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Abstract: Phase change material (PCM) has received significant attention due to its great potential
for thermal energy storage. However, the major undesirable property of PCM is related to its low
thermal conductivity. In this work, the electrohydrodynamic (EHD) enhancement of PCM melting in
circular-elliptical annuli is investigated numerically by using the lattice Boltzmann method (LBM).
The key motivation for our choice of the elliptical shape is due to the fact that the more curved
elliptical surface corresponds to stronger charge injection strength, which may lead to stronger flow
field, and the consequent increase of heat transfer rate. The influences of several non-dimensional
parameters, including electric Rayleigh number T, thermal Rayleigh number (Ra) and the aspect
ratio (AR) of the inner ellipse are investigated in detail. Based on the numerical results, it is found
that the radial electro-convective flow induced by the external electric field makes a significant
contribution to the enhancement of melting heat transfer, and specially, the maximum time saving
in some cases is more than 85%. Moreover, we observe that when the Coulomb force is dominant
over the buoyancy force, no matter the inner elliptical tube is oriented horizontally or vertically, the
total melting times in these two cases are nearly the same, and the melting performance obtained
for the circular electrode is usually better than the other cases. However, when the flow regime is
dominated by the buoyancy force, the use of a slender vertical-oriented elliptical electrode instead of
the circular one is more efficient.

Keywords: electrohydrodynamic; PCM melting; elliptical electrode

1. Introduction

Phase change materials (PCMs) have been well acknowledge to have prominent charac-
teristics like heat recovery capacity, high heat storage density and repeatable utilization [1–4],
and the application of PCMs is usually encountered in a widely range of scientific and
engineering fields such as energy conservation in building applications [5,6], cooling of
electronic devices [7], and thermal management of photovoltaic [8], just to name a few.
Despite PCMs have huge potential for energy storage, the low thermal conductivity of
PCMs always weakens the thermal energy charging and discharging rates [9,10], which
places higher demands on heat transfer enhancement technology.

Over the last few decades, various heat transfer argumentation technologies have been
implemented by researchers to improve the PCM melting performance, and the strategies
include but are not limit to dispersion of highly conductive nanoparticles [11,12], use of
extended surfaces [13,14] and use of high conductivity porous matrices embedded with
PCM [15]. For instance, Zeng et al. [11] conducted an experimental study to investigate the
melting of nanoparticle-enhanced phase change materials (NePCMs) in a bottom-heated
vertical cylindrical cavity, and the authors observed that the melting rate of the NePCMs
relies on the competing effect between the enhanced heat conduction and the weakened
natural convection. Abdi et al. [13] experimentally investigated the effects of the vertical
fins with varying number and length on the enhancement of phase change process, and
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it is noted that phase change processes can be improved considerably as a result of the
increase of the heat transfer area by vertical fins. Shatikian et al. [14] numerically studied the
efficiency of fins in a PCM heat sink during melting, and they observed that the distribution
of the temperature in the fins relies on the fins thickness, and fins with lower thickness
experience a larger temperature gradient in contrast to thicker ones, while approaching
an isothermal condition at the end of the process, thus showing a transient behavior.
In addition, the cooper foam is employed by Zhang et al. [15] to enhance the thermal
conductivity of paraffin, and their experimental results show that due to the thermal non-
equilibrium effect, the temperature difference between the paraffin and ligament of cooper
foam is quite larger, which must be taken into consideration in the numerical simulation.

In reality, the aforementioned techniques are the so called passive heat transfer argu-
mentation techniques, and as pointed out in some previous works [16,17], the heat transfer
enhancement level of these passive techniques is usually proportional to the volume of
added foreign material, and when the volume of added material increases, the thermal
storage density of the system begins to decrease, which is usually undesirable in some
cases, especially in thermal management of spacecraft pursuing the minimizing space [18].
Fortunately, different from the passive techniques, the active techniques do not have these
limitations and they can make full use of the heat storage performance of the PCM in
the system. Some examples of active heat transfer enhancement techniques include ultra-
sonic wave [19], magnetic field [20], mechanical vibration [21] and electrohydrodynamic
(EHD) [22]. For more details on the recent progress of active heat transfer enhancement
technologies for PCM melting, we refer the reader to the recent review presented by
Wu et al. [23].

As one of the most promising active heat transfer enhancement techniques, electrohy-
drodynamic (EHD) has drawn considerable attention due to its distinct advantages such
as rapid and smart control, fast responding, no moving mechanical parts [24]. Over the
past few decades, extensive studies have been performed to reveal the basic mechanism of
EHD enhancement of single-phase flow. For example, McCluskey et al. [25] experimentally
investigated the performance of electric field in enhancing heat transfer, and the results
indicate that electrical effects dominate over the buoyancy effects for all cases considered,
and the average heat transfer rates are shown to increase by up to an order of magnitude
when the electroconvective motion is presented. Worraker et al. [26] and Castellanos
et al. [27] studied the electrohydrodynamic instability in the presence of a temperature
gradient, and the results show that the flow instability is more easily to be induced when an
external electric field is applied, which further give rise to the enhancement of heat transfer.
More recently, Wu et al. [28] numerically studied the electro-thermo-convection induced
by a strong unipolar injection between horizontal concentric annuli, and they found that
the augmentation of heat transfer is due to the radial flow motion induced by unipolar
injection of ions. With the similar configuration, Hassen et al. [29] numerically studied the
effects of injection strength, mobility as well as radius ratio on heat transfer performance,
and it is found that the heat transfer rate increases with lower values of mobility number
and higher charge injection strength.

Apart from the single-phase flow system mentioned above, EHD technology has
also shown some distinct advantages in enhancing two-phase heat transfer [30], such as
droplet evaporation [31], boiling and condensation heat exchange [32,33]. As far as the
PCM melting is considered, only few open literature can be found. To the best of our
knowledge, the first experimental work on EHD enhancement of melting was conducted
by Nakhla et al. [22] in 2015, and they experimentally found that the total melting time of
paraffin wax can be reduced by 40.5% under the application of the high voltage of −8.0 kV
when compared to the case without electric field, and the power consumption is only 2.4%
of the heater input power. Later, Nakhla et al. [34] and Sun et al. [35] designed some other
experiments to investigate the influence of the electric field on the melting of n-octadecane,
and their results show that the Coulomb force plays a vital role in enhancing the melting
performance. More recently, the interaction between Coulomb force and buoyancy force



Energies 2021, 14, 8090 3 of 20

during melting of octadecane filled in a vertical latent heat thermal storage module is
studied by Nakhla and Cotton [17], and it is observed that the application of EHD reduced
the charging time by 1.7 fold as a result of EHD enhancing the convection heat transfer by
cell bifurcation. In addition to the above experimental works, few numerical works on EHD
melting problem are also reported. Luo et al. [36] and Selvakumar et al. [37] employed the
lattice Boltzmann (LB) method and finite volume (FV) method to numerically study the
EHD melting problem, respectively. Based on their numerical results, it is found that EHD
can be served as a promising technique in enhancing the PCM melting, especially for the
organic phase change material with a larger latent heat term.

Although these existing studies illustrate the potential of EHD in enhancing PCM
melting, the configurations considered in these works are usually limited to the simple
square cavity or parallel-plane [35–38]. Actually, the geometric configuration of interest in
PCM melting problem is usually related to the annular cavities [39,40], and the applications
of this type of containers can be found in various shell and tube heat exchangers [39]. Most
recently, we note that the electro-thermo-convection with a melting boundary in horizontal
concentric circular annuli is investigated by Lu et al. [41], and the authors made a detail
analysis of the onset of flow motion and the dynamics of fluid flow and interface during
the melting process. However, it is noted that the electrode considered in this work is a
so-called circular electrode, and to our best knowledge, the investigation of EHD melting
in circular-elliptical annuli has not been reported. Actually, as presented in some previous
works [39,42,43], the ellipse configuration is usually encountered in industrial, and has a
wide range of practical applications [39,42,43], including shell-and-tube heat exchanges,
coil condensers, heat pipe design, coil distillation facilities. In addition, it is well known
that for a given volume, an ellipse has a greater circumference, indicating the overall
surface area of elliptical annulus is greater, which may potentially lead to better melting
heat transfer performance [10,44]. Moreover, curved or sharp electrodes which leads to
local high electric fields and are of great interest in EHD enhanced heat transfer [45].

Framed in this general background, in this work, we intend to study the EHD en-
hancement of PCM melting in circular-elliptical annuli, and as far as the numerical method
is concerned, the LB method is considered which has been developed into a powerful
numerical solver for modeling thermal multiphase flows with phase change [46–48], as
well as the EHD flows [49–52]. The remainder of this paper is organized as follows. In the
next section, the configuration as well as the governing equations are presented. The LB
equations are introduced in Section 3. Then, two numerical validations are carried out in
Section 4 and the simulation results are discussed in detail later in Section 5. Finally, some
conclusions are drawn in Section 6, and some details about the numerical procedure for
the present work are given in the Appendix A.

2. Physical Statement and Governing Equations

The schematic of the physical model is shown in Figure 1, in which the concentric
annulus with an elliptical cylinder is initially filled with a pure dielectric substance with
a melting point of θm. The inner elliptical electrode with the semi-minor and semi-major
axes being a and b (define AR = a/b as the aspect ratio) is kept at a high temperature of θh
and a high potential of φ1. In addition, the unipolar injection is considered in the present
work, which means that the ions are injected from the elliptical electrode only, and the
space charge q1 at the emitter electrode is assumed to be homogeneous and autonomous.
Moreover, the outer cylinder corresponds to the grounded collection electrode with a
potential of φ0 (φ0 < φ1) and a temperature of θc (θc = θm < θh).
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Figure 1. Schematic of EHD melting in a circular-elliptical annular.

The fluid flow is assumed to be incompressible and Newtonian. Besides, all the
thermophysical properties of PCM remain constant during the phase change process,
except for the fluid density variation in the buoyancy force term, which is taken as a
function of the temperature by considering the Boussinesq approximation. In such a case,
the current EHD melting problem is governed by the following equations [36,46,53],

∇ · u = 0, (1)

∂(ρ0u)
∂t

+∇ · (ρ0uu) = −∇p +∇ · (µ∇u) + qE + ρ0gβ(θ − θr), (2)

∇ · (ε∇φ) = −q, (3)

E = −∇φ, (4)

∂q
∂t

+∇ · [q(KE + u)] = ∇ · (D∇q), (5)

∂H
∂t

+∇ · (cpθu) =
1
ρ0
∇ · (λ∇θ), (6)

where u = (ux, uy), E = (Ex, Ey) and g = (0, g) are fluid velocity field, electric field and
gravitational acceleration, respectively. The scalars ρ0, t, p, µ, β, φ, q, H, θ, represent for the
fluid density, time, modified pressure, dynamic viscosity, volumetric expansion coefficient,
electric potential, charge density, total enthaply and temperature. In addition, the symbols
ε, K, D, (cp), λ are electrical permittivity, ionic mobility, charge diffusion coefficient, specific
heat and thermal conductivity. Moreover, Equation (6) is the total enthalpy-based energy
conservation equation, and the definition of H is given as

H = cpθ + fl L, (7)

where fl , L are the liquid fraction and latent heat of PCM, respectively. Obviously, the total
enthalpy can be divided into two parts, the sensible heat Cpθ and latent heat fl L.

To have a universal description for current problem, it is particularly convenient to work
with nondimensional equations, and here the above equations are non-dimensionalized by
adopting the following dimensionless quantities, identified by asterisks:
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x∗ =
x
l

, u∗ =
u

υ/l
, t∗ =

t
l2/υ

, q∗ =
q
q1

, φ∗ =
φ

φ1 − φ0
, E∗ =

E∗

(φ1 − φ0)/l
,

θ∗ =
θ

θh − θc
, ρ∗ =

ρ

ρ0
, p∗ =

p
ρ0(υ/l)2 , H∗ =

H
cp(θh − θc)

= θ∗ +
fl

Ste
,

(8)

where the length scale is taken as l = R/2, and in this way, the corresponding dimensionless
governing equations are expressed as [28,54]

∇∗ · u∗ = 0, (9)

∂u∗

∂t∗
+∇∗ · (u∗u∗) = −∇∗p∗ + (∇∗)2u∗ +

(
T
M

)2
q∗CE∗ +

Ra
Pr

θ∗, (10)

∇∗ ·
(

1
C
∇∗φ∗

)
= −q∗, (11)

E∗ = −∇∗φ∗, (12)

∂q∗

∂t∗
+∇∗ ·

[
q∗
(

T
M2 E∗ + u∗

)]
=

T
M2 α∇∗2q∗, (13)

∂θ∗

∂t∗
+∇∗ · (θ∗u∗) = 1

Pr
∇∗2θ∗ +

1
Ste

∂ fl
∂t∗

. (14)

accompanied by the following seven dimensionless parameters (for clarity, asterisks are
omitted) [36]:

Ra =
gβ(θh − θc)l3

υχ
, T =

ε(φ1 − φ0)

µK
, C =

q1l2

ε(φ1 − φ0)
,

M =
1
K

(
ε

ρ0

)1/2
, Pr =

υ
(
ρcp
)

λ
, α =

D
K(φ1 − φ0)

, Ste =
cp(θh − θc)

L
,

(15)

in which the thermal Rayleigh number Ra is defined as the ratio between the buoyancy and
viscous force. Similar to Ra, the electric Rayleigh number T is defined as the ratio of the
Coulomb force and the viscous force. C and α is the charge injection strength and charge
diffusion coefficient, respectively. In addition, the Prandtl number Pr is defined as the
ratio of momentum diffusion capacity to heat diffusion capacity, for the generally organic
PCMs, its typical value obeys Pr ≥ 10 [55]. Further, the non-dimensional mobility M is
the ratio of the hydrodynamic mobility to the ionic mobility [56], and its value is always
greater than 3 [57]. The Stefan number Ste indicates the ratio of sensible and latent heat of
PCM. Additionally, the maximum magnitude of velocity and widely used Fourier number
are adopted to measure the flow motion and melting process for phase change problem,
respectively, which are defined as

Vmax = max(
√

u2 + v2), Fo =
λt

(ρcp)l2 . (16)

3. The Lattice Boltzmann Equations
3.1. Lattice Boltzmann Equation for Flow Field

In this work, the incompressible lattice Bhatnagar-Gross-Krook (LBGK) proposed
by Guo et al. [53] is adopted to simulate the fluid field, and the evolution of the particle
velocity distribution function reads

fi(x + ci∆t, t + ∆t)− fi(x, t) = − 1
τl

[
fi(x, t)− f (eq)

i (x, t)
]
+ ∆tFi, (17)

where ci, ∆t are the discrete velocity and time step, respectively. τl is the dimensionless
relaxation time, depending on the fluid viscosity as a function of v = ρ0c2

s (τl − 0.5)∆t.
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In addition, the fi(x, t) is the distribution function at time t and location x in direction i.
Further, the local equilibrium distribution function f (eq)

i (x, t) is defined as

f (eq)
i (x, t) = ηi p + ωi

[
ci · u

c2
s

+
uu : (cici − c2

s I)
2c4

s

]
, (18)

where I is the second-order identity matrix. wi and ci are weight coefficient and discrete
velocity in the direction of i, which depend on the used DnQq (n-dimensional q-velocity)
discrete velocity model. For all evolution functions except for the electric field, the classical
D2Q9 model proposed by Qian et al. [58] is considered, and the corresponding wi and ci
are given by

ωi =


4/9, i = 0,
1/9, i = 1− 4,
1/36, i = 5− 8,

(19)

ci =


(0, 0), i = 0,
c
(
cos
[
(i− 1)π

2
]
, sin

[
(i− 1)π

2
])

, i = 1− 4,√
2c
(
cos
[
(2i− 1)π

4
]
, sin

[
(2i− 1)π

4
])

, i = 5− 8.
(20)

where c = ∆x/∆t is the streaming speed, and related to the sound speed through
cs = c/

√
3. Among them, ∆x is the lattice space. In addition, ηi is the model parame-

ter, calculated by η0 = (ω0 − 1)/c2
s + ρ0, ηi = ωi/c2

s (i 6= 0). Moreover, an external force
term needs to be added in Equation (18) to exert the influence of buoyancy and Coulomb
force on flow motion. Based on the the modified second-order moment model proposed by
Guo et al. [59], the force term can be expressed as

Fi(x, t) = ωi

(
1− 1

2τf

)[
ci · F

c2
s

+
(Fu + uF) :

(
cici − c2

s I
)

2c4
s

]
, (21)

where F = qE + gβl(θ − θ0). Then, the macroscopic qualities including the velocity field
and pressure can be evaluated by

u = ∑
i

ci fi +
∆t
2

F, (22)

p =
c2

s
1−ω0

(
∑
i 6=0

fi −ω0
|u|2

2c2
s

)
. (23)

3.2. Lattice Boltzmann Equation for Electric Potential

In order to accurately obtain the electric potential field, an improved LB model devel-
oped by Chai et al. [60] to solve the Poisson equation is adopted, and the corresponding
evolution function reads

gi(x + ci∆t, t + ∆t)− gi(x, t) = − 1
τφ

[
gi(x, t)− g(eq)

i (x, t)
]
+ ∆tω̂iξR, (24)

where ξ is the artificial model coefficient, controlling the evolution speed of electric po-
tential. In addition, the source term R is defined as R = q/ε. Further, the D2Q5 discrete
scheme is considered and the local equilibrium distribution function g(eq)

i (x, t) reads

g(eq)
i =

{
(ω̂0 − 1)φ, i = 0,
ω̂iφ, i = 1− 4.

(25)
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In this model, the weight coefficient ω̂ is given by

ω̂i =

{
0, i = 0,
1/4, i = 1− 4.

(26)

The relaxation time τφ for potential relies on the coefficient ξ through ξ = ĉ2
s
(
τφ − 0.5

)
∆t,

where ĉ2
s = c2/2. Further, the electrical potential is calculated by

φ =
1

1− ω̂0
∑

i
gi. (27)

In addition, in order to calculate the Coulomb force, the value of electric field must
be determined. The most straightforward method is to apply the difference scheme to the
definition of electric field [Equation (4)]. However, due to the kinetic essence of the LB
method, the electric field E can be evaluated locally by

E =
1

τφ ĉ2
s

∑
i

cigi. (28)

3.3. Lattice Boltzmann Equation for Charge Density

The solving of charge transport equation is the pivotal part in EHD problems owing
to the strong convection-dominating characteristic. Following the work of Luo et al. [49],
the evolution equation for charge density is expressed as

hi(x + ci∆t, t + ∆t)− hi(x, t) = − 1
τq

[
hi(x, t)− h(eq)

i (x, t)
]
, (29)

where τq is the dimensionless relaxation time for charge density, and it depends on the
charge diffusion coefficient De as a function of

De = c2
s
(
τq − 0.5

)
∆t. (30)

Moreover, the local equilibrium distribution function h(eq)
i (x, t) is defined as

h(eq)
i (x, t) = qωi{1 +

ci · (KeE + u)
c2

s
+

[ci · (KeE + u)]2 − c2
s |KeE + u|2

2c4
s

}, (31)

and finally, the macroscopic charge density can be obtained by

q = ∑
i

hi. (32)

3.4. Lattice Boltzmann Equation for Temperature Field

To solve the energy conservation equation, the optimal two-relaxation-time (OTRT)
LB model developed by Lu et al. [61] is employed here, which shows a great efficiency
in eliminating the unphysical numerical diffusion across solid-liquid interface, and the
corresponding evolution function can be expressed as

li(x + ci∆t, t + ∆t) = l(eq)
i (x, t) +

(
1− 1

2τs
− 1

2τa

)[
li(x, t)− l(eq)

i (x, t)
]

−
(

1
2τs
− 1

2τa

)[
li(x, t)− l(eq)

i (x, t)
]
,

(33)

where τs and τa denote the symmetric and anti-symmetric relaxation time. lī and l(eq)
ī

represent the distribution function and equilibrium distribution function along the opposite
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direction of i, respectively. Among them, the local equilibrium distribution function is
defined as

leq
i =

 H − cpθ + ωicpθ
(

1− |u|
2

2c2
s

)
, i = 0,

ωicpθ
[
1 + ci ·u

c2
s
+ (ci ·u)2

2c4
s
− |u|

2

2c2
s

]
, i 6= 0.

(34)

In this context, the anti-symmetric relaxation time is calculated by

λ

ρ0cp
= c2

s (τa − 0.5)∆t, (35)

and the symmetric relaxation time can be evaluated from

1
τs

+
1
τa

= 2. (36)

Then, the total enthalpy can be obtained by

H = ∑
i

li. (37)

Once H is determined, the total liquid fraction fl and temperature θ can be also
calculated through the following thermodynamic relations

fl =


0 H ≤ Hs
H−Hs
Hl−Hs

Hs < H < Hl ,
1 H ≥ Hl

(38)

θ =


H
cp

H ≤ Hs
Hl−H
Hl−Hs

θs +
H−Hs
Hl−Hs

θl Hs < H < Hl ,

θl +
H−Hl

cp
H ≥ Hl

(39)

in which Hs and Hl are the total enthalpy at solidus temperature θs and liquidus tempera-
ture θl , respectively.

3.5. Boundary Treatment

In this study, the volumetric LB scheme is adopted to treat the moving phase interface
boundary [62], while the non-equilibrium extrapolation scheme proposed by Guo et al. [63]
is used to deal with the curved boundaries. The details for these two schemes can be found
in previous works [62,63], which are not presented here for simplicity.

4. Code and Results Verifications

In this section, two validation tests are performed to verify the accuracy of the present
LB model. Firstly, we consider the melting of PCM inside a square cavity, and the evolution
of total liquid fraction and average Nusselt number along the heating wall during the
melting process for Ste = 0.01, Pr = 0.02, Ra = 2.5× 104 are presented in Figure 2. It
can be seen that the present results agree well with the benchmark solutions reported
in ref. [64]. Further, in the second test, the analytic hydrostatic solutions between two
coaxial cylinders (the radius ratio is equal to 2.0) for C = 10 are compared with our present
numerical results. The analytical solution of hydrostatic state can be found in ref. [65].
As shown in Figure 3a,b, the profiles of charge density and the electric field strength in
the radial direction obtained from our numerical results show good agreements with the
analytical solutions. Here we would like to point out that all the simulations in the present
work are implemented on the Tesla V100S Graphics Processing Unit (GPU) using NVIDIA’s
Compute Unified Device Architecture (CUDA) for a higher computing speed. Additionally,
to derive the grid independence results, the grid independence test is also performed at
different grid resolutions with Ra = 10,000, T = 1000, AR = 3/4. As shown in Table 1, one
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can find that the grid resolution of 512× 512 is fine enough to give the grid independence
results, which will be adopted in the following simulations.

0 5 10 15 20 25 30
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Mencinger's result
Present data

(a)
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2
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Mencinger's result
Present data

(b)

Figure 2. The comparisons of (a) total liquid fraction and (b) average Nusselt number with Fo
between present numerical results and Mencinger’s [64] results. Parameters: Ra = 2.5 × 104,
Pr = 0.02, Ste = 0.01.
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Figure 3. The comparisons of (a) charge density and (b) electric field strength at hydrostatic state
between present numerical results and analytical solutions.

Table 1. The total melting time and averaged maximum velocity at different grid resolutions.
Parameters: Ra = 10,000, T = 1000, AR = 3/4.

Grid Resolution 312 × 312 512 × 512 704 × 704

Total melting time 2.0407 1.9970 1.9894

Averaged maximum velocity 104.4851 97.7858 96.3265

5. Results and Discussions

We now turn to investigate the effect of EHD on PCM melting in the present circular-
elliptical annuli, and the distributions of charge density, temperature and flow fields during
the melting process are presented and discussed. Additionally, unless specially stated,
all the simulations are performed under the strong charge injection with C = 10, and
the dimensionless charge diffusion number α is set to 10−3 [41], the aspect ratio (AR) is
kept at 3/4, while the non-dimensional mobility parameter (M), Prandtl number (Pr) and
Stefan number (Ste) are fixed at 10, 10 and 0.1 [41], which are all in the range of typical
organic dielectric PCMs in thermal energy storage applications [36]. Further, the product
of the semi-major and the semi-minor axes is fixed at R2/4 in this work such that the PCM
volume for different configurations is a constant.

In order to have a preliminary insight into the complex physical mechanism behind
EHD enhancement of PCM melting, we first focus on the onset of flow motion, which
marked the transition from a purely conduction regime to a convection regime in the
melting with or without electric field. As presented in the work of Lu et al. [41], the kinetic
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energy density (Ke) and the effective electric Rayleigh number are usually used to capture
the onset of flow motion in melting problem, which are given as

Ke =
1

Vf

∫
Vf

u2dV, Te = Th (40)

where Vf is the volume of fluid as a function of time, u is the fluid velocity, h is the average
thickness of the fluid domain, which is calculated by h = 1

R−r [
√

r2 + fl(R2 − r2)− r] with
r = R/2 in this work. Figure 4 plots the evolution of kinetic energy vs. the total liquid
fraction for three cases, in which case 1 and case 2 represent the nature convection melting
without and with electric field, respectively, and case 3 shows the EHD melting in the
absence of buoyancy force effect. It can be seen that the kinetic energy density decreases
gradually in all the above cases at the initial stage of melting marked by zone I, which
indicates that the flow motion does not exit and heat conduction is the main mode of
melting at this stage. As melting processes, the kinetic energy density in case 1 begins to
increase as a result of the motivation of nature convection. This growth marks the transition
to thermal convection regime marked by zone II from the initial conduction regime. Almost
at the same time, the kinetic energy density for the case of melting with electric field (case
2) also increases, and it is worth noting that the growth rate for this case is similar to that
for case 1 in zone II. This is the result of melting dominated by thermal convection regime
since the coulomb force is too small to induce the electroconvection at present stage for
case 2. As for case 3, although the convection also occurs accomplished by the increase in
Ke at this stage, the reason for the growth is quite different from the previous two cases.
In fact, the convection for case 3 in zone II is caused by the unbalanced Coulomb force in
present circular-elliptical annular system. As a result, a different growth rate of Ke can be
observed in Figure 4. As the melting goes on, a suddenly increase happens to Ke for case 2
and case 3 at around fl = 0.32 due to the motivation of electroconvection, indicating the
transition of thermal convection dominated regime to electroconvection dominated regime
marked by zone III., and the corresponding critical electric Rayleigh number is about 200.0.
Finally, the kinetic energy density for the cases with electric field (case 2 and case 3) are
kept at large values and shakes disorderly in zone III as shown in Figure 4. Whereas, the
kinetic energy density for melting without electric field (case 1) shows a decline trend at
the final stage in zone III.

In what follows, the influence of the electric field on PCM melting in the absence of
the buoyancy force effect (i.e., Ra = 0) is studied. Figure 5 plots the time evolution of the
liquid fraction fl as well as the maximum flow velocity Vmax, in which five representative
points (marked as A, B, C, D, E) are also included, and the corresponding distributions of
charge density, temperature field and the liquid fraction with streamlines are depicted in
Figure 6. At the initial stage, due to the free charges are mainly transported by the drift and
diffusion mechanisms, the Coulomb force is too small to overcome the viscous damping
such that heat conduction is the main mode of heat transfer at this melting stage, thus
the flow motion is inhibited as discussed above and presented at point A (see Figure 6a).
By passing time, as show in Figure 6b, although the distributions of the charge density
and the isotherms seem uniform, four slender vortices are formed in the liquid region.
Actually, since the emitter electrode in the present work is a kind of the curved electrodes,
the distribution of the electric field along the surface of elliptical electrode is then related to
the local curvature [45], and a sharper electrode surface usually corresponds to a higher
electric field. In such a case, the Coulomb force in the present circular-elliptical annular is
expected to be asymmetry, which further causes the fluid flow in the liquid region. As the
melting goes on, the Coulomb force gradually increases and finally overcomes the viscous
force, resulting in the sharp increase of the maximum flow velocity as shown in point C of
Figure 5b. In addition, due to the electric convection is motivated at this moment, some
charge void regions as well as thermal plumes can be clearly seen in the bottom and top
sections of the inner elliptical tube (see Figure 6c), and along with the increasing of the
flow strength, the number of them is found to increase (see Figure 6d). Further, with the
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increasing effect of of the radial flow, the vortices around the inner elliptic annulus formed
at point C increase in size and some of them merge in paries (see Figure 6c–e). With the
further development of melting (see Figure 6e), the electric convection in the annular is
fully motivated and the melting rate in this stage is a little larger than that in the initial
stage (Figure 5a). Moreover, as shown in point E of Figure 5b, the maximum velocity Vmax
undergoes oscillation when Fo ≥ 1.58 (i.e., fl = 0.62, and the corresponding critical electric
Rayleigh number is about 345.5), the EHD system transits to a chaotic state [28].

Figure 4. Kinetic energy density Ke in the fluid domain vs. total liquid fraction fl in which AR = 3/4.
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Figure 5. Time evolution of (a) the total liquid fraction fl and (b) the maximum flow velocity Vmax.
Parameters: Ra = 0, T = 500, AR = 3/4.

Finally, we would like to point out that due to the Coulomb force near the left and
right sides of the inner elliptic electrode is smaller in contrast to the top and bottom sections,
the PCM in these areas is finally melted as depicted in Figure 6e.
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(a)

(b)

(c)

(d)

(e)

Figure 6. The transient distributions of charge density, temperature field and the liquid fraction with
streamlines at five representative instants [(a) point A, Fo = 0.045; (b) pont B, Fo = 0.498; (c) point
C, Fo = 1.019; (d) point D, Fo = 1.381; (e) point E, Fo = 2.491]. Parameters: Ra = 0, T = 500,
AR = 3/4.

The above discussion clearly shows that the presence of the electric field indeed has a
significant effect on PCM melting, however, it should be noted that the buoyancy force also
plays an important role in PCM melting. In such a case, we are going to investigate the
interaction of Coulomb and buoyancy forces for the present circular-elliptical annular, and
in order to quantitatively reflect the enhancement of PCM melting, an evaluation factor Φ
is introduced, which is defined as

Φ=
t0 − t1

t0
× 100%, (41)

where t1 and t0 stand for the total melting time for the cases with and without EHD. Figure 7
presents the time evolution of total liquid fraction fl and the charging time reduction for
various electric Rayleigh number T, in which the thermal Rayleigh number is set to 104,
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and T = 0 corresponds to the case of melting without electric field. It is clear that the total
melting time is decreased with increasing the electric Rayleigh number as a result of the
increasing flow strength. Specifically, we note that when the electric Rayleigh number
increases from 0 to 500, the charging time of the system reduces 82.3% (see Figure 7b), while
the change in melting time caused by electric Rayleigh number varying from 500 to 1000 is
just 6.4% (see Figure 7b), which indicates that an electric Rayleigh number higher than 500
is not recommended from the perspective of energy consumption. In addition, comparing
the curves in Figure 7a, one can observe that the value of the separation point obtained for
a larger electric Rayleigh number is usually smaller than that obtained for a smaller one,
and the PCM melting rate is enhanced with the increase of electric Rayleigh number. To
intuitively illustrate this statement, the distributions of charge density, temperature field
and the liquid fraction with streamlines for different electric Rayleigh numbers at Fo = 2.0
are presented in Figure 8. As depicted in this figure, since the Coulomb force is increased
with the increasing electric Rayleigh number, the electro-convection in the system is more
easily to be induced for a larger electric Rayleigh number. As a result, it is noted that along
with the increasing of the electric Rayleigh number, more electro-plumes and therm-plumes
are formed around the inner elliptical electrode, which indicates that the flow strength in
the annular is increased, and of course a larger PCM melting rate is expected for a larger
electric Rayleigh number. Further, it is interesting to note that compared with the case of
pure buoyancy force (i.e., T = 0), the distributions of plumes (electro- or thermo- plumes)
as well as the melting front in the presence of electric field are not symmetry about the
vertical centerline even at a smaller electric Rayleigh number of T = 250. In fact, according
to the works of Lu et al. [54], the influence of the buoyancy force and the Coulomb are
related to the combined effect of the effective Rayleigh number and the effective electric
Rayleigh number, which are the functions of the depth of the fluid layer (see Equation (16)
in ref. [54]). Note that the directions of the buoyancy force and the Coulomb force are
different, and when the impact of the effective Rayleigh number and the effective electric
Rayleigh number are comparable, an oscillatory flow is expected, and this also explain
why the flow structure in Figure 8b is asymmetrical. Finally, since the Coulomb force
trends to induce a flow from inner ellipse to outer circular while buoyancy prefers a flow
in the vertical direction, the thermal convection and electro-convection behave to be a
cooperative mechanism in the upper region, causing the melting front expands faster in
this area. However, in the lower region, owing to the opposite direction of these two forces,
the melting front advances more sluggishly toward the bottom of the outer cylinder.
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Figure 7. (a) Time evolution of the total liquid fraction fl , and (b) the the charging time reduction for
different electric Rayleigh number. Parameters: Ra = 10,000, AR = 3/4.
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(a)

(b)

(c)

(d)

Figure 8. The transient distributions of charge density, temperature field and the liquid fraction with
streamlines at Fo = 2.0 for different electric Rayleigh numbers ((a) T = 0; (b) T = 250; (c) T = 350;
(d) T = 500). Parameters: Ra = 10,000, AR = 3/4.

The aspect ratio (AR = a/b) appeared in the aforementioned results is fixed at a
constant value of 3/4, and as pointed out by some researchers [10,66] that the melting
performance in the annular is also related to the the aspect ratio of the elliptical cylinder.
In such a case, the influence of the aspect ratio of the inner elliptical electrode is studied
in this paragraph, and all of the elliptical tubes considered here have identical area. The
time evolution of the liquid fraction fl together with the total melting time for different
aspect ratios AR are presented in Figure 9, in which two special thermal Rayleigh number
of Ra = 104 and Ra = 105 are considered, and the electric Rayleigh number for all cases
is set to T = 500. As shown in Figure 9a, it can be clearly seen that as the aspect ratio
increases from 1/2 to 2, the total melting time decreases with increasing AR up to AR = 1
at which the minimum total melting time is obtained. For AR > 1, the total melting time
starts to increase with increasing AR. According to the definition of the aspect ratio, one
can also deduce from Figure 9a that for a given inner elliptical electrode, no matter the
inner elliptical tube is oriented horizontally or vertically, the total melting times in these
two cases are nearly the same, and the conclusion drawn here is largely different from the
case of pure buoyancy force [10]. To reveal the mechanisms behind this phenomenon, the
distributions of the solid-liquid interface are also presented in Figure 10. As show in this
figure, although the buoyancy force is taken into account, the influence of it is insignificant
in contrast to that of Coulomb force, and this statement can be verified by the comparable
PCM volume in the bottom and the top sections of the annulus. In such a case, the melting
performance in the circular-elliptical annular is mainly determined by the Coulomb force,
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which tends to induce a radial flow from the inner ellipse to the outer circular cylinder,
and thus the melting performance depends little on the orientation direction of the inner
elliptical electrode. In addition, since the local electric field along the surface of elliptical
electrode strongly related to the local curvature, the the melting front expands faster in the
areas with higher curvature (see Figure 10). Based on the present numerical results, we
can concluded that as the Coulomb force is dominant over the buoyancy force, a circular
electrode is recommended to enhance the PCM melting. However, as shown in Figure 9b,
when the thermal Rayleigh number is increased from 104 to 105, the total melting time
is always increased with increasing AR, and in such a case, the utilization of an slender
vertical-oriented elliptical electrode is recommended instead of the circular one, and this
conclusion is similar to that reported for the PCM melting under the effect of pure buoyancy
force [10]. Figure 11 illustrates the melting patterns for three different aspect ratios. For one
thing, since the thermal convection at the top (bottom) section is cooperation (competing)
with the electro-convection as already mentioned, the melting rate at the top section for
all aspect ratios is slightly higher than that in the bottom section, and thus the portion
of the solid PCM at the bottom of the annular is melted slowly. For another, as reported
by [10,66], the intensify of the thermal convection at the top section is relatively larger for a
slender vertical-oriented elliptical, and this is also the main reason why the total melting
time obtained for AR = 1/2 is smaller compared with the other cases.
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Figure 9. Time evolution of the total liquid fraction fl for different aspect ratios AR in which T = 500:
(a) Ra = 104; (b) Ra = 105.
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(a)

(b)

(c)

Figure 10. The transient distributions of the solid-liquid interface for different aspect ratios ((a) AR =

1/2; (b) AR = 1; (c) AR = 2) at Fo = 1.0, 2.0 and 2.7, in which Ra = 104, T = 500.

(a)

(b)

(c)

Figure 11. The transient distributions of the solid-liquid interface for different aspect ratios ((a) AR =

1/2; (b) AR = 1; (c) AR = 2) at Fo = 1.0, 5.4 and 8.2, in which Ra = 105, T = 500.

6. Conclusions

In this paper, the influence of electric field on PCM melting in circular-elliptical annuli
is numerically investigated by using the lattice Boltzmann method. Different from previous
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works, the electrode considered here is a kind of elliptical electrode, and it is known
that the more curved elliptical surface corresponds to stronger charge injection strength,
which may lead to stronger flow field, and the consequent increase of heat transfer rate.
In addition, for a given volume, it is known that an ellipse has a greater circumference,
indicating the overall surface area of elliptical annulus is greater, which may potentially
lead to better melting heat transfer performance. Four different evolution equations are
employed to reveal the complex coupling among fluid field, electric field, charge density
and temperature field. After verifying the present models by two tests, we firstly focus on
the onset of flow motion during the melting process of PCM. Then, the influence of electric
Rayleigh number, thermal Rayleigh number as well as the aspect ratio on the melting
performance of PCM with electric field are studied in detail.

Based on the simulation results, it is observed that there exists three melting regimes
named conduction dominated regime, thermal convection dominated regime and elec-
troconvection dominated regime for PCM melting with electric field. In addition, results
show that the melting rate can be significantly improved by applying an external electric
field, and the total melting time is decreased with increasing electric Rayleigh number.
Moreover, a circular electrode (AR = 1) is recommended to enhance the PCM melting
when the Coulomb force is dominant over the buoyancy force, while if the buoyancy
force is dominant over the Coulomb force, a slender vertical-oriented elliptical electrode
(AR = 1/2) has a better performance for the enhancement of PCM melting.
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Appendix A. The Numerical Procedure for the Present Work

In this appendix, the solution procedure for the present work is briefly described, and
the present work can be repeated with the following procedure:

(1) Initialize the values of pressure, fluid velocity, electric potential, electric field,
charge density as well as the temperature field based on the physical problem, then equilib-
rium distribution functions f (eq)

i , g(eq)
i , h(eq)

i , l(eq)
i can be determined from Equations (18),

(25), (31) and (34), which are also used to initialize the distribution function fi, gi, hi, li.
(2) Perform the collision and the streaming steps of Equation (17), and calculate the

pressure p and the fluid velocity u by using Equations (22) and (23).
(3) Solve the lattice Boltzmann equation for electric potential [i.e., Equation (24)],

and calculate the electric potential φ and the electric field E by employing Equations (27)
and (28), respectively.

(4) Perform the collision and the streaming steps of Equation (29), and calculate the
charge density q with Equation (32).

(5) Solve the lattice Boltzmann equation for temperature field [i.e., Equation (33)],
and calculate the total liquid fraction fl and temperature θ using Equations (38) and (39),
respectively.

(6) Go back to step 2 with updated body force until the melting process is finished.
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