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Abstract: Wind turbines (WTs) are exposed to a dynamic/cyclic load environment, and are subjected
to 1P/3P loads under operational conditions. Recent studies introduced the Sommerfeld Effect
to explain the dynamic response amplification induced by 1P/3P loads. This study establishes a
theoretical model to analyze the resonance of WTs under 1P/3P loads. Sensitiveness analysis was
conducted for parameters b, c, S, F, and T to explore their influence on the dynamic response. The
resonance phenomenon induced by 1P/3P frequency passing the natural frequency is discussed. The
results show that there is no Sommerfeld Effect in soft–stiff WTs. Only if the imbalance reaches a
much higher value (19,200 kg·m in this study) should the Sommerfeld Effect be considered for soft
WTs; otherwise, it can be ignored. The 3P resonance appeared when the 3P frequency approached the
natural frequency, but it was not the Sommerfeld Effect.

Keywords: resonance; 1P/3P loads; imbalance mass; the Sommerfeld Effect; 3P resonance; rotational
frequency; natural frequency

1. Introduction

Under the growing pressure of the energy crisis and demand for environmental pro-
tection, wind energy has attracted worldwide attention in the past few decades. According
to the data from the global wind energy council (GWEC), the global annual wind installa-
tion exceeded 90 GW in 2019 and 2020 consecutively, and the total installation reached a
record of 837 GW in 2021, helping the world avoid over 1.2 billion tons of CO2 emissions
annually [1]. To further reduce the levelized cost of electricity, wind turbines (WTs) present
an upscaling trend of larger capacity, leading to longer blades, heavier heads, taller towers,
and thus more flexible structures [2]. Meanwhile, a complex work environment exposes
WTs to various dynamic/cyclic loads, such as turbulent wind, earthquakes, and operation
loads. Therefore, WTs are dynamic, sensitive structures, and it is essential to make sure
that the whole structure has enough vibration-bearing capacity.

Among these loads, operation loads are additional loads due to WT operation (i.e.,
rotation of wind rotor), compared with other types of slender and tall structures. Operation
loads are divided into wind load, 1P (rotor rotational speed) load, and 3P (blade passing
frequency) load—wind load is generated by wind pressure and depends on the inflow
turbulence and frontal area of the blades, and 1P/3P loads are named according to their
frequencies acting on turbines. The 1P load is mainly caused by mass and the aerodynamic
imbalance of the rotor [3]—it is the inducement of fatigue damage to the main shaft,
gearbox, and tower [4]. The 3P load is mainly caused by wind shear and tower shadow
effects as blades pass through the front of the tower [5], and it causes power pulsation,
which proves perilous for grid security [6]. Studies concerning 1P/3P loads are now mostly
focused on wind turbine operation control, aiming to reduce the pulsation of the loads and
enhance the quality of produced power through an individual pitch control strategy [7–9].
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In 1902, Arnold Sommerfeld first observed an interesting phenomenon from a vibra-
tion system consisting of an eccentric rotor and its elastic foundation [10]. Most of the
energy supplied by the external excitation source is spent to accumulate structural vibra-
tion when its rotation frequency approaches the natural frequency of the system, instead
of increasing the rotation speed. It is even more strange that the vibration will change
suddenly when the rotation frequency passes the natural frequency, and the amplitude in
the process of energy increase is not the same as that in the decreasing process, as indicated
in Figure 1a—the processes from b to c and from d to a are sudden changes and they
are different routines. Later, several experiments were designed by Timoshenko (1934),
Kalishuk (1939), and Martyshkin (1940) to explore this phenomenon [11,12].
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Figure 1. The Sommerfeld Effect: (a) Sketch of amplitude versus rotational frequency to show the
Sommerfeld Effect; (b) results from [13] demonstrating the Sommerfeld Effect.

In recent years, the Sommerfeld Effect has caught the eyes of researchers in wind en-
ergy engineering. In [13], Brasil et al. simplified the wind turbine system as a two-freedom
system supported by a flexible column—a second degree of freedom was introduced to
simulate the imbalance caused by the wind rotor. The appearance of the Sommerfeld Effect
has been observed as expected (Figure 1b). In [14], Weihua Hu et al. developed a struc-
tural health monitoring system of a 5 MW WT prototype, and the Sommerfeld Effect was
used to explain the aggravating resonance phenomenon as the rotation speed of the rotor
approached 8 RPM (revolutions per minute). In [15], a 1.5 MW WT prototype was tested,
and the characteristics of different vibration phenomena in the turbine during startup and
shutdown processes were explained by the Sommerfeld Effect.

It can be found, from these studies, that the Sommerfeld Effect has not been well-
studied in the wind engineering field. Brasil did not consider that the rotation speed of
a soft–stiff WT will not pass the natural frequency, which is the presupposition for the
Sommerfeld Effect to happen, and the parameters in this study were not rational for WTs.
The prototype tests in [14,15] introduced the Sommerfeld Effect to explain the resonance of
WTs, they lacked a theoretical basis; therefore, there is doubt as to whether the Sommerfeld
Effect can be excited by the 3P load when the 3P frequency passes the natural frequency.
In a word, these studies provided no compelling explanations. Hence, this paper studied
the Sommerfeld Effect phenomenon at a theoretical level, and analyzed the mechanism
by which the Sommerfeld Effect happens under 1P/3P loads in WTs. To overcome the
shortcomings of the previous works, this work establishes a simplified WT model, and
structural parameters that influence the response are determined and analyzed from a
practical WT. Resonance analyses are performed in detail considering several cases, the
side–side (SS) and fore–aft (FA) directions are discussed separately because the rotor of a
WT is mass-imbalanced in the SS direction but balanced in the FA direction, and 1P/3P
loads are considered, since the 1P/3P frequencies can potentially approach the natural
frequency. Soft and stiff design principles of WTs are also considered, because the natural
frequencies of these principles have different locations around 1P/3P ranges. This paper
mainly consists of four parts. Firstly, the simplified theoretical WT model is established in
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Section 2, and motion equations are obtained by the Lagrange function, taking the SS and
FA directions into consideration. Secondly, Section 3 introduces the selection of parameters
for calculation from an offshore wind turbine (OWT) supported by a bucket foundation
and analyses the influences of various parameters, including the rotational damping b,
the structural damping c, the imbalance mass moment S, the 3P load F, and the torque
T. Thirdly, in Section 4, the Sommerfeld Effect and 3P resonance caused by the 1P/3P
operational frequency passing the natural frequency of a WT are studied in detail. Finally,
all of the analyses are discussed in Section 5 and the conclusions are derived in Section 6.
With this work, the Sommerfeld Effect and 3P resonance of WTs are explained clearly, the
theoretical result solves the mechanism by which the Sommerfeld Effect occurs in WTs, and
new knowledge on resonance can be obtained to understand the dynamic behavior of WTs.

2. Theoretical Model of a WT

A WT consists of three components: the foundation, tower, and RNA (rotor–nacelle
assembly), as shown in Figure 2a. For ease of analysis and calculation, structure and load
simplification is necessary. In this paper, the WT structure was decomposed into two
models along with the SS and FA directions, as shown in Figure 2b–c.
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(c) simplified model in the FA direction.

As shown in Figure 2b, in the SS direction, the tower and foundation of a WT were
simplified as a cantilever column fixed to the seabed to support the whole structure. The
column was considered not to change its height h as it undergoes lateral flexion. The
stiffness related to horizontal motion is k. The mass m1 of RNA was supposed to be
accumulated at the top of the column. The moment of inertia of this rotor was summed to
J1. To simulate the 1P load resulting from mass imbalance, a small imbalanced mass m2 was
introduced with the eccentricity e of the rotor axis. Its rotational speed is representative of
the wind turbine’s rotation. Other loads were simplified as a concentrated force F’SS located
at the top of the cantilever. There was no rotatable mass imbalance in the FA direction, so
total mass (m1 + m2) was accumulated at the center of the tower’s top (Figure 2c), and load
was simplified as a concentrated force FFA. The mass overhang of the upper part is ignored
in this paper.

To obtain the motion equation of the model in the SS direction, the Lagrange equation
is introduced here.

d
dt

(
∂E

∂q′k

)
− ∂E

∂qk
+

∂V
∂qk

+
∂ζ

∂q′k
= Qk, k = 1, 2, · · · n (1)
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where n is the number of degrees of freedom of the structure and
qk: motion in the k-th generalized coordinate, as displayed in Figure 1—q1 is the

horizontal motion in the x coordinate and q2 is the rotational motion of the imbalance mass
in the θ coordinate;

E: kinetic energy;
V: potential energy;
ζ: dissipation function;
Qk: generalized force referring to the k-th coordinate.
Now, calculate the variables needed in Equation (1). The total kinetic energy E of the

structure is
E = E1 + E2 (2)

where E1 is the kinetic energy of lumped mass m1 and E2 is the kinetic energy of imbalance
mass m2:

E1 =
1
2

m1x′2 +
1
2

J1θ′
2 (3)

E2 =
1
2

m2

[(
x′ − eθ′sinθ

)2
+
(
eθ′ cos θ

)2
]

(4)

The total potential energy V was calculated by

V = V0 + V2 (5)

where V0 is the strain energy of the cantilever and V2 is the gravitational potential energy
of m2:

V0 =
1
2

kx2 (6)

V2 = m2ge sin θ (7)

where g is the acceleration of gravity.
ξ is the dissipation function to model viscous structure damping and rotational damping:

ξ =
1
2

(
cx′2 + bθ′

2
)

(8)

where b and c are damping constants referring to rotational and lateral motion, respectively.
Qk are conservative forces

Q1 = F′SS
Q2 = T

(9)

where T is the torque caused by the wind to introduce energy to the structure.
Now, introducing Equations (2)–(9) into Equation (1), the linear ordinary differential

equations of motion for the model can be obtained:{
Mx′′ + cx′ + kx = S(θ′′ sinθ + θ′2 cos θ) + F′SS

Jθ′′ + bθ′ = S(x′′ sin θ − g cos θ) + T
(10)

where M is the total mass of the upper part, S is the imbalance mass moment, and J is the total
moment of inertia of this turbine, with expressions: M = m1 + m2, S = m2e, and J = J1 + m2e2.

Rewrite the functions as follows{
x′′
θ′′

}
=

{
JG1+SG2 sin θ

∆
MG2+SG1 sin θ

∆

}
(11)

with
G1 = F′SS + Sθ′

2 cos θ − kx− cx′ (12)

G2 = T − bθ − Sg cos θ (13)
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∆ = MJ − S2 sin2 θ (14)

Similarly, the equation used to describe the FA motion can be arranged in the form:

My′′ + cy′ + ky = FFA (15)

Structural damping c is supposed to be the same as that in the SS direction.
Removing the turbulent wind load, the rest load in the FA direction is mainly the 3P

load under the effect of wind shear and tower shadow [16]. For ease of calculation, this
paper simplifies FA load as a simple, sinusoidal function with load amplitude F (N) and
frequency w (Hz).

FFA = F sin(6πwt) (16)

Rewrite Equation (15) as follows:

y′′ =
FFA − ky− cy′

M
(17)

Based on the analysis above, the 3 × 1 equation matrix (18) combining Equations (11)
and (17) is the mathematical model to describe the vibration of WTs.

x′′
θ′′

y′′

 =


JG1+SG2 sin θ

∆
MG2+SG1 sin θ

∆
F3P−ky−cy′

M

 (18)

To solve the second-order differential equations, order reduction is needed. Build a
6 × 1 matrix:

q =



x
x′

θ
θ′

y
y′

 (19)

Therefore, a group of first-order differential equations can be obtained.

dq
dt

=



x′

x′′
θ′

θ′′

y′

y′′

 =



q(2)
(JG1 + SG2sin(q(3)))/∆

q(4)
(MG2 + SG1sin(q(3)))/∆

q(6)
(F3P − ky− cy′)/M

 (20)

Hence, the standard fourth-order Runge–Kutta algorithm can be used to solve the
equation group (20).

3. Influence Analysis of Different Parameters
3.1. Parameters Prepared for Calculation

Equation (18) includes several parameters: b, c, M, k, S, F, J, and T. When solving the
equations, the value ranges of these parameters need to be determined before calculation.
Therefore, the numeric value of an OWT supported by a bucket foundation [17,18] is used
in this paper. The TBF (Turbine with Bucket Foundation) was installed and connected to the
grid in 2017. Its rated power is 3.0 MW, blade diameter is 120 m, and the hub height above
sea level is 90 m. The rotation speed ranges from 7.5 RPM to 13.5 RPM. The parameters
listed in Table 1 were obtained or estimated from this TBF. The values used in the later
analysis are based on Table 1. Note that natural frequencyωn = (k/M)1/2/(2π) = 0.35 Hz,
and damping ratio ζ = c × (kM)−1/2/2 = 0.02.
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Table 1. Main parameters of the TBF.

Parameter Value Parameter Value

M (kg) 1.920 × 105 b (N·m·s) 4.457 × 105

k (N/m) 9.285 × 105 c (N·s/m) 1.689 × 104

J (kg·m2) 2 × 107 T (N·m) 3.5 × 105~1.12 × 106

Steady-stage time histories of the rotation and vibration response of a specific case are
displayed in Figure 3. Take the mean value of the 100 s to represent the rotational frequency
of this period, and take the RMS (Root mean square) values to represent displacements.
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Figure 3. Time histories of a specific case: (a) rotational frequency; (b) displacements of the FA and
SS directions.

3.2. Influences of b and c

To explore the influences of rotational damping b and structural damping c on the
vibration of WTs, the value range of b was set to between 1 × 105 and 6 × 105 N·m·s, and
five values of c were selected (8444.45, 12,666.68, 16,888.91, 21,111.13, and 25,333.36 N·s/m),
leading the damping ratio ζ to have values of 0.01, 0.015, 0.02, 0.025, and 0.03, respectively.
With torque T = 3.5 × 105 N·m, S = 2 × 104 kg·m, F = 3 × 103 N, and the other parameters
being the same as those listed in Table 1, the relative vibration displacements (displacement
of a case divided by the maximum value of total cases) in two directions are plotted
in Figure 4.

It can be seen from Figure 4a,c that displacements all have a trend of increasing first
and then decreasing, except for the SS displacement at c = 8444.45 N·s/m in Figure 4a.
However, from Figure 4b,d, the change in the two displacements with structural damping c
is not obvious, which means that, in the range (0.01–0.03) of the damping ratio ζ, structural
damping had a slight impact on vibration response. Therefore, in later studies, the structural
damping ratio ζ is set to be a constant of 0.02.
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3.3. Influence of S and F

For a specific wind turbine, parameters such as the total mass M and structural stiffness
k are certain values. At this point, it is more practical to explore the influence of imbalance
mass moment S and the 3P load F on the vibration of WTs.

The influence of S on the structural vibration of WT is shown in Figure 5. Torque
T = 3.5 × 105 N·m, F = 3 × 103 N, and rotational frequency = 0.125 Hz in all cases, and
the other parameters are the same as those listed in Table 1. With the increase in S, the SS
displacement increased linearly while the FA displacement remained almost unchanged,
indicating that S did not affect FA responses.

Energies 2022, 15, x FOR PEER REVIEW 8 of 16 
 

 

displacement increased linearly while the FA displacement remained almost unchanged, 
indicating that S did not affect FA responses. 

 
Figure 5. Relationship of the vibration response versus imbalance mass moment S. 

Figure 6 shows the influence of FA load F on the vibration of the structure. Torque 
T = 3.5 × 105 N·m, S = 2 × 104 kg·m, and rotational frequency = 0.125 Hz in all cases, and 
the other parameters are the same as those listed in Table 1. The FA displacement in-
creased linearly while F had no obvious effect on the SS responses. This is exactly the 
opposite of the effect of S, as shown in Figure 5. 

 
Figure 6. Relationship of vibration response versus FA load F. 

3.4. Influence of Torque T 
As the wind speed increases, the energy captured by a WT usually increases, re-

flected in an increase in torque T. Assuming that T rises from 3 × 105 to 7 × 105 N·m, the 
rotational frequency and displacements are plotted with T in Figure 7. 

With the increase in torque T, the rotational frequency ω increased linearly from 
0.107 Hz to 0.245 Hz, SS displacement increased monotonically with an increasing 
growth rate, and FA displacement showed a trend of increasing first and then decreas-
ing. The different performance was determined by the difference between the load fre-
quency and natural frequency. As for the SS response, the closer ω was to the natural 
frequency of 0.35 Hz, the larger the SS displacement was. As for the FA response, the 
load frequency was the 3P frequency, so the maximum occurred when ω was 0.117 Hz. 

0.0 0.3 0.6 0.9 1.2 1.5
0.0

0.2

0.4

0.6

0.8

1.0

D
isp

la
ce

m
en

t

FA load F (×104 N)

 SS
 FA

Figure 5. Relationship of the vibration response versus imbalance mass moment S.

Figure 6 shows the influence of FA load F on the vibration of the structure. Torque
T = 3.5 × 105 N·m, S = 2 × 104 kg·m, and rotational frequency = 0.125 Hz in all cases, and
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the other parameters are the same as those listed in Table 1. The FA displacement increased
linearly while F had no obvious effect on the SS responses. This is exactly the opposite of
the effect of S, as shown in Figure 5.
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3.4. Influence of Torque T

As the wind speed increases, the energy captured by a WT usually increases, reflected
in an increase in torque T. Assuming that T rises from 3× 105 to 7× 105 N·m, the rotational
frequency and displacements are plotted with T in Figure 7.
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Figure 7. Displacements and rotational frequency with T.

With the increase in torque T, the rotational frequency ω increased linearly from
0.107 Hz to 0.245 Hz, SS displacement increased monotonically with an increasing growth
rate, and FA displacement showed a trend of increasing first and then decreasing. The
different performance was determined by the difference between the load frequency and
natural frequency. As for the SS response, the closer ω was to the natural frequency of
0.35 Hz, the larger the SS displacement was. As for the FA response, the load frequency
was the 3P frequency, so the maximum occurred when ω was 0.117 Hz.

4. Resonance Phenomenon
4.1. The Sommerfeld Effect

To describe the Sommerfeld Effect, build two rotor systems, as shown in Figure 8. The
first system consists of a flexible foundation and a fixed rotor without imbalance mass,
which proceeds with a reciprocating motion under the horizontal load F. The rotor of the
second system is unbalanced, with imbalance mass m2 and eccentricity e, whose rotation is
supplied by an external source of energy T, and the foundation and rotor move horizontally
on the ground driven by the rotation of the imbalance mass.
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Figure 8. Demonstration for the Sommerfeld Effect: (a) System 1 without imbalance mass; (b) System
2 with imbalance mass.

The following parameters are considered: m1 = 96 kg, m2 = 4 kg, e = 0.5 m, k = 3.95× 103 N/m,
c1 = 100 N·s/m, c2 = 0.5 N·m·s, load F = m2eω2cos(2πωt), and T = 1–11 N·m. Figure 9a shows the
relationship between the horizontal displacement and load frequency (for system 1) or rotational
frequency (for system 2). For system 1, displacement changed continuously with the load fre-
quency and peaked at 1 Hz resulting from the resonance. For system 2, the trend of displacement
was the same as that in system 1, but a gap forms at both the left and right sides around 1 Hz,
indicating that the motion near the natural frequency of system 2 is different to that of system 1,
since there is an eccentric mass. Therefore, the vibration behavior of the rotating eccentric mass
near the natural frequency is a new dynamic problem, and it cannot be ignored by simplifying it
as a concentrated 1P load, like system 1.
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Figure 9. The relationship between horizontal displacement and frequency: (a) comparison of
two systems; (b) response detail of system two as rising or falling levels of T.

Figure 9b is a detailed plot of system 2 as torque T rises and falls. The arrows show
the direction of energy change. As the energy supply T rises, the rotor speed gradually
increases until it approaches the natural frequency of system 2. Accordingly, the vibration
amplitude of this system increases rapidly from a to b. Afterward, if the energy supply T
rises further, the rotor speed will suddenly jump to a higher value; meanwhile, the vibration
amplitude will decrease rapidly from b to c, and there will be no steady vibration within the
zone between b and c. Further, when the external energy continues to rise, displacement
decreases slightly, and most energy is used for rotation. A similar phenomenon can be
observed when the external energy supply gradually falls, but the transition path is from
c to a via d, which is different from the process under rising energy. There is no steady
vibration within the zone between d and a. This is the Sommerfeld Effect, and it has
two significant characteristics:

1. The rotor speed will ‘jump’ when passing the natural frequency, resulting in a sudden
increase or decrease in the vibration response;
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2. The jump phenomenon transits along different paths when the external energy supply
rises or falls.

The time history of the jump phenomenon is shown in Figure 10—sudden changes
in displacement and rotation in the acute change zone are severe, which is harmful to
structures. Therefore, the Sommerfeld Effect has been widely investigated for the purpose
of relieving or avoiding the sharp vibration when the rotation speed needs to pass the
natural frequency, especially in mechanical rotor engineering [19–21].
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4.2. The Sommerfeld Effect of WT Structure

To design a wind turbine system, there are three zones for the natural frequency of
the tower to choose from: (a) ‘soft–stiff’ zone, where the natural frequency of the tower is
between the 1P range and the 3P range; (b) ‘soft–soft’ zone, where the natural frequency
is below the 1P range; and (c) ‘stiff–stiff’ zone, where the natural frequency is exceeding
the 3P range. The structure is too flexible (which means a huge dynamic amplitude and
damage risk) if its natural frequency falls within the ‘soft–soft’ zone, and too stiff (which
means heavy foundation and expensive costs) if it falls within the ‘stiff–stiff’ zone, so the
most common design in current projects is ‘soft–stiff’.

However, to make full use of wind resources, WTs become more and more ‘soft’, a
result partly of the application of flexible towers, such as steel–concrete towers, but also of
the application of floating types of turbines [22,23]. For soft WTs, their natural frequencies
are usually in the range of 0.15–0.25 Hz, which is also the typical rotation region of turbines,
resulting in a coincidence of natural frequency with rotational frequency.

Therefore, the Sommerfeld Effect of the soft–stiff and soft principles are considered
separately in this part, and the FA and SS directions are likewise studied alone. The
flowchart of the works in this subsection is shown in Figure 11, where ‘

√
’ indicates that

the case is discussed and ‘×’ indicates that the case is not discussed. The stiff design is not
included in the work as it is not practical.
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Figure 11. Flowchart of the work to analyze the Sommerfeld Effect.

4.2.1. FA Direction

There is no rotatable imbalance mass in the FA direction of a WT, and the imbalance
in the SS direction does not affect the FA response (Figure 5), which means that it does
not meet the requirement for the Sommerfeld Effect to happen, so there is no Sommerfeld
Effect in the FA direction.

4.2.2. SS Direction of Soft–Stiff WT System

The SS model of WT is a typical, non-ideal system with an eccentric rotor (imbalanced
mass rotates caused by blades rotating) fixed on a flexible foundation, which seems to be a
possibility of the Sommerfeld Effect.

Set the imbalance mass moment S = 1.92 × 105 kg·m and let torque T rise from
9 × 105 N·m to 1.12 × 106 N·m, leading the rotational frequency of the structure to pass
natural frequency. Figure 12a shows the performance of the SS model of the soft–stiff WT
system. Jump phenomena are observed as the rotational frequency passes 0.35 Hz under
both rising and falling levels of T, and the paths are different. This is the Sommerfeld Effect.
The gap zone is between 0.345 Hz and 0.386 Hz.
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Figure 12. Sommerfeld Effect in the SS direction of a soft–stiff WT system: (a) response overview
when the rotation frequency passes the natural frequency; (b) response when the rotation frequency
does not pass the natural frequency.

However, for soft–stiff WT systems, it has already been considered in the design
phase that the natural frequency is ±10% away from the rotational speed’s ranges [24].
For example, the maximum rotational frequency for TBF is 0.225 Hz, which is far away
from the natural frequency, and it cannot produce jump vibration if rotation does not pass
the natural frequency (Figure 12b). This means that there is no Sommerfeld Effect in the
SS direction.
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4.2.3. SS Direction for Soft WT Systems

For soft WT systems, the Sommerfeld Effect is possible (Figure 13f).
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Figure 13. Influence of S on the Sommerfeld Effect in the SS direction for soft WT systems:
(a) S = 2400 kg·m; (b) S = 4800 kg·m; (c) S = 9600 kg·m; (d) S = 14,400 kg·m; (e) S = 19,200 kg·m;
(f) S = 24,000 kg·m.

Generally, wind rotors are mass-balanced before leaving manufacturing factories, and
standard [25] recommends that the imbalance mass moment is 0.005 mR for a balanced
rotor, or 0.05 mR if the rotor is not unbalanced, where m is the mass of the rotor and R
is the radius of the blades. For the TBF, m = 80 t and R = 60 m, so S is 2.4 × 103 kg·m
and 2.4 × 104 kg·m for balanced and unbalanced situations, respectively. If the TBF is
supported on a soft WT system with a natural frequency of 0.20 Hz, the Sommerfeld Effect
performance for different S values is shown in Figure 13.

In Figure 13, the eccentricity e is 1 m, and different S values are obtained by changing
the imbalance mass m from 2400 kg to 24,000 kg. From Figure 13a–d, as S increases from
2400 kg·m to 14,400 kg·m, there is no difference between the rising and falling process,
and no jump phenomenon is presented. When S reaches 19,200 kg·m, a slight jump
phenomenon can be seen. When S continues to grow to 24,000 kg·m, the two paths are
different around 0.20 Hz, and the gap is obvious. Therefore, with the growth of S, the
Sommerfeld Effect becomes clearer.

Considering the eccentricity e as a variable, Figure 14 shows the influence of e on the
jump phenomenon as S has the same value of 19,200 kg·m. The jump points are the same,
though they have different eccentricities; the conclusion from this figure is that eccentricity
does not influence jump performance. Therefore, there will be no jump phenomenon if only
S is less than 19,200 kg·m, no matter what the eccentricity is. If a rotor is mass-balanced
and in good condition, the imbalance mass moment S will be far less than 19,200 kg·m, and
there is no need to consider the appearance of the Sommerfeld Effect.

Without considering the Sommerfeld Effect, the vibration near the natural frequency
for soft WTs is a common resonance problem. Creating a speed exclusion zone is an
effective method to avoid large dynamic amplification [26].
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Figure 14. Influence of e on jump phenomenon with the same S value.

4.2.4. 3P Resonance of WT Structure

Considering that the 3P frequency passes the natural frequency, Figure 15a shows
the relationship between the displacement and rotational frequency around 0.117 Hz in
the SS direction. The monotonically increasing curve does not show a jump phenomenon,
whether in the energy rising or falling process, and displacement grows gradually with
rotational frequency.
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Figure 15. Response of WT when the 3P frequency passes the natural frequency: (a) only imbalance
acting on structure; (b) a combination of imbalance and 3P load acting on the structure.

Of course, other loads are acting on WT except for imbalance. With F’SS = 5000sin
(6πwt) N, the integrated response is shown in Figure 15b. There is a peak at 0.117 Hz
because F’SS is a 3P load, and the 3P resonance happens. Obviously, the 3P resonance is not
equal to the Sommerfeld Effect.

In reference [14], the natural frequency of an offshore wind turbine is 0.40 Hz, and
the measured acceleration of this tower has an obvious peak near the rotor speed of
8 RPM (0.133 Hz), which was explained to have been caused by the Sommerfeld Effect.
However, based on the analysis above, we offer a different explanation that this was just a
3P resonance phenomenon, since both the 3P frequency and natural frequency are equal to
0.40 Hz. Meanwhile, the vibration amplifications mentioned in [15,27] all result from 3P
resonance, rather than the Sommerfeld Effect.

5. Discussion

Section 3 analyzed the influences of various parameters on the vibration displacement
of wind turbines. Structural damping had little effect on vibration—it was set to be a
constant of 0.02 in later studies. The imbalance mass moment S and 3P load F only
controlled the structural response in the SS direction and the FA direction, respectively;
they had no impact on the response of the other direction. Therefore, the resonance analysis
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in the two directions was studied one-by-one in the next section. Torque T generated an
increase in rotational speed, leading to a larger SS displacement. Therefore, the needed
rotation speed for the Sommerfeld Effect was obtained by changing T.

In Section 4, the Sommerfeld Effect was introduced and discussed, and the jump
phenomenon was its unique characteristic. For wind turbines, since the vibrations in the SS
and FA directions were separately influenced by S and F from Section 3, the Sommerfeld
Effect in the two directions was studied one-by-one. There was no Sommerfeld Effect in the
FA direction, since no rotatable imbalance mass was located in the FA direction; there was
also no Sommerfeld Effect in the SS direction of soft–stiff WTs, since the rotational frequency
did not pass the natural frequency. For soft WTs, with the growth of S, the appearance of
the Sommerfeld Effect became clearer and clearer, and it could be ignored if S is less than
19,200 kg·m. The mass eccentricity did not influence jump performance. Therefore, it is not
necessary to consider the Sommerfeld Effect for mass-balanced or well-conditioned WTs.
The amplification caused by the 3P frequency passing the natural frequency does not meet
the characteristics of the jump phenomenon, and 3P resonance is not the Sommerfeld Effect.

Of course, there are also some deficiencies in the current work. Some parameters of a
WT are not fixed values. For example, the torque and damping are dynamically variable
due to the fluctuation of the wind, but they were idealized to be constants in certain cases
in this paper. The real situation is complex and more practical simulations are needed to
obtain a more accurate value of the safe imbalance mass moment.

6. Conclusions

In this study, a simplified wind turbine theoretical model is built by considering the
SS and FA directions separately. The paper mainly analyzes the Sommerfeld Effect and 3P
resonance of wind turbines under 1P/3P loads. The main conclusions are as follows:

(1) The model is built in the SS and FA directions separately because the mass imbalance
is in the SS direction, and it is simulated by an eccentric mass point to generate a
1P load;

(2) The structural damping has little effect on vibration, the imbalance mass moment and
3P load controls the response in the SS direction and the FA direction separately, and
they have no impact on the response of the other direction. Torque is the source of
rotational speed;

(3) The vibration behavior of a rotating eccentric mass passing the natural frequency of
the system is the so-called Sommerfeld Effect, which has two significant characteristics
compared to common resonance phenomena. The first is that the rotation speed and
response of the structure will jump when passing the natural frequency. Secondly, the
jump phenomenon transits along different paths when the rotation speed rises or falls;

(4) The Sommerfeld Effect does not exist in soft–stiff WTs because there is no rotating
imbalance mass in the FA direction and the rotational frequency does not pass the
natural frequency in the SS direction. This is a new understanding different from that
of existing research;

(5) For soft WTs, only if the imbalance reaches a much higher value (19,200 kg·m in this
study) should the Sommerfeld Effect be considered; otherwise, it could be ignored;

(6) The 3P resonance happens when the 3P frequency passes the natural frequency, which
can amplify the response of the structure, but it does not meet the characteristics of
the Sommerfeld Effect; therefore, it is not the Sommerfeld Effect.

In summary, it is hard to satisfy the conditions for the Sommerfeld Effect to occur in
WTs, and 3P resonance is more common.
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