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Abstract: Thin-film organic solar cell (OSC) performances have been investigated in detail by im-
proved analytical computation in this work. The generation of excitons inside OSC has been estimated
by using the optical transfer matrix method (OTMM) to include the optical phenomena of the incident
light. The dissociation of these excitons into free charge carriers has been investigated to find the
most appropriate one. OSC performances have been evaluated by an improved analytical solution of
electrical transport equations including (i) exciton generation obtained from OTMM, (ii) dissociation
probability incorporating Gaussian distribution to account for the natural fact of the difference in
photon-energy producing excitons, (iii) recombination of charge carriers, all together. OSC properties
such as Jsc, Voc, FE, PCE, Pnay, absorbance, and quantum efficiency have been investigated with the
variation of different parameters; this might be useful to improve OSC. Again, the presented detailed
derivations of analytical expressions would be helpful for clear understanding.

Keywords: properties of organic solar cell; analytical computation; electric transport equation; optical
transfer matrix method; detailed analytical derivations; appropriate dissociation probability

1. Introduction

An organic solar cell (OSC) looks like a good candidate for harvesting solar energy
because it has some advantageous features compared to its counterpart conventional Si
solar cells [1-3]. OSCs are basically made of layers of different materials; one layer is
photoactive which consists of two organic materials such that one organic material (usually
conjugated polymer) has the property to donate electrons and another organic material
(usually fullerene) has the property to accept electrons, i.e., donor and acceptor. Due to
light absorption in the photoactive layer, excitons (firmly bounded electron-hole-pairs)
are generated. Then these excitons are dissociated into free charge carriers (electrons
and holes). Dissociation occurs when excitons interact with donor-acceptor interfaces,
defects, etc.; donor-acceptor interface has an internal electric field like a pn junction diode;
therefore, this interface is the most effective site for dissociation. A bi-layered OSC has
only one donor-acceptor interface; only the excitons, generated very near to this single
interface, can reach the interface and be dissociated. However, for bulk hetero-junction
(BHJ) OSC, the active layer is made of a mixer of donor and acceptor materials, lots of
donor-acceptor interfaces, hence almost all generated excitons can get nearby interface and
can be dissociated. As a result, BH] OSC is more efficient than bi-layered OSC; therefore,
many people [4-6] are working with BH] OSC for its improvement. Some researchers [7]
reported BHJ OSC with the internal quantum efficiency of 100%; but the useful external
efficiency is only 10%.

For the further improvement of BHJ OSC, works regarding the structure and/or layer
materials are required. The theoretical analysis (physics-based /simulation) can help in this
regard. Some theoretical works have been done by numerical methods [8-11] and some
other works have been done with analytical calculations [12-14].
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Although few numerical methods are robust regarding initial guesses, for most of
the numerical methods it is observed that they are complicated and highly dependent
on an initial guess, whereas, analytical calculation provides more correct results directly
without the need for an initial guess. In this work, BH] OSC will be investigated using
analytical calculations. The accuracy of the analytical result depends on the way of treating
the generation of excitons, dissociation of excitons into charge carriers, and recombination
of charge carriers.

Regarding the use of generation rate in analytical calculations, some researchers [12]
utilized empirical fitting quantities; some other group [14] used constant generation rate for
making analytical calculations easier. However, for a thin layered device like OSC, constant
generation rate approximation is not suitable, because due to thin layer, the incident light
will not be reduced to zero while passing a layer, and hence it will be reflected and refracted
at the interface with next layer, then there will be interference between incident-light and
reflected-light, hence, the resultant light intensity will be different at different positions. As
a result, the excitons will be different at different positions, i.e., excitons will be position
dependent. Many researchers used exciton generation rate exponentially decreasing with
position (Beer-Lambert law), but this neglects the impacts of optical phenomena (refraction,
reflection, and interference). However, for the thin layered device, the effects of optical
phenomena cannot be ignored, hence exponentially decreasing generation rate model
would not be suitable also. Again, depending on the bandgap size of active layer material,
photons with some wavelengths will be absorbed effectively, some other wavelengths will
not be so effective, that is, the exciton generation will also depend on wavelength. The
Optical Transfer Matrix Method (OTMM) considers the effects of optical phenomena and
wavelength-dependent properties of layer materials, hence OTMM provides the generation
rate as the function of both position and wavelength [3,11,15,16]. Therefore, the OTMM-
based generation rate is most suitable for thin layered OSC and hence it has been used in
this work for a more accurate result.

Regarding recombination, we see that many analytical works [14,17-19] neglected
recombination; but recombination is a vital factor as it affects current and other perfor-
mances [20]. Some analytical works considered recombination, but they used generation
rate either constant [21] or exponentially decreasing [22]; however, as stated earlier, the
constant or exponential model is not as accurate as the OTMM-based generation rate for
the thin layered device. Some other works [18,19] used OTMM based generation rate but
neglected recombination.

Another factor is the dissociation rate function used for calculating dissociation prob-
ability for computing charge carriers from the excitons. Based on Onsager’s theory [23],
Braun introduced the dissociation rate function [24]. Previous researchers [8,11] used the
Braun model, and recently, people [21,25] are using the Wojcik and Tachiya model which is
an improved version of the Braun model. Both models used constant (same) separation
distance between electron and hole for all excitons. However, naturally, for any device, the
electron-hole-separation distances will be different for different excitons because of the dif-
ference in photon-energy producing excitons. To address this fact, a standard distribution
function may be applied along with Braun or Wojcik model.

To the best of my knowledge, in literature, no analytical work on OSC considered (i)
OTMM-based exciton, (ii) dissociation probability including standard distribution function,
(iii) recombination of charge carriers, all together. While including all these three factors
together, the analytical solution becomes complicated, however, it is assumed necessary
to get a better result. Again, most of the reported works usually calculate J-V, P-V, effi-
ciency for a fixed condition; there are few works on the investigation with the variety of
different factors, especially, no investigation work used above factors altogether. Moreover,
almost all reported analytical works presented the final form of analytical expressions, no
details about the derivation, in that case, it does not become clear about the limitations or
assumptions used in the derivation.
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To fill the aforementioned deficits in literature, this work has been done with the fol-
lowing targets. Target 1: Improved analytical calculations of OSC performances including
the following three factors all together: (i) exciton generation rate obtained from OTMM to
include optical phenomena, (ii) dissociation probability obtained by incorporating Gaus-
sian distribution to consider the natural fact of the difference in electron-hole-separation
distances, (iii) recombination of charge carriers. Target 2: Analysis of different OSC proper-
ties in detail with the variation of terminal voltage, irradiance, wavelength, active layer
thickness using the above-mentioned improved analytical calculation. Target 3: The de-
tailed derivations of analytical expressions with a view to making the work clear regarding
limitations and assumptions and easy understanding for the OSC researchers, especially,
for the new ones.

2. Excitons

When light falls on thin-layered OSC, excitons are generated by photons inside the
photo-active layer (organic material). The distribution of light (hence the distribution of ex-
citons) inside the active layer may be obtained by using the Optical Transfer Matrix Method
(OTMM). Many works used OTMM-based equations. However, detailed derivation of
OTMM-based equations is being presented here for better understanding.

Let us consider m layer (thin) device sandwiched between air and substrate (thick) as

shown in Figure 1. The air is designated as 0" layer and the substrate as (m + 1)”’ layer.

m layer system ((S5)
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Figure 1. Thin-layered device consisting of m layers of different materials. The device is situated
between air and substrate.

According to OTMM, while light crosses the interface of layer 0 and layer 1, the
refraction and reflection behavior of light may be expressed by an interface matrix (Iy; ),
for perpendicular light falling, as follows [11].

Ipy = [ (o +111) /210 - (1o =) /2Io } (1)
(o —11) /210 (7o +11) /210

where, 779 and 7j; are complex refractive indices of layer 0 and layer 1.
Again, according to OTMM, while light passes through layer 1, the absorption behav-
ior of light may be expressed by a layered matrix (L), for perpendicular light falling, as

follows [11].
L= exp(—iidy) 0 o)
' 0 exp(i¢1dy)
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where, 1 = (27171 /A); d1 = thickness of layer 1; {1d; = change of phase angle as the light
passes through the layer 1.

Similarly, calculating all interface matrices and layer matrices, for the whole structure,
a scattering matrix (transfer matrix) S may be formed as follows.

S - 101L1112L2 ...... I(mfl)mLmlm(mﬁ»l) (3)

At any position inside the device, the optical electric field (E) has two components: E™
(forward component along positive x) and E~ (backward component along negative x) as
shown in Figure 1.

The components of E inside 0 layer may be related to those inside (m + 1)”1 layer
via the S matrix as follows.

B -s[en]-la sl e @
E, Em+1 521 S Em+1

As the substrate is thick, no reflected light inside substrate, i.e., E = 0. Using
E, .1 = 0in the above equation, we may get, Ey = SllE:gH and E, = 521E$+1. Now for

whole system, we may get reflection coefficient, r = E; / EO+ = S531/571 and transmission
coefficients, t = E;H/Ear =1/511.

To determine the distribution of light (hence distribution of excitons) inside the active
layer (j' layer), we need to treat the active layer matrix (Lj) separately. Therefore, the S
matrix may be divided into three segments such that § = S'L;S".

S/ = Sub matrix before L] = 101L1112L2 ...... L(]—l)I(]—l)] (5)

§" = Sub matrix after L; = Liy1Ligy - - LinLyy(ms1) (6)

Like the whole system (S), reflection and transmission coefficients for subsystems (S’
and S”) may be defined as ¥’ = S5, /S|;; ' =1/S}; 1" = S5, /S{;; " =1/,

Assuming the left edge of the j* layer is x = 0, the optical electric field Ej(x) ata
position x inside the j* layer can be written as

Ej(x) = Ef (x) + E; (x) @)

If we assume E]-J” and E;’ as the forward and backward field components at the

beginning of j layer (Figure 1), then we get Equation (8) (see Appendix A).
Ej(x) = Eexp(igjx) + E; "exp(—igjx) 8)

If we define an internal forward transfer coefficient (tj+) as t‘j+ = Ej+’ / EO+ then we get
Equation (9) (see Appendix B).

Ej(x) = t;rEO+ lexp(iGjx) + 1" exp{i;(2d; — x) }] )
The value of t;r may be found by the Equation (10) (see Appendix C).
" . -1
th=E"/Ey = [Si1 + Sipr"exp(i2¢;d;)] (10)
As 1" (= S,,/S],) is a complex term, it can be expressed in polar form as r" =
p"exp(id” ) where p” and ¢” are the magnitude and angle of . By putting r’ = p"exp(ié")

and ¢; = 27t7j;/ A in Equation (9), we get

Ei(x) = t;rEar lexp (i27tifjx /A) + p"exp(i6" Yexp{i2rij;(2d; — x) /A }] (11)
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Putting 77; = #; + ix; in Equation (11) and algebraic manipulation gives the Equation
(12) (see Appendix D).

’Ej(x)]2 = ‘t;’ﬁE(ﬂz lexp(—ajx) + Lexp(ajx) + Mcos(N — Rx)] (12)

where, a; = 471x;/A; L = p"?exp(—2a;d;); M = 2p"exp(—ajd;); N = (4mnidi/A +6");
R = 47r17j/)t.

Note that, a; is the absorption coefficient (unit: m’l).

Assigning, H(x) = [exp(—«;x) + Lexp(a;jx) + Mcos(N — Rx)| we may write Equa-
tion (12) as

2 242
Ei()* = || B 1P Hex) (13)
Irradiance (I) may be expressed as, [ = (1/ 2)ceE2, where c = light speed, € = €€,
= electric permittivity, €44 = vacuum permittivity, e, = relative permittivity or dielectric
constant, E = electric field (see Appendix E).
Accordingly, the irradiance at position x in j layer is,

Ii(x) = (1/2)cjej| Ej(x)|* = (1/2)cjsj’t;r’2|E6r|2 H(x) (14)

Using the relation between refractive index and electric permittivity, [;(x) may be
expressed by Equation (15) (see Appendix F).

5i(x) = (n/m0) |t (zlo H(x) (15)

If the irradiance I;(x) (unit: Wm™2 or Js~'m~2) is multiplied with absorption coeffi-
cient a; (unit: m ™), it will give the power dissipated per unit volume as Q;(x) = &;;(x)
(unit: Js~'m~2). We know, photon energy = hv = (hc/A) (unit: J); where & = Planck’s
constant. If we divide Q;(x) by photon energy, we will obtain absorbed photon rate per
unit volume (AP,,;) (unit: s~ 'm~3) as

APy = KlH(x) (16)

2
K; = (A/hc)a](ﬂ]/ﬂo)‘t;r) Iy (17)

Like many other researchers [11], it may be assumed that each photon produces
one exciton in P3HT: PCBM based OSC. Therefore, the exciton generation rate per unit
volume, Gy (unit: s~ 'm~3) would be equal to AP,,.

Gexc(x) = K1H(x) (18)

3. Charge Carriers

Excitons are dissociated into free charge carriers (electrons and holes). To calculate
these free charge carries, we need to use dissociation probability. Geminate recombination
theory of Onsager [23,26,27] may be employed to calculate dissociation probability.

Braun [24] tried to correct Onsager’s theory using a model as follows: any exciton
may decay to ground state (recombine) or dissociate into free charge carriers; if the decay
rate is k¢ and the dissociation rate is ks then dissociation probability (P) is,

o kdiss(rO)
F= Kaiss (ro) + k¢ (7o) (19

The decay rate (k f) is inversely proportional to separation distance (rg) between
electron and hole of an exciton, that is, k = S;/ro, where S, is the reactivity parameter
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(unit: ms~1). The electric field (F) plays the main role in dissociation, that is, ks = f(F).
Using the work of Onsager [28], Braun introduced a formula of k;¢; including the effect of
F as follows.

ks prn10) = ey~ )h(ZE) 20)
diss_Braun\10 47T78 kgT V=2b

]1(2@) Lips 2 P 21

= (o) “

Here, v = q(yn + 1p) /€ = recombination rate constant; g = electronic charge value;
pn (1p) = electron (hole) mobility (unit: m?V~1s™1); U, = ¢*/ (47ery) = binding energy
of electron-hole-pair of an exciton; kg = Boltzmann’s constant; T = temperature in Kelvin;
J1 = first-order Bessel function of the first kind; b = ¢°|F|/ (87ek3 T?) = field parameter;
F = electric field (unit: Vm™1).

Many researchers [8,11,29,30] used Braun’s formula of k;ss to calculate dissociation
probability. However, for better results, Wojcik et al. [21,26] proposed a modified formula
of kjiss as given below.

Dr, h(2v=25)
Kaiss_wojeik(fo) = —z-exp| — w) %

0
where, D = Dy + Dp; Dy = kgTun/q = electron diffusion coefficient (unit: m?s~1);
D, = kgTup/q = hole diffusion coefficient; r. = g%/ (4mekpT) = Onsager radius.
Braun or Wojcik formula used constant value for separation distance [21,24-26]. How-
ever, separation distances (r) are different, therefore, the probability (P) may be calculated
by Equation (23) (see Appendix G).

(22)

kdlss
P~ [ +kf< Kao(1) ks >

where, f(r) is spherically averaged Gaussian distribution (SAGD) function given by

f(r) = ——12exp(=r*/12) (24)

\f N
where, 1, = separation distance corresponding to peak of SAGD function.

Note that, [~ f(r)dr = 1.

After getting P, charge carrier generation rate, G (unit: s"'m~3) can be found as

G(x) = PGexc(x) = KH(x) (25)
where K = PKj.

4. Device Structure

The organic solar cell (OSC) analyzed in this work is a layered device as shown
in Figure 2a. The energy levels of layer materials, shown in Figure 2b, are taken from
previous works [3,7,11,31-35]. Usually, the energy band diagram shows the electron energy,
therefore, all energy levels are shown with a negative sign (negative charge energy).

Naturally, low energy states are easily filled with electrons and higher energy states
remain vacant. The conduction band is the lowest energy level(s) among the vacant states
and the valence band is the highest energy level(s) among the filled states. Semiconductor
behaviors are explained with a conduction band and valence band separated by an energy
gap. Similarly, organic materials (P3HT, PCBM) behavior may be explained with LUMO
(lowest unoccupied molecular orbital) and HOMO (highest occupied molecular orbital)
separated by an energy gap. The mixer of P3HT and PCBM is the active layer where
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photons are absorbed. Active layer may be thought of as a single meta-material considering
PCBM_LUMO like conduction band and P3HT_HOMO like valence band [9,10,12,14];
bandgap = (PCBM_LUMO-P3HT_HOMO) =1 eV.

1 0 dj

Y=

",'é} N
g -
f T _
L
= r =
= w g
2 g
- r T
s o
o —
+ P-— 'LJ;—I- _
(Here, d; = active layer thickness)
b
ITO | PEDOT-PSS |  P3HT i PCBM | Al
! azev /1Y !
| S |
i :P}l\_lﬁ ' LUMO I
! 426V E/u’_\
! T Ec
-4.7eVi w:{i
Doos1ev ||
W, T En  pats

—=x
+— Int. Field —
—

Figure 2. P3HT: PCBM-based Organic Solar Cell: (a) structure, (b) energy band diagram.

After absorbing photons, excitons are generated; for some excitons, electrons, and
holes are recombined; for other excitons, electrons and holes are separated and become
free. Then free electrons move from P3HT LUMO to PCBM_LUMO and free holes move
from PCBM_HOMO to P3HT_HOMO shown in Figure 2(b). P3HT is (electron) donor and
PCBM is (electron) acceptor. Even after movement, electrons at PCBM_LUMO and holes at
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P3HT_HOMO form “geminate pairs”. Afterward, these pairs are broken by the electric
field and thus electrons and holes become finally free to move.

Then, finally free electrons flow from PCBM_LUMO to Al and free holes flow from
P3HT_HOMO to ITO via PEDOT: PSS, as in Figure 2b.

Electron-flow from P3HT to PCBM produces a current in the direction of PCBM to
P3HT; hole-flow from PCBM to P3HT produces a current in the direction of PCBM to P3HT,
that is, both flows produce current in the direction of PCBM to P3HT inside the device. We
know, for a pn junction solar cell, the current is in the direction of n-Si to p-Si; therefore, it
may be deduced that P3HT is like p-Si and PCBM is like n-5i.

As there is a current in the direction of PCBM to P3HT without the application of
any external voltage, we may perceive an internal electric field inside the active layer in
the direction of PCBM to P3HT (same direction of current) that causes the flow of photo-
generated electrons and holes and produces the current. Both current and internal fields
(PCBM to P3HT direction) are negative because conventionally the direction of P3HT to
PCBM is considered positive. Corresponding to this internal field, we may perceive an
internal built-in potential (V};) as shown in Figure 2b. This V}; may be determined by the
difference of energy levels of Al and PEDOT: PSS [12,14,31] which are adjacent to both
sides of the active layer.

When a battery is connected to this OSC for charging, the current will come out at ITO
and will charge the battery, therefore, the battery terminal which is connected to ITO will
have positive polarity. Now, the battery voltage will work as the externally applied voltage
(say V,) with battery-positive at ITO (i.e., P3HT side or p-side) and battery-negative at
Al (i.e., PCBM side or n-side), that is, V; will work for forward biasing the device. This
V, will provide an electric field in the direction of P3HT to PCBM,; this field is positive.
Therefore, the resultant electric field inside the active layer would be F = (V, — V};)/d;,
where d; = active layer thickness.

While the electrons and holes move, some of them may be lost due to recombination
within the active layer. Recombination has been considered in this work.

Here, a glass-layer has been used for the mechanical support and protection for thin
layers of materials. PEDOT: PSS has been used to guide and collect holes effectively by
making small energy step favorable for holes to move.

5. OSC Performances

Due to recombination and other interactions inside the device, all the generated charge
carriers would not be useful for producing current. The electron current density due to
current-producing electron (1) can be expressed as follows [36].

dn
= F+gD,— 26
Jn = qpanE +qDn (26)
Note that, here 7 is electron density per unit volume (unit: m), not the electron rate.
The continuity equation for electrons at a steady-state would be as follows [36].

dJn
- ;d]x — (G—Ry) 27)

where, G = charge carrier (electron) generation rate (unit: s~'m~3), R,, = electron recombi-

nation rate = r,,1, where, r,, is the monomolecular recombination coefficient (unit: s 1).
In this work, F has been assumed constant like other works [10,12-14] and monomolec-

ular recombination has been used to obtain a complete analytical solution (see Appendix H).
Using Equation (26) and Equation (27) we may obtain as

a’n dj

2 +a ix +ayn = azG (28)
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Fuy . Ty . -1
Dn ;s U2 = Dn ; U3 — Dn

For the electrons due to environment temperature (dark condition), G = 0; the
differential equation is

where, a; =

dx? " dx
The solution of the differential Equation (29) is

+an =20 (29)

Ngark = Arexp(wa1x) + Agexp(wgpx) (30)
—ay + /a? — 4a —a1 — +/a? —4ay
where, w,; = 5 ! , Wy = 5 !

For the electrons due to photons, G # 0; the differential equation is

d*n dn
2 + ﬂla +ayn = azG (31)

The complementary solution of the differential Equation (31) is
npp = Azexp(wg1x) + Agexp(wgnx) (32)

where “ph” stands for photon and it represents a photo-excited part.
The particular solution of the differential Equation (31) can be expressed by Equa-
tion (33) (see Appendix I).

Ny = a3K[agexp(—ajx) + asexp (a;x) + agcos(N — Rx) + azsin(N — Rx)] (33)

L o — _Ml@R) - —MuR
(ucj2+aloc]-+ﬂz)’ 6 (az—Rz)Z—i-alsz, 7 (uz—R2)2+a12R2

where, ay = ( as =

2 g n: 4
j ala]+a2)

Electron due to the light for a single wavelength, 1,, would be the summation of 1,
and 7.

npn = Azexp(wax) + Agexp(wapx) + asK[azexp(—a;x) + asexp(ajx) + ascos(N — Rx) + azsin(N — Rx)] (34)

Total electron (1) may be expressed as

Aa
1= Mgk + A nphd/\ (35)
1

Using the boundary values of electron concentration at x = 0 and x = d; in Equation
(35), we will obtain the values of A1, Ay, Az, A4 [see Appendix J].

Ay = Ne[exp(—¢o/Vr + wazdj) —exp(—¢1/Vr)]/A (36)
Ay = Nc[exp(—¢1/Vr) —exp(—¢2/ V1 + wad))] / A (37)
Az = [agexp(wand;) —ag]/ A (38)
Ay = [ag — agexp(wnd;)]/ A (39)

Nc = Effective density of states at PCBM LUMO

¢» = Electron injection barrier potential at x = 0, see Figure 2b
¢1 = Electron injection barrier potential at x = d;, see Figure 2b
Vr = kgT/q = Thermal voltage

A = [exp(wad)) — exp(wad;)] (40)
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ag = —azK(ag + as + agcos(N) + azsin(N)] )
ag = —azK [agexp(—wjd;) + asexp(ajd;) + ascos(N — Rd;) + azsin(N — Rd;)|  (42)

By putting #,4,,« from Equation (30) into Equation (26), we may obtain electron dark
current as

Jndark = Allexp(walx) + Alzexp(wuzx) (43)
where, All = (qynPA1 + anA1wa1),A12 = (qynFAz + anAzwuz)

By putting 1, from Equation (34) into Equation (26), we may obtain electron current
due to the light of single wavelength as

Jnph = Antexp(wa1x) + Axpexp(wax) + A23exp(—ocjx) + A24exp(oc]-x) + Apsc08(N — Rx) + Aggsin(N — Rx)  (44)

where, Ay = (qunFA3 + gDy Asw,), Axz = (qunFA4 + qDpAywan), Apz = (qunFazKay — gDpasKagaj),
Aoy = (qunFasKas + ana3Ka5zxj),A25 = (qunFasKag — gDnasKazR), Axs = (qunFazKay + qDpasKagR)

Total electron current may be expressed as

A2
Jutotal = Tndark +//\ ]nphd/\ (45)
1

Similarly, for the case of holes (p), the differential equation would be

p ., dp
ﬁ—kbla—kbz:bgG (46)
_F _ _
where, b; = ﬂ,bz = ﬂ,b3 = !

Dy Dy Dy

Similar solutions for holes are as follows

Paark = Brexp(wp1x) + Baexp(wppx) (47)
—b1+1/b2—4b2 _bl_ﬂ/b2_4b2
where, wy; = 5 ! s Whp = > :

ppi = Bzexp(wy1x) + Byexp(wppx) + b3K [byexp(—ajx) + bsexp(ajx) + bscos(N — Rx) + bysin(N — Rx)] (48)

M(b, — R? —
where, by = L L be — (b2 ) by — Mbi1R

,bs = p ,
(0(]'2 - blvc]- + bz) > (D(jz + blt)(]' + bz) ¢ (b, — R2)2 + b12R? ’ (b — R2)2 + b12R2
A
Total hole, p = pau —|—/)L ’ ppndA (49)
1

Using the boundary values of hole concentration at x = 0 and x = d; in Equation (49)
we will obtain the values of By, By, B3, By

By = Ny [exp(—¢3/Vr + wipd;) —exp(—¢4/Vr)] /B (50)
By = Ny [exp(—¢4/ V1) — exp(—¢3/Vr + wpid;)] /B (51)
By = [bgexp(wpod;j) — bo) /B (52)
By = [bg - bgexp(wbldj)] /B (53)

Ny = Effective density of states at PSHT HOMO
¢3 = Hole injection barrier potential at x = 0, see Figure 2b
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¢4 = Hole injection barrier potential at x = d, see Figure 2b

B= [exp(wbzdj) — exp(wbldj)] (54)
bg = —b3K[by + bs + bgcos(N) + bysin(N)] (55)
bg = —b3K[bsexp(—a;d;) + bsexp(ajd;) + bcos(N — Rd;) + bzsin(N — Rd;)] (56)

Now the hole current.
Jpdark = Buiexp(wyp1x) + Bipexp(wpox) (57)
where, Bi1 = (qppFB1 — gDpBiwi ), Bio = (qupFBa — qDpBowyy)
Jpph = Barexp(wp1x) 4+ Byexp(wypx) + Bazexp(—a;x) + Bogexp(ajx) 4 Bascos(N — Rx) + Bogsin(N — Rx)  (58)

where, 321 = (qprBg — qungbl), Bzz = (qprB4 — quB4wb2), Bz3 = (q“Llpr3Kb4 + qubgKb4D(j),
Bz4 = (qyppb3Kb5 — qubgKb5Dc]'),Bz5 = (q;l/lpr3Kb6 + qub3Kb7R), B26 = (qyppb3Kb7 - qub3Kb6R)

A2
]ptotal = ]pdark +//\ ]pphd/\ (59)
1

Total current due to electron and hole is

Jiotal = Tutotar + Iptotul (60)

It is obvious that electron and hole currents are the functions of position (x); therefore,
total current ( J,s,) will also be the function of position. However, the total current should
be position independent. By taking the average, the position-independent total current ()
may be obtained as follows [37,38].

1 (4
J= R / Jiotardx (61)
d] 0

The J-V characteristic can be analytically calculated by using Equation (61). Similarly,
the other external properties such as the open-circuit voltage (Voc), short circuit current
(Jsc), maximum power (Pmax), fill factor (FF), power conversion efficiency (PCE) can be
analytically calculated.
Again, the internal properties such as absorbance, external quantum efficiency (EQE),
internal quantum efficiency (IQE) of OSC can be analytically evaluated as follows.
Absorbance is the ratio of the number of absorbed photons to the number of incident
photons. Absorbance can be analytically expressed by the Equation (62) (see Appendix K)
2
(i/10) ’ff ‘

Absorb =
sorbance R

[—R{exp(—a;d;) —1} + RL{exp(ajd;) — 1} —ajM{sin(N — Rd;) —sin(N)}|  (62)
Quantum efficiency indicates the effectiveness of the device to convert optical energy
to electrical energy. External quantum efficiency (EQE) is the ratio of the number of
photocurrent-producing charge carriers to the number of incident photons. Average
photocurrent (J,;,_svq) and hence EQE can be determined as follows (see Appendix L).

Thoavg = & | 52 {exp(wnd)) =1} + 52 {exp(wiad)) — 1} + G2 {exp(wind)) — 1} + 2 {exp (wiad)) — 1)

+ 22002 {exp (—ajd;) — 1} + 2205 {exp (ajdj) — 1} (63)
At B fgin (N — Rd;) —sin(N)} + A2stBos f o5 (N — Rd;) — cos(N)}}
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_ photocurrent carrier (‘ Jph_avg|/ L]) he

EQE incident photon — (IpA/he) - IoAq ’] ph_avg

(64)

Internal quantum efficiency (IQE) is the ratio of the number of photocurrent-producing
charge carriers to the number of absorbed photons.

photocurrent carrier _ photocurrent carrier _ incident photon EQE EQE

= = (65)

IQE = = = =
Q absorbed photon incident photon " “absorbed photon  Absorbance 1 — Reflectance

As absorbance is less than unity, IQE would be always larger than EQE.

6. Results and Discussions

An organic solar cell (OSC) having the structure “Glass/ITO/PEDOT: PSS/P3HT:
PCBM/ Al” has been investigated in this work.

Figure 1 shows the device structure to describe the theory of Optical Transfer Matrix
Method (OTMM), as per theory in literature, light is incident from air to layer-1 and
proceeds, OTMM theory defines the material after the last layer (layer-m) as the substrate,
which is thick, no reflected light inside the substrate. In the device structure concept,
the “Glass” layer is usually called the substrate since the whole device is built on it. The
“substrate” in OTMM theory is not the same as “substrate” in the device structure concept.
In the above-mentioned device structure, light is incident on the glass and proceeds, if we
apply the OTMM equation in the same direction of light, Al will be the last layer, the “air”
after Al layer will be considered as the substrate, the (m + 1) layer for calculation.

The refractive index (), extinction coefficient (x), and the thickness of the layers are
used to calculate interface matrices and layer matrices by Equations (1) and (2) defined
by the Optical Transfer Matrix Method (OTMM). Then the elements of these matrices and
the solar irradiance (I,) are used to calculate generated excitons by the derived analytical
equation. Then charge carriers, current, power, etc. are calculated by the corresponding
analytical equations using these excitons. Thus, the derived analytical equations include
the device structure size, material property, and solar light intensity in the calculation of
OSC performances.

Spectral values of # and « of the materials, used for the OSC device, have been
collected from literature [31].

The solar light intensity of a place depends on whether the Sun is at the vertical
position or at an inclined position relative to that place, the inclination is represented by an
index, called air mass (AM). Like many other researchers [2,3,7,8,11,14,20,21], this work has
used solar irradiance of AM 1.5 (global) taken from standard source (ASTM G-173-03) [39].

The Equation (18), derived from OTMM, provides the generation rate of excitons
as the function of position (x) and wavelength (A). The equation requires I, with the
unit of Wm~2; however, in the standard dataset [39], irradiance I, is recorded with the
unit Wm—2nm™1 (ie., Wm—2 per nanometer bandwidth of wavelength), therefore, for
calculating photo-excited part of any quantity (exciton, charge carrier, current) integration
with respect to A for the range of effective wavelengths is needed; when integrated wrt A,
then “dA” (which has the unit nm) cancels nm~! part of Wm~2nm~! then I, carries the
required unit Wm~2 and hence the calculated (integrated) quantity is obtained with the
standard unit.

Regarding the wavelength range, for the analysis of similar devices, some groups [11]
used the wavelength range of 350-800 nm; some others [27] used the range of 350-850 nm;
in this work, the wavelength range of 350-850 nm has been used.

To see the effects of optical phenomena on the exciton generation, and hence to see
the suitability of using OTMM, the spatial distribution of excitons has been investigated.
For a position inside the active layer, total exciton for all wavelengths has been evaluated
by integrating the exciton obtained using OTMM based Equation (18) over the wavelength
range of 350-850 nm. Similarly, the total excitons for all positions have been evaluated
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and hence the spatial variation of excitons has been obtained. Figure 3 shows the spatial
variation of exciton generation rate inside active layer of OSC shown in Figure 2a with the
irradiance of 1000 W /m? for active layer thickness (d]-) of 70, 100, 150, 250, 500, 1000 nm.
The result of OTMM shows wave-like (pulsating) variation of exciton generation rate with
the position; due to interference of incident light and reflected light the light intensity
becomes stronger or weaker at places and hence pulsating variation of excitons occurs. The
figure also shows that as the active layer thickness increases, the variation pattern changes
from pulsating nature towards decreasing nature. When active layer thickness is very large,
the variation exhibits an exponentially decreasing nature which is the same as stated by
Beer-Lambert law; the agreement with “law” validates the use of the OTMM. The peak
value of exciton generation rate is found in the range of 8 x 10%7 — 20 x 10 s 'm~3 (=8-
20 s~ 'nm~3). The pattern of variation and level of values are consistent with the reported
results [10,17,40]. The pulsating variation confirms the effects of optical phenomena, that is,
OTMM provides the correct profile of excitons considering optical phenomena and hence
suitable for thin layered OSC research.
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Figure 3. Excitation generation rate per unit volume (s~'m~3) versus position inside active layer. For
low active layer thickness, the exciton rate exhibits wave-like behavior with the position, whereas,
for very large active layer thickness, the exciton rate exhibits exponentially-decreasing-like behavior
with the position.

To find the appropriate dissociation probability, it has been calculated by Equation (19)
using dissociation rate (kg;ss) of Braun’s formula given in Equation (20) and k ;5 of Wojcik’s
formula given in Equation (22) and then calculated by Equation (23) incorporating Gaus-
sian distribution function. Some researchers [8,11,29,30] used Braun’s formula and some
others [21,25] used Wojcik’s formula, they used a constant value of separation distance (r,)
between electron and hole of an exciton, however, the separation distance value, used in
the calculation, should be a representative value for all excitons, we may perceive r, as the
average value. To find the appropriate value, the separation distance (r) has been taken as
a variable (not constant) and dissociation probability has been calculated using Braun’s
formula and Wojcik’s formula. Figure 4a shows the variation of dissociation probability
with separation distance (r) for four-terminal voltages (V;,) of 0V, 0.2V, 0.4V, and 0.6 V,
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calculated using Wojcik’s formula. For a certain V; (i.e., certain field), with the increase
of separation distance (r), dissociation probability is found to increase from zero to unity.
This is logical because when the separation distance is larger, electron-hole-pair (EHP)
of that exciton is loosely bounded, hence more feasible to dissociate, therefore, higher
dissociation probability. Now the question is, which value of dissociation probability (i.e.,
which value of separation distance) should be used? The probability increases almost
linearly from O to 1, hence the average (middle) value of probability (0.5) may be accepted
as the representing value for probability; therefore, its separation distance may be assumed
as the average separation distance and may be accepted as the representative value for r.
However, we see in Figure 4a that the probability value of 0.5 happens with a smaller r for
a smaller V, and vice versa. This is also logical because we know field F = (V, — V};)/d;.
We know V, increases from zero, when V; becomes equal to V,;, the field becomes zero, the
solar cell stops to charge the external battery, that is, V, cannot be larger than Vj;, the field
cannot be positive, the field is always negative (hence current is negative). When V, =0,
field magnitude is the largest, when V; increases from zero, field magnitude decreases.
For smaller V,, field magnitude is larger which becomes capable to dissociate EHP with
lower separation distance (even they are strongly bounded) and hence the probability of
0.5 occurs at lower r. Similarly, for larger V;, the probability of 0.5 occurs at higher r. The
separation distances, corresponding to the probability of 0.5, have been investigated for
solar cell working range V; = 0-0.6V; the average of these separation distances has been
obtained as 1.51 nm, which may be used as the representative value for r in calculation; this
average value (1.51 nm) is consistent with the constant value used for separation distance
in previous works [21,25].

100 . (‘a) Probabilt‘y using Woj cik formula ]
Y
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Figure 4. Dissociation probability calculated using (a) Wojcik’s formula, (b) Wojcik’s formula incor-
porating spherically averaged Gaussian distribution (SAGD) function.

However, the concept of using a constant value of r assumes that all excitons have the
same separation distance, again, the concept of using the average value of » assumes that
the population of excitons would be the same at all separation distances; but both these
assumptions are not compatible because naturally separation distances would be different
and also population would be different.
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To commensurate with the natural situation, spherically averaged Gaussian distri-
bution (SAGD) may be incorporated in the calculation of dissociation probability as in
Equation (23). For every separation distance (r), the probability value (calculated by Braun’s
formula or Wojcik’s formula) is multiplied with the SAGD function value at that separation
distance to obtain SAGD incorporated probability. Figure 4b shows the SAGD incorporated
probability versus r for four-terminal voltages (V;) of 0V, 0.2V, 0.4V, and 0.6 V, calculated
using Wojcik’s formula incorporated with the SAGD function. Note that Figure 4b shows
the plotting of the integrand of Equation (23) and it has the unit of m~.

The dissociation probability has been calculated by using Braun’s formula, Wojcik’s
formula, and Wojcik’s formula incorporating SAGD function and compared; Figure 5
shows the comparative picture of the probability with the variation of V, for solar cell
operation range (V,; = 0-0.6 V). For Braun’s and Wojcik’s formulae, the separation distance
of 7, = 1.5 x 1077 m has been used. To obtain the overall value of SAGD incorporated
probability, Equation (23) needs to be integrated, that is, the curve in Figure 4b needs to be
integrated. The integrand of Equation (23) is not integrable analytically, the integration has
been computed numerically. Ideally, the integration range should be r = 0 to co. From the
analysis it was found that for » = 107! m or less, the value of the integrand is negligible
(order of 1073%) compared to the highest value (order of 10°), similarly, for r = 6 x 10~ m
or more, the value of the integrand is negligible, therefore, numerical integration has been
carried out for the range r = 107" m to 6 x 1079 m.
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Figure 5. Comparison among the probabilities obtained by Braun’s formula, Wojcik’s formula, and
Wojcik’s formula incorporating SAGD function for solar cell operation range (V; = 0-0.6V). The
probability decreases with V.

For all three methods, the overall probability was found to decrease with the increase
of V,. This is logical because, with the increase of V;, the field magnitude decreases, hence
the dissociation probability decreases.

For solar cell operation range, i.e., for V; = 0-0.6 V, Braun’s formula, Wojcik’s formula,
and SAGD incorporated formula provide the dissociation probability values of 0.63-0.86,
0.36-0.67, and 0.62-0.72, respectively. For a similar device (P3HT:PCBM-based), some
researchers [41] reported the dissociation probability of 0.4-0.74 for V, = 0-0.6 V with con-
stant separation distance. Some other works [42,43] reported the dissociation probability as
the function of effective voltage. As the externally applied voltage and internal built-in volt-
age work in the opposite direction, the effective voltage may be defined as, Vorr = Vi, — Vi;
in this work, V}; is 0.8 V, therefore, for solar cell operation range, V, ff = 0.2-0.8 V. For the
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same range of V,rr, Tan et al. [42] reported a probability of 0.6-0.78 and Hao et al. [43]
reported a probability of 0.5-0.8. The dissociation probability values obtained in this
work are consistent with the values reported in other works. Figure 5 shows that Braun’s
formula provides a higher value of dissociation probability, Wojcik’s formula provides a
lower value and SAGD incorporated calculation gives the value in between them. The
SAGD incorporated probability is thought to be most appropriate because of considering
naturally expected population variation of excitons, therefore, this probability has been
used in this work.

The current-producing electron density per unit volume (7) has been calculated by
using Equation (35) which is the analytical solution of the differential Equation (28), then
analytical results have been compared with those obtained by numerical solution of the
same differential equation. Similarly, current-producing hole density (p) has been calcu-
lated using analytical Equation (49) and compared with the numerical result. Figure 6a,b
show the variation of current producing electron and hole density with the positions inside
active layer for OSC having an active layer thickness of 100 nm operated at V, = 0.3V
with an irradiance of 100 mW/cm?. Analytical results (solid lines) are exactly matched
with numerical results (markers); this indicates that analytical solutions (expressions) are
correct. The charge carrier density for the stated condition is found to vary in the order
from 102 m™ to 10%* m™ inside the active region as shown in Figure 6, the average value
is in the order of 10> m~3. For a similar device, some researchers [44] reported a charge
density of 6x10% cm™ (= 6 x 102! m3); another group [45] reported a charge density in the
range from 10?! m™ to 10%> m™; the charge density in this work is found consistent with
previous reports. Note that, for numerical solution of differential equation, “bvp4c” solver,
a built-in routine of MATLAB, has been used.
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Figure 6. Analytical and numerical results of current-producing electron density and hole density per
unit volume for the OSC with an active layer thickness of 100 nm, irradiance 100 mW/ cm?, terminal
voltage 0.3V.

For a certain device [22], the total current density has been analytically calculated
using Equation (61) at different values of V, for four levels of irradiance 100, 80, 60,
and 40 mW /cm?, and the analytical results have been plotted along with experimental
values. The analytical and experimental results [22] are in good agreement as shown in
Figure 7a. Again, the dark component of current has been calculated by the summation
of the dark current due to electron by using Equation (43) and dark current due to hole
by using Equation (57). Similarly, the photo-exited component has been calculated by the
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summation of the photocurrent due to electron by using Equation (44) and photocurrent
due to hole by using Equation (58). The extracted dark current and photocurrent for the
irradiance of 100 mW /cm? have been presented in Figure 7b. The separation of dark
current and photo-current gives a better view than the plotting of total current only.
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Figure 7. (a) Analytically calculated current density (solid line) and experimental results of current
density (circular marker) [22] for four levels of irradiance 100, 80, 60, and 40 mW/ cm?; (b) Ex-
traction of dark current and photo-excited current for the irradiance of 100 mW/cm? by using

analytical calculations.

The analytical calculations in this work have been carried out using some parameters
with the standard values and some others as fitting parameters, whose values have been
found while fitting analytical results with experimental ones.

Standard values are: €, = 3.5, €y = 8.854 x 10712 F/m, ¢ = 3 x 108 ms™1, h =
6.626 x 10734 Js, S, = 0.05 x 1072 ms™!, g = 1.6 x 107 C, kg = 1.38 x 10723JK I,
Vi =08V, T=300K,¢; =01V, =09V, ¢p3 =01V, ¢y =09 V. The fitting
parameters are: y, = 7 X 1078 m2v—-1s-1, Hp = 01x108m?2V-1s71 r, =1.65 x 10 m,
fm =5x10*71, Nc, Ny =1 x 10%°m 3,

The parameter values are consistent with previous works [18,19,29,31,46,47]. For
such work, the calculation must consider recombination, exciton generation, dissociation
probability of excitons; these factors cannot be left out. Some researchers neglected recom-
bination, some used constant exciton generation, some used constant separation distance
between electron and hole of the exciton to calculate dissociation probability, no work used
these factors together. However, this work includes all these factors together, moreover,
it uses an improved estimation of excitons and dissociation probability, such as, it uses
recombination, OTMM based exciton generation to account for different excitons at differ-
ent positions, SAGD incorporated dissociation probability to account for the difference in
separation distances, therefore, the parameter values extracted in this work are expected to
be better, that means, calculation using these parameters would predict OSC performances
more accurately, for any irradiance other than the investigated irradiances.

The effects of irradiance on the external properties (Voc, Jsc, FF, PCE) of OSC have
been investigated by calculating them analytically for different irradiance levels and com-
pared with experimental values [22]. The external properties are found to vary with
irradiance as shown in Figure 8; the analytical and experimental results are found con-
sistent. The magnitude of Jsc increases with irradiance as shown in Figure 8a, this is



Energies 2021, 14, 735

18 of 28

expected because higher irradiance will produce a larger current. Voc changes with irradi-
ance as shown in Figure 8b. Theoretically [48,49] Voc may be calculated by the equation,
Voc = (1/4) [Eacceptor Lumo — Eponor Homo — kTIn(NcNy) + kgTIn(np)]. Here PCBM
is acceptor with Eacceptor Lumo = — 4.2 €V = —6.72 X 10719 Joule and P3HT is donor with
Eponor HOMO= —5.2 eV = — 8.32 x 10717 Joule. For irradiance 1000 W/m?, average n
has been calculated as 1.1025 x 102> m~3 and average p as 1.4994 x 10 m~3 and then
using this n and p in the above theoretical equation, the value of Voc has been found as
0.65V, which is very consistent with the value 0.61 V found by analytical calculation in
Figure 8b. Voc exhibits negligible dependence on irradiance, this can be explained with
the above theoretical equation. In the equation, all quantities are constant except n and p.
With the change of irradiance, n and p change but not with the order (level), therefore, the
logarithm of np does not change much with irradiance, as a result, Voc does not change
much. Similarly, FF has negligible dependence on irradiance as shown in Figure 8c. PCE
increases with irradiance as in Figure 8d. The power loss inside the device mostly depends
on the material and not on irradiance, that is, power loss is almost constant for any level of
incident power. If we calculate loss percentage with respect to low incident power, loss
percentage would be higher, hence, efficiency would be lower. On the other hand, for
higher incident power, loss percentage would be lower, hence, efficiency would be higher.
These trends of variation and level of values for these properties of OSC are consistent with
the reported results [13,14,44,46].
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Figure 8. Analytical (solid line) and experimental (marker) [22] results of short circuit current (Jsc),
open circuit voltage (Voc), fill factor (FF), and power conversion efficiency (PCE) with the variation
of irradiance.

The internal properties (absorbance, EQE, and IQE) of OSC have been analyzed
by calculating them by analytical expressions developed earlier. Absorbance has been
calculated by using the analytical Equation (62). Average photocurrent J,;, s, has been
calculated by using Equation (63) and then EQE by Equation (64) Again, IQE has been
evaluated by using absorbance and EQE in Equation (65). These equations provide the
result for a single wavelength. Similarly, by calculating internal properties for different
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wavelengths, the spectral variations of the internal properties have been obtained. Figure 9
shows the spectral variation of absorbance, EQE, and IQE for active layer thickness 100 nm
and irradiance 1000 W/m?. The analytical results fully matched with numerical results
as shown, this indicates that these analytical equations are correct. For absorbance, the
variation pattern and level of values are consistent with the reported results of such
devices [34,50-54]. A similar shape is also observed for EQE which is consistent with
reported works [6,50,53,54].
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Figure 9. Spectral variation of absorbance, EQE, and IQE for OSC with the irradiance of 1000 W/ m?2.

As absorbance and EQE have the almost same shape and IQE = EQE/absorbance,
the shape of IQE is almost constant with the wavelength as shown in Figure 9, a similar
constant shape of IQE is also observed by others [52].

The effects of variation of active layer thickness on the generation rate of excitons
and charge carriers have been investigated as follows. For a certain value of active layer
thickness (d;), exciton generation rate has been calculated by using Equation (18) for a
certain position and a certain wavelength; thus calculated for all positions inside active
layer and all wavelengths. Then for a certain position, the results of all wavelengths have
been integrated to get the effects of all photons; thus, calculated for all positions. Then
the results of all positions have been integrated to get total excitons; when the exciton
generation rate (unit: s~'m~3) is integrated with the position for the range of 0 to dj, it
gives exciton generation rate per unit area (unit: s~ 'm~?2); this represents the number of
excitons generated per unit time in the volume covering a unit area of incident-surface and
length of whole active layer thickness. Such calculation of exciton generation rate per unit
area has been carried out for several values of d;. Then charge carrier generation rate per
unit area has been calculated by the product of exciton generation rate and dissociation
probability. Figure 10 shows the generation rate per unit area versus d; for both excitons and
charge carriers. Both show deep ripples at lower values of d; and shallow ripples at higher
values of d;. For some d;, the interaction of incident and reflected light would be additive
intensive and hence the generation would be high; whereas, for some d;, the interaction
would be subtractive intensive, and hence the generation would be low; therefore, the
ripple. The overall trend of variation is, the exciton (per unit area) increases with d;, this
is because of the large space available for photon absorption. On the other hand, charge
carrier = (exciton)(probability). We know, field F = (V, — V};)/d j, for a certain V;, with the
increase of d i field decreases, and hence probability decreases. That is, with the increase
of d;, charge carrier has two effects: increasing effect of exciton and decreasing effect of
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probability; for a large value of d; these two effects are nullified by each other, and hence
charge carrier curve increases at a low rate, that is, almost flat as shown. This result is
consistent with the results of current density, photons absorbed, the efficiency with the
variation of active layer thickness obtained by other researchers [14,31,32,49].
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Figure 10. Generation rate per unit area with the variation of active layer thickness for excitons and
charge carriers.

We know, electrons and holes per unit volume is used for calculating the current,
therefore, the charge carrier generation rate per unit volume needs to be investigated. As
the generation rate per unit area indicates the amount in the volume covering a unit area
of incident surface and length of whole active layer thickness, if we divide the generation
rate per unit area by the active layer thickness then it will represent the amount in the
volume of unit area and unit length, i.e., the average amount in unit volume, thus the
average generation rate per unit volume (unit: s~'m~3) has been determined by dividing
the generation rate per unit area by d;, a similar calculation has been done for all values
of d;. Figure 11 shows the generation rate per unit volume versus d; for both excitons
and charge carriers. With the increase of d;, generation rate per unit volume has two
effects: increasing effect of overall generation rate per unit area and decreasing effect due
to division by d; at the low range of d;, increasing effect is more, hence generation rate per
unit volume increases; at d; around 60 nm both effects become equal and the generation
rate reaches to maximum, for d j more than 60 nm, decreasing effect becomes dominant,
hence generation rate per unit volume decreases as shown in Figure 11.

Some previous work [21] calculated J-V for dj = 70 and 150 nm; some work [25]
calculated J-V for d i = 80, 100, 120, and 140 nm; these works showed that current decreases
with the increase of d;; the present study also supports those previous results because we
see that in the similar range (70-150 nm) of d;, exciton (or charge carrier) generation rate
per unit volume decreases with the increase of d;, which is shown by the box in Figure 11.
However, there are some range of d; for which exciton (or charge carrier) increases with
the increase of d ; or remains almost constant as shown in Figure 11, that is, the trend of
decreasing current with the increase of 4 i would not be true for all range of 4 i that means,
this study provides a better and bigger picture regarding the effect of variation of d;. From
this analysis, it is seen that the generation rate per unit volume is the highest for the active
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layer thickness of 60 nm, therefore, it might be predicted that OSC would provide the
highest performance with the active layer thickness of 60 nm. In the literature, we see
that many research groups fabricated OSC having an active layer thickness of 100 nm
(which is close to 60 nm); may be, they did not go with a lower thickness because of the
fabrication challenge.
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Figure 11. Generation rate per unit volume versus active layer thickness for excitons and charge carriers.

Maximum power (Py,x) has also been investigated with the variation of active layer
thickness; P4y is found to vary with active layer thickness as shown in Figure 12, which
has been obtained for irradiance of 1000 W/m?2. The variation pattern is similar to that of
the charge carrier generation rate per unit volume shown in Figure 11. Charge carrier per
unit volume determines the current and hence the power, therefore, the similar shape. For
such a device with d i =100 nm, experimental Py, has been calculated from experimental
J-V [22] and plotted along with analytical Py, results; the experimental result matches
the analytical result for d; = 100 nm. For calculating Pyqx analytically with d; other than
100 nm, the only d; has been changed keeping all other parameters the same, therefore, we
may expect that analytical Pyax results with other d; will also match with the experimental
Pyax for the same device.

Comparing with previous work on OSC, this work is expected to provide a better
result with a bigger view and clear understanding. This is because this work has been done
to shed light on the following matters: (1) detail derivations of analytical expressions of
excitons, charge carriers, electrons, holes, current, absorbance, EQE, IQE; (2) investigation
of the spatial distribution of excitons inside the active layer of OSC; (3) investigation of
separation distance and dissociation probability; (4) improved analytical computation
of OSC properties using OTMM-based excitons, SAGD incorporated probability and
recombination altogether; (5) investigation of the effects of variation of irradiance on Jsc
Voc, FF, PCE; (6) spectral analysis of absorbance, EQE, IQE; (7) investigation of the effects
of variation of active layer thickness on exciton, charge carrier and Py;ax.

This work might be utilized for further improvement of OSC, for example, to decide
about active layer thickness for obtaining the highest performance. The same calculation
approach may be applied to study the optimization of other layer thickness, the replacement
of layer materials for the betterment of OSC performances such as the widening of spectral
absorption, increasing the efficiency, etc.
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Figure 12. Variation of maximum power with the variation of active layer thickness with the
irradiance of 1000 W/m?.

7. Conclusions

Photo-generated excitons inside the organic solar cell (OSC) have been calculated
using the optical transfer matrix method (OTMM), this shows the pulsating variation with
positions inside the active layer having a peak value of 8 x 107 — 20 x 10¥ s~'m~3, due
to the effect of optical phenomena. While calculating the charge carriers from excitons,
spherically averaged Gaussian distribution (SAGD) incorporated dissociation probability
has been found most logical and appropriate. OSC performances have been calculated by
analytical equations derived by solving electrical transport equations including OTMM
based excitons, SAGD incorporated dissociation probability, and recombination of charge
carriers, all together. Analytical results of current producing electrons, holes, J-V, Jsc, Voc,
FF, PCE, absorbance, EQE, IQE are found to match with numerical and experimental results
and consistent with previous works. Exciton and charge carrier generation rate per unit
area are found to increase with active layer thickness. Whereas, exciton and charge carrier
generation rate per unit volume and P,y increase, reach to the top and then decrease
with active layer thickness; the highest performance at an active layer thickness of 60 nm;
these are also found consistent with previous results. The matching of analytical results
with numerical results indicates the correctness of analytical expressions, matching with
experimental results indicates the capability of predicting OSC properties, and consistency
with previous works ensures the validity of the analytical computational results. Compared
to previous analytical works on OSC, the results in this work are expected to be more
accurate because of including the above-mentioned 3 factors together in the analytical
solution. Moreover, calculating OSC performances by the analytical expressions in this
work is easy because the expressions are simple and only involves the summation of
exponential, sine, and cosine terms. The results of detail analysis are expected to be useful
for designing improved OSC and the detailed derivations of analytical expressions are
expected to help the readers to understand the OSC research with more insight.
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Appendix A

Let us find E;“(x) and Ej_(x). We may assume, E]-+’ and E]-_’ are the forward and
backward field components at the beginning of j** layer (Figure 1). Here E;” starts from
the left boundary (x = 0) ; when it reaches position x, it becomes E;” exp (igjx), which is
represented by E].+ (x), that s, E;r (x) = E]-J”exp (i¢jx). Similarly, for the backward direction,
E; (x) starts from the position x; when it reaches the left boundary (x = 0), it becomes
E; (x)exp(iljx), which is represented by E;”/, that s, E;”" = E;(x)exp (iZ;x) that results
in E N (x) = Ej_’ exp(—i¢jx). Using the above expressions of and in Equation (7) we get
Equation (8).

Appendix B

Let us find E;r’ and E;’ . We may define an internal forward transfer coefficient
(tj+) as t;r = E;r’ /E;, hence we get E;” = thar . Again, Ej+’ starts from left boundary;
when reaches at the right boundary, it becomes E;r’ exp(ijd;); after reflection at the right
boundary, leftward field is E;” exp(i¢;d;)r"; when reaches at the left boundary, it becomes
E;”exp(iéjdj)r” exp(i;d;) or E].*’r” exp (i2¢;d;), which is represented by E' thatis, E =
E;”r” exp(i2g;d;), by using we may get, E;' = thar rexp(i2¢;d;). Putting the above
expressions of E;” and E;’ in Equation (8) we get Equation (9).

Appendix C

Let us find t].+. Like the Equation (4), EJ and E; may be related with E;” and Ef/ via
S’ and hence we may get Ej = S’HE;“’ + SizE]-_’ that results ES“/E;” =S, + SQZE]._’/E;”.
Since E]._’ = E].Jr’r”exp(i2§jdj) or Ej_’/E]-J”= r”exp(iZé‘jdj), therefore, ES“/E;” = S}, +
S1p r"exp(i28;d;). Using the above expression of Ej /E;”' we may get the expression of ¢
as in Equation (10).

Appendix D
Putting 7; = #; + ix; in Equation (11) and assigning fy = exp(—27mk;x/A), 6 =
27tipix/ A, B2 = p"exp{—27mK;(2d; — x)/A}, 02 = 27t (2d; — x) /A 4 8" we obtain
Ei(x) = thar [Brexp(iby) + Baexp(i62)] (A1)
= Ej(x) = t;“}Ear [(B1cosby + Bacosty) + i(B1sinby + Basinbd,)] (A2)
The absolute value of Ej(x) can be found as

‘Ej(x)}z = ‘tﬂ2|E0+|2 {(,Blcosel + ,Bzc0592)2 + (B1sindy + [stinGZ)z} (A3)

= |Ej(x)]" = ‘t;fusgf [B12 + B2? + 281 Bacos (65 — 61) | (A4)

= }E]-(x)|2 = ’tj*‘2|E0+|2 lexp(—ajx) + Lexp(ajx) + Mcos(N — Rx)] (A5)
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where, a; = 471x;/A; L = p"2%exp(—2a;d;); M = 2p"exp(—ajd;); N = (4mnidi/ A+ 8");
R = 47(17]‘/)L

Appendix E

Irradiance (I) is the power per unit area. To derive the equation of I, we may start
with parallel plate capacitor energy and its electric field. Capacitor energy = (1/2)CV?=
(1/2)(eA/d)V?= (1/2)(eAd)(V /d)* = (1/2)e(Volume) (E)?. Hence, we get, Energy / Volume
= (1/2 )eE?. Light with speed c, falling on a material having surface area A;, will pro-
vide optical energy to a volume of Ajct; of the material during time ;. Energy in a vol-
ume = (Energy/Volume) x Volume = (1/2)eE? x Ajct;. Now, Power = Energy/Time =
(1/2)eE? x Ajc. Then, Irradiance I = Power/Area = (1/2)ceE>.

Appendix F

Now, incident irradiance Iy = (1/2)coeo|Eq ]2 that results | Ej |2 = (2Iy/coep). Again,

according to Maxwell, light speed ¢ = (us)_l/2 = (uwcurs)_l/2

; where u = magnetic
permeability. For non-magnetic material, #, = 1, therefore, ¢ = (uwcs)fl/ 2, Accordingly,
cj = (uw,ce]-) 12 and o = (uwcso)fl/ 2, Again, for such non-magnetic material, the re-

o _ _ -1/2 -1/2 _ -1/2 _ 1/2 _ 1/2
fractive index # = cyac /¢ = (Upac€vac) / (Upac€) = (epac/€) =(e/€pac) "= (&r) "

. 1/2 1/2 .

Accordingly, 17; = (&;/€vac) /2 and Mo = (so/ewc)l/z, hence 7;/10 = (¢j/€0) /2, Using the
above relations in Equation (14), we can get Equation (15).

Appendix G

Naturally, the separation distances (r) will be different for different excitons because
of the difference in photon energy. Depending on the material used in the device, a
specific separation distance (r = r,) would be most feasible and hence the number of
excitons with that separation distance would be the highest; for other separation distances
(r(ra or r)r,) the excitons would be less. This phenomenon may be addressed by giving
different weights to the probability corresponding to different separation distances by
using a standard distribution function of r. For this purpose, the spherically averaged
Gaussian distribution (SAGD) function may be used and hence the probability (P) may be
calculated by Equation (23).

Appendix H

Many researchers found the active layer thickness of 100 nm suitable for making a
good performance OSC; constant field assumption works well until 200 nm thickness;
therefore, this assumption would be acceptable for most of the available OSC devices.
Again, due to the difference in mobility of electron and hole, the charge transport may
become unbalanced, as a result, a net space charge may build-up, this space charge may
affect the electric field, this effect has been assumed negligible. These assumptions re-
garding the electric field have been considered to obtain a complete analytical solution.
Again, monomolecular recombination has been included because this allows us to obtain a
complete analytical solution. The analytical solution would not be possible for bimolecular
recombination. In the situation where these assumptions would not be valid, we have to
use numerical computation.

Appendix I
The particular solution of the differential Equation (31) is
Ny = L a3G (A6)
P2 (D24 D +ap)
where, D = i

dx
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Using G from Equation (25) which is for single wavelength, we obtain

1 1
My = (DT ¥ D T a) a3KH(x) = (DT D T o) a3K [exp(—ajx) + Lexp(ajx) + Mcos(N — Rx)] (A7)
= Ny = a3K[agexp(—ajx) + asexp (a;x) + agcos(N — Rx) + azsin(N — Rx)] (A8)
M(ay — R? —
where, ay = 1 as = L , g = (az ) ay = MaR

7 45 4
(a2 — a1 + az) (0% + ara; +az) (a3 — R2)* 4 4,2R? (a3 — R?)* + a12R?

Appendix ]
At x = 0, electron concentration [12,36]: n|,_, = Ncexp(—¢»/Vr), where Nc is the
effective density of states at PCBM LUMO (= conduction band), ¢, is the electron injection

barrier potential at x = 0 (see Figure 2b), V(= kgT/q) is the thermal voltage. Applying
this boundary condition to Equation (35) we obtain

dA (A9)

A2
Nc exp(_(PZ/VT) = ndark|x:0 +/ Myn _
M x=0

At the boundary position (x = 0), electron concentration depends on electron injection
barriers, photoexcitation cannot change this electron injection barrier, that is, electron
concentration at the boundary does not depend on photon (A). Therefore, the A-related
part at the right side of Equation (A9) should be equal to zero, and hence the constant part
at the right side should be equal to the constant part at the left side. That is,

Constant part : #n4,k|,_g = Ncexp(—¢2/Vr) (A10)
= A1+ Ay = Ncexp(—¢2/Vr) (A11)

A Related part : /:2 Mph x:OdA =0 (A12)

= Mph| = 0 [Differentiating wrt A | (A13)

= A3+ Ay =ag (A14)

where, ag = —a3K[ay + a5 + agcos(N) + aysin(N)].

At x = dj, electron concentration [12,36]: ”|x:d/- = Ncexp(—¢1/Vr), where ¢1 =
electron injection barrier potential at x = d; (see Figure 2b). Applying this boundary
condition to Equation (35) we obtain

A2
Nc exp(—¢1/VT) = ndurk|x:dj +/ Mpn| dA (A15)
/\1 x—d]'
Constant part : 1,4 ‘x:dj = Ncexp(—¢1/Vr) (Al6)
= A1 exp(w,ﬂdj) + Azexp (wazdj) = NC exp(—gbl/VT) - —(5.14{1) (A17)
A
A Related part : / ’ pp dAr =0 (A18)
M X:d]
= nph’ L= 0 [Differentiating wrt A | (A19)
x=d;
= Agexp(waldj) + A4exp(wﬂ2d]-) = a9 (A20)

where, a9 = —azK[azexp(—a;d;) + asexp(a;d;) + agcos(N — Rd;j) + aysin(N — Rd,)
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By solving Equation (A11) and Equation (A17) we get the value of A; and A; written
in Equation (36) and Equation (37), respectively.

By solving Equation (A14) and Equation (A20) we get the value of A3 and A4 written
in Equation (38) and Equation (39), respectively.

Appendix K

If we divide incident irradiance Iy (unit: Wm~2 or Js~'!m~2) by photon energy hc/A
(unit: J) then we will obtain incident photon rate as IpA /hc (unit: s~'m™2); as absorbance
would be unitless, we need the absorbed photon with the same unit s~'m~2. Equation (16)
gives the absorbed photon rate per unit volume AP, (unit: s~'m~3) for a single wave-
length. If we integrate AP, with respect to x from 0 to d;, we will obtain the absorbed
photon rate per unit area AP;y., with the unit s~ Im~2, this will represent the number of
photons absorbed per unit time in the volume covering a unit area of incident-surface and
length of whole active layer thickness.

d.
APgreq = /O ]Apvoldx (A21)

Absorbance — a.bs$)rbed photon rate _ APren (A22)
incident photon rate ~ (IpA/hc)

After calculating we will get the Equation (62).

Appendix L

We should use photocurrent (not dark current) for the calculation of EQE. If we divide
photocurrent density (unit: Am~2 or Cs~!m~2) by the charge value of an electron g (unit:
C) then we will obtain photocurrent-producing charge carrier rate with the unit s 'm~2.
Note that, Equation (44) and Equation (58) give the photocurrent density ], and ], for
a single wavelength. Total photocurrent density J,, = ( Jupn +1 pph) is the function of x,
therefore, the average value J,j,_gyg is to be calculated, then the photocurrent-producing

/q).

]ph_avg = ;j/odj (]nph + ]pph)dx (A23)

charge carrier rate can be calculated as (’ Joh_avg

After calculating we will get the Equation (63).
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