
 

 
 

 

 
Energies 2022, 15, 4503. https://doi.org/10.3390/en15124503 www.mdpi.com/journal/energies 

Article 

A Simplified Solution Method for End-of-Term Storage Energy 

Maximization Model of Cascaded Reservoirs 

Xinyu Wu *, Ruixiang Cheng and Chuntian Cheng 

Insititute of Hydropower System & Hydroinformatics, Dalian University of Technology, Dalian 116024, China; 

chengrx@mail.dlut.edu.cn (R.C.); ctcheng@dlut.edu.cn (C.C.) 

* Correspondence: wuxinyu@dlut.edu.cn 

Abstract: In medium-term scheduling, the end-of-term storage energy maximization model is pro-

posed to create conditions for the safety, stability and economic operation of the hydropower system 

after control term, which satisfies the system load demand undertaken by the cascaded system in a 

given scheduling period. This paper presents a simplified solution method based on the Lagrangian 

relaxation method (LR) to solve the end-of-term storage energy maximization model. The original 

Lagrange dual problem with multiple Lagrange multipliers is converted to that with only one La-

grange multiplier by an entropy-based aggregate function method, which relaxes the complex cas-

caded hydropower system load balance constraints. The subgradient method and successive ap-

proximation of dynamic programming (DPSA) are adopted to update the Lagrange multiplier iter-

atively and solve the subproblem of the Lagrange dual problem, respectively. The Wujiang cascaded 

hydropower system is studied, and the result shows that the simplified solution method for the end-

of-term storage energy maximization model both improves solving efficiency and ensures solving 

accuracy to a great extent. 

Keywords: end-of-term storage energy maximization model; Lagrangian relaxation method;  

aggregate function method 

 

1. Introduction 

Hydropower energy has the characteristics of low pollution, easy maintenance and 

high flexibility [1]. A reservoir and the power grid are linked by each hydropower station 

in a cascaded hydropower system, which utilize compensation coordination among the 

reservoirs with regard to the overall benefit [2]. Through the economic operation of the 

hydropower system, the compensation coordination between reservoirs can be effectively 

utilized to improve the utilization of hydropower resources, and the flexibility of hydro-

power can be fully utilized to meet the different needs of the hydropower system through 

the regulation of the hydropower system. In general, the economic operation of the hy-

dropower system is divided into conventional dispatching and optimal dispatching. It 

can meet the different needs of the power system by establishing optimal dispatching 

models with different objectives, which can be divided into two modes: regulating power 

generation by water supply and regulating impoundment by power generation. The ob-

jective function of regulating power generation by water supply contains power genera-

tion maximization, power generation benefit maximization, minimum output maximiza-

tion [3] and peak regulating power maximization [4]. In contrast, the objective function of 

regulating impoundment by power generation contains maximum end-of-term storage 

energy and minimum energy consumption. In order to solve these optimal operation 

models, more and more optimization techniques and heuristic algorithms [5,6] have been 

applied in the past few decades, such as linear programming (LP) [7], nonlinear program-

ming (NLP) [8], dynamic programming (DP) [9–11], genetic algorithm (GA) [12], particle 

swarm optimization (PSO) [13] and ant colony algorithm (ACO) [14]. DPSA [15,16] and 
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progressive optimality algorithm (POA) are both approximate dynamic programming 

methods, which deal with the curse of dimension. Trott and Yeh developed DPSA, which 

decomposes the original problem into a series of subproblems, whose optimization se-

quence converges back to the original one to maximize net benefits [16]. Giles and 

Wunderlich adopted DPSA to solve the minimum total operation cost model, which de-

termines end-of-week levels for 52 weeks or shorter planning periods for 19 storage res-

ervoirs [15]. Opan applied DPSA to solve optimization and simulation models for a water 

resource system with multiple reservoirs in the Ceyhan Basin of Turkey [17]. Zhang et al. 

presented a hybrid algorithm, which uses DPSA to reduce the spatial dimensionality and 

adopts an improved POA to alleviate the temporal dimensionality to minimize the flood 

peak optimal model for multiple reservoirs [18]. He et al. proposed an improved DPSA 

with a relaxation strategy based on the approximate concavity and monotonicity charac-

teristics of the power generation utility function of DPSA to solve the long-term joint 

power generation scheduling [19]. Even so, the optimal operation models with compli-

cated side constraints are limited by strong constraints and solved with difficulty. 

In recent decades, LR [20,21] has been widely applied to solve hydropower schedul-

ing problem, such as hydropower system load allocation and hydro unit commitment [22–

25], which contains complicated side constraints. LR converts the optimal operation 

model to a dual problem, which contains constraints with a high degree of structure [26]. 

In addition, the optimal operation model is solved by a set of disjoint subproblems and 

the Lagrange multiplier iteration. Pursimo et al. presented an optimal feedback control 

method using a quadratic cost function for the hydro scheduling problem, which took 

constraints into account by the Lagrange multipliers [27]. Redondo and Cenejo studied 

the Lagrange multipliers iterative update method solving the dual problem of the short-

term hydrothermal coordination problem, such as the subgradient method, cutting plane 

method (CP), bundle method (BD) and dynamically constrained cutting plane method 

(DC-CP) [23]. Guan et al. presented an optimization-based algorithm using LR to solve 

hydro subproblems with cascaded reservoirs and discrete hydro constraints, which uses 

a set of multipliers to substitute out the reservoir dynamic and to relax the reserve level 

constraints [22]. Soares et al. presented a heuristic procedure based on LR to solve the 

dynamic dispatch problem of scheduling generation in which a problem is decomposed 

into two subproblems: a unit commitment subproblem (UC) and a generation dispatch 

subproblem (GD) [24]. Wang relaxed the constraints on the plant-based operating region 

and systemwide spinning reserve of a Fujian hydro system introducing the Lagrange mul-

tipliers so that the primal optimization problem is decomposed into a hydro subproblem 

solved with the improved simplex-like method and individual hydro plant subproblems 

solved by dynamic programming [28]. Finardi, Takigawa and Brito verified that LR is the 

approach with the best overall performance as the problem increases in that it is less sen-

sitive to variations in the input data or the problem, which leads to a low processing time 

and a good quality solution [29]. Liu et al. converted the chance constraint for controlling 

the system failures on power generation to a dual problem through LR [30]. However, the 

relationship among multiple Lagrange multipliers results in a much longer solving time 

for a large-scale hydropower system optimal operation model. 

The end-of-term storage energy maximization model for medium-term scheduling 

of cascaded reservoirs is a high-dimensional, nonlinear and large-scale optimization prob-

lem, which contains complex cascaded hydropower system load balance constraints. The 

complex cascaded system load balance constraint can be relaxed into the objective func-

tion by LR, and the optimal solution can be obtained by solving the Lagrange duality 

problem and iterating the Lagrange multiplier. However, in previous studies, the end-of-

term storage energy maximization model was decomposed into a generation scheduling 

subproblem for each period by LR, requiring an iterative solution of the multiple La-

grange multipliers. Therefore, this paper proposes a simplified solution method for end-

of-term storage energy maximization model for medium-term scheduling, which trans-

forms the cascaded hydropower system load balance constraints into a Lagrange dual 
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problem with only one Lagrange multiplier by means of an entropy-based aggregate func-

tion method. The subproblem is solved by DPSA, and the Lagrange multiplier is updated 

iteratively by the subgradient method. Then, the Wujiang cascaded hydropower system 

is studied. It can be concluded that the simplified solution method of an end-of-term stor-

age energy maximization model greatly improves the solution efficiency and ensures the 

solution accuracy. 

2. Materials and Methods 

The medium-term dispatching of a hydropower system refers to the optimal dis-

patching, which takes 1 day as the dispatching stage length and the next few days as the 

dispatching term. The medium-term dispatching of a hydropower system includes two 

dispatching modes: “regulating power generation by water supply” and “regulating im-

poundment by power generation”. The mode, called “regulating impoundment by power 

generation”, refers to the load distribution of the given total output process of a cascaded 

or multiple cascaded hydropower system. Therefore, the maximum storage energy at the 

end of the scheduling term and minimum energy consumption in the scheduling term are 

adopted as the power decision allocation criterion. The storage energy is used to describe 

the maximum energy generated by a cascaded hydropower system during the interval 

time, which takes into account that water released from an upstream reservoir can be re-

used by all downstream reservoirs [31]. The purpose of the power decision allocation cri-

terion is to raise the power generation head as much as possible, increase the system stor-

age energy, improve the hydropower regulation performance and ensure the stability, 

safety and economic operation of the hydropower system on the premise of meeting the 

current cascaded hydropower system load demand. Moreover, the end-of-term storage 

energy maximization model is established. Then, the simplified solution method based on 

LR is proposed to solve the optimal operation model. 

2.1. End-of-Term Storage Energy Maximization Model 

2.1.1. Objective Function 

Max F = ∑ 𝐸𝑆𝑚
𝑇

𝑀

𝑚=1

 (1) 

where T is the number of the time period; M is the number of cascaded reservoirs; F is the 

end-of-term storage energy of cascaded reservoirs; 𝐸𝑆𝑚
𝑇  is the energy generated by the 

storage water above the dead water level of both reservoir m and all upstream reservoirs 

at the end of the dispatching term. 

𝐸𝑆𝑚
𝑇 = [𝑉𝑚

𝑇 + W𝑇(𝑚)] 𝜂
𝑚

⁄  (2) 

W𝑇(𝑚) = ∑{𝑉𝑈𝑚[𝑘]
𝑇

+ 𝑊𝑇(𝑈𝑚[𝑘])}

𝐾𝑚

𝑘=1

 (3) 

where t is the dispatching period, 1 ≤ 𝑡 ≤ 𝑇; T is the total dispatching period; 𝑉𝑚
𝑇  is the 

water storage of reservoir m at the end of the dispatching period T; 𝜂𝑚 is the mean rate 

of water consumption of reservoir m; W𝑇(𝑚) is the water storage above the dead water 

level of all upstream reservoirs of reservoir m at the end of the dispatching term; 𝑈𝑚 is 

the direct upstream reservoir array of reservoir m; k is the serial number of direct up-

stream reservoirs of reservoir m; 𝐾𝑚 is the number of direct upstream reservoirs of res-

ervoir m (1 ≤ 𝑘 ≤ 𝐾𝑚); 𝑉𝑈𝑚[𝑘]
𝑇  is the water storage of direct upstream reservoirs of kth 

reservoir at the end of period T; 𝑊𝑇(𝑈𝑚[𝑘]) is water storage above the dead water level 

of all direct upstream reservoirs of kth reservoir at the end of period T. 
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2.1.2. Constraint Conditions 

Water balance constraints: 

𝑉𝑚
𝑡+1 = 𝑉𝑚

𝑡 + (𝑄
𝑚
𝑡 − 𝑞

𝑚
𝑡 − 𝑑𝑚

𝑡 ) × ∆𝑡 × 3600 (4) 

𝑄
𝑚
𝑡 = 𝑄𝑛

𝑚
𝑡 + 𝑟𝑚−1

𝑡  (5) 

where  𝑉𝑚
𝑡  is the water storage of reservoir m in period t; 𝑄

𝑚
𝑡 , 𝑞𝑚

𝑡  and 𝑑𝑚
𝑡  are reservoir 

inflow, power discharge and spill of reservoir m in period t, respectively; 𝑟𝑚
𝑡 = 𝑞𝑚

𝑡 + 𝑑𝑚
𝑡 , 

is storage outflow of reservoir m in period t; 𝑄𝑛
𝑚
𝑡  is the interval inflow of reservoir m in 

period t. 

Water level constraints: 

𝑍𝑚
𝑡 ≤ 𝑍𝑚

𝑡 ≤ 𝑍𝑚
𝑡  (6) 

where 𝑍𝑚
𝑡  is the water level of reservoir m in period t; 𝑍𝑚

𝑡  and 𝑍𝑚
𝑡  are lower and upper 

water level limits, respectively, of reservoir m in period t. 

Initial water level constraint: 

𝑍𝑚
1 = 𝑍𝑏,𝑚 (7) 

where  𝑍𝑏,𝑚 is the initial water level of reservoir m. 

Power discharge constraints: 

𝑞
𝑚
𝑡 ≤ 𝑞

𝑚
𝑡 ≤ 𝑞

𝑚
𝑡  (8) 

where 𝑞
𝑚
𝑡  and  𝑞𝑚

𝑡  are lower and upper power discharge limits, respectively, of reser-

voir m in period t. 

Storage outflow constraints: 

𝑟𝑚
𝑡 ≤ 𝑟𝑚

𝑡 ≤ 𝑟𝑚
𝑡  (9) 

where 𝑟𝑚
𝑡  and 𝑟𝑚

𝑡  are lower and upper storage outflow limits, respectively, of reservoir 

m in period t. 

Power output constraints: 

𝑃𝑚
𝑡 ≤ 𝑃𝑚

𝑡 ≤ 𝑃𝑚
𝑡  (10) 

where 𝑃𝑚
𝑡  is the power output of reservoir m in period t; 𝑃𝑚

𝑡  and 𝑃𝑚
𝑡  are lower and up-

per power output limits, respectively, of reservoir m in period t. 

System load balance constraints: 

∑ 𝑃𝑚
𝑡

𝑀

𝑚=1

= 𝑁𝑡 (11) 

where 𝑁𝑡 is the system load of cascaded reservoirs in period t. 

2.2. Solution Method 

In order to solve the end-of-term storage energy maximization model, LR was 

adopted. Through LR, the complex load balance constraints in end-of term storage energy 

maximization model was relaxed into objective function by Lagrange multipliers. In this 

section, firstly, the Lagrange duality problem was simplified by the aggregate function 

method, and then the objective function was solved by DPSA under the current Lagrange 

multiplier. Finally, the Lagrange multiplier was updated by the subgradient method until 

the solution converged. 
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2.2.1. Optimization Model Solution Simplification 

The end-of-term storage energy maximization model is a nonlinear optimization 

problem with strong systematic constraints. The optimization model is solved by LR, 

which transforms the original optimization problem with complex constraints into a re-

laxation problem without strong constraints by introducing Lagrange multipliers. The du-

ality optimization problem is established as follows. 

min
𝐴

max
𝐵

𝐹1 = 𝐹 + ∑ [𝜆𝑖 (∑ 𝑃𝑚
𝑡

𝑀

𝑚=1

− 𝑁𝑡)]

𝑇

𝑡=1

 (12) 

where 𝜆𝑖 is the component i of the Lagrange multiplier vector; B is the set of Lagrange 

multipliers, 𝐵 = {𝜆1, 𝜆2, ⋯ , 𝜆𝑇}; A is the set of output power decisions of each reservoir in 

each period. 

𝐴 = [

𝑝1
1 𝑝1

2

𝑝2
1 𝑝2

2

⋯ 𝑝1
𝑇

⋯ 𝑝2
𝑇

⋯ ⋯
𝑝𝑀

1 𝑝𝑀
2

⋯ ⋯
⋯ 𝑝𝑀

𝑇

] (13) 

The duality problem consists of two layers. The outer layer is the optimization prob-

lem with the Lagrange multiplier as the decision variable, and the inner layer is the opti-

mization problem with the output of each reservoir as the decision variable. Therefore, in 

addition to the original decision variables to be solved, there are also new variables to be 

solved. In the solution, it is necessary to update the Lagrange multiplier set B, 𝜆𝑡
𝑖+1 = λ𝑡

𝑖 −

𝜇
𝑡
𝑖 (∑ 𝑃𝑚

𝑡𝑀
𝑚=1 − 𝑁𝑡), where 𝜆𝑡

𝑖+1 and 𝜆𝑡
𝑖  are the value of Lagrange multipliers of the i+1 

and i iterations, respectively; 𝜇
𝑡
𝑖  is the update step of the Lagrange multiplier, which can 

be gradually reduced with iteration rounds. Because each time period corresponds to a 

Lagrange multiplier, the dual problem contains T Lagrange multipliers. Moreover, the set 

contains a large number of Lagrange multipliers, which increases the difficulty of solving, 

significantly reduces the efficiency of solving and affects the quality of solving. Therefore, 

it is necessary to improve the solution method in order to simplify the duality problem, 

which effectively reduces the number of Lagrange multipliers and improves the solution 

efficiency. 

This paper proposes a simplified solution method. Equation (11) of the load balance 

constraint conditions of the cascaded hydropower system is equivalent to Equation (14). 

𝑓(𝑡) = | ∑ 𝑃𝑚
𝑡 − 𝑁𝑡

𝑀

𝑚=1

| = 0 (14) 

For T load balance constraints, the constraint Formula (11) of each period is equiva-

lent to Equation (15). 

max
1≤𝑡≤𝑇

𝑓(𝑡) = 0 (15) 

Therefore, constraint condition (11) can be replaced by constraint condition (15). 

However, the constraint condition of maximum form is difficult to deal with in the solu-

tion. Therefore, the Equation (15) can be further approximated into Equation (16) by the 

aggregate function method [32]. 

𝐹𝑝(𝑡) =
1

𝑝
ln ∑ 𝑒pf(t)

𝑇

𝑡=1

 (16) 

where p is a parameter that is set to be 0.01. 

After the transformation, a new dual problem is established. The objective function 

is converted to Equation (17). 
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min
𝐴

max
𝐵

𝐹2 = 𝐹 + 𝛾 {
1

𝑝
ln ∑ 𝑒

p[𝑓(𝑡)− max
1≤𝑡≤𝑇

𝑓(𝑡)]

𝑇

𝑡=1

+ max
1≤𝑡≤𝑇

𝑓(𝑡)} (17) 

where 𝛾 is the Lagrange multiplier. 

Through the comparison of Equations (12) and (17), it can be obviously seen that the 

Lagrange multiplier changes from a set B containing the T Lagrange multiplier to a single 

multiplier. It greatly reduces the number of variables and required solutions and simpli-

fies the iterative process. Nevertheless, neither original or simplified solution models can 

satisfy the convergence condition of LR completely. There is dual gap in the calculated 

results, which is the imbalance between power plant output and total load. As a result, it 

is necessary to further adjust the power station output after solving the problem. 

2.2.2. DPSA 

When using DPSA to solve the subproblem, other constraints without relaxation con-

straints should be considered. The constraints, such as the upper limit of power discharge, 

upper limit of hydropower station output, reservoir water level and water balance, can be 

satisfied by the calculation of water fixed power in a single period; the constraints of a 

hydropower station output lower limit and storage outflow lower limit can be treated by 

the penalty function. The penalty term is a [𝑚𝑎𝑥 (𝑃𝑚
𝑡 − 𝑃𝑚

𝑡 )]
2

+ 𝑏 [𝑚𝑎𝑥 (𝑟𝑚
𝑡 − 𝑟𝑚

𝑡 , 0)]
2

, 

where a and b are penalty coefficients. Therefore, the penalty function is represented by 

Equation (18). 

𝐹𝑃 = ∑ ∑ a [𝑚𝑎𝑥 (𝑃𝑚
𝑡 − 𝑃𝑚

𝑡 )]
2

𝑀

𝑚=1

𝑇

𝑡=1

+ ∑ ∑ 𝑏 [𝑚𝑎𝑥 (𝑟𝑚
𝑡 − 𝑟𝑚

𝑡 , 0)]
2

𝑀

𝑚=1

𝑇

𝑡=1

 (18) 

where FP is the penalty function. 

The objective function is converted to Equation (19). 

𝐹3 = 𝐹 + 𝛾 {
1

𝑝
ln ∑ 𝑒

P[𝑓(𝑡)− max
1≤𝑡≤𝑇

𝑓(𝑡)]

𝑇

𝑡=1

+ max
1≤𝑡≤𝑇

𝑓(𝑡)} − 𝐹𝑃 (19) 

In each period, the power discharge is increased or decreased with a fixed step size 

for each reservoir. In turn, the objective function and the penalty function value are calcu-

lated to determine the optimal decision, and the search step size is gradually reduced to 

reach the minimum step size limit; then, the calculation of the next period is carried out, 

and the first period is returned after the search of the last period is completed until con-

vergence. 

2.2.3. Optimization Model Solution Process 

While solving the duality problem constructed by LR, the key point is the update 

iteration of the Lagrange multipliers. The subgradient method is often used, which 

searches along the direction of the subgradient to find the extreme point of the function. 

In this paper, the subgradient method is used to update multipliers. The calculation pro-

cess for the simplified solution method is as follows: 

Step 1: Initialize the Lagrange multiplier 𝛾𝑖, 𝑖 = 1; 

Step 2: Use DPSA to solve the mathematical model established in Section 2.1, where 

the object function is 𝐹3 = 𝐹 + 𝛾 {
1

𝑝
ln ∑ 𝑒

P[𝑓(𝑡)− max
1≤𝑡≤𝑇

𝑓(𝑡)]𝑇
𝑡=1 + max

1≤𝑡≤𝑇
𝑓(𝑡)} − 𝐹𝑃; 

Step 3: Use the subgradient method to update the multiplier, 𝛾𝑖+1 = 𝛾𝑖 +

𝜇𝑖 × {
1

𝑝
ln ∑ 𝑒

𝑃[𝑓(𝑡)− max
1≤𝑡≤𝑇

𝑓(𝑡)]𝑇
𝑡=1 + max

1≤𝑡≤𝑇
𝑓(𝑡)}, where 𝜇𝑖 is the update step of the Lagrange 

multiplier, set i = i + 1; 
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Step 4: Judge convergence: |𝛾𝑖+1 − 𝛾𝑖| < 휀, ∑ |∑ 𝑃𝑚
𝑡𝑀

𝑚=1 − 𝑁𝑡|𝑇
𝑡=1 < 𝛿 or i > I, where 

ε and δ are convergence precision, and δ represents the slight variation of the total load 

constraint error sum; I is the terminated iteration number. If convergence conditions are 

met, end the entire iterative process; otherwise, go to Step 2. 

3. Case Study 

The Wujiang River, known as Qianjiang in ancient times, is the longest tributary of 

the upper reaches of the Yangtze River in the south. It originates from the eastern foot of 

Wumeng Mountain in the northwest of Guizhou province and has two sources: Sancha 

River in the south and Liuchong River in the north. It flows through Yunnan, Guizhou, 

Hubei and Chongqing and finally empties into the Yangtze River in the north in the Fuling 

District of Chongqing. The main stream of the Wujiang River has a total length of 1037 km 

of which 802.1 km is in Guizhou, with a watershed area of 87,920 km2 of which 66,849 km2 

is in Guizhou. It is the largest river in Guizhou. Most of the Wujiang River Basin belongs 

to the subtropical monsoon climate area, with abundant rainfall and uneven spatial and 

temporal distribution. The annual precipitation is over 1000 mm, mostly concentrated 

from May to October, accounting for more than 75% of the annual precipitation. The an-

nual average runoff depth in the basin is 600 mm, higher than the national average of 271 

mm and the Yangtze River average of 542 mm. Runoff is mainly rainwater replenishment, 

and its spatial and temporal distribution trends are basically consistent with that of pre-

cipitation. The annual runoff is 53.4 billion m3. Wujiang River is rich in water, stable runoff 

and small sediment content, which creates a good environment for the utilization of water 

resources. The natural drop in the Wujiang River Basin is concentrated, reaching 2124 m, 

with an average drop of 2.05‰. It is rich in water energy resources, and the theoretical 

reserve of the whole basin is 10,420 MW. At present, there are nine hydropower stations 

in Guizhou, including Hongjiadu, Dongfeng, Suofengying, Wujiangdu, Goupitan, Silin, 

Shatuo, Dahuashui and Geriqiao, with a total installed capacity of 8695 MW. This paper 

studies only six hydropower stations on the main stream of Wujiang River, named 

Hongjiadu, Dongfeng, Suofengying, Wujiangdu, Goupitan and Silin. Table 1 shows the 

basic parameters of each reservoir of the Wujiang River. Figure 1 shows the location of 

each reservoir of the Wujiang cascaded hydropower system. Moreover, the mid-term op-

timization scheduling from 25 April 2022 to 4 May 2022 is studied in this paper. Then, the 

original solution method with Equation (12) and the simplified solution method with 

Equation (19) are applied to solve the medium-term, end-of-term storage energy maximi-

zation model and make a comparison; the solution process of the original solution method 

is similar to the simplified solution method. 

Table 1. Basic Parameters of Each Reservoir of Wujiang River. 

Hydropower  

Plant 

Regulation  

Performance 

Installed  

Capacity (MW) 

Dead Water  

Level (m) 

Normal High  

Water Level (m) 

Regulation  

Storage (108 m3) 

Hongjiadu Pluriennal Regulation 600 1076 1140 33.61 

Dongfeng 
Incomplete Annual Reg-

ulation 
695 936 970 4.9 

Suofengying Daily Regulation 600 822 837 0.674 

Wujiangdu 
Incomplete Annual Reg-

ulation 
1250 720 760 13.6 

Goupitan Pluriennal Regulation 3000 585 630 31.54 

Silin Daily Regulation 1050 431 440 3.17 
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Figure 1. The Location of Each Reservoir of Wujiang Cascaded Hydropower System. 

When LR is adopted to solve end-of-term storage energy maximization model of me-

dium-term scheduling, the Lagrange multiplier will be initialized. Furthermore, the La-

grange multiplier has a relatively clear physical meaning, that is, the change amount of 

storage energy of a cascaded hydropower system at the end of a scheduling term caused 

by the change of a unit output in the corresponding period. For a hydropower system 

consisting of several reservoirs, the Lagrange multipliers can be judged to be about 24 for 

the original solution method, which is hours in a single time period. Therefore, each initial 

component of the multiplier vector for the original solution method is set as 24. The up-

date process of the subgradient method is divided into two stages in order to ensure good 

convergence and calculation. However, the simplified solution method converts the La-

grange dual problem with the multiple Lagrange multipliers to that with only a single 

Lagrange multiplier. Hence, the initial Lagrange multiplier of the simplified solution 

method can be set as 240, which is hours in the total scheduling term. And the update 

process of the Lagrange multiplier of the simplified solution method is similar to the orig-

inal. Figure 2 shows the objective function value iteration process of the simplified method 

and the original method. The simplified method updates the Lagrange multipliers 35 

times and iterates the objective function 161 times, taking 9 s in total. In contrast, the orig-

inal method updates the Lagrange multipliers 493 times and iterates the objective function 

1187 times, taking 30 s in total. The simplified method greatly improves the solution effi-

ciency of the maximum end-of-term storage energy model at the medium-term schedul-

ing, which is 70% shorter than the original method. This is because the simplified method 

has only one Lagrange multiplier, while the original method has ten Lagrange multipliers 

that need to be updated. In addition, in the original method, the Lagrange multipliers are 

related to each other, which makes the multiplier updating process long and leads to a 

slow solution speed. Figure 3 shows the power output process of the cascaded hydro-

power system for the original method and the simplified method. Figure 4 shows the stor-

age energy process of the cascaded hydropower system for the original method and the 

simplified method. Compared with the original solution method, the maximum positive 

deviation of the output process of the cascaded hydropower system obtained by the sim-

plified method is 1 MW, and the minimum negative deviation is −3 MW, and the deviation 
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percentage is 0.10%. Moreover, compared with the original method, the maximum posi-

tive deviation of the cascaded hydropower system storage energy process obtained by the 

simplified method is 700,000 kWh, and the minimum negative deviation is −2.3 million 

kWh, and the deviation percentage is 0.05%. The end-of-term storage energy obtained by 

the original method is 4662.3 million kWh, while the end-of-term storage energy obtained 

by the simplified method is 4661 million kWh, which is reduced by 0.03%. So, it can be 

ignored. Therefore, the simplified method greatly improves the solution efficiency of the 

model and ensures the solution accuracy of the model. In the scheduling term, a given 

cascaded hydropower system load gradually increases and then decreases, with maxi-

mum cascaded hydropower system load demands occurring on April 30 and May 1. 

Therefore, the storage energy gradually decreases until May 1 in order to meet the cas-

caded hydropower system load demand. When the cascaded hydropower system load 

demand decreases, the storage energy will gradually increase to improve the regulating 

performance of the cascaded hydropower system after the scheduling term. 

 

 

Figure 2. Objective Function Value Iteration Process of Original Method and Simplified Method. 

454

455

456

457

458

459

460

461

462

463

464

1 101 201 301 401 501 601 701 801 901 1001 1101 1201

O
b

je
ct

iv
e 

F
u

n
ct

io
n

 V
a

lu
e(

1
0

8
k

W
h

)

(a)Original Method

444

446

448

450

452

454

456

458

1 21 41 61 81 101 121 141 161

O
b

je
ct

iv
e 

F
u

n
ct

io
n

 V
a

lu
e(

1
0

8
k

W
h

)

(b)Simplified Method



Energies 2022, 15, 4503 10 of 19 
 

 

 

Figure 3. Power Output Process of Cascaded Hydropower System Obtained by Original Method 

and Simplified Method. 

 

Figure 4. Storage Energy Process of Cascaded Hydropower System Obtained by Original Method 

and Simplified Method. 
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method. Figure 6 shows the power output process of each reservoir in the Wujiang cas-

caded hydropower system obtained by the simplified solution method and the original 

solution method. In addition, the tendency of the water level process of the simplified 

solution method is similar to that of the original solution method. In addition, the water 

level of the Hongjiadu, Suofengying and Wujiangdu hydropower plants gradually de-

creases, while that of the Goupitan and Silin hydropower plants increases gradually. In 

addition, the water level of the Dongfeng hydro plant decreases and then rises, which 

reaches the bottom on April 30. Through the comparison between the simplified solution 

method and the original solution method, the water level process of the Hongjiadu, Su-

ofengying and Silin hydropower plants is the same. This is because the Suofengying and 

Silin hydropower plants are daily regulating reservoirs, which is equivalent to a runoff 

hydropower station in the medium-term scheduling. Moreover, the Hongjiadu hydro-

power plant is not only a leading reservoir but also a multiyear regulating reservoir, 

which plays an irreplaceable controlling role in the Wujiang cascaded hydropower sys-

tem. There are huge differences in the water level process of the Dongfeng, Wujiangdu 

and Goupitan hydropower plants between the simplified solution method and the origi-

nal solution method. In the simplified method, the water level of the Dongfeng hydro-

power plant is always higher than that in the original method before May 2; however, the 

end-of-term water level is 0.91 m lower than that in the original method. For the 

Wujiangdu hydropower plant, in the simplified solution method, the water level remains 

754 m above, and the end-of-term water level is 752.52 m, which is 3.13 m higher than that 

in the original solution method. As for the Goupitan hydropower plant, in the simplified 

solution method, the water level is always lower than that in the original solution method, 

and the end-of-term water level is 1.91 m lower than that in the original method. 
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Figure 5. The Water Level Process of Each Reservoir in Wujiang River Obtained by the Simplified 

Solution Method and the Original Solution Method. 
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Figure 6. The Power Output Process of Each Reservoir in Wujiang River Obtained by the Simplified 

Solution Method and the Original Solution Method. 
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each scheduling period was inherently included in the Lagrange multiplier update pro-

cess of the simplified solution method, which causes the change of the Lagrange multi-

plier to be greater; the range of the Lagrange multiplier of the simplified solution method 

is between 240 and 360. 

5. Conclusions 

The end-of-term storage energy maximization model is in general solved by LR. This 

paper proposes a simplified solution method based on LR and the aggregate function 

method for an end-of-term storage energy maximization model with only one Lagrange 

multiplier. Then, the simplified solution method adopts DPSA to solve the subproblem 

and the subgradient method to update the Lagrange multiplier. In addition, the Wujiang 

cascaded hydropower system is studied. The results show that the solution time of the 

simplified solution method is 70% shorter than that of the original solution method, which 

greatly improves the solution efficiency; the end-of-term storage energy obtained by the 

simplified solution method is reduced by 0.03% compared with the original solution 

method, which ensures the solution accuracy. 

Future Possible Work 

The simplified solution method based on LR and the aggregate function method 

could be extended to solve the hydropower system optimal operation model with com-

plicated side constraints in which the complex side constraints could be converted to a 

maximum form, such as minimum power decision constraints and system load demand 

constraints. In later research work, more and more efficient Lagrange multiplier iterative 

update method with heuristic algorithms will be applied to simplify the solution process 

and alleviate the Lagrange multiplier iterative oscillation. Moreover, it could be applied 

in what could be solved by LR to convert multiple constraints to a total constraint in other 

areas. In the future, the optimal goal is to investigate how to meet system load demand 

given as the installed capacity of new energy gradually increases. The simplified solution 

method provides a possible way to solve the cascaded hydropower system load balance 

problem efficiently. 
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Nomenclature 

Abbreviations 

ACO ant colony algorithm 

BD bundle method 

CP cutting plane method 

DC-CP dynamically constrained cutting plane method 

DP dynamic programming 

DPSA successive approximation of dynamic programming 

GA genetic algorithm 
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GD generation dispatch problem 

LP linear programming 

LR Lagrangian relaxation method 

NLP nonlinear programming 

POA progressive optimality algorithm 

PSO particle swarm optimization 

UC unit commitment problem 

Variables 

𝐸𝑆𝑚
𝑇  the storage energy of reservoir m at the end of scheduling term, 104 kWh 

𝑀 the number of reservoirs in the cascaded hydropower system 

𝐹 the end-of-term storage energy of cascaded hydropower system, 104 kWh 

𝑉𝑚
𝑇  the water storage of reservoir m at the end of the dispatching period T, m3 

𝜂
𝑚

 the mean rate of consumption of reservoir m, m3/kWh 

𝑊𝑇(𝑚) 
the water storage above the dead water level of all upstream reservoirs of 

reservoir m at the end of the dispatching term, m3 

𝑈𝑚 the direct upstream reservoirs array of reservoir m 

k the serial number of direct upstream reservoirs of reservoir m 

𝐾𝑚 the number of direct upstream reservoirs of reservoir m 

𝑉𝑈𝑚[𝑘]
𝑇  

the water storage of direct upstream reservoirs of kth reservoir at the end of 

period T, m3 

𝑊𝑇(𝑈𝑚[𝑘]) 
water storage above the dead water level of all direct upstream reservoirs of 

kth reservoir at the end of period T, m3 

t the scheduling period, 1 ≤ 𝑡 ≤ 𝑇 

𝑉𝑚
𝑡  the water storage of reservoir m in period t, m3 

𝑄
𝑚
𝑡  reservoir inflow of reservoir m in period t, m3/s 

𝑞
𝑚
𝑡  power discharge of reservoir m in period t, m3/s 

𝑑𝑚
𝑡  spill of reservoir m in period t, m3/s 

𝑟𝑚
𝑡  storage outflow of reservoir m in period t, m3/s 

𝑄𝑛
𝑚
𝑡  the interval inflow of reservoir m in period t, m3/s 

𝑍𝑚
𝑡  water level of reservoir m in period t, m 

𝑃𝑚
𝑡  power output of reservoir m in period t, MW 

𝜆 Lagrange multiplier 

Parameters 

p a parameter of aggregate function method, which is set to be 0.01 
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