of the train, Ft is the traction force provided by the on-board traction motor, FR is the
basic resistance caused by the train movement, FG is the resistance of the train to the ramp
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and FE is the resistance of the train to the curve. The mass of the train can be calculated
using Equation (2).

M = Mt ∗ nt + Mm ∗ nm + Mp
(
nt ∗ ntp + nm ∗ nmp

)
(2)

where Mt and Mm are the unladen masses of the trailers and moving vehicles, nt and nm
are the number of trailers and moving vehicles, Mp is the average mass of the passengers,
and ntp and nmp are the numbers of passengers carried by the trailers and moving vehicles.
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The basic resistance of a train refers to the resistance of a train traveling on a straight
track with no additional factors. The basic resistance contains multiple influencing factors
and is usually expressed in the analysis of train operating conditions using an empirical
formula for speed.

FR(t) = A + Bv(t) + Cv(t)2 (3)

where v is the speed at which the train is running; A is the constant coefficient of the
basic resistance of the train, which is used to characterize the static friction to which the
train is subjected; B is the mechanical resistance coefficient of the train, which is used to
characterize the component of resistance caused by the transmission part of the train in
operation; and C is the aerodynamic resistance coefficient of the train, which is used to
represent the component of resistance caused by the air resistance in operation.

When a train runs on a ramp, the train needs to be corrected for ramp resistance. Grade
resistance is the component of gravity that the train is subjected to formed in the direction
of travel down the grade. The amount of change in elevation in the vertical direction for
each kilometer of vehicle movement in the horizontal direction is usually replaced by the
gradient kilometer in engineering, which represents the amount of change in elevation in
the vertical direction. The relationship between gradient and slope angle is as follows:{

FG = Mg sin(β)
β = arctan(i)

(4)

where g is the gravitational acceleration and β is the angle of gradient.
When the train enters a curve, additional frictional forces are generated in the me-

chanical part of the train due to centripetal forces. Of these, the frictional component along
the tangential direction affects the train’s operating conditions. In practical engineering,
the bend resistance will be equated to the ramp resistance together with the additional
resistance in the form of the following formula:

FE =
ka

R
Mg (5)

where ka is the bend conversion factor and R is the bend radius.
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2.2. Model of the Traction Motor of the Train

With the large-scale construction of electrical networks for rail transport, trains are
electrically tractable. The electrical energy provided by the traction network is transformed
into traction torque by the electric motor and is applied to the train. The relationship
between traction torque and traction force is as follows:

FT = nT
ioηg

r
Te (6)

where nT is the number of motors providing traction, which is influenced by the form
of formation of the train; io is the transmission ratio of the train’s transmission; ηg is the
operating efficiency of the train’s transmission mechanism; r is the wheel radius; and Te is
the active torque provided by the train.

The motor is a typical complex nonlinear system, and in a rail traction scenario, the
motor switches between constant torque mode, constant power mode and natural charac-
teristic mode depending on the train’s operating conditions. The traction characteristics of
the motor are shown in Figure 2.
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In Figure 2, n is the motor speed: n1 is the critical speed for constant power mode
and constant torque mode and n2 is the critical frequency for constant power mode and
natural characteristics. The relationship between the rotational speed and the critical speed
is as follows: 

n1 = Pmax
2πTmax

n2 = 3
2πnpk

(
UsNUdc

UdcN

)2
∗ ωsllim

Rr ′

n = vi0
2πr

(7)

where Tmax is the maximum torque allowed to be supplied by the motor, Udc is the traction
DC bus voltage, UdcN is the rated traction DC bus voltage, UsN is the rated motor voltage,
ωsllim is the maximum differential angular frequency and Rr

′ the single-phase commutation
resistance of the motor.
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The tractive torque in the three modes can be expressed as follows:
Te = Tmax, n < n1
Te =

Pm
(2πn) , n1 ≤ n < n2

Te =
3np

(2πnpn)
2 ∗
(

UsNUdc
UdcN

)2
∗ ωsl lim?

R′r
, n2 ≤ n

(8)

where Pm is the rated power of the motor and np is the motor and the number of pairs.
The corresponding tractive mechanical power during traction can be expressed as follows:

Pm = 2πnTe, n < n1
Pm = Pmax, n1 ≤ n < n2
Pm = 2πnTe, n2 ≤ n

(9)

2.3. Traction Network Model for Trains

There are conversion losses in the interconversion of mechanical and electrical energy
such that the electromagnetic power in the traction and braking process is shown as follows:{

Pe = Pm/ηm, Pm ≥ 0
Pe = ηmPm, Pm ≤ 0

(10)

where ηm is the electromechanical conversion efficiency.
When Udc, the voltage of the traction grid, is known, Id, the traction current of the

train, can be obtained as follows:
Id = Pe/Udc (11)

Railways are powered by traction substations whose external characteristics of the
power supply can be characterized as follows:{

Us = Ud0
Req = (Ud0 −UdN)/IdN

(12)

where Us is the substation external characteristic voltage, Ud0 is the no-load voltage, Req is
the equivalent internal resistance, UdN is the rated substation voltage and IdN is the rated
substation current.

Railways use the interval power supply mode. Usually, a segment is set up between
two stations. In this mode, the substation forms two circuits at each end of the interval
with the help of contact wires and rails and trains, respectively, the structure diagram of
which is shown in Figure 3.
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The circuit is solved in the form of a state equation:

A(t)X(t + 1) = Y(t)

A =

 1 Req + Rl1 + Ro1 0
1 0 Req + Rl2 + Ro2
0 1 1


X =

 Udc
Is1
Is2


Y =

 Udo
Udo
Id


(13)

where, A is the characteristic matrix, X is the state variable to be solved and Y is the initial
condition. Is1 is the substation current at the start of the zone; Is2 is the substation current
at the end of the zone. Rl1 is the equivalent resistance of the contact network line on the
start side, Ro1 is the equivalent resistance of the rail on the start side, Rl2 is the equivalent
resistance of the contact network line on the end side and Ro2 is the equivalent resistance of
the rail on the end side. The equivalent resistance is determined by the position of the train.{

Rl = RlmL(t)
Ro = RomL(t)

(14)

where Rlm is the resistance value per unit length of the contact network line, Rom is the
resistance value per unit length of the rail and L is the distance of the train from the power
supply station.

This gives the power supplied by the substation:

Ps(t) = Is(t)(Udo − Is(t)Req) (15)

3. Energy Storage Capacity Based on Energy Demand for Rail Transport

This section solves for the energy demand during train operation on the basis of a
model of the electromechanical characteristics of rail transport. The hybrid energy storage
model is then used to allocate the energy demand during train operation, and an economic-
based allocation strategy is optimized.

3.1. Traction Network Model for Trains

The operating process of a rail train can be divided into four phases: acceleration
phase, cruise phase, idling phase and braking phase. The running process of a train is
shown in the Figure 4.
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During the acceleration phase, the motor converts electrical energy into kinetic energy
for the train, resulting in a gradual increase in speed. The kinematic equations in this
process are shown as follows:

M(1 + λ)
dv(t)

dt
= nT

ioηg

r
Te(t)−W f (t) (16)

where Wf is the sum of the instantaneous drag forces on the train.

W f (t) = FG(t) + FR(t) + FE(t) (17)

The instantaneous power and energy consumption during the acceleration phase can
be obtained from Equation (9). {

Pa(t) = f (Te(t))
Ea =

∫ t1
t0

Padt
(18)

The electrical energy during the acceleration phase mainly provides the kinetic energy
for the train, which is the main part of the energy consumed during train operation and is
also the main factor in generating power fluctuations.

In the cruising phase, the train maintains its maximum speed for cruising when the
tractive force and the resistance to the train are exactly balanced, and its equations of
motion are as follows:

nT
ioηg

r
Te(t) = W f (t) (19)

The instantaneous power and energy consumption during the cruise phase can be
obtained from Equation (9). {

Pu(t) = f (Te(t))
Eu =

∫ t2
t1

Pcdt
(20)

The cruise phase is the main phase of train operation in which displacement is gen-
erated, and it is also the main time phase in the operation of long-distance trains. As the
traction force only overcomes the resistance to perform work during the cruising phase,
the energy consumption during the cruising phase is only a small part of the energy
consumption for rail traffic, especially for short-distance trains.

The idling phase is the movement phase in which the train uses inertia to glide. This
mode usually follows the cruise phase of the train, and when the idling phase is over the
train enters the braking phase. During this process, the speed of the train is gradually
reduced, and its equation of state can be expressed as follows:

M(1 + λ)
dv(t)

dt
= −W f (t) (21)

Since the traction motor is inactive during the idling phase, the instantaneous power
and energy consumption are zero in this state.{

Pc(t) = 0
Ec = 0

(22)

The above analysis shows that the idling phase is an effective method of reducing
energy consumption during train operation. However, the idling phase results in a loss
of speed, which in turn increases the train’s operation time. The idling phase is only
used on lines with sufficient planning time and long distances, but not on short- and
medium-distance lines.
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The braking phase is the process by which a train moves from motion to rest. For
electrified rail systems, the braking can be classified as mechanical braking and motor-based
regenerative braking, whose equation of state can be expressed as follows:

M(1 + λ)
dv(t)

dt
= −nT

ioηg

r
Te(t)−W f (t)−Wa(t) (23)

where Wa is the additional braking resistance of mechanical braking. Mechanical braking is
not conducive to controlling the stopping position of the train; there will be exothermic
phenomena generated during the braking process, and ideally, the use of mechanical
braking should be avoided.

The regenerative braking power and braking energy in the braking phase can be
obtained from Equation (9). {

Pb(t) = f (Te(t))
Eb =

∫ t4
t3

Pcdt
(24)

The above analysis shows that the main energy consumption of rail traffic is in the
acceleration and cruise phases; the feedback energy of rail traffic is mainly concentrated in
the braking phase, the value of which is the theoretical maximum value of energy available
for recycling; the ratio of the them is the energy regeneration utilization rate of the system.

ETotal = Ea + Eu
ER = Eb
ηR = ER/ETotal

(25)

where ETotal is the total energy consumption of the system, ER is the recycled energy and ηR
is the regeneration rate.

3.2. Hybrid Energy Storage Model for Rail Transport

Energy storage can be divided into power-based energy storage and energy-based
energy storage on external characteristics such as power and capacity. Power-based energy
storage has a high power density and good power support capability for the system; energy-
based energy storage has a high capacity density and can provide backup capacity for
the system.

The rail system is a high-energy-density system and also has a high power demand
during the start-up and braking phases. Driving with hybrid energy storage can effectively
meet the energy requirements of different phases of rail transport. This paper combines
the characteristics of the research problem and technical maturity to select flywheel energy
storage and lithium battery energy storage as the research object for power-based energy
storage and energy-based energy storage, respectively.

The flywheel uses power electronics and an electric drive system to convert electrical
energy into mechanical energy stored in the rotor of the flywheel. As only electromechanical
transient processes are present in the process, this type of energy storage has a fast response
time. Its characteristics can be expressed as follows:

E f =
1
2

Jω2
max (26)

where Ef is the energy of the flywheel system, J is the rotor inertia of the flywheel system
and ωmax is the maximum speed of the flywheel.

The discharge capacity of the flywheel energy storage can be expressed as follows:

Ed =
1
2

J
(

ω2
max −ω2

min

)
(27)

where ωmin is the minimum speed of the flywheel system.
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The ratio of discharge capacity and storage capacity of the flywheel energy storage is
the discharge depth λf of the system, as shown in Equation (28):

λ f =
E f

Ed
= 1−

ω2
min

ω2
max

(28)

The lithium battery is the most widely used energy storage unit, and it can be adapted
to a wide range of voltage levels and to different scenarios. This battery achieves its charge
and discharge by means of an electrochemical reaction that changes the composition of
the ionic compounds in the battery solution. Its external characteristics for charging and
discharging can be characterized as follows:

ELi(t) = ELi(t− 1) + PLi(t)ηsbT (29)

where ELi is the energy storage capacity of the battery, PLi is the instantaneous charge and
discharge power, ηsb is the charge and discharge efficiency and T is the time interval.

The chemical cell properties of lithium batteries make their external characteristics of
charge and discharge nonlinear, and the capacity of the battery cannot be fully utilized.
The available battery depth of discharge is expressed as follows:

λb =
ELi,max − ELi,min

ELi,cap
(30)

where ELi,max is the maximum capacity available to the battery, ELi,min is the minimum
capacity available to the battery and ELi,cap is the rated capacity of the battery.

The power balance equation for rail transit systems is shown as follows:

PT(t) = PG(t) + Pf (t) + PLi(t) (31)

where PG(t) is the instantaneous power provided by the grid; Pf(t) is the instantaneous
power provided by the flywheel energy storage; PLi(t) is the instantaneous power provided
by the lithium battery. PT(t) is the instantaneous power demanded by the train, which is
the ensemble of the train state phases, and the instantaneous power of each state has been
derived in the previous section. The instantaneous power demanded by the train can be
expressed as follows:

PT(t) =


Pa(t)t ∈ (t0, t1)
Pu(t)t ∈ (t1, t2)
Pc(t)t ∈ (t2, t3)
Pb(t)t ∈ (t3, t4)

(32)

The maximum power allocated to the flywheel and lithium batteries is set to the
nominal power configured in the system.{

Pf ,sto = max
(

Pf (t)
)

t ∈ (t0, t4)

PLi,sto = max(PLi(t))t ∈ (t0, t4)
(33)

where Pf,sto and PLi,sto are the flywheel nominal power and the lithium battery nominal
power for the system, respectively.

The charging and discharging action by the flywheel energy storage and the lithium
battery will cause the capacity of both to change, and their capacity change values at the
corresponding moments can be expressed as follows:{

∆E f (t) =
∫ t

to
Pf dt

∆ELi(t) =
∫ t

to
PLidt

(34)
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where ∆Ef(t) and ∆ELi(t) are flywheel and lithium energy storage capacity changes relative
to the initial moment, respectively.

The capacity demand for hybrid energy storage can be decided by the fluctuating
range of the capacity variation. E f ,sto =

max(∆E f )−min(∆E f )
λ f

ELi,sto =
max(∆ELi)−min(∆ELi)

λLi

(35)

where Ef,sto and ELi,sto are the flywheel power and lithium battery power ratings required
by the system, respectively.

3.3. Hybrid Energy Storage Model for Rail Transport

From the above analysis, it can be obtained that designing different charging and
discharging strategies will result in corresponding energy storage configuration require-
ments. In this paper, a single inter-district dual-side power supply scenario is chosen as
the research object. The hybrid energy storage is configured separately at both sides of the
substation, and its optimization variables can be expressed as follows:

X = [PLi1 PLi2 Pf1 Pf2] (36)

where PLi1 denotes the lithium battery energy storage power sequence configured at
the starting substation, PLi2 denotes the lithium battery energy storage power sequence
configured at the terminating substation, Pf1 denotes the flywheel energy storage power
sequence configured at the starting substation and Pf2 denotes the flywheel energy storage
power sequence configured at the terminating substation.

PLi1 = [PLi1(T), PLi1(2T) · · · PLi1(kT)]
PLi2 = [PLi2(T), PLi2(2T) · · · PLi2(kT)]
Pf1 = [Pf 1(T), Pf 1(2T) · · · Pf 1(kT)]
Pf2 = [Pf 2(T), Pf 2(2T) · · · Pf 2(kT)]

(37)

where k is the data length and T is the data interval.
Based on the generated power sequence combined and Equations (26)–(35), the cor-

responding rated power and rated capacity of the system energy storage installation can
be obtained. 

PLi,s = PLi,s1 + PLi,s2
Pf ,s = Pf ,s1 + Pf ,s2
ELi,s = ELi,s1 + ELi,s2
E f ,s = E f ,s1 + E f ,s2

(38)

where PLi,s and Pf,s are the system configuration lithium battery storage and flywheel energy
storage rated power and ELi,s and Ef,s are the system configuration lithium battery storage
and flywheel energy storage rated capacity. PLi,s1, Pf,s1, ELi,s1 and Ef,s1 are the corresponding
values of the starting substation; PLi,s2, Pf,s2, ELi,s2 and Ef,s2 are the corresponding values of
the ending substation.

The purpose of hybrid energy storage in rail systems is to reduce system operating
costs. Therefore, the energy utilization cost is chosen as the optimization objective in this
study, and the optimization objective is shown as follows:

min f (X) = Csys + Crep + COC + CG (39)

where Csys is the installation cost of the energy storage system based on the whole life cycle
model, Crep is the replacement cost of energy storage, COC is the operating cost of energy
storage and CG is the purchased cost of electricity for the system.
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As rail transport is a public facility investment, it has long-term operational attributes.
The development of economic markets and the time-varying value of money need to be
taken into account in the whole life cycle model of the system. An equal annual value factor
needs to be considered when calculating costs.

R =
(1+ r)Nr

(1+ r)N − 1
(40)

where R is the equal annual value factor, r is the discount rate and N is the life of the system.
The installation cost of the energy storage system is the initial cost of energy

storage construction.

Csys = (CLi,EELi,s + CLi,PPLi,s)R +
(

C f ,EE f ,s + C f ,PPf ,s

)
R (41)

where CLi,E and CLi,p are the initial cost per unit capacity and per unit power of the lithium
battery, respectively. Cf,E and Cf,p are the initial cost per unit capacity and per unit power of
the flywheel energy storage, respectively.

Usually, the life of the energy storage is lower than the overall life of the rail system
and the energy storage will need to be replaced at a certain time. They incur a replacement
cost shown as follows:

Crep = ceil(
N

YLi
− 1)CLi,PPLi,s + ceil(

N
Yf
− 1)C f ,PPf ,s (42)

where YLi and Yf are the operating life of the lithium battery and flywheel energy storage,
and ceil is an upward rounding function.

The operating cost is the cost of daily operation and maintenance of the energy storage,
which is shown as follows:

Csys = (x1CLi,EELi,s + x2CLi,PPLi,s)R +
(

x3C f ,EE f ,s + x4C f ,PPf ,s

)
R (43)

where x1, x2, x3 and x4 are the correlation coefficients between operating costs and
initial investment.

The cost of purchased electricity is the cost of purchasing electricity from the grid. The
rail system is a large user of electricity, and the price of electricity fluctuates according to
various influences, so the average price of purchased electricity is used here instead of the
unit price. Generally, rail transit feedback to the grid does not count as a sale of electricity
to the grid, so when the grid power purchase is negative, the power unit price is taken
to zero.

CG =
T

∑
t=1

CgPG(t) (44)

where Cg is the average value of the power purchase price and PG(t) is the power purchase
sequence, which can be obtained by using Equation (32).

During the optimization process, the optimization variables need to meet certain
conditions; firstly by site constraints, the configured energy storage capacity and power
have to meet the limits of the substation where they are located.

PLi,min ≤ (PLi,s1, PLi,s2) ≤ PLi,max

Pf ,min ≤
(

Pf ,s1, Pf ,s2

)
≤ Pf ,max

ELi,min ≤ (ELi,s1, ELi,s2) ≤ ELi,max

E f ,min ≤
(

E f ,s1, E f ,s1

)
≤ E f ,max

(45)
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The configured energy storage units need to meet the constraints of the charge/discharge
multiplier requirements that can be achieved under existing process conditions. CLi,min ≤

(
PLi,s1
ELi,s1

, PLi,s2
ELi,s2

)
≤ CLi,max

C f ,min ≤
( Pf ,s1

E f ,s1
,

Pf ,s2
E f ,s1

)
≤ C f ,max

(46)

where CLi and Cf correspond to the charge/discharge multipliers of lithium batteries and
flywheels, respectively.

The power change rate of the energy storage needs to meet the technical specification
constraints of the type of energy storage.

PLi1(t)− PLi1(t− 1) ≤ ηLiPLi,s1T
PLi2(t)− PLi2(t− 1) ≤ ηLiPLi,s2T
Pf 1(t)− Pf 1(t− 1) ≤ η f Pf ,s1T
Pf 2(t)− Pf 2(t− 1) ≤ η f Pf ,s2T

(47)

where ηLi and ηf are the rate of change of power per unit time allowed for lithium battery
and flywheel energy storage, respectively.

In this study, particle swarm optimization is used as the solution tool; it has good
convergence for high-dimensional optimization and it is well suited for solving optimiza-
tion problems containing power sequences. The particle swarm optimization algorithm
originated from the study of bird foraging behavior, in which each particle is a solution in
the solution space, and each generation of particles updates itself based on individual and
global extremes to find a solution with high fitness to the objective function.{

Vi,j+1 = w×Vi,j + c1 × rand×
(
pB[i]− Xi,j

)
+ c2 × Rand×

(
pB[g]− Xi,j

)
Xi,j+1 = Xi,j + Vi,j+1

(48)

where Xi,j is the solution corresponding to particle i in the j round of optimization and Vi,j
is the update of particle i in the j round of optimization. c1 and c2 are the learning factor
constants, rand and Rand are random numbers from 0 to 1 and w is the inertia weight. pB[i]
is the optimal solution for particle i and pB[g] is the global optimal solution.

The overall optimization process of this study is shown in Figure 5.
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4. Simulation Example

In order to validate the relevant methods in this paper, relevant arithmetic simulations
have been set up. The simulation uses the full-load operating parameters of Nanjing Metro
Line 1, which uses the METROPOLIS modular metro train provided by Alstom, and the
parameters of the train are shown in Table 1.

Table 1. Train simulation parameters.

Parameter Value

Weight of trailer 34,900 kg
Weight of moving trains 38,800 kg

Number of trailers 2
Number of moving vehicles 4

Full capacity of trailers 302
Full capacity of moving trains 314

Number of wheels for moving vehicles 6
Basic resistance factor 2.4

Mechanical resistance factor 0.014
Pneumatic resistance factor 0.001293

Slewing factor 0.12

The train is arranged in a “4 + 2” configuration, which means that two unpowered
trailers and four powered trains are used in the configuration. The train has a full load of
1860 passengers and a full operating weight of 336,600 kg.

The parameters of the traction motors used in the example are shown in Table 2. The
traction motors are installed only in the moving carriages of the train, with three sets
installed at the front and rear of each moving carriage; a single moving carriage contains 6
traction motors and the whole train contains 24 traction motors.

Table 2. Parameters of traction motor.

Parameter Value

Maximum traction power 286 kW
Maximum braking power 386 kW

Maximum torque 1000 N·m
polar logarithm 3
Rated voltage 675 V

Motor efficiency 91%
Converter efficiency 97%
Transmission ratio 6.95

Wheel radius 0.4025 m
Transfer rate resistance ratio 150.9

The traction characteristic curve of the traction motor is shown in Figure 6, which
represents the torque and power provided by the motor at different speeds of the train.

The acceleration characteristics of the train are shown in Figure 7, which represents
the acceleration corresponding to different speeds and reflects the dynamical model charac-
teristics of the train.

Table 3 shows the line and traction power supply system data used in this example.
The line is five kilometers long and the traction line voltage level is 1500 V. The operation
time of the train for this example is five minutes.
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Table 3. Parameters of line and traction power grid.

Parameter Value

Line length 5 km
Cruising speed 72 km/h

Acceleration limit value 1.5 m/s2

Unit transmission line resistance 2.5 × 10−5 Ω
Unit rail resistance 4.0 × 10−5 Ω

Substation no-load voltage 1600 V
Substation equivalent internal resistance 0.054 Ω

The operation state characteristics of the train are shown in Figures 8–10; Figure 8
shows the relationship between the running position and speed of the train, Figure 9
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shows the voltage variation of the substation and the train and Figure 10 shows the power
dynamic variation characteristics of the train.
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Figure 10. Dynamic change characteristics of train power.

Figure 11 shows the energy consumption indicators for train operation, with the
relevant variables being acceleration and cruising speed. In this figure, (a) reflects the total
time, (b) reflects the total energy, (c) reflects the acceleration energy, (d) reflects the cruising
energy, (e) reflects the braking energy and (f) reflects the renewable utilization.

As shown in the figure, the operating parameters of the train have an impact on the
energy consumption characteristics, with higher acceleration and cruising speed reducing
the corresponding running time but generating higher energy consumption and power
shocks. The analysis of the regenerative utilization rate shows that when the acceleration is
less than 1 m/s2 there is a high recycling rate and the design requirements for passenger
comfort are met. On the other hand, the cruising speed is in the range of 70–80 km/h when
the recycling rate is at its peak, and considering the energy consumption, running time and
acceleration index, 72 km/h is chosen as the cruising speed for this example.

The optimization parameters for this example are shown in Table 4, which is derived
from our data summary of related projects in China in recent years [12,14,15].

The method of solving is particle swarm optimization. The number of iterations is set
to 100,000 and the particle size is 100. The trend of adaptation for this example is shown in
Figure 12.

The sequence of energy storage power obtained from the search is shown in Figure 13,
where (a) is the starting substation lithium battery power, (b) is the starting substation
flywheel power, (c) is the ending substation lithium battery power and (d) is the ending
substation flywheel power.

The calculations result in a fixed capacity of 636 kw/718 kwh of lithium battery and
4437 kw/692 kwh of flywheel energy storage for the initial substation and 290 kw/435 kwh
of lithium battery and 2055 kw/395 kwh of flywheel energy storage for the terminating
substation. The optimization results are shown in Table 5. The regeneration rate of the
proposed scheme is 48.8%. This optimization scheme can save 244,500 kWh of electricity
per year, which is equivalent to about CNY 293.2 K.
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Table 4. Constant volume optimization data.

Parameter Value

Year of project 15 years
Discount rate 6%

Lithium battery cost per unit capacity 4500 CNY/kW
Lithium battery cost per unit of power 9000 CNY/kW

Life span of lithium batteries 6 years
Minimum charge/discharge multiplier for lithium batteries 0.2
Maximum charge/discharge multiplier for lithium batteries 1

Flywheel unit capacity cost 100,000 CNY/kW
Flywheel cost per unit of power 1000 CNY/kW

Flywheel service life 15 years
Minimum charge/discharge multiplier for flywheels 2
Maximum charge/discharge multiplier for flywheels 10

Number of operating investment contacts 0.02
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Table 5. Optimization results.

Parameter Result before
Optimization

Result after
Optimization

Starting substation
Power purchase 53.05 kW·h 53.40 kW·h

Ending substation
Power purchase 35.89 kW·h 25.86 kW·h

Total purchased power 88.94 kW·h 79.26 kW·h
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The different configuration options for this example were compared, and the results
are shown in Table 6. Compared with the system configuration of only lithium battery
energy storage, the proposed hybrid energy storage configuration takes advantage of the
long lifetime of flywheel energy storage and greatly reduces the replacement cost of the
system. At the same time, the lithium battery storage in the hybrid energy storage increases the
capacity of the energy storage system and reduces the initial cost of flywheel energy storage.
The proposed hybrid energy storage solution can reduce the total cost by 20% to 40%.

Table 6. Optimization results.

System
Configuration

Installation
Cost

Replacement
Cost Operating Cost Total

Cost

Hybrid energy
storage CNY 1361.5 K CNY 171.6 K CNY 272.3 K CNY 1805.4 K

Only lithium
battery energy

storage
CNY 794.3 K CNY 1374.8 K CNY 158.8 K CNY 2327.9 K

Only flywheel
energy storage CNY 2454.0 K / CNY 490.8 K CNY 2944.7 K

5. Conclusions

In this paper, a theory based on the traction process in rail transport has been studied;
the study analyzes the power and energy requirements in this rail system of hybrid energy
storage. A model of the electromechanical characteristics of rail traction is constructed,
including a dynamics model, a traction motor model and a traction power supply system
model. Based on the model, the energy demand of rail transport is solved. The economics
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and energy storage characteristics of the hybrid energy storage are modeled. An optimiza-
tion strategy is used for the rational allocation of power and constant capacity calculations,
in which a hybrid energy storage power sequence is developed that can be used as a control
strategy. Finally, the rationality of the method in this paper is demonstrated by means of an
arithmetic analysis. The solution can recover 48.8% of the energy and can reduce costs by
20% to 40%.
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