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Abstract: In this article, the analysis of mechanical energy changes in a gas medium flow with
stable and variable density was presented. To determine the energy losses, the various sources of
momentum and mass were used, which had an influence on air flow through the conduit in the
system without heat exchange with the environment. The occurrence of varying density gas flow in
the conduit (caused by local inflow of mass and momentum) in inclined pipes generates a natural
depression–internal mechanical energy. The local momentum sources can facilitate or hinder the gas
flow through the conduit. This phenomenon often appears in the network of underground mine
workings and in ventilation and air conditioning installations. The characteristic for gas flow through
a pipe or mining excavation is the equivalent aerodynamic resistance, the value of which is influenced
by the mass and momentum of local sources. This value determines the facilitation or difficulty in
gas transport through a section of conduit in relation to the mass stream of the medium. In this
article, the dependency of mass flow and gas momentum with different densities on the value of
the gas medium flow resistance in the conduit was analyzed. On the basis of the obtained results,
the loss of mechanical energy and energy efficiency of flows were determined. In this work, two
cases of fan work in suction and blowing modes were analyzed. For these examples, a gas inflow
with three different mass streams, a density higher than the main stream density, and with a zero
momentum value for this stream was modeled. Ten cases of mass inflow sources were considered.
The results of the gas mass flow calculation through the fan

.
mw and gas

.
m0 and the coefficient of

transport efficiency are graphically presented in the paper.

Keywords: aerodynamic resistance; local sources of mass and momentum; mechanical energy;
gas density

1. Introduction

In order to eliminate the exchange of heat with the environment in service supply
systems that transport gaseous media, density and temperature can be assumed to be
constant. If a gas stream with varying gas densities, but the same temperature, enters
the duct, the resulting mixture continues to have the same temperature in the absence
of gaseous chemical reactions. Conversely, the density of this mixture along the duct
section through which it is transported will be different. This case of gas transport is often
found in industrial processes. This paper considers gas flow in a duct with local sources
of mass, with a momentum of zero. The mechanical energy in such a duct comes from a
fan installed at the duct’s end, which works in the suction or blowing mode. Mechanical
energy losses were determined based on the law of conservation of mass and momentum
applicable to gas streams based on the assumption that there was no exchange of heat
with the environment [1–5]. As in [3,6–8], the difficulty posed by a tight duct to the fully
developed turbulent flow of a gaseous medium is expressed as the specific drag R [kg/m7]
or as R* [1/(kg·m)]. The usage of the specific drag of the duct R* (this is proposed by
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the authors and not found in the literature of fluid mechanics) is necessary to explain the
influence of local mass efficiency of the gas sources (sinks)

.
D with different density on

the main mass flow gas without heat exchange along the length of duct (heat depression).
From the literature [3,5,9] it is known that heat depression in the duct is defined for loops
in which the source of mechanical energy −

∮ dp
ρ does not exist. It is concluded that at

constant density of gas along the length of the duct, the natural depression is equal to zero.
This proposition applies when no local mass and energy sources occur in the duct, and
there is no heat exchange with the environment [3].

In a duct with sources of inflowing mass and momentum, the mass flow rate of gas
varies between different sections of the duct. The mass flow rate of gas

.
m0 in kg/s is the

flow rate of the gas entering the duct, the opposite end of which features a mechanical
suction source, or leaving the duct on the opposite end, if there is a mechanical blowing
source in the duct. Divided by the mass flow rate of gas, the mechanical energy loss (total
head) expressed in WL [N/m2] can be used to determine the gas transport efficiency [7].
This paper determines the gas flow rates in the duct, the gas energy losses in the duct due
to the forces opposing motion, and the work done by the mechanical source of energy
for various gas-source parameters, including the gas-source location. The gas transport
efficiencies were determined for the considered cases involving the flow of gaseous media,
with densities varying between duct sections.

In the article [7], the thesis was proved that the presence of the gas sources or sinks in
the duct has an influence on the size of the gas stream in the duct. On the other hand, the
results of the research which are presented in this article additionally confirm (by changing
the energy efficiency ef—Figure 5) the energetic impact of the local source or sink of gas
with different density on its flow in the duct. The aim of the research is to indicate that
the reason of gas flow in the duct (in the absence of a mechanical fan in the duct) may not
only be the heat depression (the density change as a result of heat exchange), but also an
occurrence of a local source or sink of the gas stream with different density and momentum,
or the lack thereof. The authors proposed the usage of the concept of specific drag of
the duct (R*), and in the case of mechanical ventilation (suction), the influence of density
change of gas flowing through the fan on its characteristic were included.

This issue has a significant impact on the ventilating fan work in mining excavations
and should also be included in all ventilation systems, for instance, in comfort or industrial
ventilation [10]. It is possible to include this issue in the modeling and forecasting of air
flow and separate ventilation in underground mines. For the condition of ventilation
network forecasting in Polish mines, the programs: VentGraph, AERO 2014D, AutoWent,
and VentSim [11–13] are used. These programs are based on the H.Cross method, which
was used by F. Hinsley and D. Scott for ventilation network calculations.

This method is widely used in practice. It consists of the calculation of the successive
approximation method determined by air flow in the loops network, taking into account
the main ventilation fan work, duct fans, and natural depression activity [3,4,12,13]. In the
global mining industry, the following programs for simulation calculations of the mine
ventilation network are used: MineFire, Mivena, Eolaval, VentSim, VnetPC, Vuma, and
3D-Canvent2000, which carry out the calculations for the steady air flow state, which is
based on the Cros method. Only some of them, including MineFire, Vuma-fire, VnetPC
MineFire, and Mivena conduct additional calculations for unsteady air flow state, similar
to the VentGraph program [12,13]. The described problem can also be applied to predict
flows in industrial ventilation using multiple regression or mathematical modeling with
the use of computational fluid dynamics (CFD) [14–19].

The CFD methods are also used for modeling media flows in the heat exchanger ducts
in renewable energy sources (solar collectors) [20]. Advanced modeling of gas flows in
porous mass structures is used for forecasting and designing the installations for shale gas
extraction [21].
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2. Considered Flow Cases and Calculation Results

This paper investigates a case involving the flow of constant density gas ρ [kg/m3]
forced by a fan working at the end of the duct (at a point with the coordinate x = xw [m]). A
gas mass source is present in the duct, with a gas density of ρd [kg/m3], (different from
density ρ) and specific mass efficiency

.
D [kg/s]. As in [7], it is understood that the mass

source flow rate is lower than the mass flow rate of gas flowing through the duct
.

m0 [kg/s].
The local source is at a point with the coordinate xA [m]. The fan installed in the duct
can work in the suction or blowing mode. The investigated systems are demonstrated in
Figure 1.
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(b) fan working in the blowing mode.

Using the continuity equation and the conservation of momentum equation, and based
on [7], we can write the following system of equations for Example 1a to define a steady,
one-dimensional mathematical model of such a flow:

d
.

m(x)
dx =

.
Dδ(x− xa)

1
2 F2 · 1

ρ(x) ·
d
[
[

.
m(x)]

2]
dx + dp(x)

dx + ρ(x)g dz
dx +

.
Dδ(x−xa)

F2 ·
.

m(x)
ρ(x) +

+ r∗ZAS(x, ρ(x))
[ .
m(x)

]2
= ∆pc(ρ(x))·δ(x− xw)

(1)

The value of r∗ZAS can be determined using Formula (2):

r∗ZAS(x, ρ(x)) =
rZAS(x)

ρ2(x)
=

r + ξρ

2F2 δ(x− xL)

ρ2(x)
(2)

The integration of the continuity equation included in the system (1) along the
path gives:

.
m(x) =

.
m(x0=0) +

.
DH(xa) =

..
m0 + DH(xa) (3)

whereH(xa) is the Heaviside step function equal to 0 for x < xa and equal to 1 for x ≥ xa [4].
The function plotted in Figures 2 and 3 shows the graph of the equation ρ(x).

After integrating the equation of motion included in the system of Equation (1) along
a circular path, the equation can be written as:

1
2 F2

∮ 1
ρ(x)

d
[
[

.
m(x)]

2]
dx dx +

∮ dp(x)
dx dx + g

∮
ρ(x) dz

dx dx

+
∮ .

Dδ(x−xa)
F2ρ(x)

.
m(x)dx

+
∮

r∗zas(x, ρ(x))
.

m(x)2dx =
∮

∆pc(ρw)δ(x− xw)dx

(4)

The second component of the left side of Equation (4) is equal to:∮ dp(x)
dx

dx =
∮

dp(x) = 0 (5)

because the circular integral from the exact differential is equal to 0.
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The component on the right side of Equation (4) is equal to:∮
∆pc(ρw)δ(x− xw)dx = ∆pc(ρw)H(xw) = ∆pc(ρsr)H(xw) (6)

Formula (6) involves the suction mode of the fan, when the gas passing through the
fan has a density of ρsr—thus:

∆pc(ρsr) = ∆pc(ρ)·
(

ρsr

ρ

)
(7)

If the fan is working in the blowing mode, the following equation exists:∮
∆pc(ρw)δ(x− xw)dx = ∆pc(ρw)H(xw) = ∆pc(ρ)H(xw) (8)

The pressure increase ∆pc(ρ) can be approximated with a cubic polynomial due to
variable

.
mw, so Equation (8) can be written as:

∆pc(ρ) = a· .
mw

3 + b· .
mw

2 + c· .
mw + d (9)

The function describing the source of mechanical energy working in the suction mode
is as follows:

∆pc(ρsr)H(xw) =
(

a· .
mw

3 + b· .
mw

2 + c· .
mw + d

)(ρsr

ρ

)
H(xw) (10)
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In all the remaining four components of Formula (4), which are closed-path circular
integrals, a significant effect has the function ρ(x), which, according to Figure 3, is described
by the equation:

ρ(x) = ρ + ∆ρH(xa) (11)

∆ρ = ρsr − ρ =
ρ· .

m0 +
.

Dρd
.

m0 +
.

D
− ρ =

.
D(ρd − ρ)

.
m0 +

.
D

(12)

As can be seen in Formulas (10) and (11), the density function ρ(x) is a continuous
function in the ranges x0 ≤ x ≤ xA and xA ≤ x ≤ xw.

We substitute these four integrals in Equation (4) with the sum of linear integrals from
the integrand on the oriented path C1 from x0 ≤ x < xA, on the path C2 from xA ≤ x < xw,
and on the path C3 by external atmosphere (with the drag equal to zero) from xw ≤ x < x0.
On the path C3 by the external atmosphere of: ρ(x) = ρ and

.
m(x) =

.
m0, which stems from

the atmosphere’s infinite capacity. The circular integral, which is the last component on the
left side of Equation (4), can be substituted with:∮

r∗zas(x, ρ(x))
.

m2
(x)dx
=
∫
C1

r∗zas(x, ρ(x))
.

m2
(x)dx +

∫
C2

r∗zas(x, ρ(x))
.

m2
(x)dx

+
∫
C3

0· .
m2

(x)dx =
xa∫

x0

r∗zas(ρ)
[ .
m0 +

.
DH(xa)

]2
dx

+
xw∫
xa

r∗zas(ρsr)·
[ .
m0 +

.
DH(xa)

]2
dx +

x0∫
xw

0dx

(13)

The first component on the right side of Equation (13) can be written as:

xa∫
x0

r∗zas(ρ)
[ .
m0 +

.
DH(xa)

]2
dx = r∗zas(ρ)(xa − x0)·

.
m2

0 = R∗(ρ)(xa−x0)
· .
m2

0 (14)

The second component on the right side of Formula (13) is equal to:

xw∫
xa

r∗zas(ρsr)·
[ .
m0 +

.
DH(xa)

]2
dx = r∗zas(ρsr)·(xw − xa)·

( .
m0 +

.
D
)2

= R∗(ρsr)(xa−xw)
·
( .

m0 +
.

D
)2

= R∗(ρ)(xa−xw)

(
ρ

ρsr

)2
·
( .

m0 +
.

D
)2

(15)

From Formula (15), it follows that the gas flowing along the duct section from xa to xw
has a density of ρsr, which should be taken into account in the calculation of the duct’s drag:

R∗(ρ)(xa−xw) = R∗(ρ)(xa−xw)

(
ρ

ρsr

)2
(16)

For a fan working in the suction mode, the linear integral from the last component of
the left side of Equation (4) is ultimately written as:

∮
r∗zas(ρ(x))

.
m2

(x)dx = R∗(x0−xa)
· .
m2

0 + R∗(xa−xw)

(
ρ

ρsr

)2
·
( .

m0 +
.

D
)2

(17)

For a fan working in the blowing mode, the linear integral from the last component of
the left side of Equation (4) is written as:

∮
r∗zas(ρ(x))

.
m2

(x)dx = R∗(x0−xa)
·
(

ρ

ρsr

)2
· .
m2

0 + R∗(xa−xw)
·
( .

m0 −
.

D
)2

(18)



Energies 2022, 15, 5834 6 of 14

The third component on the left side of Equation (4) can be written as:

g
∮

ρ(x) dz
dx dx = g

∮
[ρ + ∆ρH(xa)]

dz
dx dx

= g
∮

ρ dz
dx dx + g

∮
∆ρH(xa)

dz
dx dx = gρ

∮
dz

+g
∮

∆ρH(xa)dz
(19)

Since gρ
∮

dz = 0, as the linear integral from the exact integral, and ∆ρH(xa) 6= 0 only
along the duct section (xa–xw) and considering Equation (11), the following can be written
for the fan working in the suction mode:

g
∮

ρ(x)
dz
dx

dx = g∆ρ

xw∫
xa

dz = g

.
D(ρd − ρ)( .

m0 +
.

D
) (zw − za) = g ∆ρ ∆z (20)

where: zw, za—spot heights at a point of the current coordinates xw and xa; ∆ρ =
.

D(ρd−ρ)( .
m0+

.
D
)

and ∆z = zw − za for the suction mode of the fan.
For the fan working in the blowing mode, the duct section (xa–x0) is the only section

where there is a density difference ∆ρ, which, in this case, is equal to:

∆ρ =

.
D(ρd − ρ)

.
m0

(21)

Thus, the following can be written for the forcing fan in the considered duct:

g
∮

ρ(x)
dz
dx

dx = g∆ρ

x0∫
xa

dz = g

.
D(ρd − ρ)

.
m0

(z0 − za) (22)

The fourth component on the left side of Equation (4) can be written as:

∮ .
Dδ(x− xa)

F2ρ(x)
.

m(x)dx =
1

F2ρsr(x)

[
.

m0·
.

DH(xa) +
1
2

.
D

2
H(xa)

]
(23)

assuming that the average gas density is constant ρsr = const. Density ρsr(x) is constant
along the duct section (xa ÷ xw), where

.
DH(xa) 6= 0 (fan suction work). When the fan is

working in the blowing mode, Equation (23) is the same, but the density ρsr(x) is constant
along the duct section (xa ÷ x0), where for this case

.
DH(xa) 6= 0.

Hence, Formula (23) is the same, although the constant of ρsr is unknown.
The first component on the left side of Equation (4) can be written as:

1
2F2

∮ 1
ρ(x)

d
[[ .

m(x)
]2]

dx
dx =

1
2F2

∮ d
[[ .

m(x)
]2]

ρ(x)
(24)

Since
[ .
m(x)

]2
=
( .

m0 +
.

DH(xa)
)2

=
.

m2
0 + 2

.
m0

.
DH(xa) +

.
D

2
H2(xa),

d
[[ .

m(x)
]2]

=
.

m2
(x)− .

m2
0 = 2

.
m0

.
DH(xa) +

.
D

2
H2(xa) (25)

so taking into account (25), the following can be written:

1
2F2

∮ 1
ρ(x)

d
[[ .

m(x)
]2]

dx
dx =

1
2F2

∮ (
2

.
m0

.
DH(xa) +

.
D

2
H2(xa)

)
ρ(x)

(26)
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We see that the numerator of the integrand is not a zero only within the range of the
independent variable x in which ρ(x) = ρsr =const. Hence, ρsr can be moved in front of the
integral sign such that both considered working modes of the fan can be written as:

1
2F2

∮ d
[[ .

m(x)
]2]

ρsr(x)
=

1
2F2ρsr

∮
d
[[ .

m(x)
]2]

=
1

F2ρsr

[
.

m0
.

DH(xa) +
1
2

.
D

2
H2(xa)

]
(27)

The result of the equation of motion (4) integration for the suction mode of the fan can
ultimately be written as:

1
ρsr F2

[
.

m0
.

DH(xa) +
1
2

.
D

2
H2(xa)

]
+ 0 + g (ρd−ρ)

.
DH(xa)

.
m0+

.
D

(
z(xw) − z(xa)

)
+ 1

ρsr F2

[
.

m0
.

DH(xa) +
1
2

.
D

2
H(xa)

]
+ R∗(x0−xa)

.
m2

0

+R∗(xa−xw)

(
ρ

ρsr

)2
·
( .

m0 +
.

D
)2

= ∆pc(ρ)
(

ρsr
ρ

)
H(xw)

(28)

After ordering, the following can be written for the suction work of the fan:

1
ρsr F2

[
2

.
m0

.
DH(xa) +

.
D

2
H2(xa)

]
+ g(ρd−ρ)

.
DH(xa)

.
m0+

.
D

(
z(xw) − z(xa)

)
+ R∗(x0−xa)

(ρ)· .
m2

0 + R∗(xa−xw)
(ρ)·

(
ρ

ρsr

)2
·
( .

m0 +
.

D
)2

= ∆pc(ρ)
(

ρsr
ρ

)
H(xw)

(29)

In Equation (29), which is the integral of the equation of motion for the considered
case, the following values are known: F,

.
D, ρd, ρ, z(xw), z(xa), R∗(x0−xa)

(ρ), R∗(xa−xw)
(ρ), and

approximation ratios of the cubic polynomial (a, b, c, d) that defines the fan pressure increase
∆pc(ρ).

For the blowing mode of the fan (forcing fan) in the duct, the equation corresponding
to (29) is:

1
ρsr F2

[
2

.
m0

.
DH(xa) +

.
D

2
H2(xa)

]
+ g(ρd−ρ)

.
DH(xa).

m0

(
z(x0)

− z(xa)

)
+ R∗(x0−xa)

(ρ)·
(

ρ
ρsr

)2
· .
m2

0 + R∗(xa−xw)
(ρ)·

( .
m0 −

.
D
)2

= ∆pc(ρ)H(xw)

(30)

In Equations (29) and (30),
.

m0 and ρsr are the unknowns. Considering the ρsr equation
which is written as follows for the suction mode of the fan:

ρsr =
ρ

.
m0 +

.
Dρd

.
m0 +

.
D

(31)

and as follows for the suction mode of the fan:

ρsr =
ρ
( .

m0 −
.

D
)
+

.
Dρd

.
m0

(32)

Based on these considerations, we can develop a procedure for successive calculations
to determine the positive root of Equation (29) or (30). In this work, the numerical calcula-
tions investigated how the location of a local source of mass affects the flow parameters.
Assuming the equations defining the location of the local source using n, where n is a
number within the range 0 ≤ n ≤ 1, we obtain the following equations:

R∗1(ρ) = R∗(x0−xa)
(ρ) = n·R∗(ρ) (33)
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R∗2(ρ) = R∗(xa−xw)
(ρ) = (1− n)·R∗(ρ) (34)

With the fan working in the suction mode, the loss of mechanical energy due to forces
resisting motion is written as:

WL =

[(
1−

(
ρ

ρsr

)2
)

n +
(

ρ
ρsr

)2
]

R∗(ρ)

·
.

m0
2 + 2(1− n)

(
ρ

ρsr

)2
·

.
D·R∗(ρ) + (1− n)

(
ρ

ρsr

)2
·

.
D2·R∗(ρ)

(35)

With the fan working in the blowing mode, the loss of mechanical energy is written as:

WL =

[
n
((

ρ
ρsr

)2
− 1
)
+ 1
]

R∗(ρ)·
.

m0
2 − 2(1− n)

.
D·R∗(ρ)· .

m0 + (1− n)

·
.

D2·R∗(ρ)
(36)

For the fan working in the suction mode, further approximations are applied using
Equation (37):[(

1−
(

ρ
ρsr

)2
)

n +
(

ρ
ρsr

)2
]

R∗(ρ)·
.

m0
2

+ 2
[ .

D
ρsr ·F2 + (1− n)

(
ρ

ρsr

)2
·R∗(ρ)·

.
D
]
· .
m0 + g∆ρ∆z

+
.

D
ρsr ·F2 + (1− n)

(
ρ

ρsr

)2
·

.
D2·R∗(ρ)

=
(

ρ
ρsr

)[
d + c

( .
m0 +

.
D
)
+ b
( .

m0 +
.

D
)2

+ a
( .

m0 +
.

D
)3
]

(37)

and for the fan working in the blowing mode, using Equation (38):[
n
((

ρ
ρsr

)2
− 1
)
+ 1
]

R∗(ρ)·
.

m0
2 + 2

[ .
D

ρsr ·F2 − (1− n)·
.

D·R∗(ρ)
]
· .
m0

+ g∆ρ∆z +
.

D
2

ρsr ·F2 + (1− n)·
.

D2·R∗(ρ)

= d + c
( .

m0 −
.

D
)
+ b
( .

m0 −
.

D
)2

+ a
( .

m0 −
.

D
)3

(38)

where: ∆ρ = ρsr − ρ, is the increase in gas density along a duct with a height difference
between its entry and end point, determined using ∆z and expressed in meters.

Assuming that: ρ/ρsr = 1 and ∆ρ = 0, Equation (37) for the suction mode of the fan is
written as:

R∗(ρ)·
.

m0
2 + 2

[ .
D

ρ·F2 + (1− n)·
.

D·R∗(ρ)
]
· .
m0 +

.
D

2

ρ·F2

+(1− n)·
.

D
2
·R∗(ρ)

= d + c
( .

m0 +
.

D
)
+ b
( .

m0 +
.

D
)2

+ a
( .

m0 +
.

D
)3

(39)

and for the blowing mode:

R∗(ρ)·
.

m0
2 + 2

[ .
D

ρ·F2 − (1− n)·
.

D·R∗(ρ)
]
· .
m0 +

.
D

2

ρ·F2

+(1− n)·
.

D
2
·R∗(ρ)

= d + c
( .

m0 −
.

D
)
+ b
( .

m0 −
.

D
)2

+ a
( .

m0 −
.

D
)3

(40)

Equations (39) and (40) correspond to (24) and (26) in [7].
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3. Results of Numerical Calculations for the Mathematical Flow Models

Equations (38) and (39) were calculated by means of a series of approximations. The
procedure first involved the initial determination of the average density ρsr and the density
difference ∆ρ, without knowing the mass flow rate

.
m0. To this end (as the first calculation

step),
.

m0 in Formulas (31), (20), (32), and (21) was substituted with the corresponding value
of the flow rate in the case considered by [7], where the inflow density was the same. For
the values so determined, Equation (38) or (39) are calculated numerically by determining
the mass flow rate

.
m0 as the first calculation step. Once this value is known, the values

ρsr and ∆ρ are calculated again for the relevant fan mode, and the mass flow rate
.

m0 is
calculated as the second step. This procedure was repeated until the difference in the value
ρsr obtained by adjacent calculation steps was lower than 1·10−4 kg/m3. The imposed
condition was already satisfied in the third calculation step. After determining the value of
the flow rate

.
m0, which satisfies Equation (38) or (39), we calculate the loss of mechanical

energy due to forces opposing motion, according to Equation (35) or (36), and the fan
work parameters (

.
mw and ∆pc) and transport efficiency. The calculations included the

same input data and flow variants as in [7], so that the results could be compared with the
results obtained for inflows of gas with the same density. The following input data were
assumed: R*(ρ) = 0.0165 (kg·m)−1, ρ = 1.2 kg/m3, ρd = 1.6 kg/m3, F = 50 m2,

.
D = {10, 30;

50} kg/s, n = {0, 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9, 1.0}, approximating polynomials of
the fan characteristic curve (Formula (9)): a = −0.000095812, b = −0.0105393, c = 15.5984,
d = 1963.75, ∆z = 400 m (the same for the suction and blowing mode of the fan). In the
calculations assuming a constant value ∆z, regardless of where the local source of inflow is
situated, it is easier to calculate and prepare input data. The results from the Mathematica
program are illustrated in Figures 4 and 5, arranged similarly to those in [7].
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In the considered flow cases 1a and 1b, the gas transport efficiency ratio is given by
the following Equation (41) [7]:

e f =
WL

.
m0

(41)

where:
WL—loss of mechanical energy (total head), N/m2. The results of the calculations are

shown in Figure 5.

4. Distribution of Static Pressure and Mechanical Energy Losses on the Resistance of
Motion in the Duct

The profile research of gas static pressure along its flow in the duct is often used to
verify the results of theoretical calculations with the pressure measurements. The models of
gas flow in the duct with a point source of heavier gas supply, constant mass flow, and zero
momentum were evaluated for the sucking and blowing ventilation systems. The obtained
dependences allow for a numerical calculation of the mass flow

.
m0,

.
mw, mechanical energy

losses WL, and finally transport efficiency co-efficient e f , which was the aim of this article.
Numerical calculations used the results of article [7], in which the authors determined
the same numerical quantities, but for the example of a point source of gas with the same
density, source location, mass efficiency, momentum, fan, and duct. For the calculations
in article {7} a fan used in underground mines was chosen; its round duct had a large
cross-sectional area F = 50 m2, which corresponded to an internal diameter d = 7.98 m.
Developed turbulent flow was assumed and its resistance value R*(ρ) = 0.0165 (kg·m)−1

was pointed. In this condition, the point of fan work was calculated and it guaranteed the
stable fan operation in the recommended area of its characteristic. To determine the effects
of pressure profile p(x) and mechanical energy losses on the resistance of motion WL(x) as
a function of the current coordinate “x” of the duct, the duct length L should be determined
by using the duct parameters from the article in [7]. The following dependencies have to
be used:

R∗(ρ) =
R
ρ2 =

λLPρ

8 F3ρ2 =
λLπd
8 F3ρ

(42)

where P—circumference of the duct cross-section m, from the formula: P = πd.
Dependency for the tested duct is:

λL =
R∗(ρ) 8 F3ρ

πd
=

0.0165× 8× 503 × 1.2
3.14× 7.98

= 789.791 m (43)

Assuming the dimensionless distributed resistance coefficient λ = 0.03949, the calcu-
lated duct length is: L = 20,000 m.

The designed duct length indicates that the calculated example will be difficult to
verify with measurements; therefore, in order to validate the model, it is better to choose a
duct and fan case that will make the validation process easier. The numerical calculation
should be done one more time in case of gas inflow with the same density, as in the
article [7], and gas inflow with different density, as in the article [7]. It is necessary to
construct profiles for all studied locations of gas inflow sources and for several gas mass
flow streams with different densities (larger or smaller than ρ = 1.2 kg/m3). Additionally,
inflows with different momentum values can be taken into account. Therefore, extensive
research and designated profiles of the effects of pressure and mechanical energy losses
on the resistance of motion can be easier to use when comparing the results to those of
other authors. Mentioned profiles will be presented by the authors in the future, while
the procedure of pressure and mechanical energy loss profiles are presented for the duct,
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which is located in the middle of the duct length (xa = 10000 m), local source of mass gas
inflow with density ρ = 1.6 kg/m3, and mass stream

.
D = 50 kg/s.

1
ρsr F2

[
2

.
m0

.
DH(xa) +

.
D

2
H2(xa)

]
+ p(x)− p(x0)

+ g(ρd−ρ)
.

DH(xa)
.

m0+
.

D

(
z(xw) − z(xa)

)
+ R∗(x0−xa)

(ρ)· .
m2

0

+R∗(xa−xw)
(ρ)·

(
ρ

ρsr

)2
·
( .

m0 +
.

D
)2

= ∆pc(ρ)
(

ρsr
ρ

)
H(xw)

(44)

Applying the above equation for the appropriate sections of the duct, it can be
written that:

• For section <x0 − xa> of duct:

p(x) = p(x0)− R∗(x0−xa)
(ρ)· .

m2
0 = p(x0)− r∗(ρ)(xa−x0)

· .
m2

0 ·(x− x0) (45)

Because x0 = 0, then the dependence on the pressure profile for this section has the
form of a decreasing linear function:

p(x) = p(x0)− r∗(ρ)(xa−x0)
· .
m2

0 ·x (46)

For this section of the duct, the mechanical energy losses on the resistance of motion is:

WL(x) = r∗(ρ)(xa−x0)
· .
m2

0 ·x (47)

i.e., an increasing linear function.
At the end of the section, in the point xa, from the side of the point x0, the value of

preassure and mechanical energy loss is equal:

p
(

xa
−) = p(x0)− r∗(ρ)(xa−x0)

· .
m2

0 ·xa (48)

WL(xa) = r∗(ρ)(xa−x0)
· .
m2

0 ·xa (49)

• For section <xa − xw> of the duct, the dependence on the pressure profile is also the
decreasing linear function:

p(x) = p
(
xa

+
)
− r∗(ρ)(xa−xw)·

(
ρ

ρsr

)2
·
( .

m0 +
.

D
)2
·(x− xa) (50)

At the beginning of the second section, i.e., for x = xa, from the side of the end point
xw, the value of pressure is indicate from the equation:

p(xa
+) = p(xa

−)−
(

1
ρsr F2

[
2

.
m0

.
DH(xa) +

.
D

2
H2(xa)

]
+ g(ρd−ρ)

.
DH(xa)

.
m0+

.
D

(
z(xw) − z(xa)

) ) (51)

For the second section of profile, the mechanical energy losses on the resistance of
motion is equal:

WL(x) = WL(xa) + r∗(ρ)(xa−x0)
·
(

ρ

ρsr

)2
·
( .

m0 +
.

D
)2
·(x− xa) (52)

It is a linearly increasing function indicating the method of gas flow in the duct.
Inserting the values for profiles of pressure and mechanical energy losses to the

equation, the curves presented in the Figure 6, are obtained.
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5. Conclusions

Our study of local gas mass sources involving gas with a momentum of zero and
density higher than the density of the gas flowing through the duct due to a working fan
has led to the following conclusions:

1. If there is a local source of gas mass with a density of 1.6 kg/m3 entering a duct
containing gas flowing at a rate of 1.2 kg/m3, the pressure increases in the fan are also
loaded by the energy spent to provide the required kinetic energy to this gas mixture
with the resultant density.

2. If there is a source of gas mass with a different (higher) density, the different duct
sections will be passed through by gas with varying density (steady within a range)
(Figure 3). If the duct fan is working in the suction mode, the fan will be passed
through by gas with an average density of more than 1.2 kg/m3.

3. If the duct fan is working in the blowing mode, gas with a density of 1.2 kg/m3 will
be flowing through the fan, regardless of where the local source of gas with a higher
density is situated.

4. Changes in the density of gas flowing through the fan require the recalculation of the
fan characteristic curve from the catalogue density of 1.2 kg/m3. This means that if
the fan is working in the suction mode, the local inflow of gas with varying densities
causes changes in the parameters of the mechanical energy source (no such changes
occur when the duct fan is working in the blowing mode).

5. Differences in gas densities in different duct sections do not change the relationship
between the losses of mechanical energy due to forces of opposing motion. However,
these differences do affect the values of these relationships by making it necessary to
recalculate the drag values for these duct sections, as shown in Formulas (35) and (36).
An increase in density of gas flowing through the duct causes a reduction in the duct’s
existing drag.

6. Such differences in gas density between duct sections due to the presence of local
sources of gas with varying densities generate mechanical energy in the inclined parts
of the duct through which average-density gas is flowing. This energy is associated
with a change in the existing buoyancy in this section. This value is defined as natural
head and is included for the suction mode of the fan in Formula (29). The local natural
head can be negative or positive, depending on the height difference of a duct in
which an average-density gas mixture is flowing. This value may differ between duct
sections, due to an exhaust or forcing fan. For the same local source of gas mass with a
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steady flow density, the local natural head for the suction mode is slightly lower than
for the blowing mode, as follows from Formulas (31), (32), (37) and (38) for ∆z = 0.
The source of gas mass is located at the end of the duct, with the fan working in the
suction mode, and conversely, if the source is located at the entry of the duct, with the
fan working in the blowing mode, the local natural head is equal to zero.

7. The gas transport efficiency is higher with the suction mode of the fan if the gas source
of higher density is located closer to the beginning of the duct. Gas transport with
greater efficiency requires a greater expenditure of mechanical energy of the fan.

8. The presented mathematical model allows for the determination of the static pressure
distribution and mechanical energy loss in the conduit.
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and editing, B.P.; visualization, R.Ł. and P.Ż.; supervision, Z.K.; project administration, Z.K.; funding
acquisition, B.P. All authors have read and agreed to the published version of the manuscript.

Funding: The article was supported by the program “Excellence Initiative—Research University” for
the AGH University of Science and Technology.

Institutional Review Board Statement: Not applicable.

Informed Consent Statement: Not applicable.

Data Availability Statement: The results of the analysis are presented in the article.

Conflicts of Interest: The authors declare no conflict of interest.

Nomenclature

Symbol Parameter
d hydraulic diameter of the duct, m
.

D mass efficiency of the gas source (steady value), kg/s
ef energy efficiency for the observed medium’s flow, (m·s)−1

F cross-sectional area of the duct, m2

g gravity, m/s2
.

m mass flow rate of gas, kg/s
mass flow rate of gas entering the duct, the opposite end of which features

.
m0 a mechanical suction source (mass flow rate of gas leaving the duct, the

opposite end of which features a mechanical a suction source), kg/s
.

mw mass flow rate of gas flowing through the fan, kg/s
p absolute static pressure, Pa
R specific drag, Ns2/m8 or kg/m7

R* specific drag of the duct, 1/(kg·m)
rZAS duct equivalent drag per unit, kg/m8

r∗ZAS duct equivalent drag per unit, 1/(kg·m2)
WL loss of mechanical energy (total head), N/m2

x current coordinate measured along the duct’s axis, m
za spot heights at a point of the current coordinates xa, m
zw spot heights at a point of the current coordinates xw, m
δ(x–xa), δ(x–xw) Dirac delta function distribution, 1/m
δ(x–xL) Dirac delta function distribution at the point of local resistance xL, 1/m
∆pc(ρ) fan’s pressure increase when gas with the density ρ is flowing through

the fan, Pa
∆pc(ρw) fan’s total pressure increase with the fan flow rate of gas with density ρ,

ρ(x) = ρ(xw), Pa
λ dimensionless coefficient of distributed resistance, -
ξ dimensionless coefficient of local resistance, -
ρd density of local-source gas stream, kg/m3

ρ(x) gas density at a point with the current coordinate x, kg/m3
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