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Abstract: In this paper, we present a mathematical model to predict the evolution of rock permeability
depending on effective pressure during oil production. The model is based on the use of the results of
well testing data from wells operating in the oil fields of the Perm–Solikamsk region in the north of the
Volgo Ural oil and gas province. Dependences of the change in flow characteristics in the reservoir on
the effective pressure were established. We performed a comparative assessment using permeability
and effective pressure data that were normalized to dimensionless forms of k/ko and P/Po. The
factors and their influence on the nature of the change in permeability from the reservoir pressure
were determined. Depending on the type of rock, its composition, initial permeability, and bedding
conditions, we determined the limits of variation of the constants in empirical equations describing
the change in the permeability of rocks from the effective pressure. The mathematical model we
developed enables the prediction of the change in permeability of rocks during oil production from
reservoirs on the basis of reservoir properties such as initial permeability, initial reservoir pressure,
average bedding depth, net-to-gross ratio, and initial effective rock pressure.

Keywords: reservoir permeability evolution; effective pressure; pressure transient analysis;
stress-sensitive reservoir

1. Introduction

Permeability is an important property of various media [1,2]. Great attention is
given to permeability as a property of a medium by the oil and gas industry since it
characterizes how efficiently hydrocarbons are extracted. During hydrocarbon production
from stress-sensitive reservoirs, the flow properties of containing rocks may change [3].
One of the main reasons for the change in flow properties of a productive formation,
and in particular, permeability, is a change in reservoir pressure, which entails a change
in effective rock pressure (the difference between reservoir and lithostatic pressures) [4].
The investigation of the nature of the change in permeability with effective rock pressure
is mainly carried out under laboratory conditions. During experiments, a rock sample
(plug) is placed in a flooding rig and crimped with a cuff. The effective pressure is created
by the difference between the confining pressure and the pressure of the fluid pumped
through the plug. As a result of such experimental studies, many authors have revealed
the nonlinear nature (decrease) of rock permeability depending on the effective pressure.
A previous study [5] measured the permeability of sandstone samples with a diameter
of 2.5 cm on a Klinkenberg permeameter-porimeter unit and obtained an exponential
dependence of permeability on the effective rock pressure. As a result of studying the
permeability of Hopeman sandstone with a change in effective pressure, the authors
in [6] also obtained an exponential relationship. The exponential nature of the decrease in
volumetric permeability of the Clashach sandstone samples (composed of 90% of quartz
and 10% of feldspar) depending on the deformation and effective compressional pressure
was revealed in [7]. An exponential dependence of permeability on effective rock pressure
was also obtained in other previous experimental works [8–13].
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As a result of laboratory studies in [14], a power law dependence of the permeability
of sandstone and shale on the effective pressure was revealed. In [8], the change in the
permeability of the Adamswiller, Fontainebleau, Berea, Rothbach, and Boise sandstones,
with porosity ranging from 13.6% to 35% depending on the effective pressure, was mea-
sured according to a power function. In studies of limestone samples in [15,16], a power
law dependence of permeability on the effective crimp pressure was also obtained. It was
shown in [15] that with a decrease in effective pressure, permeability is not restored to
its original values. To a much greater extent, the change in effective pressure affects the
permeability of fractured clastic and carbonate reservoirs [17]. A power law dependence of
permeability on effective pressure was obtained in clastic fractured sandstone in [18]. In
the study of Xuzhou fractured mudstone samples with a diameter of 50 mm and a length
of 100 mm, the authors of [19], using an electro-hydraulic test system with servo control
MTS815.02, described the change in permeability from the effective pressure using the
power law. When studying the samples of fractured granite Westerly and Chelmsford
with porosity of up to 1.1%, the authors of [20] found a logarithmic dependence of rock
permeability on effective pressure. Another logarithmic dependence was obtained in [21]
when studying samples of low-permeability sandstone E-bei with a porosity of 2.4–10.9%.
In experimental studies [22] of dense sandstone with porosity from 1.7% to 6.1%, and shale
with porosity from 3.75% to 4.15%, it was found that with an increase in effective rock
pressure, permeability decreased logarithmically.

Examining the studies mentioned above shows that empirical methods are widely
used to model the change in the flow properties of rocks under the influence of effective
pressures. The essence of empirical methods is to find the coefficients of the known
equations. The following types of equations have been most widely used to describe the
change in permeability with a change in effective pressure [5–28]:

- Exponential:

k = koe−γ(P−Po), (1)

- Power law:

k = ko

(
P
Po

)−n
, (2)

- Logarithmic:

k = A + B·lnP, (3)

where k and ko are current and initial permeability, respectively; P and Po are current and
initial effective pressure, respectively; γ and n are indicators of power and exponential
functions characterizing the intensity of permeability reduction from pressure changes,
respectively; and A and B are constants.

Dimensionless permeability in Equation (1) enables the estimation of how many times
the flow characteristics change with a decrease or increase in reservoir pressure. However,
in this method, it is necessary to accurately know the values of the initial pressure and
permeability. Dimensionless permeability and pressure in (2) facilitate a comparison of
results from laboratory studies of rock samples and data from wells producing oil from
any reservoirs. Writing the equations of permeability versus the value of the applied load
in the form of Equation (3) facilitates the clear description of results from laboratory tests
when the permeability of the plug is determined in the initial period of creating a load
under conditions close to atmospheric.

Despite the fact that today laboratory studies on core samples are the main source
of data on the nature of change in rock permeability related to effective pressure, the
determined experimental dependence only characterizes a certain interval (interlayer) in
the payzone and the area in which a well (the origin of core material) is located. As a
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result, the accuracy of predicting changes in formation permeability during oil production
decreases.

To obtain the dependence of permeability on effective pressure that could characterize
a real productive formation and serve as a basis for predicting production dynamics, one
would require production data obtained during tests in wells in addition to laboratory data
on the core.

Previous approaches [29,30] used pressure build-up data for calibration with logging
data and to determine the true permeability of rock. In [31], the authors used a neural
network based on core and logging data from 254 wells, as well as analysis of 600 pressure
build-up curves, and forecasted rock permeability in the formation. With the help of such
approaches, it is possible to determine the formation permeability at the time of the study.
However, predicting the formation permeability after a certain period of time, during
which the reservoir has developed, requires further study.

The mathematical model presented in [32] is based on a modified power law model
and enables the prediction of the change in the permeability of the rock when the effective
pressure changes during hydrocarbon production. The model aimed to generate pressure
build-up curves on the basis of the results of the core study that could be adjusted for the
existing field data from well tests. However, this approach does not take into account the
heterogeneity of the reservoir parameters and can introduce inaccuracies in the result when
predicting permeability.

The authors in [33–37] also studied the change in fluid filtration in a reservoir as a
result of changes in effective pressure and permeability, as well as how this was related
with results of pressure build-ups. However, the study was also performed under ideal
reservoir conditions. Under real conditions, heterogeneities of the reservoir affect the
fluid flow. Therefore, to predict changes in permeability, in addition to using the known
equations, it is necessary to take into account the influence of reservoir properties such as
initial permeability, initial reservoir pressure, average bedding depth, net-to-gross ratio,
and initial effective rock pressure, among others. For these purposes, together with the
mentioned equations, it is worth using the correlation of the dependence of permeability
on the effective pressure to reservoir properties.

It is also worth noting that in works [29–37], as in many other works, the main
attention is paid to the study of changes in the pressure build-up curves of a stress-sensitive
formation. These studies show how permeability changes from pressure in situ and the
results of historical observations during production are not presented. There are few works
devoted to the study of how the formation permeability changes from the effective pressure
on the basis of results of well testing during production. Some information is contained
in the works [38,39], but there it is mentioned in passing without attempts to disclose the
mechanism, and even more so modeling. Therefore, in this paper, we propose a modified
method to predict changes in the permeability of rocks in relation to changes in effective
pressure during oil reservoir development. This problem is urgent for the oil fields of
the Perm–Solikamsk region, because new small fields are being developed in this area,
and during the initial period injection into the reservoir is not provided, which leads to
reservoir pressure decreases and decreases in the permeability of the reservoirs, causing
decreased well productivity and loss of oil. The late implementation of injection is due to
the fact that during design, predicting changes in permeability is carried out using core
studies, and as shown in [40], the results of these studies do not always correlate with real
phenomena occurring in the reservoir. To maintain the productivity of wells, earlier drilling
of injection wells is required, which requires additional assessment when designing a field
development. In this regard, a more accurate assessment of the change in permeability
with a decrease in reservoir pressure is required, which is what this work was devoted
to. We planned to use the results of well testing (pressure transient analysis) of a certain
stress-sensitive reservoir to formulate a mathematical model that could take into account
its reservoir properties and heterogeneities, describe the change in the permeability of the
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whole reservoir from the perspective of effective pressure changes, and predict the change
in permeability on stress-sensitive oil reservoirs with similar reservoir properties.

The rest of this paper is organized as follows: Section 2 describes the well testing data
from several stress-sensitive reservoirs. In Section 3, field data are used for an analysis
of the equations describing the nature of the change in permeability from the effective
pressure. Section 4 provides a mathematical model for predicting rock permeability from
effective pressure, and conclusions are provided in Section 5.

2. Field Well Testing Data

During hydrocarbon production, fluids flow from the formation to the well bottomhole.
At a relatively large distance from the well, oil or gas moves horizontally in parallel with a
uniform front throughout the homogeneous formation. Approaching the well bottomhole,
the formation fluid flow lines begin to thicken, and the fluid velocity increases. The area
around the well in which the greatest flow resistance occurs is called the bottomhole
formation zone (BHFZ). Pressure drawdown in BHFZ forms a cone of depression and is
described by a logarithmic law.

During hydrocarbon production, reservoir properties are subjected to various changes
due to reservoir pressure decreases, changes in phase permeabilities, clogging, loss of
organic and inorganic deposits, etc. The BHFZ is subjected to the greatest changes, which
can vary between deterioration in the cases described above, and improvement when
various well treatment technologies are implemented. Permeability of the formation far
from the well is not subjected to such significant changes and is mainly caused by changes
occurring in the formation such as rock deformation due to pressure decrease, gas release
from oil, and flooding front displacement. The permeability of the whole formation is
of greater interest since it ultimately determines the completeness of the extraction of
hydrocarbons from the reservoir. Usually, for the change in permeability from a reservoir
deformation to be assessed, the results of laboratory core studies are used; however, this
method has a number of disadvantages, the main ones including incomplete reflection of
reservoir heterogeneities and violation of the natural stress–strain state when extracting
core from the well. In this regard, in order for reliable information on the change in
reservoir permeability to be obtained, it is necessary to use well test data.

In this work, the dependence of permeability was determined on the basis of the
analysis of the results of field well tests on the wells that exploit fields belonging to the
Perm–Solikamsk region. Data from nine fields of the Perm–Solikamsk region were used in
this work. Oil reservoirs of the fields have the same geological age and are confined to the
deposits C1t, D3fm, C1bb, and C2b, and the occurrence depth is from 1700 to 2500 m. Within
the selected fields, these formations are lithologically similar. The formations’ properties
are shown in Table 1. We analyzed 2053 well tests carried out in the period from 1995
to 2018. Well tests through a string were carried out during the exploration period and
after a short period of well operation. The tests of flowing wells were carried out by the
methods of steady-state flow. The pressure and level build-up curves were recorded in the
non-flowing wells.

The data that were used for the analysis are the results of well tests carried out
immediately after well drilling, in the initial period of well operation, and after some time.
To identify the true dependence of permeability on effective pressure, we excluded factors
that also affect the permeability of the formation. These factors include a decrease in the
phase permeability of oil, as well as the fallout of organic and inorganic sediments in
the form of salts and paraffins. A decrease in phase permeability occurs when oil flows
together with another fluid such as gas or water. Gas in the formation can be presented in
a free state or can dissolved in oil. If the gas is in a free state in the form of a gas cap, then
the decrease in the pore pressure leads to gas penetration into the oil-saturated formation,
reducing oil permeability. If gas is fully dissolved in oil, the pore pressure decreases below
the bubble point, leading to gaseous release of oil. To exclude this factor, we needed to
select well test data where reservoir pressure did not fall below the bubble point pressure.
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Another factor that reduces oil permeability is the water saturation of the formation. In
this case, it is necessary to comply with the condition that the water cut should not exceed
5%, which means that the well must receive the same fluid as in the initial period of the
well operation.

Table 1. Reservoir properties of the considered Perm–Solikamsk region fields.

Reservoir C1t-D3fm C1bb C2b

Rock type carbonate fractured clastic porous carbonate fractured

Rock composition fine crystalline limestones mixed-grained sandstones,
siltstones, and mudstones fine-grained limestone

Porosity, % 7–12 14–18 9.7–16

Permeability, mkm2·10−3 9–117 239–522 17–111

Depth of the reservoir roof, m 2030–2400 2030–2350 1734–2104

Formation thickness, m 13–72 12.7–27 12.4–30.4

Initial reservoir pressure, MPa 20.9–25 19.8–24.4 19.8–24.4

Within one formation of a field, the geological conditions of bedding (permeability,
reservoir pressure, depth of occurrence) can vary significantly. For this factor to be taken
into account, it is necessary to use data on the relative change in permeability [41,42].
For the analysis, the data of permeability and effective pressures were normalized to
dimensionless forms of k/ko and P/Po, where ko is initial reservoir permeability; Po is initial
effective pressure; and k and P are permeability and effective pressure determined during
well testing, respectively.

The effective pressure (P) was calculated as the difference between overburden pres-
sure and reservoir pressure:

P = Pc − Pf (4)

Overburden (lithostatic) pressure (Pc) was calculated as the pressure exerted on the
formation due to the weight of the overlying rocks:

Pc = ρgh (5)

where the average density of overlying rocks is ρ ≈ 2500 kg/m3 and h is the depth of the
formation top.

Reservoir (pore) pressure Pf is the fluid pressure in the pores of the reservoir. It
is known that rocks with different porosities have different compressibility, and their
permeability changes in different ways [43,44]. For this factor to be taken into account, the
permeability and porosity of the formation in the vicinity of the wells under consideration
should be the same. Here, this issue was solved in one of two ways. First, the wells were
located in close proximity to each other, and therefore the properties of the formation
were approximately the same. Second, for wells that were not close to each other, it was
considered sufficient that the properties of the formation in the vicinity of the well were
approximately the same. The analysis used data from well tests that were located both
in close proximity to each other and in different parts of the field (see Figures 1 and 2).
Figure 1 shows that the wells from which the dependence of the permeability on the
effective pressure was obtained were located next to each other. This allowed us to conclude
that the reservoir properties for the wells under consideration were approximately the same.
The change in reservoir pressure occurred in the same way since the wells had a common
external supply boundary. Figure 2 shows the wells located at a considerable distance from
each other. The change in permeability during oil production for these wells was also the
same, as the reservoir properties for the wells under consideration were approximately the
same. This fact suggests that the location of the wells in the reservoir does not matter. The
most important conditions are that the reservoir properties in the vicinity of the wells are
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the same, the reservoir pressure during the period under consideration did not fall below
the bubble point pressure, and the water cut did not exceed 5%.
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data of well testing (a) and layout (b) of wells 357, 402, 485, and 487 at one of the Perm–Solikamsk region fields, formation
C1t-D3fm.

3. Analysis of Field Well Testing Data

By approximating the results of well tests in MATLAB software, we obtained the
dependence of permeability on the effective pressure (Figure 3). To establish the laws of
permeability variation, we built the curves with best fit (single and double exponential
fitted curves, single and double power law fitted curves, and single and double logarithm
fitted curves). On the basis of a graphical assessment of the probability of permeability
behavior, when the effective pressure changed the double exponential, we excluded double
power law and double logarithm fitted curves from further analysis, since in some cases
the curves of these equations contradicted generally accepted laws. For instance, Figure 4c
shows that the permeability increased as the relative effective pressure reduced, but in
Figure 4f it is shown that the permeability increased with the relative effective pressure.
Therefore, out of the best fitted curves, we only retained those that did not contradict
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the generally accepted laws of change in permeability from effective pressure, which are
described by the following equations:
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Exponential:
K
Ko

= A·exp
(
−γ· P

Po

)
(6)

Power:
K
Ko

= B·
(

P
Po

)−n
(7)
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Logarithmic:
K
Ko

= C + D·log
(

P
Po

)
(8)

where γ and n stand for indicators of exponential and power functions, respectively,
characterizing the intensity of permeability reduction from pressure changes, and A, B, C,
and D are constants.

The analysis of the results obtained showed that Equations (6)–(8) describe with
sufficient accuracy the dependence of permeability on effective pressure. However, since
the calculated coefficients and parameters of the equations are individual for each reservoir
and do not fully reflect the characteristics of the reservoirs and reservoir fluids, this method,
which is based on the processing of statistical data, cannot be used to predict changes in
permeability for analogous fields. Therefore, the purpose of this study was to find an exact
solution to Equations (6)–(8) by a reasonable selection of parameters and to formulate a
relevant mathematical model.

4. Model Formulation

In the analysis performed in Section 3, the values of coefficients and indicators in
Equations (6)–(8) characterizing the intensity of the change in permeability from the effec-
tive pressure were determined. As is shown in [43,44], the rate of permeability variation
is directly related to the pore size and permeability of the rock. To test this hypothesis,
we performed a comparative analysis of the calculated values of the constants and indi-
cators of Equations (6)–(8) for the oil reservoirs of the Perm–Solikamsk region fields on
the initial permeability. During the analysis, it was found that for C1bb clastic formations,
the dependence of the coefficients and indicators in Equations (6)–(8) on permeability is
described well, with a low dispersion (R2 reached 0.97) (Figure 5). For carbonate formations
C1t-D3fm and C2b, no clear dependence was obtained due to a high dispersion of values,
which is explained by the high heterogeneity of the carbonate rocks and the presence of
fractures [45] that are highly sensitive to changes in effective pressure, regardless of the
initial permeability. Due to the high heterogeneity of the C1t-D3fm and C2b formations of
the considered fields, a prediction of permeability variation may have low reliability [40].
Thus, further studies were carried out for C1bb clastic formations of the Perm–Solikamsk
region fields.
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Oil reservoirs are characterized not only by permeability, but also by a set of other
geological parameters that can affect the nature of the change in permeability caused by
effective pressure variation. To assess the degree of influence of reservoir parameters on
the sensitivity of reservoir permeability to effective pressure, we carried out a correlation
analysis of the coefficients in Equations (6)–(8) and reservoir properties. The results of the
analysis are given in Table 2.

Table 2. The results of the correlation analysis of C1bb reservoir properties and indicators of
Equations (6)–(8).

Equation Exponential (6) Power Law (7) Logarithmic (8)
Coefficient γ A n B C D

H 0.81 0.76 0.54 −0.55 0.68 −0.18
Ho 0.26 0.43 0.21 −0.15 0.42 0.16

Hнн −0.61 −0.53 −0.46 0.15 −0.81 −0.23
Kpor −0.57 −0.68 −0.62 −0.05 −0.86 −0.56
Kк −0.85 −0.93 −0.87 0.09 −0.91 −0.42

NTG 0.97 0.86 0.68 −0.53 0.84 −0.14
Kn −0.75 −0.49 −0.34 0.54 −0.71 0.29
Pfo 0.59 0.76 0.62 −0.1 0.75 0.4
µo 0.08 −0.22 −0.21 −0.31 −0.19 −0.59
ρo −0.22 −0.29 −0.15 0.08 −0.55 −0.28
ρн −0.08 −0.08 0.07 0.14 −0.37 −0.1
β 0.45 0.5 0.38 −0.07 0.77 0.38

Wax 0.19 −0.07 −0.05 −0.28 −0.1 −0.5
Psat 0.78 0.74 0.52 −0.46 0.84 −0.01

G 0.64 0.67 0.52 −0.2 0.88 0.3
µw −0.81 −0.71 −0.63 0.39 −0.51 0.19
ρw 0.14 0.33 0.22 −0.03 0.25 0.25
Po 0.7 0.49 0.29 −0.69 0.39 −0.57

Note: H—average depth of the formation; Ho—average total thickness of the formation; Hнн—average oil-
saturated thickness; Kpor—porosity; ko—initial permeability; NTG—net-to-gross ratio; Kn—average number
of permeable intervals in the section; Pfo—initial reservoir pressure; µo—oil viscosity in reservoir conditions;
ρo—density of oil in reservoir conditions; ρн—oil density in surface conditions; β—volumetric coefficient of oil;
Wax—paraffin content in oil; Psat—bubble point pressure; G—oil gas content; µw—viscosity of water in reservoir
conditions; ρw—density of water in reservoir conditions; Po—initial effective pressure.

The correlation analysis allowed us to establish a relationship between independent
variables characterizing the properties of the reservoir and the coefficients in the equations
describing the change in the permeability of rocks in relation to the effective pressure.
Table 2 shows that the coefficients of Equations (6)–(8) are influenced by the following
factors:

- Initial reservoir pressure;
- The average depth of the formation;
- Average oil-saturated thickness;
- Porosity;
- Initial permeability;
- Net-to-gross ratio;
- Average number of permeable intervals in the section;
- Oil gas saturation pressure;
- Initial effective pressure.

The correlation analysis enabled us to rapidly assess the degree of influence of inde-
pendent variables on each other. However, in the correlation analysis, parameters that only
have a statistical relationship may be mistakenly selected. Another important condition
affecting the accuracy of using correlation analysis is the availability of a sufficient number
of observations.

Since a number of dependent variables influence each other, we selected those vari-
ables that best described the conditions of productive layers but that were not duplicated:
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– Initial permeability;
– Initial reservoir pressure;
– The average depth of the formation;
– Net-to-gross ratio;
– Initial effective pressure;
– Average number of permeable intervals in the section.

In order to assess the influence of the properties of the C1bb formations of the Perm–
Solikamsk region fields on γ and A in Equation (6), we used a linear multiple regression
equation:

γ = b0 + b1x1 + b2x2 + . . . + bnxn (9)

where b0 . . . bn are the determined regression coefficients, and x1 . . . xn are factor signs.
In the linear regression equation, only statistically significant parameters should be

included to maintain reliability. The estimation and selection of parameters is usually
carried out according to the methods of mathematical statistics. The choice of parameters
in the regression Equation (9) in our work was carried out by assessing the influence of the
significance of the parameters using STATISTICA software. When choosing parameters
and their number, there are certain restrictions, including the number of observations. Due
to the fact that for statistical analysis we have a relatively small number of observations,
the maximum number of parameters in Equation (9) should be equal to three. Initially, we
chose six parameters describing the geological features of the reservoirs, but the regression
equation could include only three parameters. To assess the significance of the equations,
we compared criteria F, t, and p for various combinations of three independent parameters
of 20 non-repeating equations for all coefficients and exponents of Equations (6)–(8). The
results of the comparisons calculated for criteria F, t, and p for exponent γ of Equation (6)
are shown in Table 3, and the values of F, t, and p were 9.27, 3.18, and 0.05, respectively.

Table 3. Calculated values of the criteria F, t, and p of the regression equations for the exponent γ

Equation (6).

Set of Parameters R2 p Calculated F-Value Calculated Lower t Value

ko, Pfo, H 0.971 0.042 22.837 3.95
ko, Pfo, Po 0.961 0.057 16.562 0.21

ko, Pfo, NTG 0.962 0.058 16.537 0.10
ko, Pfo, Kn 0.857 0.207 3.997 0.51
Pfo, H, Po - - - -

Pfo, H, NTG 0.967 0.049 19.419 0.87
Pfo, H, Kn 0.832 0.242 3.294 0.42

H, Po, NTG 0.967 0.049 19.419 0.06
H, Po, Kn 0.832 0.242 3.294 0.41

Po, NTG, Kn 0.970 0.044 21.916 0.50
ko, H, Po 0.961 0.057 16.562 0.20

ko, H, NTG 0.972 0.042 22.731 0.04
ko, H, Kn 0.949 0.076 12.299 1.47

ko, Po, NTG 0.972 0.042 22.925 0.59
ko, Po, Kn 0.972 0.042 22.897 0.89

ko, NTG, Kn 0.972 0.042 22.790 0.08
Pfo, Po, NTG 0.967 0.049 19.419 0.06
Pfo, Po, Kn 0.832 0.242 3.294 0.84

Pfo, NTG, Kn 0.953 0.069 13.593 0.08
H, NTG, Kn 0.964 0.054 17.619 0.70

Statistically significant criteria are highlighted in bold.

It can be seen from Table 3 that all equations had a high R2 value. As a first approxima-
tion, we can say that all equations described the change in γ from the geological parameters
of the reservoir quite well. However, a more detailed analysis showed that not all equations
passed the test for the presence of a type I error (p < 0.05). Using the parameters Pfo, H, and
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Po, we did not obtain the regression equation, since these parameters are interdependent—
the effective pressure is determined as the difference between the rock pressure and the
pore pressure. Additionally, the values of F and t of the criteria were compared with the
table values, and as a result, it was found that only one equation with parameters ko, Pfo,
and H was statistically significant and could be used as a model to predict the exponent γ
of Equation (6). Other coefficients and exponents of Equations (6)–(8) were estimated in a
similar way.

As a result of the analysis, we found that the variation of γ in Equation (6) was best
described by initial permeability (ko), initial reservoir pressure (Pfo), and average depth of
the formation (H):

γ = b0 + b1Pf o + b2H + b3ko (10)

The value of the coefficient A in Equation (6) was best described by initial effective
pressure (Po), net-to-gross ratio (NTG), and average number of permeable intervals in the
section (Kn):

A = b0 + b1Po + b2NTG + b3Kn (11)

The reliability of Equations (10) and (11) and the number of parameters with which
there is a statistical relationship between the values of γ and A in Equation (6) was deter-
mined by F-test and Student’s t-test (a = 0.05, R2 = 0.96–0.974). The values of coefficients b1,
b2, b3, and b0 were also calculated.

On the basis of the regression analysis and Equations (10) and (11), we established
that the change in the relative permeability of the C1bb formations of the Perm–Solikamsk
region fields was influenced only by the properties of the reservoirs. These were described
by the factorial signs x1 . . . xn in Equation (10), characterizing the bedding conditions, and
the reservoir heterogeneity in Equation (11). An influence of the properties of formation
fluids on variation of relative permeability from the relative effective pressure was not
found. This can be explained by the similar properties of oil and water in the Perm–
Solikamsk oil fields.

Linear equations of multiple regressions for describing the influence of the properties
of clastic formations C1bb on the coefficients B and n, and C and D in Equations (7) and (8)
did not pass the F-test and Student’s t-test and therefore could not be used to describe the
change in permeability in relation to effective pressure.

Thus, the mathematical model of change in the permeability of the C1bb formations
of the Perm–Solikamsk region fields with permeability ranging from 250 to 420 mD and
a formation depth of 2030–2272 m was based on the use of the exponential Equation (6),
since it had the lowest average deviation and satisfied the F-test and Student’s t-test:

K
Ko

= A·exp
(
−γ· P

Po

)
;

·
γ = −1.979 − 0.396Pf + 0.009H − 15.231ko;

·
A = 138.4 − 33.7Po + 1456.8NTG + 36.1Kn.

(12)

Adjust coefficients in model (12) may vary from 0.009 to 1456.8. It is known from
mathematical statistics that the size of the coefficient does not determine the significance
of the parameter in the regression equation, but depends only on the dimension of the
parameter; for example, the coefficient 0.009 belongs to the parameter H, which in our
conditions can vary from 2030 to 2272 m, respectively, and the multiplication of 0.009 H
changes from 18.27 to 20.448. Moreover, the small values of adjust coefficients in model (12)
may be due to the fact that the curves of permeability versus effective pressure for C1bb
formations have approximately the same slope Figure 3a–g.

The verification of the exponential model on the basis of the empirical data showed
a high convergence of the calculated parameters and the results of field well testing
(Figure 5).
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The resulting model (12) made it possible to assess the degree of reduction in reservoir
permeability. This is especially important when designing further developments in the
Perm–Solikamsk oil fields, since all new fields of the Perm–Solikamsk region are being
naturally produced with a significant reduction in reservoir pressure at initial production
period. As shown in this work, with such oil production, there is an intense decrease in
the permeability of the reservoirs, which leads to a decrease in well productivity and oil
loss. Therefore, predicting changes in reservoir permeability will allow the revision of
existing approaches to the development of C1bb formations of the Perm–Solikamsk region
oil fields, contributing to a more thorough assessment of the need to implement injection
wells. Another advantage of the proposed model is that for changes in permeability C1bb
formations of the Perm–Solikamsk region fields to be predicted, there is no need to conduct
core and field well tests, which are costly and time-consuming.

5. Conclusions

During hydrocarbon production, the permeability of reservoirs varies due to a de-
crease in reservoir pressure and an increase in effective pressure. Laboratory core studies
are typically used to assess the variation in permeability from a reservoir deformation.
However, this method has a number of disadvantages, the main ones being the incomplete
reflection of reservoir heterogeneities and violation of the natural stress–strain state when
extracting core from the well. In this regard, for reliable information regarding the change
in reservoir permeability to be obtained, it is necessary to use test data from wells.

For this analysis, we used data from field well tests carried out at three time periods:
immediately after drilling the well, during the initial period of its operation, and after
some time. To reveal the true dependence of permeability on effective pressure, we
selected field well test data according to the following criteria: the reservoir pressure
did not fall below the bubble point pressure and the water cut did not exceed 5%. For a
comparative assessment of permeability and effective pressure, we normalized variables to
dimensionless forms of k/ko and P/Po.

Analysis of the results of 2053 field well tests of the Perm–Solikamsk region fields
allowed us to establish the dependence of the change in permeability on effective pressure.
It was found that the change in permeability with a change in effective pressure was best
described by exponential, power law, and logarithmic equations. For the equations of the
dependence of permeability on effective pressure, we calculated coefficients and exponents.
The analysis of coefficients and exponents were analyzed using linear regression, and
results showed that the change in relative permeability of the C1bb formations of the
Perm–Solikamsk region fields was influenced only by the properties that characterize
the conditions of bedding of the formations and their heterogeneity. An influence of the
formation fluid’s properties on the change in the relative permeability from the effective
pressure was not found. This can be explained by the similar properties of oil and water
of the considered productive formations. Thus, a mathematical model of the variation of
permeability of the C1bb reservoirs of the Perm–Solikamsk region fields with a permeability
ranging from 250 to 420 mD and a depth of 2030–2272 m was obtained on the basis of the
use of an exponential equation.
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Abbreviations

P effective pressure, MPa
Po initial effective pressure, MPa
Pc overburden (lithostatic) pressure, MPa
Pf pore fluid pressure, MPa
k permeability, mD
ko initial permeability, mD
A coefficient of exponential equation
γ exponent of exponential equation
B coefficient in power law equation
n exponent in power law equation
C coefficient in logarithmic equation
D coefficient in logarithmic equation
H average depth of the formation
Ho average total thickness of the formation
Hнн average oil-saturated thickness
Kpor porosity
ko initial permeability
NTG net-to-gross ratio
Kn average number of permeable intervals in the section
Pfo initial reservoir pressure
µo viscosity in reservoir conditions
ρo density of oil in reservoir conditions
ρн oil density in surface conditions
β volumetric coefficient of oil
Wax the paraffin content in oil
Psat oil gas saturation pressure
G oil gas ratio
µw the viscosity of water in reservoir conditions
ρw density of water in reservoir conditions
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