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Abstract: The estimated ultimate recovery (EUR) of shale gas is an important index for evaluating the
production capacity of horizontal wells. The Weiyuan shale gas field has wells with considerable EUR
differentiation, which hinders the prediction of the production capacity of new wells. Accordingly,
121 wells with highly differentiated production are used for analysis. First, the main control factors
of well production are identified via single-factor and multi-factor analyses, with the EUR set as
the production capacity index. Subsequently, the key factors are selected to perform the multiple
linear regression of EUR, accompanied by the developed method for well production prediction.
The thickness and drilled length of Long 11

1 (Substratum 1 of Long 1 submember, Lower Silurian
Longmaxi Formation) are demonstrated to have the uttermost effects on the well production, while
several other factors also play important roles, including the fractured horizontal wellbore length,
gas saturation, brittle mineral content, fracturing stage quantity, and proppant injection intensity.
The multiple linear regression method can help accurately predict EUR, with errors of no more than
10%, in wells that have smooth production curves and are free of artificial interference, such as
casing deformation, frac hit, and sudden change in production schemes. The results of this study are
expected to provide certain guiding significances for shale gas development.

Keywords: shale gas; grey correlation method; multiple linear regression; production evaluation;
main control factor; estimated ultimate recovery

1. Introduction

The recovery technology for shallow (<3500 m) marine shale gas in China has been
mature in terms of supporting techniques and fit-for-purpose equipment [1]. Starting from
scratch, the shale gas industry of China reached an annual production of 1.0 × 1010 m3

within six years, which was doubled to approach a historical breakthrough in eight years [2].
Shale gas reservoirs are found in various sedimentary environments in China [3], including
marine (50% of the whole country’s shale gas resources), marine–continental transitional
(20%), and continental (30%) environments [4–7].

Located in the southern Sichuan Basin [8,9], the Weiyuan shale gas field has been in
exploration and development since 2009, with a cumulative proven shale gas resource in
place of 4.277 × 1011 m3 [10]. In 2021, the shale gas production climbs up to 4.12 × 109 m3,
which accounts for 32% of the total shale gas production of China National Petroleum
Corporation (CNPC). In this context, it is of critical importance to calculate the estimated
ultimate recovery (EUR) of gas wells for accurately estimating the potential of shale gas
recovery and realizing large-scale economic development.

EUR is an important index for evaluating the production capacity of a shale gas
well, and it is affected by numerous factors [11,12], which can be analyzed by various
methods [13,14]. Most popular methods include the grey correlation approach [15,16]
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and numerical simulations [17]. Efforts have been made to quantitatively investigate the
correlation between the engineering parameters and the fracture network effectiveness
via comparison of reservoir attributes and analysis of well performances [18,19]. More-
over, numerous methods have been developed for calculating the EUR of shale gas wells,
including the empirical method, the modern production decline analysis, the analytical
method, the linear flow analysis, and the big data approach [20]. Specifically, the pressure
transient and Blasingame production decline analysis were used to calculate the EUR of
a well with short-term production [21]. Moreover, innovative models for the multi-stage
fractured horizontal well [22] and those based on the deep neural network [23] are useful
ways of predicting the production of shale gas wells. Niu et al. [24] forecast the production
capacity of shale gas wells of the Weiyuan gas field via multiple regression. Furthermore,
Yin et al. [25] developed a production capacity assessment model for shale gas wells by
building and solving the dual-porosity mathematical model of shale gas reservoirs. Accu-
rately calculating EUR of wells and analyzing the main control factors of the production
capacity of shale gas wells are of great significance for improving well production and
guiding the deployment of shale gas recovery.

In the Weiyuan shale gas field, the production of horizontal wells is highly differen-
tiated from well to well, and thus systematic efforts should be made to clarify the main
control factors of gas well production capacity. In this research, single-factor analysis and
grey correlation analysis are used to identify key factors affecting the production capacity
of wells, while multiple linear regression is used to predict the production capacity of a
single well. The findings of this research are expected to guide shale gas well operation in
the Weiyuan gas field and enable high-efficiency recovery of shale gas.

2. Geological Setting

The Weiyuan gas field is located in the Weiyuan and Zizhong Counties in the south-
western Sichuan Basin. It lies in the Southwest Sichuan gentle fold zone of the Central
Sichuan uplift and presents itself as a large dome anticline (Figure 1). The main layers for
shale gas recovery are within the Wufeng Formation–Longmaxi Formation. The Wufeng–
Longmaxi shale is buried at 2000–4000 m, with a thickness of 180–600 m. The interval from
the Wufeng Formation to the Long 1 Sub-Member of the Longmaxi Formation is the target
interval, with a shale thickness of 43.9–54.8 m, averaging 46.4 m. The Long 1 Sub-Member
is further divided into the Long 11

1–11
4 small layers from the bottom to top, among which

the Long 11
1 is the main layer for recovery, with a thickness of 1.7–7.0 m (4.6 m on average).

The shale in the interval from the Wufeng Formation to the Long 1 Sub-Member has a TOC
of 2.7–3.6%, averaging 3.2%; a porosity of 5.2–6.7%, averaging 5.9%; a gas saturation of
32.7–84.6%, averaging 64.7%; a gas content of 3.3–8.5 m3/t, averaging 5.5 m3/t; a brittle
mineral content of 60–82%, averaging 74%; and a pressure coefficient of 1.2–2.0 in the
favorable zone for production capacity building.
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3. Data and Analysis Methods

By the end of 2021, a total of 396 wells have been brought into production in the
Weiyuan block and these wells present an average testing daily production of 2.16 × 105

m3/d and an average single-well EUR of 8.9× 107 m3. A total of 121 wells that were brought
into production within the recent three years and featured considerably differentiated
production are selected as the samples for analysis, which present the average testing daily
production of 2.488 × 105 m3/d, the average first-year daily production of 9.4 × 104 m3/d,
and the EUR of (0.31–2.22) × 108 m3 (averaging 1.06 × 108 m3; Figure 2; Table 1). Among
these wells, low-production wells with the EUR lower than 0.6 × 108 m3 account for 8%;
medium-production wells with the EUR of (0.6–1.2) × 108 m3, 59%; and high-production
wells with the EUR above 1.2 × 108 m3, 33%. A total of 62 wells are found with EUR
below 1.0 × 108 m3, which account for about 50% of the wells brought into production. The
overall distribution of EUR is even and the production of wells is greatly differentiated.
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Table 1. Parameter statistics of the sample wells of the Weiyuan shale gas field.

Parameter Unit Sampling
Quantity Min Max Average Standard

Deviation

EUR 108 m3 121 0.31 2.22 1.06 0.38
Long 11

1 interval thickness m 121 2.40 7.60 5.37 1.37
TOC % 121 3.30 6.75 5.22 0.53

Brittle mineral content % 121 63 96 83 5.43
Gas content m3/t 121 5.43 10.30 7.34 1.03

Gas saturation % 121 71 84 76 3.60
Pressure coefficient dimensionless 121 1.40 2.05 1.74 0.18

Drilled length of the Long 11
1 interval m 121 482 2515 1593 344.75

Fractured horizontal wellbore length m 121 899 2577 1664 328.16
Fracturing stage quantity Stages 121 16 36 23 4.36
Liquid injection intensity m3/m 121 16 48 27 4.13

Proppant injection intensity t/m 121 1.08 3.50 2.08 0.52

3.1. Factors Affecting Gas Well Production

Various factors affect the production capacity of shale gas wells, which include geolog-
ical and engineering factors. The geological factors include the thickness of the Long 11

1

interval, TOC, brittle mineral content, gas content, gas saturation, and pressure coefficient,
while the engineering factors include the drilled length of the Long 11

1 interval, the frac-
tured horizontal wellbore length, fracturing stage quantity, liquid injection intensity, and
proppant injection intensity.
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3.2. Grey Correlation Analysis

The production capacity of shale gas wells is subjected to the joint effects of multiple
factors, which may interact with each other. The basic regression method fails to deliver
a satisfactory analysis of the main control factors, as it cannot quantitatively capture
the root causes of the differentiated production capacity of wells [26]. Hence, the grey
correlation analysis is performed to quantify the intensity of impacts of each factor on
the well production capacity and correspondingly identify the main control factors of the
production capacity of shale gas horizontal wells in the Weiyuan gas field.

The grey system theory was developed by the Chinese scholar Julong Deng in 1982.
This theory deals with the “limited-sample” system with poor data (lean in information)
with partially known and partially unknown information [27]. The grey correlation analysis
is an important analytical method for the grey system theory and is highly valuable in
investigating the correlations among variables [28]. When no strict mathematical relation-
ships exist between each influential factor and the total result, the grey correlation method
can deliver an effective analysis of data and describe the strength, magnitude, and ranking
of relationships between factors [29]. The grey correlation analysis determines the closeness
of the relationship, according to the geometric similarity between the reference sequence
and analysis sequence, and can be used to determine how intensive the effects of each
factor are on the result [30].

The grey correlation analysis is performed after normalizing the above data of the factors.
The temporal sequence of the EUR is set as the reference sequence X0, while the temporal
sequences of each factor, namely the Long 11

1 thickness, TOC, brittle mineral content, gas
content, gas saturation, pressure coefficient, drilled Long 11

1 length, fractured horizontal
wellbore length, fracturing stage quantity, liquid injection intensity, and proppant injection
intensity, are used as the analysis sequences. The following matrix is built:

(X0, X1, · · · , Xn) =


x0(1) x1(1) · · · xn(1)
x0(2) x1(2) · · · xn(2)

...
...

. . .
...

x0(m) x1(m) · · · xn(m)

 (1)

Then, the absolute difference between the elements of each analysis sequence and the
reference sequence is calculated one after another:

∆0i(k) = |x0(k)− xi(k)|(k = 1, · · · , m, i = 1, · · · , n)

Accordingly, the absolute difference matrix is formed:
∆01(1) ∆02(1) · · · ∆0n(1)
∆01(2) ∆02(2) · · · ∆0n(2)

...
...

. . .
...

∆01(m) ∆02(m) · · · ∆0n(m)

 (2)

The maximum value in the absolute difference matrix is defined as the maximum
difference, while the minimum one is identified as the minimum difference:

∆(max) = max{∆0i(k)} (3)

∆(min) = min{∆0i(k)} (4)

The correlation coefficient is computed as below:

ξ0i(k) =
∆(min) + ρ∆(max)
∆0i(k) + ρ∆(max)

(5)
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where ρ is the resolution ratio determining the effects of ∆(max) on the data conversion;
ξ0i(k) is the correlation coefficient with a positive value of no more than 1. The function
of ρ is to control the influence of the ∆(max) on the overall correlation degree, so that the
resolution of the correlation degree between different factors at the longitudinal level is as
large as possible. A lower ρ results in promoted differentiation of correlation coefficients.
In this research, ρ is empirically set as 0.5.

The grey correlation degrees between factors are computed:

γ0i =
1
N ∑N

k = 1 ξ0i(k) (i = 1, 2, 3, · · · , n) (6)

where γ0i is the correlation degree, a measure of the correlation between the reference
sequence X0 and the analysis sequence Xi(i = 1, 2, 3, · · · , n).

The weight coefficients of each factor are determined using the following equation,
according to the correlation degrees:

Wi =
γ0i

∑n
i = 1 γ0i

(7)

3.3. Principles of the Multiple Regression Algorithm

The multiple linear regression (MLR) analysis is a mathematical analysis method
based on the correlation between the dependent and independent variables [31,32]. With a
dependent variable related to multiple factors, MLR can be performed for analysis [33], in
which an MLR model is developed via the weighted summation of these factors [34]. It
is assumed that the dependent variable y can be expressed as a linear combination of m
independent variables:

y = β0 + β1x1 + β2x2 + · · ·+ βixm + ε (8)

where y is the dependent variable; x1, x2 · · · xi are the independent variables; β0, β1, β2 · · · βm
are the regression coefficients; and ε is the random error with the normal distribution N

(
0, δ2).

Providing that there are N sets of observation data (samples), the theoretical equation
shall be:

y = Xβ + ε (9)

where:

y =


y1
y2
...
yn

 (10)

X =


1 x11
1 x21

. . .

. . .
x1m
x2m

...
...

...
...

1 xn1 · · · xnm

 (11)

ε =


ε1
ε2
...
εn

 (12)

β =


β0
β1
...
βm

 (13)
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In accordance with the least-square principle, the difference between the regression es-
timate and the true value (also known as the residual error) is calculated and the regression
coefficients are computed by searching the least sum of squares of residual errors. Hence,
the regression equation is obtained.

The test of significance can be performed for the regression coefficients of the MLR
equation to validate whether or not a linear relationship exists between variables. On one
hand, the regression coefficients that are not all zero stand for significant linear relationships
between variables. On the other hand, regression coefficients that are all zero represent no
significant linear relationship.

4. Results and Discussion
4.1. Single-Factor Analysis

As is shown in Figure 3, EUR is found with relatively large positive correlations with
the Long 11

1 thickness, gas saturation, drilled length of the Long 11
1, fractured horizontal

wellbore length, and fracturing stage quantity, whereas it presents smaller correlations with
TOC, brittle mineral content, gas content, pressure coefficient, liquid injection intensity, and
proppant injection intensity.

The Pearson correlation analysis is implemented on EUR and 11 influential factors
after the Z-score normalization to reveal the linear relationships among these factors and
those between each factor and the EUR (Table 2 and Figure 4). Significant correlations
are seen between EUR and Long 11

1 thickness, brittle mineral content, gas saturation,
drilled Long 11

1 length, fractured horizontal wellbore length, fracturing stage quantity, and
proppant injection intensity, whereas weak relationships are observed between EUR and
TOC, gas content, pressure coefficient, and liquid injection intensity.

Table 2. Results of the Pearson correlation analysis.

EUR
Long 11

1

Interval
Thickness

TOC
Brittle

Mineral
Content

Gas
Content

Gas Satu-
ration

Pressure
Coefficient

Drilled
Length of
the Long

11
1

Interval

Fractured
Horizontal
Wellbore
Length

Fracturing
Stage

Quantity

Liquid
Injection
Intensity

Proppant
Injection
Intensity

EUR
Correlation 1.00 0.663 ** (0.08) 0.325 ** (0.14) 0.482 ** 0.14 0.526 ** 0.499 ** 0.298 ** 0.08 0.292 **
Significance 0.00 0.37 0.00 0.12 0.00 0.14 0.00 0.00 0.00 0.37 0.00

Long 11
1 Interval

Thickness
Correlation 0.663 ** 1.00 0.10 0.338 ** 0.03 0.709 ** 0.262 ** 0.524 ** 0.494 ** 0.08 −0.188 * 0.481 **
Significance 0.00 0.30 0.00 0.73 0.00 0.00 0.00 0.00 0.39 0.04 0.00

TOC
Correlation (0.08) 0.10 1.00 (0.15) 0.584 ** 0.286 ** 0.435 ** (0.17) (0.16) (0.10) 0.10 0.246 **
Significance 0.37 0.30 0.10 0.00 0.00 0.00 0.06 0.09 0.27 0.29 0.01

Brittle Mineral
Content

Correlation 0.325 ** 0.338 ** (0.15) 1.00 −0.190 * 0.250 ** 0.224 * 0.282 ** 0.12 0.09 (0.06) (0.06)
Significance 0.00 0.00 0.10 0.04 0.01 0.01 0.00 0.18 0.31 0.54 0.51

Gas Content
Correlation (0.14) 0.03 0.584 ** −0.190* 1.00 0.03 0.595 ** (0.12) (0.06) (0.12) (0.04) 0.232*
Significance 0.12 0.73 0.00 0.04 0.77 0.00 0.19 0.53 0.19 0.64 0.01

Gas Saturation
Correlation 0.482 ** 0.709 ** 0.286 ** 0.250 ** 0.03 1.00 0.18 0.316 ** 0.363 ** 0.11 (0.09) 0.421 **
Significance 0.00 0.00 0.00 0.01 0.77 0.05 0.00 0.00 0.23 0.33 0.00

Pressure Coefficient
Correlation 0.14 0.262 ** 0.435 ** 0.224 * 0.595 ** 0.18 1.00 0.01 (0.11) (0.04) (0.04) (0.13)
Significance 0.14 0.00 0.00 0.01 0.00 0.05 0.90 0.21 0.69 0.68 0.17

Drilled Length of the

Long 11
1 Interval

Correlation 0.526 ** 0.524 ** (0.17) 0.282 ** (0.12) 0.316 ** 0.01 1.00 0.753 ** 0.348 ** (0.17) 0.336 **
Significance 0.00 0.00 0.06 0.00 0.19 0.00 0.90 0.00 0.00 0.06 0.00

Fractured Horizontal
Wellbore Length

Correlation 0.499 ** 0.494 ** (0.16) 0.12 (0.06) 0.363 ** (0.11) 0.753 ** 1.00 0.534 ** −0.24 ** 0.403 **
Significance 0.00 0.00 0.09 0.18 0.53 0.00 0.21 0.00 0.00 0.01 0.00

Fracturing Stage
Quantity

Correlation 0.298 ** 0.08 (0.10) 0.09 (0.12) 0.11 (0.04) 0.348 ** 0.534 ** 1.00 0.35 ** (0.17)
Significance 0.00 0.39 0.27 0.31 0.19 0.23 0.69 0.00 0.00 0.00 0.06

Liquid Injection
Intensity

Correlation 0.08 −0.188 * 0.10 (0.06) (0.04) (0.09) (0.04) (0.17) −0.24 ** 0.35 ** 1.00 (0.11)
Significance 0.37 0.04 0.29 0.54 0.64 0.33 0.68 0.06 0.01 0.00 0.22

Proppant Injection
Intensity

Correlation 0.292 ** 0.481 ** 0.246 ** (0.06) 0.232 * 0.421 ** (0.13) 0.336 ** 0.403 ** (0.17) (0.11) 1.00
Significance 0.00 0.00 0.01 0.51 0.01 0.00 0.17 0.00 0.00 0.06 0.22

Notes: * represents a significant correlation; ** represents an extremely significant correlatio.
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4.2. Grey Correlation Analysis

The correlation degrees between each factor and EUR are shown in Table 3, while the
corresponding weight coefficients are presented in Figure 5. Clearly, the thickness and
drilled length of Long 11

1 have the highest effects on the EUR, followed by the second
tier composed of the fractured horizontal wellbore length, gas saturation, brittle mineral
content, and fracturing stage quantity, and the third tier consisting of the proppant injection
intensity, liquid injection intensity, TOC, pressure coefficient, and gas content. According
to the results, for the first seven factors, the results are consistent with single-factor analysis
and grey correlation analysis, which indicates that the results are reliable.

Table 3. Calculated correlation degrees between each factor and the EUR.

Factor

Long 11
1

Interval
Thick-
ness

TOC
Brittle

Mineral
Content

Gas
Content

Gas Satu-
ration

Pressure
Coeffi-
cient

Drilled
Length of
the Long

11
1

Interval

Fractured
Horizon-

tal
Wellbore
Length

Fracturing
Stage

Quantity

Liquid
Injection
Intensity

Proppant
Injection
Intensity

Correlation
Degree 0.810 0.737 0.771 0.729 0.774 0.730 0.790 0.786 0.766 0.744 0.744

Ranking 1 9 5 11 4 10 2 3 6 8 7
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4.3. MLR Analysis

According to the results of the grey correlation analysis of the factors affecting well
production, seven key factors that are highly correlated with the EUR are identified and
selected for the MLR analysis. These factors are the Long 11

1 thickness, brittle mineral
content, gas saturation, drilled Long 11

1 length, fractured horizontal wellbore length,
fracturing stage quantity, and proppant injection intensity.

As shown in Table 4, the calculated significance is 1.1 × 10−15, far lower than the
0.05 significance level, and the constant for the MLR is non-zero, which means that the
regression performance of the MLR equation is satisfactory and the results of the linear
regression analysis between the EUR and these factors are reliable. The MLR fitting
formula of the EUR of a shale gas horizontal well in relation to the above factors can be
written as(Table 5): the EUR of a shale gas well = −1.008 + 0.143 × Long 11

1 thickness +
0.006 × brittle mineral content + 0.001 × gas saturation + 1.6 × 10−4 × drilled Long 11

1

length − 4.9 × 10−6 × fractured horizontal wellbore length + 0.018 × fracturing stage
quantity + 0.022 × proppant injection intensity.

Table 4. Variance analysis of the MLR model.

Variance
Analysis

Sum of
Squares

Degree of
Freedom

Mean
Square F Significance

Regression 8.933 7 1.276 17.697 1.10 × 10−15

Residual 8.148 113 0.072
Total 17.081 120

Table 5. Results of the MLR calculation.

Constant
Long 11

1

Interval
Thickness

Brittle
Mineral
Content

Gas
Saturation

Drilled Long
11

1 Length

Fractured
Horizontal
Wellbore
Length

Fracturing
Stage

Quantity

Proppant
Injection
Intensity

−1.008 0.143 0.006 0.001 1.6 × 10−4 −4.9 × 10−6 0.018 0.022

4.4. Application

The EUR of 20 shale gas wells of the Weiyuan gas field is calculated using the MLR
production capacity model presented above and compared with that computed using the
analytical method. The analytical method considers the shale reservoir’s physical prop-
erties, fracture parameters, fracture conductivity, and other model parameters. Moreover,
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it establishes the shale gas horizontal well model, with the model parameters historically
fitted to correct the model parameters. After the historical fitting is completed, the pro-
duction is predicted. Generally, the analytical method is used to calculate EUR for shale
gas and the results are reliable in most cases. The results show (Table 6) that production
predictions of 4 wells are overestimated, those of 5 are underestimated, and those of 11 are
found with relatively accurate estimates, with errors no more than 10%. The matching rate
of the model is around 50%.

Table 6. Comparison of the results between MLR and the analytical method.

Prediction
Performance Well No.

Testing Daily
Production
(104 m3/d)

First-Year
Daily

Production
(104 m3/d)

EUR Based on
the Analytical

Method (108 m3)

EUR Based on
MLR (108 m3) Relative Error

Overestimation

W1 14.37 5.14 0.64 0.84 30.3%
W2 24.93 11.54 0.98 1.25 27.5%
W3 28.57 10.43 1.08 1.20 10.8%
W4 28.56 10.42 0.90 1.00 10.5%

Accurate
Estimation

W5 33.12 13.15 1.41 1.54 9.4%
W6 13.98 6.42 0.89 0.96 8.4%
W7 17.58 6.84 0.87 0.89 3.0%
W8 43.55 14.54 1.58 1.60 1.4%
W9 16.41 7.79 0.90 0.90 0.7%

W10 31.43 13.88 1.36 1.36 0.0%
W11 17.45 8.40 0.97 0.97 −0.3%
W12 21 8.28 0.90 0.88 −2.2%
W13 32.65 11.83 1.35 1.31 −3.1%
W14 21.04 13.50 1.30 1.20 −8.0%
W15 22.38 10.72 1.32 1.19 −9.7%

Underestimation

W16 28.19 10.32 1.08 0.88 −18.6%
W17 31.01 13.02 1.31 1.05 −20.1%
W18 35.55 19.42 1.71 1.28 −25.2%
W19 31.03 10.72 1.52 1.10 −27.9%
W20 40.45 16.80 1.97 1.35 −31.3%

Furthermore, the production performance of the wells presenting accurate estimates
(Figure 6) are typically found with continuous production and pressure curves, with no
artificial interference at the time being brought into production and during the production
(e.g., engineering-induced casing deformation, frac hit, and sudden change in the produc-
tion scheme). In contrast, the typical production performances of the overestimated wells
(Figure 7) reveal that the wells are subjected to frac hit from the adjacent well and present
discontinuous production curves; accordingly, the actual EUR far deviates from the ideal
EUR predicted by the MLR model. Moreover, the typical production performances of the
underestimated wells (Figure 8) show a change in the production scheme around the 350th
day of production, and the production rate and pressure remain stable for a rather long
period; as a result, the predicted EUR is lower than the actual EUR. The above analysis
suggests that effective screening of sample data is required to select wells with continuous
production decline for the MLR analysis in an attempt to avoid artificial interference and
improve the accuracy of the MLR model.
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5. Conclusions

(1) First, the main geological and engineering factors that control the production capacity
of horizontal wells in the Weiyuan shale gas field are clarified via the single-factor
analysis and grey correlation analysis, with 121 horizontal wells used as the samples.
The primary control factors are the thickness and drilled length of Long 11

1, while the
secondary control factors are the fractured horizontal wellbore length, gas saturation,
brittle mineral content, fracturing stage quantity, and proppant injection intensity.

(2) For the production forecast of wells based on the multiple linear regression, one
needs to select wells with continuous production curves and that are free of artificial
interference when being brought into production or during production, such as casing
deformation, frac hit, and sudden change in production schemes. For such wells, the
model presented in this research can accurately predict the EUR of wells. For the
wells newly brought into production, the model presented in this research can rapidly
predict the ideal production capacity and the EUR of wells, with errors of no more
than 10% compared to the analytical results.
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