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Abstract: Solid-state transformers (SSTs) are becoming an important solution to control active distri-
bution systems. Their significant flexibility in comparison with traditional magnetic transformers is
essential to ensure power quality and protection coordination at the distribution level in scenarios of
large penetration of distributed energy resources such as renewables, electric vehicles and energy
storage. However, the power electronic interface of SSTs decouples the nature of the inertial and
frequency responses of distribution loads, deteriorating the frequency stability, especially under the
integration of large-scale solar and wind power plants. Despite the virtual inertia/voltage sensitivity-
based algorithms that have been proposed, the frequency sensitivity of loads and the capability
of guaranteeing optimal control, considering the operating restrictions, have been overlooked. To
counteract this specific issue, this work proposes a predictive control-driven approach to provide SSTs
with frequency response actions by a strategy that harnesses the voltage and frequency sensibility
of distribution loads and considers the limitations of voltage and frequency given by grid codes
at distribution grids. In particular, the control strategy is centered in minimizing the NADIR of
frequency transients. Numerical results are attained employing an empirically-validated model of the
power system frequency dynamics and a dynamic model of distribution loads. Through proportional
frequency control, the results of the proposed algorithm are contrasted. It is demonstrated that the
NADIR improved about 0.1 Hz for 30% of SST penetration.

Keywords: solid-state transformer; predictive control; NADIR; frequency stability

1. Introduction

The fast increase in variable generation has imposed challenging problems in power
system operations. The low-to-zero inertia contribution of variable generation, its important
variability, and its poor frequency responsiveness have eroded power systems’ robustness
in terms of frequency stability [1,2]. As highlighted in [3,4], load contribution to inertial
and frequency responses of the system is important and is overlooked because of the size
of distribution loads, but it has been accounted for about 20% of the frequency response [5].

Load contribution to inertial and frequency responses can be limited if solid-state
transformers (SSTs) are implemented in distribution feeders. SSTs are conceptually a power
electronic-based transformer, which from a distribution feeder point of view, provide
several advantages compared to a standard passive transformer, such as: high power
density, active power factor correction, controlled bidirectional power-flow, voltage and fre-
quency regulation, active filtering, disturbance isolation, direct interconnection of different
frequency systems and the access to an LV DC-link [6,7].

However, the SSTs operation results in the decoupling of the influence of power sys-
tem voltage and frequency on distribution loads. In power grids with traditional magnetic
transformers, the voltage and frequency dynamics are reflected in loads, achieving inertial
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and frequency responses that contribute to frequency stability. Meanwhile, by incorpo-
rating a certain number of SSTs to the power grid, the supplied voltage and frequency
to loads are independent of those of the grid, preventing the occurrence of the inertial
and frequency responses. Thus, the SSTs’ integration, in principle, deteriorates the power
system frequency stability.

The aforementioned issues have been addressed in the literature by proposing syn-
thetic methods for supporting the frequency stability via SSTs. For instance, a hybrid
transformer with the capability of emulating virtual inertia is proposed in [8]; meanwhile
in [9], a method to support the primary frequency control by configuring the SST as a
virtual synchronous machine (VSM) is proposed. Both works introduce algorithms to
release the stored energy available at the DC-link of the back-to-back (B2B) converter, so
they do not take advantage of the dynamic responsiveness of loads. Other approaches to
deal with those problems are introduced in [10,11], where the authors present the support
for the primary frequency control by regulating the voltage-sensitive loads connected to
the SST. Another research tackling this issue presents a combination of virtual inertia and
voltage-sensitive load-based droop controllers applied over a hybrid AC/DC network [12].
However, the common factor for all previous proposals is to model the limitations of
voltage and frequency presented in grid codes by considering saturation effects, which
are not explicitly represented as constraints on the control algorithms, and by overlooking
stability issues well-described in the literature [13]. In addition, the performance of the
control action is not taken into account since the optimal criteria of control actions are
not analyzed.

In contrast with the state-of-the-art, this paper proposes a predictive control-based,
frequency-responsive algorithm for SSTs focused on minimizing the magnitude of NADIR,
which is defined as the lowest point during a frequency excursion. Minimizing NADIR
is a key step in avoiding the triggering of under-frequency load shedding under massive
penetration of renewable energies [14]. This is carried out by the voltage and frequency
regulation that SSTs provide to loads and can be defined as a control rule. In addition, the
control algorithm explicitly includes constraints to prevent grid code violations of voltage
and frequency, ensuring its compliance for any operating condition.

Thus, the highlights of the proposed predictive control-based frequency-responsive
algorithm can be summarized as follows:

• The algorithm minimizes the Nadir magnitude.
• The optimal solution considers the operational constraints regarding the tolerance

band of frequency and voltage.
• The frequency-sensitivity of loads is included in order to improve the load

contribution.

The proposed strategy is numerically evaluated using an empirically-validated model
and a reduced-order model that represents the power system frequency dynamics, together
with a dynamic model for all loads.

2. Dynamic Models
2.1. Frequency Response

In general, frequency studies for advance control purposes consider dynamic equiv-
alents derived from high-order power system models; this work particularly considers
the model presented in [15]. By means of synchrophasor data recorded after generation
contingencies occur, a system identification technique is used to gain a reduced-order
model that represents an actual frequency behavior of a power system. One modification
to the original model is the addition of a power input ∆Pload, which is associated with the
contribution of SSTs. The model is shown in Figure 1.
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Figure 1. Simplified model for the frequency dynamics adapted. Reproduced from [15], IEEE: 2012.

whose state-space representation is shown in (1):

∆ẋs = As∆xs + Bs∆PSST + Bs∆PL, (1)

where the changes in the state vector are denoted by ∆xs and the state matrix is symbolized
as As, and the input matrix is defined as Bs, such that

∆xs =

[
∆ f

∆PM

]
, As =

[
0 −1

TH
K f
Ta

−K f
Ta

(
1 + Tc

TH

) ], Bs =

[ 1
TH

K f Tc
TaTH

]
,

where,

∆ f : system frequency deviation (Hz),

∆PM : system governors power response (MW),

∆PL : system power imbalance (MW),

TH : system inertia (MWs/Hz),

∆PSST : frequency response from SST (MW),

Ta, Tc : model dynamic parameter (s), and

K f : governor droop of the system (MW/Hz).

The parameters of the model were identified with actual frequency behavior in [15]. A
frequency event in the Electric Reliability Council of Texas (ERCOT) in 26 January 2010 at
1:58 am was considered to perform an identification process to obtain the result in Figure 2
and the set of parameters in Table 1.

Figure 2. Comparison between the actual and identified systems. Reproduced from [15], IEEE: 2012.
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Table 1. Conditions and parameters for performing the system identification. Reproduced from [15],
IEEE: 2012.

Load Wind ∆P PSST TH Ta Tc K f

(MW) (MW) (MW) (MW) ( MWs
Hz ) (s) (s) ( MW

Hz )

27,280 798 2360 0 6130 3.9 1.2 5207

Thus, a reduced-order and empirically-validated model that represents frequency
dynamics is considered. Since this model does not differentiate the contribution of syn-
chronous load from total inertia and frequency response, this fact is addressed in the
following sections. Note that ∆PSST is meant to model the load response through an SST,
which is different from the natural response of the loads that remain connected through
magnetic transformers. This is also modeled in the following sections.

2.2. Load Dynamics

The load model has three cases to be modeled:

• Load is connected through a traditional transformer, maintaining its current dynamic
bond with the power system,

• Load is connected through an SST with no particular control, so all load frequency
response is suppressed, and

• Load is connected through an SST with dedicated frequency control, so load will
present some response to power system frequency.

An initial step is to represent the load contribution to inertial and frequency responses in
model (1) associated with loads synchronously connected through magnetic transformers.

2.2.1. Synchronously Connected Demand

As shown in model (1), TH represents the system’s overall synchronous inertia, in-
cluding loads and generators. The load inertia is expressed in terms of a percentage of
total system inertia TH , and the demand frequency response is normally measured with
a frequency droop that depends on the amount of load. For instance, it is estimated in
the UK that demand supplies about 20% of the system inertia [5] and varies by 2.5% per
Hertz [16]. Aiming to model load inertia and frequency response, proportional models are
proposed, as shown in (2) and (3), considering the values of Table 1.

THD = 6230× 20% = 1226 (MWs/Hz), (2)

K f D = 2.5%× 27, 280 = 682 (MW/Hz), (3)

where THD and K f D are the load contributions to inertia and frequency response, respec-
tively. Note that these numerical values are relative to the identified event in Figure 2 and
Table 1.

Intuitively, both contributions are reduced as the integration of SSTs increases due
to the dynamics decoupling (assuming no frequency control for SST). As a simplified
assumption, this paper considers that demand response changes proportional to the per
unit integration of SSTs, namely α, as shown in Equations (2) and (3).

THD = 1226(1− α), (4)

K f D = 682(1− α), (5)

α = 1 indicates that all feeders are implemented with SSTs, so THD = 0 (no inertial response
from loads). α = 0 indicates that no feeder is implemented with SSTs, so THD = 1226 (no
change from the base case in Figure 2). In this context, the total inertia and droop shown in
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Table 1 must be adapted in order to consider the electromagnetic decoupling produced by
the SSTs. Thus, the total inertia and droop become:

TH = 4984 + 1226(1− α), (6)

K f = 4525 + 682(1− α), (7)

This model overlooks the diverse nature of distribution feeders that can be industrial,
residential, commercial or a combination of them. In this sense, the integration of SSTs
can replace feeders of a particular nature, so the influence of that integration into the
overall behavior may not be linear. Thus, an accurate modeling of those aspects is left for
future work.

2.2.2. Synchronous Demand Connected through SST

As stated in (6) and (7), α is used to model the penetration level of SSTs for the case
when no synthetic frequency control is considered. Thereby, the SST-interfaced demand, as
mentioned above, cannot contribute naturally to frequency response due to the absence of
an electromagnetic coupling with the power system. Since there are synthetic methods to
support the frequency regulation from the SST-interfaced demand, a dynamic model of
loads is still necessary to assess the demand response due to SSTs supply frequency and
voltage, which in turn can be managed to obtain a desired behavior.

Despite the fact that several representations have been proposed, at the present
time there is no dynamic load standard model [17]. Nevertheless, as a load seen from a
distribution feeder is a combination of different static and dynamic devices, a model that
combines both components is usually considered. This model is known as a composite
load model.

In this paper, the constant impedance (Z), constant current (I), constant power (P),
and ZIP-Induction motor load model presented in [18] are used to represent the response
of loads connected through SSTs, where static and dynamic components are described by
a ZIP model (8) and third-order induction motor equivalent model in the rotor current
reference frame (9), respectively.

PZIP = PZIP0[p1(vSSTd
2 + vSSTq

2) + p2(vSSTd + vSSTq) + p3] (8)
didr
dt

=
ωbRsXm

Λ
ids −

ωbRrXss

Λ
idr −

ωbXm

Λ
vds −

ωrXmXss

Λ
iqs + (2π fSST −

ωrXssXrr

Λ
)iqr (9)

diqr

dt
=

ωrXssXm

Λ
ids − (2π fSST −

ωrXssXrr

Λ
)idr −

ωbXm

Λ
vqs +

ωbXmRs

Λ
iqs −

ωbRrXss

Λ
iqr

dωr

dt
=

Xm

2H
(idriqs − idsiqr)−

T0

2H
(

ωr

ωb
)

β

PIM = idsvSSTd + iqsvSSTq

Pload = PIM + PZIP

where the variables vSSTd and vSSTq stand for the direct and quadrature components of
the SST supplied voltage, idr and iqr correspond the direct and quadrature components of
load current, ωr denotes the equivalent motor speed, and fSST represents the frequency
supplied by the SST. Meanwhile, Pload symbolizes the overall active power response of the
modeled load, and the set of parameters Rs, Rr, Xs, Xm, Xr, H, β, ωr0, Pzip0, p1, p2, and p3
are described in Table 2, whose values are obtained in [18] through online measurement
data and identification in a 131/69 KV load substation in the Taiwan power system.

To simplify the demand response analysis, a linearized version of (9) over the opera-
tional point shown in Table 2 is described in (10).

∆ẋload = Aload∆xload + Bload∆uload,

∆Pload = Cload∆xload + Dload∆uload, (10)



Energies 2022, 15, 73 6 of 18

where ∆xload, Aload, ∆uload, Bload, Cload and Dload are respectively expressed by:

∆xload =

∆idr
∆iqr
∆ωr

; ∆uload =

∆vSSTd
∆vSSTq
∆ fSST

;

Aload =

 −33.99 1.87 3.77
−1.87 −33.99 0.41

−39, 419.10 −4275.82 −370.18

; Bload =

 −6.75 0.73 −3.75
−0.73 −6.75 −0.41
−289.75 −32.48 0.76

;

Cload =
[
−4673.91 506.11 0

]
; and Dload =

[
7299.38 2572.65 −2.54

]
.

Then, the per unit load dynamic behavior can be represented for frequency control
studies with the SSTs’ integration.

Table 2. Composite load model parameters. Reproduced from [18], IEEE: 2006.

Parameter Value Unit Description

Rs 0.1247 p.u. Static resistor
Rr 0.021 p.u. Rotor resistor
Xs 0.1056 p.u. Static reactance
Xm 1.046 p.u. Magnetizing reactance
Xr 0.1423 p.u. Rotor reactance
Λ 0.2743 p.u. Λ = XssXrr − Xm

2; Xss = Xs + Xm; Xrr = Xr + Xm
H 0.0043 p.u. Motor inertia
T0 11.120 p.u. Operational mechanical torque
β 28.888 p.u. Rotor speed-sensitivity of the mechanical torque

ωr0 359.935 rad/s Operational rotor angular speed
ωb 314.159 rad/s Base Angular Frequency

PZIP0 0.8650 p.u. Operational real power of ZIP model
p1 0.3631 p.u. Constant impedance coefficient
p2 0.4963 p.u. Constant current coefficient
p3 0.1406 p.u. Constant power coefficient

vds0 1 p.u. Operational supplied direct voltage
vqs0 0 p.u. Operational supplied quadrature voltage

2.3. Solid-State Transformer Model

This modeling is founded on the principles of the composite load model presented
above, since a synthetic response of the demand connected to SSTs may be obtained by
controlling the frequency ∆ fSST and voltage output (∆vSSTd and ∆vSSTq) of the SST in (10).
It is noteworthy that the control variables ∆ fSST , ∆vSSTd and ∆vSSTq can be set freely as
parameters of the SST, so the control action is, in principle, independent of the dynamics of
the B2B converter of the SST.

Since B2B power electronic converters normally rely on the DC link capacitor bank
voltage to control the power balance of the energy conversion. The power balance takes
advantage of the fact that, if the SST input power PSST is greater than the power absorbed
by load Pload, the per unit voltage of the capacitor bank vdc will increase, as shown in
Figure 3.
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−
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Figure 3. Schematic diagram of (a) a passive transformer with a back-to-back rectifier/inverter stage;
(b) SST.

For this study, a simple SST model consisting of a grid-side converter and a load-side
converter [19] is presented in Figure 3b. More complex power electronics SST topologies, as
depicted in Figure 3a, are left for future work. The DC-link power balance control regulates
retaining a constant DC-link voltage, which is associated with the dynamic described
by (11).

PSST − Pload = 2 C · vdc ·
dvdc
dt

, (11)

where C is the per unit capacitance of the DC link. It can be seen that the DC-link voltage
change ∆vdc tends to zero only when the change of power PSST − Pload also tends to zero.
Normally, the rate of change of voltage dvdc

dt is small, so vdc can be assumed constant for (11)
to be linear. To preserve the power balance, a proportional controller is used to manage
the input power PSST , aiming to match the power absorbed by the loads Pload, as shown in
Figure 4 (note that the plant to be controlled has a pole in the origin, so no integral control
is needed). The tuning of the proportional controller gain kp was performed through a pole
placement technique aiming to achieve a rising time of 0.01 seconds. The base quantities of
C and vdc were Cbase = 1000 µF and vdc−BASE = 400 Vdc, respectively, obtaining kp = 33.

∆vdcre f +−
kp

∆PSST

∆Pload

+
+ 1

2Cvdcs ∆vdc

Figure 4. DC-Link power balance control.

PSST is implemented by the power electronics converter through the grid side con-
verter in [20], where the rectifier’s active power transference is controlled by the rectifier
direct component current, which involves other dynamics at the level of the electric tran-
sients. However, those dynamics are significantly faster than that of the frequency control
under analysis in this work, so a detailed modeling of them is not necessary. Pload will rep-
resent the per unit power consumption of loads connected to the SST. Thus, the state-space
representation of the SST dynamics is shown in (12).

∆ẋSST = ASST∆xSST + BSST∆uload + BwSST ∆wSST ,

∆PSST = CSST∆xSST + DSST∆uload + DwSST ∆wSST , (12)
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where,

∆xSST = ∆vdc ASST = −
kp

CVdc
BSST =

kp

CVdc
BwSST = 1

CSST = −kp DSST = kp DwSST = CVdc

In this work, the load model is assumed as a lumped-load model representation that
groups the power system load dynamics. Thus, the total load is PL = 27,280 MW according
to Figure 2 and Table 1. Since the load model in (10) has a per unit representation, it can be
scaled up to represent physical units consistent with the study case.

Similar to the case of synchronous demand, the synthetic contribution of non-
synchronous demand depends on the degree of integration of SSTs defined by α. The
SST-connected load contribution will consider the α factor to determine the frequency
control contribution and be proportional to the degree of integration α. Then, (10) can be
rewritten to represent the scaling factor and the SSTs’ penetration, as shown in (13).

∆ẋload = Aload∆xload + Bload∆uload

∆Pload = 27280α(Cload∆xload + Dload∆uload)
(13)

Regarding the solid-state dynamics, the SST model embodies the collective response
of a certain number of SSTs associated with a set of distribution feeders.

2.4. Power System Dynamic Model with Coupled Dynamics

The interaction between SSTs’ dynamics, load dynamics and frequency dynamics
leads to a set of coupled dynamics. It is possible to claim this fact since (1), (10) and (12)
are linear systems that can be combined in a new linear system and can be interpreted as a
block diagram, as shown in Figure 5.

The whole set of power system dynamics can be re-written as:

∆ẋ = Am∆x + Bm∆u + Bw∆w

∆y = Cm∆x

∆x = [∆ f ∆Pm ∆idr ∆iqr ∆ωr ]
T

∆u = [∆vds ∆vqs ∆ω]T

∆w = ∆PL

∆y = ∆ f

(14)

∆xSST

∆xload
Controller

∆uload =

 ∆vds
∆vqs

∆ fSST


∆ẋload = Aload∆xload + Bload∆uload

∆Pload = Cload∆xload + Dload∆uload

∆Pload

∆PSST

∆ẋSST = ASST∆xSST + BSST∆uload + BwSST ∆wSST

∆PSST = CSST∆xSST + DSST∆uload

∆PL

ẋs = As∆xs + Bs∆u + Bw∆w

∆xS

Figure 5. Block diagram conceptualization of power system dynamics, including load, SST, and
frequency dynamics in (1)–(13).
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3. Control Proposal

A controller is proposed to regulate the power system dynamics associated with
SSTs and loads in the scheme in Figure 5. It will set the SST voltage ∆vSSTd, ∆vSSTq
and frequency ∆ fSST to loads aiming to gain a power response ∆PSST to restore the load
frequency response that is decoupled by the SST. To execute the control action, the controller
will have access to the state variables of the system involved in the phenomena, which will
allow considering an advance control technique. The control objectives have to consider
the following features:

• Minimize the NADIR of the power system, particularly after large generator outages,
over all feasible control actions;

• guarantee stability over all operating conditions; and
• guarantee that ∆vSSTd, ∆vSSTq and ∆ fSST comply with the limits that distribution grid

codes impose.

Among the advance control techniques that can address the needs described above, the
continuous-time model predictive control (MPC) is formulated. In particular, the technique
was chosen mainly because of its explicit way to include control action constraints, which
is useful in this case to add the tolerance band of voltage and frequency. Other advanced
stated-feedback control techniques, such as H2 and H∞, cannot easily integrate control
action constraints that must be aggregated to the optimization program within the solvers,
for example, via linear matrix inequalities. The MPC formulation allows a simple and direct
integration of such constraints, which is the main reason why this particular technique was
selected. Regarding a comparison with other studies, the paper compares the performance
of the proposed algorithm with a proportional controller. As no other similar techniques
for this application were found in the state-of-the-art, a proportional control was the closest
control technique to perform a comparison.

3.1. Continuous-Time Model Predictive Control

The MPC is an algorithm that computes the trajectory of the control action for the
output state to remain as close as possible to a desired reference, and it also optimizes
metrics of the state variables and the control actions. Among all techniques available in
the state-of-the-art, the continuous MPC using orthonormal functions proposed in [21,22]
is chosen to prevent the discretization of the state-space model with coupled dynamics
in (14). The algorithm is based on the principle that any arbitrary function f (t), 0 ≤ t < ∞
that satisfies the condition (15) can be approximated by using a finite set of orthonormal
functions (16), where ξi, {i = 1, 2, . . .} are coefficients li, {i = 1, 2, . . .} are orthonormal
functions and k is the number of orthonormal functions used.∫ ∞

0
f (t)2dt < ∞ (15)

f (t) ≈
k

∑
i=1

ξili(t) (16)

Considering the system (14) under analysis, the control action does not conceptually
fulfill condition (15) since the expected control action is supposed to obtain some droop
control from loads, which represents a sustained control action in the time scale of primary
control. Then, this sustained control action does not comply with this condition. To address
this difficulty, the control definition will consider the derivative of the control action u̇. To
guarantee stability, the control action will reach steady-state within the time scale under
analysis, so the derivative of the control action will tend to zero, fulfilling condition (15).
Thus, the derivative of the control signal is described by the orthonormal functions (17).

u̇ =
k

∑
i=1

ξili(t) (17)
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3.1.1. Laguerre Representation of the Control Actions

Despite the fact that there are several types of orthonormal functions that satisfy
the condition (18), the literature recommends the use of two of them: Laguerre or Kautz
functions [21,22].∫ ∞

0
li(t)

2dt = 1
∫ ∞

0
li(t)lj(t)dt = 0 (i 6= j) (18)

This paper considers the use of Laguerre functions as they have the advantage of
requiring the tuning of only one time scaling factor parameter p, which corresponds to the
pole of the Laguerre functions. The literature [21] indicates that this parameter should be
tuned until an adequate dynamic response is obtained.

li(t) =
√

2p
ept

(i− 1)!
di−1

dti−1 [t
i−1e−2t], i = 1, 2 , ... (19)

Let L(t) = [l1(t) l2(t) ... lk(t)]
T be the Laguerre functions vector and η = [ξ1 ξ2 ...ξk]

T

the coefficient vector; using these definitions, (17) becomes (20). In addition, it is shown
that a representation of the Laguerre functions vector can be obtained in (21), assuming the
initial condition L(0) =

√
2p[1 1 ... 1]T of the Laguerre functions vector.

u̇(t) = L(t)η (20)

L(t) = eAptL(0) (21)

Ap =


−p 0 · · · 0
−2p −p · · · 0

...
−2p · · · −2p −p


Thus, three control signals vSSTd , vSSTq and fSST can be represented by their Laguerre

equivalents.

3.1.2. Representation of Disturbance Derivative in the Continuous MPC Formulation

Note that the first derivative of the control signal does not appear explicitly in (14),
so an augmented state-space model is required. This is obtained through using auxiliary
variables as follows:

z = ẋs y = Csxs (22)

Then, one can define a new state variable vector x = [zT yT ]
T for the augmented

state-space model is derived in (23). Notice that this model employs the first derivative as
an input, whereas the output is the same as model (14).[

ż
ẏ

]
=

[
As 0T

Cs 0

]
︸ ︷︷ ︸

A

[
z
y

]
+

[
Bs
0

]
︸︷︷︸

B

u̇

y =
[
0 I

]︸ ︷︷ ︸
C

[
z
y

] (23)

If the state vector is available at the current time ti. Then at the future time τ, τ > 0,
the predictive state variable x(ti + τ) can be obtained by using the derivative of the signal
control computed in (17). The resulting equation is shown in (24). It is noteworthy that the
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predictive state variable must be computed at each sampling interval until the predictive
horizon Tp is completely covered.

x(ti + τ) = eAτx(ti) +

τ∫
0

eA(ti−γ)Bu̇(γ)dγ (24)

Replacing the derivative of the signal control by the expression (20), (24) becomes (25).

x(ti + τ) = eAτx(ti) + φ(τ)Tη (25)

φ =

τ∫
0

eA(ti−γ)BL(γ)dγ (26)

Once the predictive state variable is computed, the optimal control signal is deter-
mined by minimizing the objective function defined in (27), where r(ti + τ) denotes the
future desire reference and y(ti + τ) stands for the predicted output state defined in (28).
Matrices Q and R are weighted matrices of the predictive state output and the control
signals, respectively.

J =
∫ TP

0
(
[
r(ti + τ)− y(ti + τ)

]TQ
[
r(ti + τ)− y(ti + τ)

]
+ u̇(τ)T Ru̇) dτ (27)

y(ti + τ) = Cx(ti + τ) = C(eAτx(ti) + φ(τ)Tη) (28)

By introducing (20) in (27), then (29) is obtained. By taking advantage the orthonormal
property of the Laguerre functions defined in (18), (29) results in (30)

J =
∫ TP

0
(
[
r(ti + τ)− C(eAτx(ti) + φ(τ)Tη)

]T
Q
[
r(ti + τ)− C(eAτx(ti) + φ(τ)Tη)

]
dτ (29)

+
∫ TP

0
ηL(τ)RL(τ)η dτ

J =
∫ TP

0
(
[
r(ti + τ)− C(eAτx(ti) + φ(τ)Tη)

]T
Q
[
r(ti + τ)− C(eAτx(ti) + φ(τ)Tη)

]
dτ + ηRLη (30)

Now, defining the auxiliary variables (31) and (32), (30) becomes (33)

w(ti + τ) = r(ti + τ)− CeApτx(ti) (31)

φ(τ) = Cφ(τ) (32)

J =ηT(
∫ TP

0
φ(τ)Qφ(τ)T dτ + RL)η − 2ηT

∫ TP

0
φ(τ)QW(ti + τ) dτ (33)

+
∫ TP

0
W(ti + τ)TQW(ti + τ) dτ

Finally, defining (34)–(36), (33) becomes (37). Thus, the problem of minimizing the
objective function defined in (27) is essentially a quadratic programming problem, where
the decision variable is η. In this context, the problem can be algebraically solved to obtain
a constant control law in absence of any constrain. However, if constraints are added
to the problem (27), then the optimization problem must be numerically solved for each
predictive step τ.
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Ω =
∫ TP

0
φ(τ)Qφ(τ)T dτ + RL (34)

Ψ1 =
∫ TP

0
φ(τ)Q dτ (35)

Ψ2 =
∫ TP

0
φ(τ)QCeApτ dτ (36)

J = ηTΩη − 2ηT(Ψ1r(ti)−Ψ2x(ti)) (37)

In the particular case of this application, the control action must be constrained,
complying with grid code requirements. For instance, the National Grid Power System
(UK) establishes that the operational system frequency must be within a ±1 Hz around
the scheduled value [14] and the supplied voltage must be within a band of ±6% of its
nominal value [23]. Assuming that the low voltage-bus of the SST is roughly balanced, the
resulting q-component when the original Park and Clark transforms are applied is zero.
Then, the following constraints are added to (37).

−0.06 <∆vds (p.u.) < 0.06

∆vqs = 0 (p.u.)

−1 <∆ fSST (Hz) < 1

(38)

Note that the control signal constraints must be expressed as function of the deci-
sion variables η in order to solve the quadratic programming problem (37). This can be
computed through (39), where ∆t is the sampling time and Cu is defined by (40)

u(ti) = u(ti − ∆t) + Cuη (39)

Cu = L(0)∆t + L(τi)
T Ap

−T − L(0)T Ap
−T (40)

Thus, the constrains in (38) are reformulated as (41) and summarized in (42).

umin − u(ti − ∆t) ≤ Cuη ≤ umax − u(ti − ∆t) (41)

Aconstraintη < b (42)

Finally, the weighted matrices Q and R indicate the relevancy of the states and control
variables for the algorithm. In the case of the state variables, the objective is just centered in
minimizing the NADIR, thus matrix Q has just one coefficient different from zero related to
this variable (43). With respect to matrix R, it has to be positive semi-definite, a particular
value that showed satisfactory simulation results is enclosed in (43).

Q =



0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 1

 R =

0.1 0 0
0 1 0
0 0 0

 (43)

4. Simulation
4.1. Study Case

Aiming to assess the performance of the proposed continuous MPC-frequency feed-
back control depicted in Figure 6, a sudden disconnection of 2000 MW in the power system
is considered. This contingency was associated to the trip of a large nuclear power plant.

To evaluate the performance of the proposed control, the proposed control algorithm
will be compared with a simpler proportional control, as the one proposed in [24]. The idea
behind this comparison is to only feedback the frequency signal and to ensure that the grid
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code’s limits are not violated for the extreme conditions. Let vmax, vmin, fmax and fmin be
the maximum and minimum values of voltage and frequency, respectively, according to
the grid code specifications. Thereby, the proportional gains can be defined as follows:

up = [kv 0 k f ]
T∆ f , (44)

kv =
vmax − vmin
fmax − fmin

, (45)

k f = 1. (46)

where vmax =1.06 p.u., vmin = 0.94 p.u., fmax =51 Hz, fmin =49 Hz, kv = 0.075, k f = 1.
The voltage gain kv is chosen to vary the SST voltage no further than the grid code

limits for the maximum frequency deviation; the frequency proportional gain k f is chosen
to reflex the frequency in the transmission system.

After successive simulations, the resulting parameters p and k of the Laguerre fitting
are shown in Table 3. In this simulation, the prediction horizon TP was of 2000 steps for
time-steps of 0.01 seconds.

Table 3. Vector parameters of the Laguerre functions.

u̇
˙vSSTd ˙vSSTq

˙fSST

k p k p k p

6 0.6 6 0.6 6 0.6

Power System Loadv DC− Link

MPC

xS︷ ︸︸ ︷
MV − AC

AC

DC

xSST︷ ︸︸ ︷
DC− Link
PSST Pload

+

−
vdc

DC

AC

xload︷ ︸︸ ︷
LV − AC

LV − DC

∆uload =

 ∆vds
∆vqs

∆ fSST



Figure 6. Circuit diagram for the implementation proposed predictive control-based frequency-
responsive algorithm.

4.2. Simulation Results

Three scenarios of SSTs’ integration and three scenarios of SST’s control are investi-
gated to exhibit the performance of the proposal. These consider 10%, 20% and 30% of
integration. In terms of the SST control, the natural response of the system with no SST
integration (No feedback), the SST proportional control strategy (P-Feedback) and the pro-
posed SST control method (CMPC) will be displayed comparatively. Note that, regardless
of the SST penetration scenario, the “No feedback” response will always consider that the
system has no SST integration.

The simulation results are shown in Figures 7–10. In Figure 7, the frequency responses
are shown.

The CMPC response in Figure 7 is, overall, better than both the natural response
and the proportional control. In terms of ROCOF, the improvement is not significant,
meanwhile the improvement of the NADIR point is noticeable with about 1 dHz for a
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30% of SST penetration. This result is consistent with the objective of the control action in
minimizing the NADIR value.
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Figure 7. System frequency response under a power loss of 2 GW.

The load response is exhibited in Figure 8. The better NADIR response comes from a
larger contribution of loads to reestablish the power balance. It is important to note that
the SST control leads to a load response that is superior to the proportional control, which
emphasizes the optimality of the proposed approach that translates into a larger and faster
power response from loads.
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Figure 8. Load response under a 2GW power loss.

The output voltage of the SST is shown in Figure 9. For the “no feedback” case, the
voltage magnitude is left constant as no SST integration is considered in this particular
scenario. In the case of proportional control feedback, the voltage is proportional to the
frequency in the system. Meanwhile, in the incorporation of the CMPC-based controller,
the control action drives the voltage directly to the lower possible value within the grid
code limits, allowing a much faster and effective response.
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Figure 9. Supplied voltage under a 2GW power loss.
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The frequency output of the SST is depicted in Figure 10. For the “no feedback” case,
the magnitude is left constant as no SST integration is considered in this particular scenario.
For the case of proportional feedback, the frequency is just the frequency of the system. For
the case of CMPC, the control action drives the frequency directly to the lower possible
value within the grid code limits, allowing a much faster and effective response, analogous
to the voltage response. Note that Figure 10 shows the frequency that is supplied by the
SST to the feeder, different from the frequency that occurs in the transmission level within
the power system. This is consistent with the fact that the SST decouples the load-frequency
dynamics of distribution loads from that of the power system.
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Figure 10. SST supplied frequency under a 2GW power loss.

A comparative analysis of the ROCOF and NADIR values is summarized in Table 4.
The emphasis of the control on NADIR is evident as the most significant differences can be
associated with NADIR results.

Table 4. NADIR and ROCOF results.

Contingency (MW) Integration SST (%) Type NADIR (Hz) ROCOF (Hz/ks)

2000

No Feedback 59.40 282.63

10 P-Feedback 59.42 280.90

CMPC 59.43 270.35

No Feedback 59.39 288.13

20 P-Feedback 59.42 284.57

CMPC 59.45 261.85

No Feedback 59.38 293.86

30 P-Feedback 59.42 288.33

CMPC 59.47 253.15

Note that not always the optimal control action will be set to the largest possible
movement of SST voltage and frequency. As an example, Figure 11 shows the SST voltage
and frequency in the case of the CMPC for power imbalances of lower magnitude than the
initial case of 2000 MW, namely 50, 150 and 150 MW.

In Figure 11, the SST voltage is not set to a limit of 0.9 p.u. as in the initial case. This
situation is derived from the fact that a smaller contingency requires less power response
from loads to be controlled. A similar situation can be observed for the case of the SST
frequency. Conceptually, if a larger control action is executed in a fixed manner, the risk
of over-frequency events under small power imbalances is evident. The proposed control
adapts to the size of the contingency accordingly.
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Figure 11. Supplied voltage and frequency under different levels of contingency.

5. Conclusions and Future Works

This paper proposes a predictive control-based frequency response for SSTs. Through
simulated scenarios, it was shown that the proposed feedback control achieves higher levels
of load contribution due to its optimal formulation, increasing load response from 293 MW
in the base case at 30% of SSTs integration to 542 MW with the MPC-algorithm. This led
to less serious NADIR excursions, improving about 0.1 Hz for a 30% of SST penetration
with respect to the base case with no control. Additionally, the control algorithm explicitly
includes constraints of voltage and frequency commonly found in grid codes. Through
simulation results, it was demonstrated that those grid code specifications are satisfied.
This combination of features cannot be found in the literature of frequency responsive SSTs.

Despite the fact that the proposed control implicitly incorporates the grid code specifi-
cations related to the supplied frequency and voltage, future work is proposed to consider
ROCOF and voltage derivative constraints aiming to prevent the undesired trigger of
anti-island protections and other voltage protections that are common in distribution loads
and distributed generators. This representation would require new constraints on the
derivative of voltage and frequency.

Another future work consists of considering the distributed nature of SSTs, since the
proposed model considers an equivalent representation for SSTs and loads, while there
are multiple SSTs in every distribution feeder in actual systems. The proposed control
must be tested in a large number of cases to represent this variety of conditions to obtain
statistically-significant results.

Similarly, different approaches have taken advantage of the DC-link stored energy to
provide some synthetic responses, which may be integrated into the proposed control for
enhancing the SST frequency contribution.

Finally, the proposed study considers balanced conditions for loads. Future work is
proposed to adapt the formulation to represent unbalanced cases.
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