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Abstract: This article is an attempt to explore the heat transfer features of the steady three-dimensional
rotating flow of magneto-hydrodynamic hybrid nanofluids under the effect of nonlinear radiation
over the bi-directional stretching surface. For this purpose, two different nano-particles, namely silver
(Ag) and molybdenum di-sulfide (MoS2), were selected. Three different conventional base fluids
were utilized to form desired hybrid nanofluids such as water (H2O), engine oil (EO), and ethylene
glycol (EG). We obtained steady three-dimensional highly nonlinear partial differential equations.
These highly nonlinear partial differential equations cannot be solved analytically, so these equations
were handled in MATLAB with the BVP-4C technique with convergence tolerance at 10−6. The
graph depicts the effect of the magnetization effect, thermal radiation, and stretching ratio on rotating
hybrid nanofluids. Additionally, the impact of thermal radiation on the heat coefficient of three
different hybrid nanofluids is being investigated. The augmentation in magnetization decreases the
primary velocity, whereas the increment in radiation enhances the primary velocity. The stretching
ratio and the presence of higher magnetic forces increase the temperature profile. The concentration
profile was enhanced with an increment in the magnetic field, stretching, and rotation ratio. The
maximum Nusselt number was achieved for the Ag-MoS2/EO hybrid nanofluid. It was concluded
that augmentation in nonlinear radiation enhances the heat transfer coefficient for the examined
cases (I) and (II) of the hybrid nanofluids. The Nusselt number doubled for both the examined cases
under nonlinear radiation. Moreover, it was discovered that Ag-MoS2/water produced the best
heat transfer results under nonlinear radiation. Therefore, the study recommends more frequent
exploration of hybrid nanofluids (Ag-MoS2/water) when employing nonlinear radiation to analyze
the heat transfer coefficient.

Keywords: hybrid nano-particles; MHD flow; Rosseland radiation and stretching surface; water;
engine oil; ethylene glycol; silver and molybdenum Di-sulfide

1. Introduction

The heat exchange phenomena have been associated with numerous industrial appli-
cations. The impact and effectiveness of MEMS and thermal devices can be significantly
improved using nanofluid heat transfer features. The loss in thermal energy can be re-
duced by enhancing the heat efficiency, thus minimizing the production cost. The hybrid
nanofluids have greater rates of heat transfer when compared to nanofluids. An undeniable

Energies 2022, 15, 6269. https://doi.org/10.3390/en15176269 https://www.mdpi.com/journal/energies

https://doi.org/10.3390/en15176269
https://doi.org/10.3390/en15176269
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/energies
https://www.mdpi.com
https://orcid.org/0000-0002-2515-2313
https://orcid.org/0000-0002-2065-6301
https://orcid.org/0000-0003-0387-921X
https://orcid.org/0000-0002-1846-3615
https://orcid.org/0000-0001-5162-2692
https://doi.org/10.3390/en15176269
https://www.mdpi.com/journal/energies
https://www.mdpi.com/article/10.3390/en15176269?type=check_update&version=4


Energies 2022, 15, 6269 2 of 19

factor that contributes to high heat transfer rates is the high thermal conductivity of hybrid
nanofluids. The hybrid nanofluids distributed in hybrid-based fluids have even better
outcomes [1–5].

On engine oil-based hybrid nanofluids, Jamshed et al. [6] discussed amplified entropy
and relative probe. Ouni et al. [7] conducted a thermal case study on hybrid nanofluids flow-
ing in a parabolic trough collector to investigate the solar water pump efficiency. Ghadiko-
laei et al. [8] explored hybrid nanofluids distributed in a hybrid base fluid under thermal
radiation to study the natural convection of MHD flow. Hayat and Nadeem [9] discussed
hybrid nanofluids for heat transfer enhancement. Hayat et al. [10] elaborated on a hybrid
nanofluid with radiation and slip boundary effects for rotating flow. Ghadikolaei et al. [11]
analyzed the mixture-based hybrid nanofluids over a spinning cone for the nanoparticular
shape factor. Huminic and Huminic [12] described hybrid nanofluid heat transfer for
application in different fields. Mebarek-Oudina et al. [13] investigated the heat transfer
in a magnetized non-Newtonian fluid with a discrete heat source. Marzougui et al. [14]
demonstrated the entropy generation and heat transfer of the copper/water nanofluid
in a porous lid-driven cavity with a magnetic field. Khan et al. [15] studied the magneto
convection with hybrid nanofluids through a stretching/shrinking wedge to analyze the
stability of hybrid fluids. Hassan et al. [16] examined the hybrid nanoparticles for ther-
mal enhancement over a rotating system for a prescribed wall temperature case. Hassan
et al. [17] explained the heat transfer in a hybrid nanofluid under the effects of magnetic
fields and Rosseland radiation. Hybrid nanofluids have been examined by a plethora of
scientists in recent years. Here are some notable articles for knowledge purposes [18–22].

Fluids are utilized as heat exchangers in heat transfer materials and equipment. The
low thermal conductivity does not help to transfer heat more effectively. Thus, nanometer
metallic or non-metallic particles were proposed to be distributed in conventional fluids
(water, ethylene glycol, and engine oil) to enhance the heat transfer in industrial applica-
tions. The term “nanofluid” was coined, thermal conductivity was highly improved, and it
revolutionized this particular research area [23]. Jamshed et al. [24] conducted a thorough
investigation into engine oil-based Casson fluid and its thermal properties in a solar trough
collector. Asogwa et al. [25] investigated Al2O3 and CuO nanoparticles over an expo-
nentially accelerated radiative Riga plate surface with heat transport. Shahzad et al. [26]
discussed the thermal features of Oldroyd-B copper and molybdenum disulfide in en-
gine oil-based nanofluids. Sheikholeslami and Ellahi [27] investigated three-dimensional
mesoscopic simulation of magnetic field effects on the natural convection of nanofluid.

Majeed et al. [28] investigated the heat transfer in ferro-magnetic viscoelastic fluid flow
over a stretching surface with a suction effect. The magnetic dipole effect on the heat transfer
analysis of Jeffery fluid over a stretching surface in the presence of suction and blowing
effects was discussed by Zeeshan and Majeed [29]. Hussain et al. [30] introduced a model
for time-dependent flow that focused on heat transportation enrichment. Nadeem et al. [31]
explained the exponentially stretching surface for the boundary layer flow of nanofluid, and
Raza et al. [32] investigated the non-Newtonian flow in a converging/diverging channel
with Rosseland radiation. Raza et al. [33] discussed the magneto-hydrodynamic flow of a
nanofluid in a channel with the shape effect of nanoparticles. Mebarek-Oudina et al. [34]
introduced the numerical modeling of hydrodynamic stability in a vertical annulus with
different heat source lengths. Chabani et al. [35] explored the magneto-hydrodynamic
flow in a triangular enclosure with zigzags and elliptical obstacles. Laouira et al. [36]
described the heat transfer of a nanofluid in a horizontal channel with a heat source of
different lengths. Reddy et al. [37] studied magneto-hydrodynamic boundary layer flow
with thermal slip, radiation, and slip velocity for heat and mass transfer in the Williamson
nanofluid. Choudhari et al. [38] analyzed third grade fluid for inclined peristaltic motion
with wall slip and variable fluid properties. Readers are referred to the following articles
for greater knowledge [39–46].

MHD explores electrically conducting fluids. Generally, its effects on flow stream and
heat transfer are prescribed in the form of joule heating and Lorentz force. In fact, the
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applied magnetic field in the fluid decreases the fluid’s flow motion, but a force resistance
is created between electric and magnetic fields with stream layers as the temperature shifts.
The Lorentz force acts in the opposite direction to the flow motion, which reduces the flow
speed generated through the magnetic field [47,48].

Magneto-hydrodynamics describes the magnetic attributes of electrically conducting
fluids. The generated resistive force due to magneto-hydrodynamics is termed the Lorentz
force. Its other effects include joule heating, which effects the motion profile, heat and mass
transfer of moving fluids. Raptis et al. [49] investigated the impact of radiation on MHD
flow. Nadeem et al. [50] explored the Casson fluid over an exponentially shrinking sheet for
MHD flow. Sarada et al. [51] studied the effect of magneto-hydrodynamics on heat transfer
in non-Newtonian fluids over stretching surfaces with local thermal non-equilibrium
conditions. Mishra et al. [52] discussed the free convective micro-polar fluid flow with a
heat source over a stretching surface. Abo-Dahab et al. [53] examined the MHD Casson
fluid over an extending surface with suction and injection effects embedded in a porous
medium. Hamrelaine et al. [54] analyzed the MHD Jeffry Hemal system with suction and
injection effects with the homotopy analysis method. Shafiq et al. [55] conducted a stability
analysis of water’s B nanofluid over the Riga surface. Hussain et al. [56] described the
impact of nonlinear thermal radiation on MHD three-dimensional rotating flow over a
stretching surface. Zainal et al. [57] studied unsteady EMHD stagnation point flow over a
stretching/shrinking sheet in a hybrid nanofluid. The MHD flow has been discussed under
different applied effects by a plethora of researchers. For some notable mentions, please
see [58–61]. Hosseini et al. [62] presented the entropy analysis of nanofluid convection
considering the solid heat generation in a heated porous micro-channel with magneto-
hydrodynamic phenomena. Sheikholeslami et al. [63] conducted the second law analysis for
the twisted tube tabulators inside a circular duct to investigate the turbulent nanofluid flow.

In the present study, the magneto-hydrodynamic flow of hybrid nanofluids under the
effect of nonlinear radiation was investigated over a stretching surface. The motivation
behind the study was to explore the newly discovered nanofluid category termed as a
hybrid nanofluid. The novelty of the work was to address three different hybrid nanofluids
under nonlinear thermal radiation for the evaluation of the heat transfer coefficient in the
magneto-hydrodynamic flow over a linearly extending surface. In our study, we selected
silver (Ag) and molybdenum di-sulfide (Ag-MoS2) as two different nanoparticles of a
nanometer size to constitute our desired hybrid nanofluid. To obtain the different hybrid
nanofluids, we chose three distinct base fluids, namely water, engine oil, and ethylene
glycol, to host our nanoparticles. For instance, to obtain a hybrid nanofluid, first the silver
nanoparticle is dispersed in the host base liquid, for instance, water, and then, as a product,
we have a Ag/water nanofluid. The desired hybrid nanofluid is achieved when another
nanoparticle such as molybdenum di-sulfide (MoS2) is distributed in an already formed
nanofluid (Ag/water) to form a hybrid nanofluid Ag-MoS2/water. The other two hybrid
nanofluids were achieved following a similar procedure to acquire a hybrid nanofluid,
namely, Ag-MoS2/engine oil and Ag-MoS2/ethylene glycol. The highly nonlinear partial
differential equations were tackled numerically with the BVP-4c technique in MATLAB.
The influence of different study parameters such as magnetization force, thermal radiation,
and stretching ratio on distinct study profiles is discussed for the three selected hybrid
nanofluids. The linear and nonlinear impact of radiation on the heat transfer coefficient was
analyzed. The heat shift examined in the study is illustrated and suggests that exploitation
of hybrid nanofluids at industrial levels can vastly improve the thermal energy shift and
reduce the production expenditure. The following research questions elaborate the need to
study the present formulated problem.

1. What is the effect of thermal radiation on different profiles, namely, velocities, tem-
perature, and concentration of (Ag-MoS2/H2O, Ag-MoS2/EO, Ag-MoS2/EG) hy-
brid nanofluids?

2. Which hybrid nanofluid combination produces low shear stress rates and high heat
transfer rates in the presence of high resistive force?
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3. What is the effect of nonlinear radiation on the heat transfer attributes of the two
examined cases such as Ag-MoS2/H2O and Ag-MoS2/EG?

4. What is the impact of the rotation and stretching ratio on the three-dimensional hybrid
nanofluid flow motion, temperature, and concentration profiles?

5. Which of all of the examined hybrid nanofluids (Ag-MoS2/H2O, Ag-MoS2/EO, Ag-
MoS2/EG) produces higher heat and mass transfer?

2. Mathematical Formulation

Consider the magneto-hydrodynamic viscous incompressible three-dimensional flow
of hybrid nanofluids over a linear stretching surface. The linear stretching velocities
Uw(x) = u = ax are Vw(x) = v = by and along the x-axis and y-axis, respectively. The
fluid occupies the space Z > 0, and the flow is induced by linear stretching at different
velocities. A magnetic field B0 is applied in the normal direction to the sheet in the presence
of Rosseland radiation. Figure 1 shows the geometry of the problem.

Figure 1. The geometry and coordinate system.

The nano-sized particles considered for analysis were Ag and MoS2 with different
fluids as the base liquid. We considered Ag (ϕ1) and MoS2 (ϕ2) as initially Ag nano-
particles with a solid volume fraction of 0.005 vol (which was kept unaltered throughout
the problem analysis) a distributed in the three different base fluids to form the nanofluids
Ag–water, Ag–engine oil, and Ag–ethylene glycol. The desired set of hybrid nanoflu-
ids (Ag-MoS2/H2O, Ag-MoS2/EO, Ag-MoS2/EG) was obtained by scattering the second
nano-particle MoS2 with a different volume fraction into the already formed nanofluid.
The hybrid nanofluid rotates around a vertical axis and the angular velocity ω∗ is kept
constant. Hussain et al. [41] formulated the three-dimensional flow of engine oil-based
nanofluids (TiO2 and ZnO) in the absence of externally applied effect and species conti-
nuity. Recently, Arshad et al. [43] investigated distinct nanofluids over an exponentially
stretching surface in the absence of body force and concentration profile. Hussain et al. [56]
examined nanofluid 3D flow under the combined effect of the magnetic field and linear
radiation, but they did not incorporate the species transport. In our study, we incorporated
the species continuity equation, linear, nonlinear radiation, and magnetization force to
analyze the three different hybrid nanofluids. Considering all the assumptions above-
mentioned, along with boundary layer approximation, the governing equations such as
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continuity, conservation of momentum, energy equation, and concentration equations are
given as follows.

2.1. Equation of Continuity

The continuity equation for the viscous in-compressible three dimensional steady flow
obtained is given as:

∂u
∂x

+
∂v
∂y

+
∂w
∂z

= 0. (1)

2.2. Momentum Equations

The magnetic field relation is incorporated into the horizontal and vertical momentum
equations. The momentum equations in said directions is defined as:

u
∂u
∂x

+ v
∂u
∂y

+ w
∂u
∂z
− 2ω∗v = νhn f

∂2u
∂2z
−

σhn f B2
0

ρhn f
u, (2)

u
∂v
∂x

+ v
∂v
∂y

+ w
∂v
∂z

+ 2ω∗u = νhn f
∂2v
∂2z
−

σhn f B2
0

ρhn f
v. (3)

2.3. Energy Relation without Rosseland Expression of Thermal Radiation

The relation of energy without relation Rosseland thermal radiation is defined as:

u
∂T
∂x

+ v
∂T
∂y

+ w
∂T
∂z

= αhn f
∂2T
∂z2 −

1
(ρCp)hn f

∂(qr)

∂Z
. (4)

2.4. Species Continuity Equation

The three dimensional nano-particles concentration profile is defined as:

u
∂C
∂x

+ v
∂C
∂y

+ w
∂C
∂z

= Dm
∂2C
∂z2 . (5)

With relevant boundary conditions:

u = Uw = ax, v = Vw = by, w = 0, C = CW and T = T w at z = 0, (6)

u = 0, v = 0, w = 0, C → C∞ and T → T∞ at z→ ∞. (7)

In the above equations, (u, v, w) are the velocity components in the respective direc-
tions; ω∗ is the rotational velocity of rotating flow; B0 is the applied magnetic field in
the normal direction; T denotes the temperature; (qr) expresses the Rosseland expression;
σhn f is the electrical conductivity of the hybrid nanofluid; (ρCp)hn f is the heat capacity
at constant pressure for the hybrid nanofluids; C describes the concentration of species;
αhn f is the thermal diffusivity of the hybrid nanofluid; Dm denotes the mass diffusivity;
TW , T∞ are the surface and ambient temperatures CW , C∞ and show the surface and
ambient concentration stages, respectively. Here, we introduce the following set of the
similarity transforms that were utilized in this problem and can be found in the studies
of [43,56,58,59].

u = axp′(η) , v = ayq′(η) , w = −√aν f [p(η) + q(η)],

η = z
√

a
ν f

, r(η) = T−T∞
Tw−T∞

, ϕ(η) = C−C∞
Cw−C∞

.
(8)
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2.5. Final Energy Relation

The radiative heat flux qr, more commonly known as the Rosseland approximation,
is defined as qr = − 4σ∗

3K∗
∂T4

∂z ; σ∗ is the Stefan Boltzmann constant; K∗ is the absorption
coefficient; and k f is the thermal conductivity of the base liquid. Assuming the temperature
difference is low, the expansion of T4 in terms of T∞ with the help of the Taylor series is as
follows:

T4 ≈ 4TT3
∞ − 3T4

∞ . . . . . . . . . (9)

After the replacement of heat flux qr and temperature expansion (9), the energy
Equation (4) will become

u
∂T
∂x

+ v
∂T
∂y

+ w
∂T
∂z

= αhn f
∂2T
∂z2 +

1
(ρCp)hn f

16σ∗T3
∞

3K∗
∂2T
∂2Z

. (10)

Now, as we are analyzing the linear and nonlinear effects of radiation, it is worth
noting here that we can use the radiation relation defined in Equation (17) for the linear
impact of radiation on magnetized flow. Additionally, when we implement nonlinear
radiation, the temperature will become T = T∞[1 + (rw − 1)r], where rw is known as the
temperature difference ratio, defined as rw = Tw

T∞
. Now, the governing flow equations of

momentum, energy, and concentration (2), (3), (5), (10), respectively, will take the following
form after utilizing the above-mentioned similarity transform.

p′′′ (η)− (1− ϕ1)
2.5(1− ϕ2)

2.5
{
(1− ϕ2)

[
(1− ϕ1) + ϕ1

(
ρs1
ρ f

)]
+ ϕ2

(
ρs2
ρ f

)}{
[p′(η)]2 − p′′ (η) [p(η) + q(η)]− 2λδq′(η)

}
−(1− ϕ1)

2.5(1− ϕ2)
2.5 M2 p′(η) = 0,

(11)

q′′′ (η)− (1− ϕ1)
2.5(1− ϕ2)

2.5
{
(1− ϕ2)

[
(1− ϕ1) + ϕ1

(
ρs1
ρ f

)]
+ ϕ2

(
ρs2
ρ f

)}{
[q′(η)]2 − q′′ (η) [p(η) + q(η)]− 2λ

δ p′(η)
}

−(1− ϕ1)
2.5(1− ϕ2)

2.5 M2q′(η) = 0,
(12)

1
Pr
∗ r′′ (η)(

(1− ϕ2)

{
(1− ϕ1) + ϕ1

[
(ρCp)s1
(ρCp) f

]}
+ ϕ2

[
(ρCp)s2
(ρCp) f

])[ khn f

k f
− Rd(1 + (rw − 1)r)3 + (p + q)r′ = 0

]
, (13)

ϕ′′ (η)− Sc
[
ϕ− ϕ′(p + q)

]
= 0. (14)

Now, the transformed boundary conditions are as follows:

p = 0, p′ = 1, q = 0, q′ = γ, r = 1 and ϕ = 1 at η = 0, (15)

p′ = 0, q′ = 0, r = 0 and ϕ = 0 at η = ∞. (16)

2.6. Non-Dimensional Quantities

The non-dimensional quantities of the present problem are defined and presented.
These include the stretching ratio γ, rotational ratio of flow λ, magnetic field parameter M2,
Prandtl number pr, and thermal radiation parameter Rd. These dimensionless relations are
defined as follows:

γ =
b
a

, λ =
ω∗

a
, M2 =

σB2
0

aρ f
and Pr =

k f(
µCp

)
f
, Rd =

16σ∗T3
∞

3K∗k f
. (17)

The shear stress rates in the x and y directions
(

C f x, C f y

)
; Nusselt Nux and Sherwood

Shx numbers are the quantities of physical and engineering interest. The quantities in
dimensional form are defined as follows:

C f x =
µhn f (

∂u
∂z )z=0

ρ f (u)
2 , C f y =

µhn f (
∂v
∂z )z=0

ρ f (u)
2 , (18)
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Nux = − x
(Tw − T∞)

[
khn f

k f
+ Rdr3

w

]
(

∂T
∂z

)
z=0

, Shx = −
[ρ f D

(
∂C
∂z

)
]
z=0

(Cw − C∞)
. (19)

The dimensionless form of the above quantities is given as follows:

Re1/2C f x =
1

(1− ϕ1)
2.5(1− ϕ2)

2.5 p′′ (0), δ−1Re1/2C f y =
1

(1− ϕ1)
2.5(1− ϕ2)

2.5 q′′ (0), (20)

Re−1/2Nux = −
[

khn f

k f
+ Rdr3

w

]
r′(0) , ShRe−

1
2

x = −ϕ′(0). (21)

The Reynolds number is defined as follows:

Re =
Uwx
v f

. (22)

3. Numerical Solution

Different numerical methods have been utilized by researchers to study the hybrid
nanofluids. Jamshed et al. [6,7] investigated HNF with the Keller Box method, Ghadiko-
laei et al. [8] explored HNF with Rung Kutt-4, and Hamrelaine et al. [54] employed the
homotopy analysis method to study HNF. In this paper, we used the boundary value
problem technique, more commonly known as the BVP-4c solver, in MATLAB. For this
purpose, we introduced our own supposition set of Equations (23)–(34) to convert the
highly nonlinear set of partial differential equations into first-order ordinary differential
Equations (25)–(34), along with the boundary conditions (39) and (40). The set of our own
suppositions is given as follows:

p′ = y1 , p′′ = y2 , p′′′ = y3 , p′′′′ = y′3 , q = y4 , q′ = y5 , q′′ = y6 , q′′′ = y′6 , (23)

r = y7, r′ = y8 , r′′ = y′8 , ϕ = y9 , ϕ′ = y10 , ϕ′′ = y′10. (24)

Using the above stated suppositions, Equations (11)–(14), along with suitable boundary
Equations (15) and (16), will transform into the following set of the first-order differential
equations given as follows:

y′1 = y2 (25)

y′2 = y3 (26)

y′3 = AB
{
(y2)

2 − y3(y1 + y2)− 2λδy5

}
+ M2 Ay2, (27)

y′4 = y5 (28)

y′5 = y6 (29)

y′6 = AB
{
(y5)

2 − y6(y1 + y4)− 2λδy6

}
+ M2 Ay5, (30)

y′7 = y8 (31)

y′8 = −

 pr ∗ y8 ∗ (y1 + y4)C{
D− Rd(1 + (rW − 1)y7)

3
}
, (32)

y′9 = y10 (33)

y′10 = Sc[y9 − y10(y1 + y4)]. (34)

Here, we define the properties of hybrid nanofluids utilized in the above ordinary
differential equations. These include the viscosity of the HNF, the density of the HNF, the
heat capacity of the HNF and the thermal conductivity of the HNF. Table 1 gives shear
stress rates of HNF. Table 2 provide numeric data for Nusselt and Sherwood numbers.
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Table 3 shows comparison of Nusselt number for two cases. The complete relations of these
properties are defined in Table 4.

A = (1− ϕ1)
2.5(1− ϕ2)

2.5, (35)

B = [(1− ϕ2)[(1− ϕ1) + ϕ1(
ρs1

ρ f
)] + ϕ2(

ρs2

ρ f
)], (36)

C = (1− ϕ2)

{{
(1− ϕ1) + ϕ1

[(
ρCp

)
s1(

ρCp
)

f

]}
+ ϕ2

[(
ρCp

)
s2(

ρCp
)

f

]}
, (37)

D = (
ks2 + (n− 1)kb f − (n− 1)ϕ2

(
kb f − ks2

)
ks2 + (n− 1)kb f + ϕ2

(
kb f − ks2

) ∗
ks1 + (n− 1)k f − (n− 1)ϕ1

(
k f − ks1

)
ks1 + (n− 1)k f + ϕ1

(
k f − ks1

) ). (38)

The boundary conditions of the present problem are as follows:

y0(1) = 0 , y0(2) = 1, y0(5) = γ , y0(7) = 1, y0(9) = 1, (39)

y∞(2) = 0, y∞(5) = 0, y∞(7) = 0 , y∞(9) = 0. (40)

Table 1. The skin friction (C fx, C fy) results for the Ag-MoS2/H2O, Ag-MoS2/EO, Ag-MoS2/EG)
hybrid nanofluids.

Ag-MoS2/Water Ag-MoS2/EG Ag-MoS2/EO

φ1 = φ2 = 0.05 Pr = 6.2, Rd = 2.0 Pr = 23.50, Rd = 0.7 Pr = 6450, Rd = 1.2

δ M λ γ C fx C fy C fx C fy C fx C fy
0.5 2 0.5 0.5 −2.08642 −1.30201 −1.99174 −1.24784 −6.58372 −0.175694
1 −2.08642 −1.30201 −1.99174 −1.24784 −6.58372 −0.175694
1 0.5 0.5 0.5 −1.53642 −1.03705 −1.31708 −0.932818 −5.50614 −0.145622

1 −1.38102 −0.962711 −1.10318 −0.836186 −5.21681 −0.137422
0.5 1 0.6 0.5 −1.45668 −1.22153 −1.22695 −1.1239 −5.49056 −0.170364

0.8 −1.50873 −1.09561 −1.28519 −0.993087 −5.50078 −0.153541
0.5 0.5 0.8 0.4 −1.29796 −1.15215 −1.00707 −1.0404 −5.20079 −0.162488

0.5 −1.33268 −0.903353 −1.04699 −0.807836 −4.7511 −2.91562

Table 2. The Nusselt and Sherwood number (Nux, Shx) results for the Ag-MoS2/H2O, Ag-MoS2/EO,
Ag-MoS2/EG hybrid nanofluids.

Ag-MoS2/Water Ag-MoS2/EG Ag-MoS2/EO

φ1 = φ2 = 0.05, Pr = 6.2, Rd = 2.0 Pr = 23.50, Rd = 0.7 Pr = 6450, Rd = 1.2

δ M λ γ Nux Shx Nux Shx Nux Shx
0.5 2 0.5 0.5 9.58768 1.23465 8.81935 0.896578 10.8036 1.69725
1 9.58768 1.15701 8.81935 0.764266 10.8036 1.37308
1 0.5 0.5 0.5 8.87352 1.24101 8.97532 0.914744 10.8105 1.7075

1 8.67011 1.2429 9.02376 0.921284 10.8123 1.71031
1 0.6 0.5 8.93214 1.16303 8.96173 0.783724 10.8104 0.762583

0.8 8.89092 1.16344 8.97152 0.784494 10.8105 0.762601
0.5 0.8 0.4 8.73251 1.16495 9.00894 0.790839 10.8123 0.996989

0.5 9.20455 1.1598 8.70167 0.782954 12.6403 1.06938
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Table 3. The comparison of the Nusselt number (Nux) results for the Ag-MoS2/H2O, Ag-MoS2/EG
hybrid nanofluids.

Case1 = Ag-MoS2/Water Rd = 3.0
Case2 = Ag-MoS2/EG Nonlinear Radiation

rw = 1.5 rw = 2.0

δ M λ γ case1 case 2 case 1 case 2
0.5 2 0.5 0.5 1.62791 0.00154652 3.53586 0.0227284
1 1.62791 0.00154652 3.53586 0.0227284
1 0.5 0.5 0.5 0.879007 0.0000542623 2.58821 0.00509825

1 0.752469 0.0000234311 2.30749 0.00293049
1 0.6 0.5 0.897674 0.0000900132 2.62876 0.00712403

0.8 0.4 0.883782 0.0000641366 2.59859 0.00569431
0.5 0.5 0.4 0.752469 0.0000234311 2.30749 0.00293049

0.5 0.865533 0.0000461844 2.55785 0.00460621

Table 4. The relations of the thermo-physical properties of the nanofluids and hybrid nanofluids [1,8,16,17,56].

Properties Nanofluid Hybrid Nanofluid

Density (ρ) ρn f = (1− ϕ) ∗ ρ f + ϕρs ρhn f = ρ f

[
(1− ϕ2)

[
(1− ϕ1) + ϕ1

(
ρs1
ρ f

)]
+ ϕ2

(
ρs2
ρ f

)]
Viscosity (µ) µn f =

µ f

(1−ϕ)2.5 µhn f =
µ f

(1−ϕ1)
2.5(1−ϕ2)

2.5

Heat capacity
(
ρcp

)
(ρcp)n f = (1− ϕ) ∗ (ρcp) f + ϕ ∗ (ρcp)s

(ρCp)hn f =(
ρCp

)
f

[
(1− ϕ2)

{
(1− ϕ1) + ϕ1

[
(ρCp)s1
(ρCp) f

]}
+ ϕ2

[
(ρCp)s2
(ρCp) f

]]
Electric conductivity (σ) σn f

σf
= 1 +

3(σs−σf )
(σs−2σf )−(σs−σf )ϕ

σhn f
σf

= 1 + [3(σ1s ϕ1−σ2s ϕ2 (ϕ1+ϕ2)/σf ]
2+[(σ1s+σ2s)/σf ]−[(σ1s ϕ1−σ2s ϕ2 )/σf ]+(ϕ1+ϕ2)

Thermal conductivity (k) kn f
k f

=
(ks+2k f )−2∗ϕ∗(k f−ks)
(ks+2k f )+ϕ∗(k f−ks)

khn f
kb f

=

(
ks2+(n−1)kb f−(n−1)ϕ2(kb f−ks2)

ks2+(n−1)kb f +ϕ2(kb f−ks2)
∗ ks1+(n−1)k f−(n−1)ϕ1(k f−ks1)

ks1+(n−1)k f +ϕ1(k f−ks1)
)

4. Results and Discussion

In this section, we discuss the outcomes of the magneto-hydrodynamic flow of differ-
ent hybrid nanofluids (Ag-MoS2/H2O, Ag-MoS2/EO, Ag-MoS2/EG) under the effect of
different study parameters, namely the magnetization force, thermal radiation, stretching,
and rotational ratios. The local skin friction in the xy-direction, Nusselt and Sherwood
number outcomes are presented in Tables 1–3, respectively. The thermophysical properties
of the nanofluids and hybrid nanofluids are represented in Table 4. Additionally, Table 5
provides the numeric values of the different properties of nano-particles and base fluids
utilized in this study. Furthermore, the outcomes of the study were validated with the
already published results by Hussain et al. [56] and the agreement is presented in Table 6.

Table 5. The thermophysical properties of the nanoparticles and base fluids [1,2,8,16].

Physical Properties Ag MoS2 H2O C2H6O2 EO

(Density) ρ 10,490 5060 997 1063 884
(heat capacity) cp 235 397.21 4179 3630 1910

(Thermal conductivity) k 429 904.4 0.6130 0.387 0.144
(Prandtl number) pr 6.2 203.20 6450
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Table 6. A comparison of the Nusselt number of the present study under the nonlinear radiation
effect with Hussain et al. [56].

ϕ1 = ϕ2 = 0.1 Present Results of Ag-MoS2/Water Hussain et al. [56]
Rd = 1 Rd = 1

M λ Rd = 0 rw = 1.1 rw = 1.8 rw = 1.1 rw = 1.8
1 0 2.33015 2.32658 2.60957 2.4653 2.88787

0.5 2.32583 2.34789 2.60908 2.17291 2.39552
1 2.32053 2.37409 2.64658 1.89916 2.03691
2 2.31116 2.42038 2.77017 1.54042 1.64452

Figure 2a–d describes the impact of the magnetic field M on the primary, secondary
velocities, temperature profile, and concentration profile, respectively. The primary velocity
under increasing magnetic impact decreased (see Figure 2a), but the secondary velocity
increased with the augmentation in magnetization force (see Figure 2b), because a strong
magnetic field creates a Lorentz force, which acts as a resistive force for fluid flow motion.
The temperature profile for hybrid fluids (Ag-MoS2/H2O and Ag-MoS2/EG) was improved
even under the influence of the magnetic field and thermal radiation (see Figure 2c), but
the temperature profile for the engine oil-based hybrid nanofluid (Ag-MoS2/EO) declined
dramatically. The concentration profile under the increasing impact of magnetic force M
increased for all three examined hybrid nanofluids (see Figure 2d). It is interesting to note
here that the associated concentration layer thickness contracted for all of the explored
cases of hybrid nanofluids.

Figure 2. Cont.
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Figure 2. (a) The influence of M on the primary velocity p′. (b) The influence of M on the secondary
velocity q′. (c) The impact of M on the temperature profile r. (d) The impact of M on the concentration
profile φ.

Figure 3a,b describes the influence of radiation Rd on the primary (see Figure 3a) and
secondary (see Figure 3b) velocities. The increment in the radiation parameter increases
the velocity for each explored hybrid nanofluid case. Consequently, the momentum layer
thickness contracted dramatically. Figure 3c,d depicts the effect of the stretching ratio on
primary and secondary velocities. The primary (see Figure 3c) and secondary (see Figure 3d)
velocities both decreased and increased under the increasing influence of the stretching
ratio, respectively. The concentration profile significantly increased as the stretching ratio
increased due to the fact that stretching increases the thermal boundary layer of the fluid,
resulting in an increase in the concentration profile in all three cases (see Figure 4a).

The effect of the stretching ratio on the temperature profile in three different cases
is depicted in Figure 4b. The temperature profile increased for the Ag-MoS2/H2O and
Ag-MoS2/EG hybrid nanofluids while it decreased for Ag-MoS2/EO with an increase in the
stretching ratio. The rotation ratio affects the primary and secondary velocity profiles, as
shown in Figure 4c,d. Figure 5a,b shows how the rotation parameter affects the temperature
and concentration profiles, respectively. The velocity profiles increased under the increasing
rotation parameter, resulting in a contraction in the momentum layer. Additionally, it was
observed that contraction in momentum layer thickness enhanced rapidly in the secondary
velocity profile compared to the primary profile. The temperature profile exhibited a very
distinct behavior in all three cases, with the temperature profile for engine oil and ethylene
glycol-based hybrid nanofluids actually increased, but drastically decreased for the water-
based hybrid nanofluids (see Figure 5a).The concentration profile increased for all three
distinct cases as the magnetic field and rotation parameter increased (see Figure 5b).
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Figure 3. (a) The impact of radiation Rd on primary velocity p′. (b) The impact of radiation Rd on
secondary velocity q′. (c) The impact of stretching ratio γ on the primary velocity p′. (d) The impact
of stretching ratio γ on thee secondary velocity q′.
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Figure 4. (a) The impact of stretching ratio γ on the concentration profile φ. (b) The impression of the
stretching ratio γ on the temperature profile r. (c) The impact of rotation λ on the primary velocity p′.
(d) The impact of rotation λ on the secondary velocity q′.
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Figure 5. (a) The impact of rotation λ on the temperature profile r. (b) The impact of rotation λ on
the concentration profile φ. (c) The behavior of skin friction in the x-direction for three cases. (d) The
behavior of skin friction in the y-direction for three cases.
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Table 1 describes the skin friction results for three different cases under several study
parameters. The increment in study parameter δ showed a very slight impact on the
skin friction in (C fx , C fy) for all three cases, which stayed consistent. The skin friction
(C fx, C fy) under the influence of increasing magnetic parameter M was observed to increase
for all three cases. The skin friction (C fx, C fy) under augmentation in the rotational ratio
parameter λ decreased for all cases in (C fx), but increased for (C fy). The influence of
increasing the stretching ratio γ was decreased skin friction in (C fx), but increased in (C fy)
for all of the study cases. Table 2 describes the Nusselt and Sherwood numbers under the
influence of different study parameters. The maximum Nusselt number was observed
under the increasing influence of the stretching ratio for Ag-MoS2/EO. The Nusselt number
in Ag-MoS2/EG was slightly lower than in the case of Ag-MoS2/H2O. The maximum
Sherwood number was observed in the Ag-MoS2/EO case and the minimum was observed
for Ag-MoS2/EG. Figure 5c,d, and Figure 6 describe the graphical behavior of skin frictions
(C fx, C fy) and Nusselt number (Nux) for all three cases under study, respectively, and the
graphical data are provided in Tables 1 and 2 below.

Figure 6. The behavior of the Nusselt number (Nux) for the three cases.

Table 3 shows the influence of nonlinear radiation on the heat transfer coefficient. The
Nusselt number in the Ag-MoS2/H2O case was observed as the maximum even under
the increasing influence of nonlinear radiation. The Nusselt number in the Ag-MoS2/EG
case were found to be much lower compared to case 1 under nonlinear radiation, as the
impact of nonlinear radiation could not be processed due to the presence of high pressure
gradients. Table 4 presents the thermo-physical properties utilized for the nanoparticles
and base fluids for the study analysis. Table 5 shows the numeric values for the different
properties of the base fluids and nano-sized particles. Furthermore, the outcomes of the
present study were validated with already published results by Hussain et al. [56] (see
Table 6).

5. Conclusions

In the present study, the steady three-dimensional magneto-hydrodynamic flow of
hybrid nanofluids under the effect of linear and nonlinear radiation was investigated over a
stretching surface to analyze the heat and mass transfer attributes. The formulated problem
was tackled with the BVP-4c technique in MATLAB. The outcomes of the study for the three
examined hybrid nanofluids are presented graphically and discussed. Furthermore, the
obtained results were validated by performing a comparison with the already published
results. The notable outcomes of our study are listed as follows:
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1. The momentum layer thickness decreased with an increment in the magnetization
force, stretching, and rotational ratio whereas it improved with increased radiation.

2. Expansion was observed in the thermal boundary layer with an increasing influence of
magnetization force and stretching ratio. The high rotational motion of flow contracted
the thermal boundary of the rotating flow.

3. The concentration profile inclined with augmentation in magnetization, stretching,
and rotational ratio. Additionally, the associated concentration layer contracted.

4. The minimum shear stress rates were observed for Ag-MoS2/EG in both the x and y
directions. The contrast in the behavior of shear stress was demonstrated by the other
examined hybrid nanofluids.

5. High heat and mass transfer coefficients were obtained under linear radiation impact
for Ag-MoS2/EO and the minimum rates were obtained for Ag-MoS2/EG.

6. The Nusselt number showed an increasing trend with an increment in the nonlinear
radiation parameter for the Ag-MoS2/water hybrid nanofluid.

Future Research

In this work, we investigated the heat and mass transfer in magneto-hydrodynamic
steady three dimensional rotating hybrid nanofluid flow. One can examine the combined
effect of transverse magnetization and nonlinear radiation.
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Nomenclature

u, v, w Velocities components in respective direction
(
ms−1)

v f Kinematic viscosity of base fluid
(
m2s−1)

ρ f The density of base fluids
(

kgm−3
)

Cp Heat capacity at constant pressure
(

Jkg−1K−1
)

ρn f Density of nano-particles
(

kgm−3
)

γ Stretching ratio [−]
Rd Radiation parameter [−]
Re Reynolds number [−]
Shx Sherwood number [−]
Nux Nusselt number [−]
η Similarity variable [−]
CW , C∞ Surface and ambient concentration [−]
(α)hn f Thermal diffusivity of hybrid nanofluids
HNF Hybrid nanofluids
EG Ethylene glycol
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(ρcp) f Volumetric heat capacity of base fluid
(

JK−1
)

(ρCp)n f Volumetric heat capacity of nanofluid
(

JK−1
)

TW , T∞ Surface and ambient temperature (K)
ω∗ Rotational velocity of hybrid fluids

µ f Dynamic viscosity
(

kgm−1s−1
)

λ Rotational ratio of flow [−]
M Magnetic field parameter [−]
Pr. Prandtl number [−]
C fx Skin Friction along the x-axis [−]
C fy Skin Friction along the y-axis [−]
r, ϕ Temperature and concentration profiles, respectively [−]
p, q Primary and secondary velocities, respectively [−]
Dm Mass diffusivity [−]
EO Engine oil
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