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Abstract: The flight mechanics of rigid wing Airborne Wind Energy Systems (AWESs) is fundamen-
tally different from the one of conventional aircrafts. The presence of the tether largely impacts the
system dynamics, making the flying craft to experience forces which can be an order of magnitude
larger than those experienced by conventional aircrafts. Moreover, an AWES needs to deal with a
sustained yet unpredictable wind, and the ensuing requirements for flight maneuvers in order to
achieve prescribed control and power production goals. A way to maximize energy capture while
facing disturbances without requiring an excessive contribution from active control is that of suitably
designing the AWES craft to feature good flight dynamics characteristics. In this study, a baseline
circular flight path is considered, and a steady state condition is defined by modeling all fluctuating
dynamic terms over the flight loop as disturbances. In-flight stability is studied by linearizing the
equations of motion on this baseline trajectory. In populating a linearized dynamic model, analytical
derivatives of external forces are computed by applying well-known aerodynamic theories, allowing
for a fast formulation of the linearized problem and for a quantitative understanding of how design
parameters influence stability. A complete eigenanalysis of an example tethered system is carried
out, showing that a stable-by-design AWES can be obtained and how. With the help of the example,
it is shown how conventional aircraft eigenmodes are modified for an AWES and new eigenmodes,
typical of AWESs, are introduced and explained. The modeling approach presented in the paper sets
the basis for a holistic design of AWES that will follow this work.

Keywords: AWES; flight dynamics; dynamic stability; tethered flight; eigenvalue analysis; modeling
for control

1. Introduction

Airborne Wind Energy (AWE) is the field of wind energy which aims at harvesting
power from the wind through airborne systems. Airborne Wind Energy Systems (AWESs)
can access wind resources at higher altitudes and they can obtain the same power output
of conventional wind turbines with a drastic reduction of mass, which could lead to a cost
decrease [1,2]. Many concepts are being developed and they are classified according to how
the aerodynamic force, needed for the power production, is generated. A classification of
the currently pursued AWE concepts, their flight operations and developers is given in [3].
The present paper is focusing on the development of AWESs which produce aerodynamic
force by flying crosswind. Crosswind AWESs can generate power in two ways [3]: with
on-board wind turbines (Fly-Gen AWESs) or with a generator placed at the ground station
(Ground-Gen AWESs), which can be fixed or moving [3]. Fly-Gen AWESs produce power
on board and transmit it to the ground station through electric wires embedded in the
tether [4,5]. Ground-Gen AWESs with fixed ground station produce power cyclically. In
the power generation phase, they produce power by pulling and unwinding the tether,
which is connected to a generator. In the recovery phase, they fly back, spending some
power, while the tether is wound back. Ground-Gen AWESs are being developed with soft
kites [6,7] or rigid wing aircrafts [8-10].
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To become a viable alternative to conventional wind turbines, AWESs flying crosswind
need to display a sufficient reliability, thus allowing operations over long time frames.
Therefore, design choices should keep robustness to external disturbances and failures
as a premium goal. This in turn can be achieved through an increased knowledge of the
dynamics of the flying craft, as a means to quantify how some characteristics of the AWES
impact its performance, so as to allow suitably sizing the machine to meet all expectations.

The flight mechanics problem of AWESs is fundamentally different from the one of
conventional aircraft for mainly three reasons: the presence of the wind, needed for the
power generation (the average wind speed does not influence conventional aircraft flight
stability analyses, as the inertial coordinate system can be considered to move with the
average wind speed, but this is not the case for AWES), the presence of the tether, which
transfers all forces acting on the airborne unit to the ground, and the need for maneuvers to
keep the aircraft in the correct trajectory and attitude. It is therefore clear that conventional
design techniques assuming straight and level flight can hardly be used for AWESs.

Makani Power [4], before the shutdown, started investigating the possibility of de-
signing the flight path and aerodynamic characteristics of the AWES to achieve passive
stability [11,12]. Stable AWESs would maintain the flight path with the least amount of
control activity. Previous works [13-15] analyze the flight stability of kites not undertaking
the crosswind motion for power generation. In this work, the kite crosswind motion
needed for power generation is included in the analysis.

To achieve stability, the flight path should be properly chosen: a circular path makes
the problem nearly axial-symmetric, and there exists one turning radius which ensures
maximum tether force and potentially maximum power production [16]. As this turning
radius maximizes the tether force, a stable-by-design AWES, if perturbed from this path,
would tent to return to the operational point which maximizes tether force. This flight path
is then selected for the present investigation.

The AWES aerodynamic design should help, as much as possible, the control system
to achieve robust operations. An analytical modelling approach to study flight stability is
presented in this text. The six d.o.f. equations of motion are linearized about a fictitious
steady-state motion of the AWES in the circular path. No real steady-state can be achieved
during power generation because of the continuous maneuvers of AWESs. Indeed, gravita-
tional forces and aerodynamic forces related to the mean elevation angle act periodically on
the kite. The fictitious steady-state motion, also called trim in this paper, is then computed
by considering all the fluctuating terms as disturbances. The peculiarity of the selected
flight path is that, if the fictitious steady-state is considered, centrifugal forces, induced
by the constant turning maneuver, are balanced by the radial component of the force on
the tether. In this way, lift is not used for the turn maneuver. The derivatives of external
forces and moments are finally taken about the fictitious steady-state, to formulate the
linearized problem.

Finally, the stability of the system can be studied by looking at the eigenvalues of the
linearized system. The procedure to study stability is summarized in Figure 1.

Step A Step B Step C Step D
Find trim solution — Compute — Formulate — Study
external force linearized eigenvalues
derivatives problem
The steady state Analytical For circular Eigenvalue with
is defined by derivatives are paths, real part negative

considering all taken to study longitudinal and

fluctuating terms the effect of lateral equations
as disturbances. design changes are coupled.
on stability.

are stable.
New eigenmodes
are expected.

Figure 1. General procedure for the stability analysis of rigid wing AWESs.
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The linearized model allows for a simplified investigation of the influence of main
wing geometry (position, area, aspect ratio, sweep, dihedral), main wing aerodynamics,
control surfaces aerodynamics and geometry (area, aspect ratio, position), tether attachment
position, tether mechanical and aerodynamic properties and mass properties of the AWES
on flight stability. Also, since it does not primarily impact the dynamics of the flying craft,
in this paper the power generation mechanism is not modeled. In this way, the model
presented here can be used, with small modifications, to model both Ground-Gen and
Fly-Gen AWESs.

As previously stated, the so-obtained model of the plant allows a good physical un-
derstanding of the effect of design choices on performance, and especially on stability. This
in turn enables the formulations of design guidelines for the geometry and aerodynamics
of rigid wing AWESs. Furthermore, the quality and characteristics of the model introduced
in this paper bends itself to an adoption inside iterative optimal design tools, as well as for
control design and tuning tasks.

An AWES designed to be stable, with the approach proposed in this work, has no
guarantees to converge to the prescribed trajectory without control inputs. The formu-
lation proposed here is meant to study the system dynamics of the AWES set to a state
representative of its flight during the power generation loop. Therefore, the term stability
in this paper refers to the ability of the system of returning to the fictitious steady-state if
perturbed from it. As the fictitious steady-state is representative of the flight during the
power generation loop, flight dynamic performances and control efforts over the loop are
expected to benefit from a stable design.

The paper is organized as follows. Section 2 presents the non-dimensional linearized
equation of motion derived for a generic AWES and Section 3 deals with the derivation
of the external forces acting on the AWES. These two sections represent the mathematical
basis for this paper and for subsequent work on the holistic AWES design and are therefore
intended to be very comprehensive and detailed. Section 4 deals with the numerical
implementation of the above mathematical model in MATLAB®, while Section 5 presents a
preliminary validation of this tool. Finally, Section 6 reports the results for different sets of
configurations of increasing complexity and Section 7 closes the manuscript summarizing
the main findings of this research.

2. Linearized Equations of Motion
2.1. Coordinate Systems

Three coordinate systems are defined to derive the equations of motion. The ground
coordinate system F (Figure 2) is centered at the ground station and it is inertial. Its
origin is denoted as G. Zg points upwind and X toward the ground. Fg can also be
interpreted as the wind reference frame. As F is treated as an inertial frame, the inertial
force components caused by the rotation of the wind vector are neglected.

A second coordinate system Fg (Rotating) is defined such that it moves on a circum-
ference of constant radius R, rotating around its Zg axis: X points along the tangential
direction and Yr outward. X and Yy define the rotor plane (Figure 2). The origin of Fy is
named R and lies on the plane connecting the ground station, the circumference center and
the tether attachment point on the kite. With this definition,  does not have a constant
rotational speed.

The rotation matrix Rg_, g, which describes a coordinate transformation from Fg to
FRr, is defined by two sequential planar rotations, associated with the mean elevation angle
B and the angular position ¥ of Fr along the circumferential trajectory of the craft (see
Appendix A for rotational matrix notation)

!/

RER (Y, B) = RGr(Y)REq () = RyG,GG/(ﬁ>RzG,G/R(T)' @M
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Figure 2. Ground coordinate system F and rotating coordinate system Fg.

The stability coordinate system Fg (Figure 3) is centered at the tether attachment
point and is moving and rotating with the kite. Its origin is denoted as S. Equations of
motion are written in Fg, which makes the formulation of the external forces compact. As
Fs is defined from the aircraft trajectory, and not from a reference frame attached to the
kite, inertial and geometrical properties of the system need to be expressed in Fg for each
operational point (i.e., wind speed). This procedure is detailed in Section 4. The rotation
matrix which describes a coordinate transformation from Fg to Fs is defined with three
sequential planar rotations, around the third, second (rotated) and first (rotated) axes of
the frame respectively

"

RRs(¢,6, %) = RRug(¢)Rigr (0)RRp (9) = R g (¢)R§,;<’R/f(9)R§,Rf/s(4’)~ 2

In steady-state, Fs and Fr coincide. Thus, this definition of coordinate systems is
particularly useful when studying perturbations about the steady-state, which is the case
in the formulation adopted in this paper.

Figure 3. Rotating coordinate system Fy and stability coordinate systems Fg. On the left, a graphical
representation of the three sequential planar rotations from F to Fs. As angles ¢, 6 and 1 are
assumed to be small and Rﬁs is linearized about the condition ¢ = 0 = ¢ = 0, they can be
interpreted as rotation angles about axes Xg, Yg and Zg, which is shown on the right.
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As the final aim of this work is to linearize the system about its steady-state, (¢, 0, ¢)
are assumed to be small and Rﬁs is linearized, so that

X

1 —yp 6 ¢
Rps(p,0,9)~| v 1 —¢ |=1+|06 | =1+Eu”, ©)
-0 ¢ 1 "

where 1 is the 3 by 3 identity matrix and the symbol (-)* applied to a vector represents
its corresponding skew-symmetric tensor form. With these assumptions, Rsg = Rk¢ =
1— Eu™.

2.2. Position

To formulate the equations of motion in Fg and evaluate the tether elastic force, the
position of the ground station with respect to Fg, expressed in Fg (Xg _,¢) is to be found.
It can be expressed as the summation of X2,z and X3, ,

X$ ¢ = Xeg + Xgo = Rsr (XgR + Xﬁc)/ 4
where
0 Xrs
Xgc=| —Ro |, XSg=—| vrs |, @)
Zy Zrs

with Ry the circular path radius, Zj the distance of the 7 from the rotor plane AA (see
Figure 2) and Xﬁs = [Xrs, Yrs, Zrs] T (see Figure 3).

2.3. Angular Velocity
The angular velocity of Fg with respect to F¢, expressed in Fg takes the form

w = [p,q,1" = ws = Rigwiy + Eu = (1 Bu*)wiy + Eu. (6)

2.4. Relative Wind Speed

The wind velocity is along the Z; axis and has a negative direction. A constant and
uniform wind field, parallel to the ground, is considered. Its definition by components in
the stability coordinate system can be written as

0 Cy Sy 0 —5‘3
VEg =R | 0 | = —Vo(1—EuX)| —sy ey 0 || 0 |. @)
Vv, 0 0 1]|¢

In the formulation of dynamic equilibrium, the fluctuating terms, functions of ¥, are
considered as disturbances. Therefore, Vfu ¢ can be decomposed in a non-fluctuating and a
fluctuating term

—0 —Cy
Vo= -Vocg| ¢ |, Vau = Vesp(1-Eu)| sy |. (8)
1 0

The fluctuating term Vfu, fl needs to be considered when studying the system in the
time domain. Furthermore, for systems with no elevation angle, the fluctuating terms are
null. This case is representative of a setup where the ground station is set on top of a tower
or other elevated anchor points. The contribution of the fluctuating terms is along the Xg
and Ys axes. On the X axis, the relative wind is dominated by the kite motion, while on
Ys axis the kite experiences the fluctuating terms as side-slip velocities.
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By considering a generic position in Fs, namely X° = [x,y,z]7, the undisturbed
relative wind speed V? in Fj is defined as the the subtraction of the kite motion from the
wind velocity, yielding

U —0 u+zq—yr
Vi=—|V :VZSU—V—wXXS:—Vwcﬁ ¢ | —|v+ar—zp|, )
w 1 w+yp —xq

where V = [u,0,w]T = V, is the velocity of Fs with respect to F¢, expressed in Fs. The
trim state (fictitious steady-state) is indicated in this paper with the subscript 0, therefore
yielding for the baseline condition

Uy 0 1y — Yro 1+7
VEO = — VO = —Vwc/; 0] — X1 = —Up *(’: . (10)
Wo 1 0 $
Here u is the kite velocity along Xg at trim, vy = —ﬁ—g (valid for a left-turning kite),

C=1g 1= ng and G is the system glide ratio (comprehensive of the drag acting on the

tether), defined as
Uo

- Vwcﬁ ’

(11)

G is defined here as a velocity ratio and not the lift-to-drag ratio, as commonly done
in aeronautics. However, for AWESs flying crosswind, the two definitions coincide.

2.5. Equations of Motion in Fg

The stability coordinate system Fj is centered on the tether connection, so the AWES
center of mass can be elsewhere. The equations of motion for a non-barycentric moving
coordinate system are

ml —mTCG* \Y n
mTCG* I w

w* 0 m1 —mTCG™ V| | F
vV w* mTCG™ I w | | T
where m is the kite mass, 1 is the 3-by-3 identity matrix, TCG is the position of the center

of mass in Fg, I is the inertia tensor by components in g, F and T; are the external forces
and moments.

(12)

2.6. Linearized Non-Dimensional Equation of Motion

To make the equations of motion non-dimensional, a diagonal matrix is introduced as
S =diag([1,1, 1, b, ¢, b)), (13)

where b is the reference wing span and c the reference chord. The unit force is defined as
L2
F = Ep Auol (14)

where p is the air density, A is the reference wing area and 1 the AWES translational
velocity (evaluated at the tether anchor point).
A non-dimensional form of the six-dimensional equation of motion is
s st

Tmﬁ + Tuxmu =f, (15)
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ml —mTCG* % w* 0 \%
R P Velele 1 } v _[VX w* } “_[w}’ (16)
and .
S™ F ~ ~ o~ o~ o~ T
f=— =1|X,Y, 7, L N| . 17
SR 17)

Now, in order to study the stability of the system, the equations of motion are lin-
earized about the trim (fictitious steady-state) condition, yielding

-1 S*l Sfl
TmAﬁ + TAuXmuo —+ Tug mAu = Af. (18)

The second term in the latter form can be expressed as a function of the incremental
velocity Au = u — ug as

« [ Aw* 0 o l|_ [0 ¢ AV |
Au muo—{AvX Aw* do | = cg d6< Aw | = cdjy Au. (19)

Upon substitution, the linearized equation of motion is therefore

-1 -1
STmAﬁ = ST (edf —ufm)Au + Af = A Au+ Af, (20)

where Ac = S* (cd —ulm) and Af = [AX, AY, AZ, AL, AN, AN]".

2.7. Linearized Dynamics: Explicit Formulation

Thirteen incremental state variables are necessary to fully describe the dynamics of
the tethered AWES system, namely three translational speed components, three rotation
rate components, a circumferential position, three spatial and three attitude components.
This yields the following state vector:

X =] Au, Av, Aw, Ap, Aq, Ar, AY, Axys, Ayrs, Dzrs, AP, AB, AP ]T, (21)

where AY describes the perturbed angular position with respect to the steady state (base-
line) position. It can be noted that, as the problem has been formulated to be axial-
symmetric, no dependence on this state variable is expected.

To express kinematic relationship between state variables, the perturbed translational
and angular velocity equations are considered. The translational velocity can be written as

Ves = Ve + Vs = Rég (WéR x XEg + V§S>/ (22)

where w8, =[0,0,%]T and VR, = XK. + w8, x XR.. The linearized form of the previous
equation writes

AXRs — XBX Awl g = AVEg — Vo AEBu — wi AXEs, (23)

where ARE, = —Eu*, RISQR,0 = 1 (from Equation (3)), wléR,O = wSGS,o = wp = [0,0, —uy/R)T
(from Equation (6)) and wélx{ OXSR = [up,0,0]T = Vj (XléR is defined in Equation (5)). In
matrix form

AXys Ry Au A¢g Axys

Ayrs — 0 AY = Av — ‘/0>< A0 — “’5 Ayrs . (24)
AZys 0 Aw Ay Az
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The linearized angular velocity equation in matrix form (from Equation(6)) can be
written as

A 0 Ap A¢
A |+ 0 |AY=| Ag | —w( | A6 |. (25)
A 1 Ar AP

Based on the equations introduced up to now, it is possible to write the linearized
dynamics of the system in the form

MX = Ay X+ AfX. (26)

In this expression, the mass matrix M writes

-1
S—m 0sc1 Opxe
M= —R , (27)
066 fcox Lsxs

with 144 is the 6 by 6 identity matrix, Roy = [Ry,0, O]T and k = [0,0, 1]T. Furthermore, the
coefficient matrix A.; appearing on the r.h.s. yields

A O6x1 Opx6
Ay = —wy =V . 28
“ lox6  Osx1 03(; _w[i (28)
x 0

The external force matrix Ay is instead used to describe the linear variation of the
external forces with respect to a variation of the state space variables. Its components are
derived in Section 3. As a further step in dealing with dynamic equations, the system
of linearized equations can be made non-dimensional. This is achieved by normalizing
the state variables according to dimensional groups typically found in flight mechanics
literature. In the process, a scaling matrix Sy is defined as

2uy 2up 2
S, = diag([uo, uo, uo, 5%, =0, 70,1 L, L, L], 1, 1, 1D (29)

where in particular LY is the tether length at rest. The array of non-dimensional state
variables is then obtained as

X =s;1X = [M o Aw Aph Die Arh Ay A B Az ap Ag) Alpf.

[\ 0 7 [I4
L[ Lf Lf

(30)
In a similar fashion, the non-dimensional mass, coefficient and derivatives matrices are
M = MS,, Ay = AyS:, Af = A¢S;. (31)

Therefore, the non-dimensional linearized equations of motion can be written as
MX = A, X +AX = AX. (32)

It can be noted at this level that the dynamic equilibrium is described by 12 scalar
equations and 13 variables. To solve this, Fs is taken such that it is in the same radial
direction of Fg. Therefore Ax,s = Ax;s = 0. Thus, the column relative to this contribution
can be removed from the system, which becomes balanced in 12 variables. The modelling
choice of having F; aligned with Fr comes from the need of having these two coordinates
systems the closest possible, as the position of Fy is linearized with respect to Fr.

3. External Forces Derivatives

Considering the linearized dynamics introduced in Equation (32), in this section
the contribution of the external forces are described. They will populate the matrix of
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derivatives A - Since it is not clear which derivatives will influence the dynamics of AWESs
most, all derivatives are analytically derived.

3.1. Modeling the Wing Contributions to Aerodynamics

The analytical formulation presented here is meant to model the physics of the AWES
in a general way. However, a few assumptions are made to ease the derivation without
imposing excessive constraints.

The main wing is assumed to have an elliptic planform with no twist. Wing dihedral
and sweep are considered to be small. The induced velocities generated by the lifting
surfaces are modelled with Prandtl’s lifting line theory, which assumes a straight translatory
motion. The helicoidal wake structure is then modelled as straight, which is a good
approximation [17] for the problem investigated in this paper. The squared wing span is
considered to be small compared to the circular path radius squared, or in analytic terms,

2
b
(&) <1
3.1.1. Wing Coordinate System

When designing the main wing for stability, dihedral angle I and sweep angle A are
expected to largely influence the results. Therefore, the aerodynamic derivatives shall
consider these angles. Fyy,, a reference system attached to the right wing, is defined to
be with the Yy, along the direction defined by the points along the quarter chord line,
pointing to the tip of the right wing, as in Figure 4. The rotation matrix between Fs and
Fwy is defined by applying first a rotation around X of the dihedral angle I', followed by
a rotation around Z;g of the sweep angle A. This yields

!

Rs_pw; (T, A) = RJSC’SS, (F)Rf,S,WV(A) ~ 1+ DS, (33)

where sweep and dihedral angles are assumed to be small and DS = [T, 0, A]T. Note that
the dihedral angle I' is positive with the right wing pointing down, and the sweep angle A
is positive with the right wing pointing backwards.

Figure 4. Right wing coordinate system Fp, and stability coordinate system Fs.

The coordinate system of the left wing Fy; can be defined in similar manner. The
rotational matrix from Fg to Fyy; is

RSHWZ(FI A) ~1-— DSX. (34)
The rotational matrices of the two wings can be unified as follows

Rs (I, A) =1+ /DS”, (35)
ﬁ = ‘z—l % = % is the signum function of the wing span coordinate, over the full
left and right wing span.

where
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A given position y;, along the wing axis Yy with respect to the tether attachment can
be expressed in Fg (X% ) as

s TW, . 0
Xtow = | TWy | = X7, +Rsw(T,A) | v
TW, 0
(36)
TWo, 0 , “A
= 0 + | Yw + ﬁ}/w 0 ’
TWo, 0 L T

where X% _w, is the position of the wing root with respect to the tether attachment. By
looking at the second row of Equation (36), for small dihedral and sweep angles, it is found
that the coordinates along Ys and Yyy are equivalent (TWy = y3).

3.1.2. Relative Wind Speed in Fy

Aerodynamic forces are computed in the wing coordinate system. Thus, the relative
wind speed in the wing coordinate system Fyy is

u AV
VfV:RWSVf:Vf—“ZTDSXsz— V- AT, (37)
W —TV

where the relative velocity V3 and its components are defined in Equation (9). Note that
(x,y,z) in Equation (9) are still the coordinates in Fg. Therefore, VW is the relative wind
velocity in Fyy given a point in the Fg.

For the crossflow principle, only the components on the Xy and Zy axes produce
aerodynamic forces. The relative velocity in the wing coordinate system, needed for the
evaluation of aerodynamic forces, does not take into account the component along the
Yy axis. Taking these features into account, the modulus of the relative speed squared is
written as the summation of the first and third rows of Equation (37) squared

2 2
V2 = (—u - '7Av> + (—W n ”rv) ~2+wW? 2 Lryw 2 T auy, (38)
1] 1] 1] 1]
where terms proportional to the sweep and dihedral squared are neglected (small higher
order terms). Note that the two first terms are not dependent on the dihedral and sweep,
so they are the only surviving results for a straight wing.

The inflow angle 7y, assumed to be small, is defined as the angle between the relative
velocity and the Xyy axis measured in the (X, Zy) plane (see Figure 5 for a straight wing).
Angle vy, is used to project lift and drag in Fyy; it can be written as the ratio between the
third and the first row of Equation (37)

(-u—gav) U (1-Bady) (14 Hay) o)
&—FinAﬂM
u hplu Tl ur

where the first term is for a straight wing and the odd functions take into account wing
geometry. Terms proportional to the sweep and dihedral squared are neglected (small
higher order terms).
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Rp

Figure 5. Velocity triangle and aerodynamic forces for the main wing.

3.1.3. Trim Condition

In trim conditions, the relative velocity, using Equation (38), and the inflow angle,
using Equation (39), take the forms

1 1
Vrzo ~ “%(1 + 77)2 ~ u%(l +27), Ywo = m ~ E(l —1), (40)

where the assumption 7% = (RLO)Z < 1 has been invoked and terms proportional to sweep
and dihedral angle neglected. Both the relative velocity squared and inflow angle are linear
functions of 7.

Considering strip theory [18], the aerodynamic lift coefficient in Fyy at a given yq,
position of the wing is computed as

o
y=Cry=0)—Cro L, (41)

deJ=de=Cdy=®+Cm@ G

where Cj,, can be computed from the airfoil lift coefficient slope Cj,

which is a good approximation for an elliptic wing with no twist and ‘3—; =

R
A similar procedure can be applied to the drag coefficient, such that Cp(y) = Cp(y
0) — CD,X%, where Cp(y = 0) and Cp, can be found with lifting line theory

Ci(y =0)

CLly =0)CrLa
TAR ’

Cp(y =0) =Cpo + AR

Cpy =2 (43)
No dependence of the lift coefficient on the side slip angle is considered. From now
on, Cr(y = 0) will be indicated as Cy and Cp(y = 0) as Cp.
Given this modeling, the non-dimensional aerodynamic forces given by the main

wing can be written as

b/2

1 g1 1 CL(V)’)’w(y) - CD(]/)
¢ = W) F| x5 |Rsw 0 Vi(y)ydy, (44
—b/2 w —CL(y)

where the relative wind velocity squared V;(y)? (Equation (38)) and the aerodynamic coef-
ficients matrix C = [CL(y)vw(y) — Cp(y),0,—CL (y)]T are computed in Fyy, therefore Rgpy
(Equation (35)) brings them into Fg, where the integration happens. The term Cy (y) v (y)
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in the aerodynamic coefficient matrix models the propulsive lift. The term X3, " indicates
the skew symmetric matrix of the application location of the aerodynamic forces and it is
needed to compute moments. The matrix s! (Equation (13)) brings moments into forces,
the unit force F (Equation (14)) makes the equation non dimensional and ¢(y) is the chord.

To get to a closed form solution of the integral, the odd functions of the wing span
coordinate in the integral variable are to be separated from those which are even or constant.
The first part of the integral function of Equation (44) can be written using Equation (36)
and Rgyy =1+ %sz (Equation (35))

1

571
Xiw

X

RSW_Sl{{ [Tvvx,ol,Twz}X }“[ [OIR(O)IOV }

i 0 . DS*
11| (o8R0 | * | e 0w s | )

=

0 i 0
+17\’7|{ [0, R, 0]*DS* ]”W[ (DS*[0,Ro, 0]") *DS* ]}

The very last term, including effects proportional to dihedral and sweep squared,
can be neglected. Also the second last term can be left out, since the aerodynamic loads
are only in the first and third axes ([0, Ro, 0]*DS*[Cy,0,C:]T = [0, Ro,0]T x {[T,0, A]T
[Cx,0,C2]T} = [0,Rp,0]T x [0, ACy —TC;,0] = 0). With these two considerations, Equa-
tion (45) can be written highlighting the dependence on the wing span non-dimensional
coordinate 7

s ! y

S
XTW

Rom =~ Sl{ o | 1o s o ke om }

» 0 1 DS~ _
S {[ [0, Ro, 0] }+ T | [Tw, 0, TW. DS | (= F TP

where P and D are even functions of #. For readability, the following matrices, derived in
Appendix B, are defined

(46)

1 b/2 y b/2 y b/2 Pd
P E—/ Pdy, P, / Pdy, Py, / ,
A= c(y)Pdy =4 y|,7| y = y)y*Pdy

—b/2
b/2 D b/2 ’ p
, D,, = —/ Ddy.
A/b/Z |17| v nm A —b/ZC(y)T] y

The aerodynamic coefficient matrix at trim Cyp, introduced in Equation (44), is

CL (y)')’wO (}/) -Cp (]/) % - Cp CL+ CL“ — Cpa
0 - % @
—CL —Cra (43)

(47)

0
—Cr(v)

Q

Co =

= Cpo —UEW,
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where 740 (y) is given in Equation (40) and Cj (y) in Equation (41). The definition of Cgo
and Cj, is useful when performing derivatives with respect to a generic state variable @
(Equation (30))

ac CLWwo(é/) — Cpa an . CL *O%Cm e
0@ e 0@ 0 0@

(49)

@’

CL+ C“‘ — Cpa Cé“
= 0 —2n| O
—Cla 0

where the derivative of the angle of attack with respect to a generic variable is equal to the

}a% = (S ZWCLa)a%U

derivative of the inflow angle with respect to the same variable 2 6= aa“g” The three new
aerodynamic coefficient matrices, defined to highlight the dependence of the aerodynamic
coefficient matrix at trim Cy (Equation (48)) and of its derlvatlve (Equatlon (49)) with

respect to 7 are

% —Cp CL+ CL"‘ — Cpa CLa
CRO = 0 ’ C;y - 0 ’ CLuc - . (50)

—Cr —Cra

S OO

Deleting the odd functions of y, which provide a null contribution along the wingspan,
the following form for non-dimensional force and moment at trim is obtained

"b/2 C
= g30 [ c)(®+ D) (o= 1+ )y

b/2 Cy
~ )(P+#D)<« C 2Cro— — | ¢d 51
A/b/z T ){ RO+17< KO G>} Y D
Gy
= P4Cgro + Dy ZCRO*E ,

which can be written explicitly as

xv 1 0
yw 0 0
% C
£ = g:: — 0 1 -0
L 0 0 —Cp.
v TW, _ ¥ TW, 17
M o oY e AT
Nv 0 0
(52)
0 0 0 0
0 0 A I
I 0 0 I 0 0 CL_9cp — CLa. + CDa
/il /A G D
YA oo BT —aTw pIN [ ~2C; + C G
0 0 0 0
R TWy TWy
-7 0 A T
Here y;, is the y coordinate of the right wing centroid y,,= A =3 f b2 y)ydy= RO =X

The expressions of the non dimensional aerodynamic force X (which should not be confused
with the non-dimensional state variables X) and Z correspond to the classical results for
AWES modeled as a point mass flying in a straight crosswind motion. This is in accord with
the findings on the flight path introduced in [16] and used here. Conversely, Y appears just
because of dihedral and sweep and the difference in relative wind speed between the inner
and outer wing. Indeed, loads in the two wings are different and so is their projection on
the Ys axis. The moments L and N appear because of the difference in relative wind speed
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9@ _ _ 2up
ap 8(;7%) b

between an inner and outer wing. It is also noteworthy that M basically does not depend
on dihedral nor sweep.

3.1.4. Procedure for the Evaluation of Derivatives

The derivative of forces and moments with respect to a generic variable @, using
Equations (40), (48) and (49), can be formalized as follows

ofv 1 b2 oC oV?
@_T%Lb/zc(y)(P+ﬂD)<a@ o+ Co 8@)dy

(53)

1 o c,\ o2
= Au%/b/zc(y)(P+WD){( = 21Cpy) 5 5@ Mol +1)*+ (CRO*WE) %@ }dy,

a'Yw

where a@ " in the latter expression can be found by applying recursively the chain
rule. For example derivatives with respect to i can be written as

2u) (90 9W 383V _2uy (30 2@\ 200 2:00
Wap avep) b \Yow “ov) bow b oo (54)
The systematical application of the chain rule for the other derivatives is shown in
Appendix C.

3.1.5. Straight Wing Derivatives

Equations (38) and (39) express the relative velocity squared and the inflow angle for
a wing profile. The contributions of the straight wing, dihedral angle and sweep can be
analyzed individually as they appear in different terms. Consequently, the derivatives of
Yw and V? with respect to U, V and W for the straight wing can be provided separately,
and are given in Table 1. The chain rule, following the procedure given in Appendix C, can
be applied to find the analytic expression of such derivatives.

Table 1. Derivatives of 7, and Vr2 with respect to U/, V and W for the straight wing.

Yw V7
Guo( +77) 2up(1+ ’7)
V 0
1 2
w g (1+1) %

To present one example of the methodology for deriving expressions as in Table 2, the

derivation of %f; is here displayed. Following the procedure introduced in Section 3.1.4,

the two terms necessary for the evaluating the derivatives (Equation (53)) are

oC 1 5 2 _ (o Cia\ »
a~Vr0 = (G _277CL“){_GuO(1+;7)2}{uO(1+’7) }”0 = <—G+2’7 G o

oV? C C
5 (CROWGU){z”O(lJrU)}“O :2<CRO‘|‘77CRO77G’7)”%/

Co

2
9w aaz‘i? are found in Table 1 and %—Zj = 1is given in Table A1l.

Performing an integral along the wingspan, in order to find the aerodynamic deriva-
tive with respect to i, Equation (53), considering Equation (55), takes the form

ofw b/2 (:17 C C
a A/ +’7D){_G e (CRO_G>}dy

C C C

(56)
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Table 2 summarizes all the non-null derivatives for the case of a straight wing (the
passages leading to these forms are provided in Appendix D).

Table 2. Derivatives for the case of the straight main wing.

w C C
%fﬁ Pa (2CRO — *) + 2D’7’7 (CRO ﬁ + CGL’X)
o C
@ Pa <C11 +2%) + Dy (Cy —2C1a)
o R C
w C . Pay Dy
£ oS 2% (o5 2 5) (e ea) -2 (e 20)
o R CL C,
o _bTOz{ZPW<CR0_ T tTT )+D11;7<2CR0—?’)}
af" L7? afYU
Y Ro oif
afIU _C/72 af'lb'
9 Ro 97
afu/
90 P4Cy + 2Dy (Cy — Cra)

3.1.6. Derivatives Due to Dihedral and Sweep Angle

After showing how to write the derivatives of the aerodynamic force and moments
for the case of a straight wing, the terms depending on sweep and dihedral are considered.
The derivatives of 7, and V,2 with respect to ¢/, V and W are given in Table 3, for the chain
rule application.

Table 3. Derivatives of 7, and Vr2 with respect to I/, V and W due to dihedral and sweep angle.

Tw V,,2
U ~0 ~0
u 11 __ _or /L4 A
11}\/ Thwtm OAlnl Gug (1472 rene +28\W|”0(1+’7)

In Table 4 all the non-null derivatives due to sweep and dihedral angle are reported.
The passages leading to the results presented here are given in Appendixes E and F.

Table 4. Derivatives due to dihedral and sweep angle.

% —r{Py(Cy—2CL) + Dy (Cy +25) } + A{2p (Cro— T + ) + D, (20 - 2) }

aaf; F{ ;) 5(Cyp —2Cra) + 3 D»,z (Cn +2CR0>} A{zfj; (CRO - % + cLa> n lhD/Z <2CR0 CG,>}

v (0 r2%e) p+af2gs (Cro -2+ %) + 55 (200 - ) }

& —r{ 72(Cy —2Cra) +

afm lafm

Er G o7 IT,A
o _b/2 9
a0 R(] ap
afw 7af10

op 95 IT,A
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3.2. Control Derivatives: Ailerons

Equation (52) showed that in steady-state the linear variation of the relative wind
and of the inflow angle are generating a moment L. To compensate for that, a control
strategy to trim the kite and set this moment to zero could be based on the use of ailerons,
as shown in Figure 6. For this reason, it is especially interesting to model the effect of
ailerons on aerodynamics. This can be done again via strip theory, thus making use of most
of the formulation already introduced. The corresponding control derivative, expressing
the sensitivity of aerodynamic forces and moments to control variables, can be studied
as follows.

Figure 6. Symmetrical ailerons deflection.

By hypothesis, a relatively small sensitivity to aileron control can be considered, since
the size of ailerons (hence their control authority) is generally limited compared to that of
the wing. Furthermore, derivatives and trim forces are computed neglecting the dihedral
and sweep angle for simplicity and it is assumed that outside the wing sections where
ailerons are deflected, the span-wise aerodynamic loading remains unaffected.

Assuming a symmetric displacement of the right and left ailerons, the force associated
to their deflection is

b/2
1 S—l 1 I ACL’)/w —ACp )
£ = P C(y)f(y)T XS % | Tyl 0 Vidy, (57)
—b/2 w 1 —AC,

where AC = [AC[ vy — ACp, 0, —ACy] Tis the aerodynamic coefficient matrix and the func-
tion f(y) takes a value of 1 along the portion of the wingspan between the aileron extremities

0  forlyl<fi
fly) =41  fori<lyl<fa - (58)
0 for fo<lyl

Contributions to lift and drag coefficients by the ailerons are modelled as deltas with
respect to the main wing lift and drag. Typically, AC; and ACp are provided as function of
the ailerons deflections. Therefore, the corresponding changes in the values of coefficients
at trim are

ACLyw — ACp AfCL — ACp
ACO = 0 =~ 0 -

Q=

0 G

AC
0 | =ACro— Lac,. (59)
~ACL ~ACL
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Consequently, the derivative of the aerodynamic coefficient matrix can be written
(according to the same procedure introduced for other force and moment derivatives) as

aaC _a | ACYe mACo 1 1AL Tan,

@ e _ac, o | %@

0w
0@’

= Ac, e (60)

where it is assumed that AC; and ACp do not depend on the angle of attack. The force
vector due to the ailerons at trim is therefore

b/2 pe . Ul
=3 [, COF )+ D) (aCk — Lac,) 1+ 20)dy o
~ i pa (ZACR - AC”) + If—”D“ACRO,
A c A

where the new terms appearing in the latter expression are P? = S1 {1 ; [TWy, 0, TW, ] X} ,
D*=5§"1 [0; [0, R, O]X} and Iy, = f b2 € W;ydy
9w

In Table 5 the derivatives due to the ailerons are reported. Note that —7 and 2 a@ are
the same as for the straight wing case (Table 1).

It can be observed that the moment around the Xg axis due to ailerons can be
computed as

i I
fo— _tnRo,e (62)

Therefore, the necessary ACy to set L to zero, neglecting the contribution from sweep
and dihedral, can be estimated as

Ly cm>
ACp ~ 1 <2c — . (63)
I, G

Table 5. Derivatives of the ailerons contribution.

of* Iy pa ACy Ity pya AC,
of° Ity pa Ity ya ACro
G APAC, + 4D (AC, +2=5%¢
of* Rg h ACgrg
ﬁ B (ac 208
of TW, oft _ TW; of
o c/2 oi c/2 ow
of* _ Ry Iy pa _AG
oF /1AP <2ACR0 G
of! LD os
Y Ro oit
of _c/20F
o¢ Ro 07
oft Iy pa Ity pya
50 24 PIAC, + A D?AC,

3.3. Aerodynamics of the Horizontal Tail

For the sake of simplicity, the horizontal tail surface is lumped at the symmetry plane
of the aircraft. Thus, only the relative wind velocity and the inflow angle at the mid-airfoil
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of the horizontal tail are to be considered. The inflow angle is the summation of the relative
wind speed (Equation (9)) and of the downwash of the main wing
w
TR Tr 8= Ty e (64)

where ¢ is evaluated using the formulation in [19], which models the downwash in the
aft tail considering also the contribution of the main wing sweep, yielding

KoKpks Cr
Kp ARw‘

&g =~ (65)

Here, for an elliptic wing «, = 1, x5, = %, and x, takes into account the aft tail position
with respect to the main wing. Finally x; models the effect of the main wing sweep on
the downwash. Quantities Cr , and ARy, refer to the main wing. Based on the model just
introduced, the variation in the downwash angle for a change in the angle of attack of the
main wing can be computed as

agd o KoKpKs Csz,w

S = 9y T Tk, ARy (66)
The non-dimensional force given by the horizontal tail can be written as
CLmn—Cp
A 1
g A ) ] 0 V2, (67)
Auj X5y _q ’

where Ay, is the horizontal tail area and Cy and Cp its aerodynamic coefficients. The
derivative of the force with respect to a generic variable @ is

o [ Ay hnen L[oCt  Choav?2
@ a@< At SV )= o @ 2w ) (68)

where P! = §1 [1;X%HX} and C" = [CLyn — Cp,0, CL] .

The derivative of the aerodynamic coefficient matrix C" with respect to a generic
variable @ is

oo
@ 0@

o
0@

0@ 9@

0 9 _c, 9y (69)

e

Crvn—Cp ] [ CLaYn,0 — Cpa

0
—Cla 0

The derivative of the inflow angle -, for the horizontal tail have two contributions,
according to the model in Equation (64)

97w

v _ 9V 9ea _ 9, 9rw _ 9 50 Em
@ J@ @ @ ““om  am |l I a @, (0

where f, (@) is clearly a function of the derivation variable. In particular, f;(ii) = f¢() =
fe(8) = (1~ ¢e4,) and

Wy 1
N 9w au+6w ow 7ﬁTWZ*ITOTWX
fe(@) = (1 - dew) = (1 - V\(/)oisda (1 - TWX Sd!’é) (71)

O au 0 aw

oU 9g " IW 9q

In Table 6, the derivatives with respect to the pertinent states of the AWES are provided.
Furthermore, note that derivatives given in Table 1 can be used also for the horizontal tail.
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Table 6. Derivatives of the horizontal tail.

of"

=

ZA . xA h ~
DR (2C - £(E) - PRSP (2E + LG

ALPlf,(0)Cy

3.4. Aerodynamics of the Vertical Tail

The vertical tail is meant to give lateral stability and to trim the aircraft over the

circular path. As the tether attachment position is not located in the center of mass in
general, the centrifugal forces generate a moment around the Zg axis in steady state. The
vertical tail should then set the overall moment to zero in steady state, as shown in Figure 7.

Figure 7. Main forces acting along the Yg axis. The vertical tail is stabilizing the effect of the

centrifugal forces.

Similar to the horizontal tail, the vertical tail is modelled as a lumped lifting surface,

located on the aircraft symmetry plane (i.e., TV, = 0) Considering the angle 6, defined
as the angle between the vertical tail quarter-chord axis and the Zg axis, the relative wind
velocity perpendicular to the vertical tail sections can be written based on its components as

V7?2 =(coU — sg,WV)* + V? = g U + V? — cgy50,UW = c§ U (72)
The inflow angle on the vertical tail v, is defined as

o = 1% _ Vv Vv
v — —_— ~~ .
co,U — s, W co! (1 — gy, %) co,U (73)

The force given by the vertical tail can be written in vector form as

_CD
Ay 1
fv:A;’% 1 X%VX] _é:L V2, (74)
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where A, is the vertical tail area and Cy and Cp the aerodynamic coefficients of the vertical
tail. Correspondingly, the derivative of the force vector with respect to a generic variable @

can be written as
o A, ( ac ,  CYIV2 ) , 75)

@ 4 \o@ %' z25e
where P? = §~! [1; X%VX}, 6 =[-Cp,—Cy, 0]T and the derivative of the aerodynamic
coefficient matrix % can be written as follows
—Cp
oC? “ 1 97y 7o
= - 9o _ ¢, 20, 7
0@ gL”‘ @ 'oe 76)

In Table 7 the derivatives of 7, and V,2 with respect to U, V, W are reported, while in
Table 8 the contributions to the force and moment derivatives with respect to the AWES
state variables are provided for the vertical tail.

Table 7. Derivatives of 7, and Vr2 with respect to U, V and W for the vertical tail.

2
Yo Vi
~ 2
u ~0 2”0C90
1 ~
V Cgo up ~ 0
w 0 0
Table 8. Derivatives of the vertical tail.
of’ Ay pov 2 of° A, po
o 274 PC%; 9% AP Cycy,
oF TV, of° of TV, of°
ap b/2 Jv g c/2 du
o TV, of° o LY o
o7 b72 9o ar, Ro O
ofY 19 _ ¢/209f° of? _1lof
o Gas R 9 a0 G o
of? _ of?
el a5

3.5. Tether Reaction Force

The tether is considered as a linear spring. Since the equations of motions have been
written in a coordinate system centered in tether attachment, the tether is not generating
any moment.

Treating the tether reaction force is possible in a linear framework again recurring to
derivatives. The starting point of the derivation process is the writing of the reaction force
components in the adopted body system, making use of a standard structural modeling
for cables.

The non-dimensional elastic force yields by components

X S R R
1 EAte X EA XE +X
gol|y | = EAeXse EA g Xkt Xka) (77)
S
Fl F XS] F Li
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where E is the tether Young Modulus, A; the tether sectional area, L; and ¢ are the tether
length and the tether strain respectively, defined respectively as

_Li—L
LY

Ly = ‘ch‘ = |X§S +XI(§R| = \/(RO +Yrs)? + (Zo — zrs)?, ’ (78)

wherein L is the tether length at rest and L; is the current tether length. The reference
tether length L,y and the strain at trim ¢( are respectively

Lo — LY
Ltoz‘xgc‘:,/zzg+zz, g = fLO. (79)

Similar to what has been done for the aerodynamic modeling of the horizontal and
vertical tail, the derivatives of the tether force (Equation (77)), considering Equations (78)
and (79), with respect to a generic variable @ take the general form

off  EA; | 1 oLy XK. oRsr XRo ox&: 1 R 1 oL
a@_F{LOa@ Lo T2 3@ Ly P @ Ly 0 Xre 12 0@

(80)
F < o389 50 XKt ge I
where XK - = XLLG = [0; — sin(P); cos(P)], and in turn P is the opening angle of the ideal

cone swept along the flight path, as shown in Figure 2. The derivatives necessary to
estimate the elastic tether force derivatives (Equation (80)) are given in Table 9.

Table 9. Relevant derivatives for the tether force derivatives calculation (Equation (80)). i= [1,0, O]T ;
7=100,1,0Tk=10,01]T.

L Rgr XB,

Yrs sin(®) 0 —1j

Zrs —cos(®) 0 —1k
) 0 —1¢% 0
0 0 —1j* 0
¥ 0 —1k* 0

In addition to the elastic force, the tether introduces also a drag component, which
can be modelled as a concentrated force at the tether attachment [16], yielding

. LY u?
X‘drag -C. 4tA (81)

Here C is the tether drag coefficient, d; the tether diameter and A the reference wing
area. The tether mass and its dynamics are neglected for the sake of simplicity. In Table 10,
the derivatives for the tether force are provided.
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Table 10. Derivatives of the tether force.

%« —c, 4L

e LLEA (R sin(®) — eof) + 528
aa,zf;s %ET‘L" (—)A(EG cos(P) — eol%)
3% —€0 %{Xxﬁc

%g —€0 %fxxﬁc

%f; —€0 %f‘xﬁﬁc

3.6. Modeling the Effect of Gravity Force

Since the center of mass is not located at the center of the coordinate system, gravity
generates moments. This is generally dissimilar to the most typical treatment of the
dynamic equations for aircraft, which are typically put in barycentric body components.

For AWESs, and considering the reference at the anchor point of the tethering system,
the non-dimensional force due to gravity can be written as follows

Sil 1 mg m 2
TCG 0

wherein Rsgi can be decomposed in a fluctuating and a steady term, yielding

Cy Sy 0 Cﬁ Cy 0
Rsci = RSR —sy cy O 0| = C/gRSR —Sy + S/gRSR 0]. (83)
0 0 1]|sp 0 1

Again, a derivative of the steady component of the gravitational force with respect to
a generic variable @ can be written as

(84)

off _ mgsp ., ORsgy
@ F foe
where agg is given in Table 9. In Table 11, the corresponding derivatives of gravitational

force are provided.

Table 11. Derivatives of the gravitational force.

of8 mgsg o
% FLg/
of8 _ mgsg o 2
96 F Lyl

4. Computational Implementation of the Methodology

The linearized dynamics of the system, introduced in Sections 2 and 3, are suitable for
a quick parameterized analysis of a novel AWES. An implementation has been carried out
in MATLAB® environment, aimed at the eigenanalysis and forward-in-time simulation of a
system with an assigned geometry. The suite has been named LT-GliDe (Linearized Tethered
Gliding system Dynamics), and it is a module of an under-development multidisciplinary
design and optimization framework for rigid wing AWES, named T-GliDe (Tethered Gliding
system Design).
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For a given AWES, the code computes the trim condition, evaluates the external force
derivatives and extracts the eigenvalues of the linearized system (Equation (32)). The
AWES main wing, horizontal and vertical tails and tether properties are described by the
variables listed in Tables 12 and 13. The shortest number of variables is considered, to keep
the problem as simple as possible, and to be able to analyze the influence of each property
of the AWES configuration on in-flight stability performance.

Table 12. Inputs needed for the derivatives evaluation and the eigenproblem formulation in LT-GliDe
(Linearized Tethered Gliding system Dynamics) (first part).

Main Wing Horizontal Tail Vertical Tail Tether
A Wing area A H. tail area A V. tail area dy Diameter
b Wing span b H. tail span b V. tail span LY Length at rest
Cpo Cp at zero lift Cpo Cp atzero lift  Cpg Cp atzerolift C, Drag coefficient
CL Prescribed lift coeff. E Young Modulus
A Sweep

r Dihedral angle
f1,f2  ys location of ailerons

The relative positioning of the lifting surfaces, as well as the inertia matrix of the craft,
are typically given in a reference system attached to the AWES, which does not depend on
the operational regime and might be centered in principle in any point of the aircraft. This
coordinate system is called here body coordinate system Fp. In Table 13, data of the lifting
surfaces, and similarly the elements of the inertia matrix, are assigned in this coordinate
system. To express the geometrical and inertial quantities given in F3 into Fg, where the
equations have been written, 6 is defined as the angle around the Yp axis which describes
a rotation from Fp to Fs. A graphical representation of Fp and Fg is given in Figure 8,
highlighting two possible flight conditions. Finally, the wind velocity and the elevation
angle describe the operational regime.

(b)

Figure 8. Body reference frame Fp and stability reference frame Fs for a case with negative 6pg (a)

and positive 0pg (b).

Table 13. Inputs needed for the derivatives evaluation and the eigenproblem formulation in LT-GliDe
(second part).

Geometry Mass Property Atmosphere
X e Center of mass position m Kite mass Vw Wind velocity
Xow Main wing root position b, Inertia around x,, B Mean elevation angle
Xou Horizontal tail position bey Inertia around y;,
XIZ)V Vertical tail position 1, Inertia around z;
X0, Tether attachment position L, Off-diagonal inertia
Osp Rotation from Fp to Fs

Once the inputs are defined in LT-GliDe, the trim condition is computed. In particular,
the turning radius Ry, the kite velocity 1, the tether strain and the lifting properties of the
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control surfaces describe the trim condition. Algorithm 1 is used to find the trim condition
for an AWES flying the circular path.

Algorithm 1: Algorithm for the trim evaluation.

_ 70
Ly = L}
_ m
TpCrALY
VM2
b = arccos(f% + #)
G = CryA+Cry Ay

;L0
CpuwA+CpAp+CpyAe+Cy b

while cond>tolerance do
R() = Lt[) sin(<I>)
Zy = Lo cos(®)
up = GVy cos(p)
Evaluate fif (fit = —%uox muy) ; f3; fg
Set £3; fg ; £§ to trim the kite
Ty=—(Y" +Y" + Y+ Y+ Y7 +Y%)
T.=—(Z"+Z¥ + Z° + Z" + Z° + Z8)
o = arctan(%)

T3+T?
€0 = “Ea,
Lig = L? +goL?
Evaluate f}
X:Xi”+Xw+Xa+Xh+Xv+Xt+Xg

J— TZ
G =%
G

cond = | + £ + £ + £} + £5 + £ + £ |

end

The code is such that five different cases of increasing complexity can be analyzed. In
Table 14 they are summarized. Results from the five cases are introduced, so that complexity
is incrementally increased and they can be compared. Case a models the motion of an
aircraft in steady and leveled flight without tether (this is basically a standard aircraft
in steady, horizontal flight). Case b models the motion of a tethered AWES in a straight
motion, with an imposed velocity. Case ¢ models the motion of a tethered AWES in a
straight crosswind motion. Case d models the motion of a tethered AWES in a circular
motion, with an imposed velocity. Case e models the motion of a tethered AWES in a
circular crosswind motion.

Table 14. Flight options in LT-GliDe.

Case Motion Wind Tether
a Straight Ry — o0 off G — o0, ug imposed off B=7%
b Straight Ry — o off G — oo, ug imposed on
c Straight Ry — o0 on on B<7%
d Circular off G — o0, ug imposed on
e Circular on on B<7%

Once the trimmed condition has been computed, the linearized dynamics are popu-
lated and the eigenproblem can be studied. The eigenvectors of the linearized system give
information about its eigendynamics, while the eigenvalues provide a crucial information
on the stability of the system.
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5. Model Validation
5.1. Eigenproblem Validation

To validate the problem formulation, an ultralight glider named Zefiro, designed
internally at the Department of Aerospace Science and Technology of the Politecnico di
Milano [20], has been considered. This aircraft has been selected because it is expected
to have similar characteristics to AWESs, in term of mass properties and flight dynamics
for straight and leveled flight, as per available internal studies and reports. The geometry
and mass properties necessary for this study are given in Table 15. Zefiro features —5° of
dihedral angle and 5° of sweep.

Table 15. Geometry and mass properties of the ultralight aircraft Zefiro. The tether attachment
position has been arbitrarily picked.

Main Wing Horizontal Tail Vertical Tail Geometry Mass
A 1425m? A 1.1 m? A 149m? X [0,0,0]' m m 530 kg
b 15.18 m b 244m b 1.6m x%w [0.25,0,0] m L, 2104kgm?
Cpo 0.0176 Cpo 0.0176 Cpo 0.0176 XSy [—4,0,0]' m b, 1122kgm?
r —5° Xt [—4,0,0] m L, 3134 kg m?
A 5° X5y [-0.2,00'm I, 91 kg m?

Once all the derivatives of external forces are evaluated and the linearized problem
populated (Equation (32)), the eigenvalues can be computed and the system stability stud-
ied. To check the correct implementation of the equations of motion, the eigenfrequencies
of short period, phugoid and Dutch roll are compared with values predicted by the models
presented in [21], finding a good agreement. In Table 16 the eigenfrequencies and damping
ratios computed with the different methods are shown for a velocity of 80 m/s.

In the Reduced LT-GIliDe model, the computation of the eigenvalues is performed
by considering the same state variables as the approximated analytical formulation of
Stevens [21]. The values found in this case are indeed more similar to the values found
with the analytical formulations.

Table 16. Eigenfrequencies (rad/s) and damping ratios computed with different formulation.

Model Short Period Phugoid Dutch Roll
Wn 4 Wn 4 Wn 4
LT-GliDe 12.6 0.46 0.11 0.26 7.35 0.13
Reduced LT-GliDe 9.58 0.60 0.11 0.26 521 0.18
Stevens [21] 9.83 0.59 0.20 0.28 5.14 0.19

5.2. Aerodynamic Derivatives Validation

To validate the aerodynamic derivatives analytically derived as shown in the pre-
vious part of the paper, the computed values have been compared with the outcome of
TORNADO [22], a vortex lattice method.

In order to make TORNADO model the same aerodynamic problem, the MATLAB®
optimization function fmincon, with sqp algorithm, is used to impose the same lift coeffi-
cients in the lifting surfaces. In TORNADO, real airfoil data are used to model the wing
and tail. Only the lifting surfaces are modelled and the fuselage is left out. The inflow
is set to consider both atmospheric wind speed and aircraft motion. To be consistent
with the analytic formulation, the drag coefficient at zero lift Cpy is included in the drag
evaluation. The external forces derivatives are finally obtained by finite difference. In the
optimization function, the pitch angle of each lifting surface (main wing and tails) and the
ailerons deflection are included as design variables. The square of the difference between
the lift coefficients found in LT-GliDe with Algorithm 1 and the lifting coefficients found
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in TORNADO by pitching the wings is included as objective function. Once the optimiza-
tion converges (i.e., the two software model the same trim condition), the aerodynamic
derivatives can be compared and used to study the eigenvalue problem.

The validation of the derivatives has been performed considering one element a time
(e.g. only the main wing or only the vertical tail) and the full aircraft. In this way, the
derivatives can be checked individually.

Moreover, the cases introduced in Table 14 can be analyzed in a sequential way, such
that different terms in the derivatives can be studied. For example, % (Equation (56)) can
be understood and expressed for the five cases as follow

o % = 2PA Cpo for a straight motion without wind (case a & b)

. aaf;“ =P, (ZCRO - %) for a straight motion with wind (case ¢)

. a;;“ = 2(P4 + Dy, ) Cgo for a circular motion without wind (case d)

o % =P, (ZCRO - %) + 2Dy, (CRO - % + %) for a circular motion with wind
(case e)

In Table 17, the eigenvalues for Zefiro in the circular motion case with wind at 8 m/s
(case e), obtained with TORNADO and with LT-GliDe, are presented for different values
of sweep and dihedral angles. The eigenvalues are considered close enough, so that the
analytical models for the derivatives in LT-GliDe can be considered a good approximation
of the vortex lattice solution of TORNADO.

Table 17. Eigenvalues found with the analytical approach (LT-GliDe) and with the vortex lattice
method (VLM) in the circular motion case with wind (case e) for different values of sweep and

dihedral angle.

[=-5 LT-GliDe — —29.69  —575+13.69i —1.05+7.66i —020£3.65i —001+£073  —0.17+0.08

A=+5 VLM 2466  —541+1333i —098+7.18i  —023+360i  0.00+0.75 —0.20 +0.09

I'=-10° LT-GliDe —30.88 —592414.85 —0734+7.72i —0204+415  0.01+0.78i —0.20 £ 0.02

A=+5 VLM —2513  —5534+14.52i —0.60+7.24i  —026+416i  0.01+0.80i —0.2140.02
= -5° LT-GliDe —28.29 —6.27 £17.36i —0.96 £7.49i 0.05 £ 5.04i 0.00 £0.73i -0.15 -0.10

A=+10° VLM —2268  —592+17.17i  —091+£7.07i  0.01+5.06i 0.00£074i  —016 —0.11

Both the analytical approach introduced in this paper and the numerical one based
on TORNADO can be used to estimate the aerodynamic derivatives of the aircraft. Once
the aerodynamic derivatives are estimated (with one of the two methods), derivatives
related to the tether and gravity, computed analytically, can be added to formulate the
linearize problem and study the eigenproblem associated to the AWES dynamics. The
advantage of the analytical approach is the negligible computational cost and the pos-
sibility of understanding analytically the relationship between design parameters and
stability, which may turn particularly useful in a preliminary design phase where the
configuration and geometry of the flying craft are still not frozen. The advantage of a
numerical approach is the possibility to model any geometry. The two approaches are
therefore to be seen as complementary: the analytical approach will be useful for physical
understanding, preliminary design and optimization, while the numerical approach for
the detailed aerodynamic design.

6. Results

The results introduced here are meant to show the potential of the proposed approach.
A detailed analysis of a AWES designed for power generation is left to future works. In
Tables 18 and 19, the eigenvalues for the five cases are reported and linked to each other.
The straight and circular motion cases are analyzed in the following sections.
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6.1. Casea

This case models the straight and leveled flight of a conventional aircraft. No novelty
is introduced in this case, as the tether is not present in the model and the aircraft is flying
straight. Conventional longitudinal and lateral modes can be found. A lift coefficient of
the main wing of 0.09 is found at a velocity of 80 m/s. The aircraft is longitudinally stable,
with a static margin of 20.3 %. For a conventional aircraft, eight eigenvalues are found.
Typically, the longitudinal motion can be described by four state variables (i, @, §, 8), which
correspond to four eigenvalues: two pair of complex conjugate eigenvalues describing
the so-called short period and the phugoid modes. The lateral-directional motion can be
described by four state variables (7, §, 7, ¢), and it is typically characterized by a pair of
complex conjugate (Dutch roll) and two real eigenvalues (spiral and roll subsidence mode).

6.2. Case band c

For these cases, the tether is added and the mean elevation angle is set to zero, such
that gravity is not influencing the results. The considered tether has a diameter of d; = 1 cm,
the total length at rest is LY = 400 m, the drag coefficient C; = 0.8 and the Young modulus
E = 110 GPa. The linear spring constant associated to the tetheris x = A;E/ L? =21 kN/m.
The lift coefficient of the main wing is set to 0.9. Since the tether is part of the modelling,
two new eigenvalues are expected, related to the position state variables ;s and Z,s. The
motion is straight, thus the longitudinal and lateral motions can be studied separately.

In Table 18, the eigenvalues of case b and c are reported and associated with the
eigenvalues of the airplane mode case. Eigenvalues and eigenmodes trends are consistent
for the two cases, so that they are analyzed here together.

Table 18. Operational regime characteristics and eigenvalues for the straight motion cases.

Case a b c

Vi - - 8

G o 00 9.96

i 80 80 79.67

B 90° 0 0

€0 - 6.1 mm/m 6.0 mm/m
Short period —5.7830 + 11.2040i —5.5883 + 13.3645i —5.7970 + 13.8910i
Phugoid —0.0275 + 0.1039i —0.1746 + 2.6180i —0.1755 + 3.0697i
Loyd 0 —0.2786 —0.1358
Spiral / Pendulum —0.0025 —0.0639 + 0.4652i —0.0811 £ 0.4617i
Dutch roll —0.9286 + 7.2878i —1.0884 +7.7242i —1.0660 + 7.6339i
Roll sub. —29.4738 —29.0046 —29.7689

Figure 9 shows the longitudinal eigevalues for an increasing tether stiffness for case
b. For E — 0, the tether deformation e goes to infinity to produce enough force on the
tether to balance the aerodynamic forces. As in this case the elastic effects are negligible,
the tether force is a constant force applied on the tether attachment. This force could be
understood as a gravitational force applied on the tether attachment and not on the center
of mass.
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Figure 9. Longitudinal eigenvalues for an increasing tether stiffness for case b. The top-right box
displays the area close to the origin.

As the elasticity grows, the short period increases the imaginary part. By performing
the same plot for k= (A¢E) /LY — oo, it is found that the short period has a vertical asymp-
tote corresponding to the eigenmode of the system spring-mass with the elasticity from the
tether and the mass from the kite. The phugoid increases its real part till approximately
x ~ 4 kN/m and later decreases it. A new real longitudinal eigenmode starts from zero
and moves in the real axis in the negative direction. In this paper, this eigenmode is called
Loyd mode, after Miles L. Loyd, who derived the first power equation of AWESs [23]. The
Loyd eigenvalues collapse at very low tether stiffness to a value, suggesting that this mode
is not influenced by the tether elasticity.

The Loyd mode involves mainly the longitudinal velocity ii. For AWESs, the longitu-
dinal velocity in equilibrium is given by the balance of the projection of lift along the Xg
axis and drag. When i is perturbed, the kite tends to go back to the equilibrium point. A
graphical representation of this mode is given in Figure 10. In the figure, the AWES velocity
is decreased of Au, such that the inflow angle v, is increased with respect to the steady
state value (), > 7u). Lift is perpendicular to the relative wind speed and a positive force
AX along the X axis is generated. This force acts to restore the equilibrium condition.

Figure 10. Graphical representation of the Loyd mode.

The eigenmode can be approximated by a simple first order differential equation in
the general form 7 = A(1,1)il, such that the associated eigenvalue is

CL (thx dtL? %pAuO
~ (= —-2ChH— —2C, —L )&£—— 85
AL ( 2Cp 2C 1 ’ (85)
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where the aerodynamic coefficients are related to the full flying craft. For the case with no
wind (case b), G — oo, then

dtLO lIOAMO
~ -2 —t)2 . 86
A, (cD+cl4A> 2 (36)
For the straight motion case with wind (cases c¢), G = #‘“0, then
CD+CL%
Al ~—(Cp+ S22 4 c diLy 3pAuo (87)
Lle PTG 1714 m

This approximation suggests that for a well designed AWES this eigenvalue is always
real and negative, as the term inside the brackets in Equations (86) and (87) is positive.

To better characterize the longitudinal modes, the eigenvalues are tracked as function
of the tether attachment position along the X axis. Figure 11 shows the longitudinal
eigenvalues for an increasing distance between the tether attachment and the center of
mass. When TCGy = 0 m, the two points coincide, while when TCGy = 0.2 m (nominal
value considered in the paper), the tether attachment is placed 20 cm aft. Interestingly, the
phugoid for high TCGy collapses to two real eigenmodes, one of which moves along the
real positive axis. The Loyd eigenvalue is basically fixed at low TCGy and it drastically
decreases its real part approximately when the phugoid becomes unstable.

6 —
TCG,=0 m v TCG, =0.2m
o TCG, =0.05m TCG, =0.25 m /e/
4 A TCG, =0lm A TCG, =0.3m / )
x TCG, =0.15m TCG, =0.35 m h Phugoid
ol /

Loyd
A4
_4 = .
©
_6 | | | | | | | |
-2 -1.5 -1 -0.5 0 0.5 1 1.5 2
Re (rad/s)

Figure 11. Longitudinal eigenvalues as function of the tether attachment position for case c. The
short period is not shown.

Figure 12 shows two lateral eigenvalues as functions of the tether stiffness. The lateral
mode related to Dutch roll and to roll subsidence are basically not influenced by the tether
stiffness, then they are left out of the plot. The spiral mode increases its real part until
matching another lateral eigenvalue on the real axis. After the two coalesce, they become
complex conjugates for further values of the parameter. The coalescence happens at really
low stiffness values (x ~ 0 kN/m), and the eigenvalues collapse rapidly to a location,
suggesting that this mode is not influenced by the tether elasticity. The eigenvalues for
x > 0 kN/m have the imaginary part much larger than the real part, suggesting that this
mode is lightly damped. This new oscillating stable mode is dominated by a linear lateral
motion (involving ), and small perturbations in ¢ and ¢ and it is called here pendulum
mode. Its natural frequency is w;, = 0.47 rad/s (case c).

By considering a pendulum composed by the tether and a kite subject to aerodynamic

force, the oscillation frequency is Wpend = 4/ %ﬂ), where T is the tether force, m is the

kite mass and Ly is the tether length. The frequencies found in this simplified way is
Wpend = 0.49 rad/s (case c), close to what has been found in the LT-GliDe analysis.
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Figure 12. Two lateral eigenvalues for an increasing tether stiffness for the case b.

By modifying the dihedral angle, while keeping the main wing aerodynamic center
fixed to isolate the effect of the change, to I' = 0°, the pendulum mode becomes unstable:
Ap = 0.04 £ 0.47. If it is modified to I' = —10°, the real part becomes more and more
negative: A, = —0.19 + 0.42. Dihedral angle then largely influences the real part of the
pendulum mode and should be considered to achieve stability. The spiral mode, for
conventional aircrafts, depends on the dihedral angle: so does the pendulum mode for
AWESs, which arises from it (Figure 12).

6.3. Case d

The circular motion is now considered. In this case, the inflow varies along the main
wing and ailerons are used to trim the aircraft. In particular, it is assumed that ailerons
deflections do not influence the section drag coefficient (i.e., ACp = 0). Longitudinal and
lateral modes cannot be separated and they shall be studied together. However, by looking
at the numerical values in Table 19, short period, Dutch roll and roll subsidence have
consistent values with the straight motion cases.

Table 19. Operational regime characteristics and eigenvalues for the circular motion case.

Case a d e

Vuw - - 8

G ) %) 9.94

Uug 80 80 79.5

B 90° 0 0

[} - 23.2° 23.3°

€0 - 6.6 mm/m 6.5 mm/m
Short period —5.7830 + 11.2040: —5.5643 + 13.1730i —5.7535 + 13.6858i
Phugoid —0.0275 + 0.1039i —0.1493 + 3.3064i —0.1979 + 3.6480i
Loyd 0 —0.2117 —0.1740 + 0.0776i
Spiral —0.0025 —0.3444

Pendulum 0 —0.0018 + 0.7093i —0.0052 4+ 0.7318:i
Dutch roll —0.9286 + 7.2878i —1.0701 £ 7.7724i —1.0481 4+ 7.6643i

Roll sub. —29.4738 —28.9837 —29.6862
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Figure 13 shows all the non-zero eigenvalues (apart from the roll subsidence) for the
circular motion without wind (case d).

The pendulum mode is represented by a pair of complex conjugate eigenvalues
starting from the origin. For x > 1 kN/m, all points have the same value, suggesting that
this mode is not influenced by the tether elasticity. The spiral mode eigenvalue moves
along the real axis. For extremely low « it moves towards the negative direction, and for
x ~ 2 kN/m it starts increasing in its real part again. It is basically not influenced by the
tether stiffness. The Loyd mode decreases its real part as in the straight motion case and
from low tether stiffness its eigenvalues are fixed to the same value.

40
£->0kN/m % £ =21kN/m
O k=1kN/m V k=100 kN/m
20 v £ =10 kN/m £ =500 kN/m
—_ o
» 5
kel T < ,
C or =8
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_40 1 1 1 1 1 1
-6 -5 -4 -3 -2 -1 0
Re (rad/s)
1
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Figure 13. Eigenvalues for an increasing tether stiffness for case d. On the top plot, all eigenvalues,
apart roll subsidence, are shown. On the bottom, the eigenvalues close the origin are displayed.

6.4. Case e

In case e the wind velocity is considered and the kite speed is computed from the
force balance. Similar to the previous cases, in Figure 14 the eigenvalues are tracked
for an increasing tether stiffness. Only the modes typical of AWESs are shown in figure.
Interestingly, Loyd and spiral modes are coalescing and merging into a pair of complex
conjugate eigenvalues. The corresponding mode is called positional mode in the paper.
The positional mode is not influenced by tether stiffness, as for low values of rigidity the
eigenvalues have the same value.

In Figure 15, the eigenvalues are tracked as functions of the tether attachment position.
The Loyd and the spiral mode for an increasing distance between the center of mass and
tether collapse to a pair of complex conjugate eigenvalues (positional mode). This new
oscillating mode is stable and highly damped. By increasing again TCG,, the positional
mode splits again in two real eigenvalues.
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Figure 14. Eigenvalues for an increasing tether stiffness for case e.
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Figure 15. Sensitivity of the eigenmodes with respect to the tether attachment position along the Xg
axis for case e.

The phugoid is also largely influenced by the tether attachment position. For TCGyx = 0 m,
this mode is unstable, while when moving the tether attachment aft, its real part gets negative.

The pendulum mode eigenvalue displays instead an opposite trend. While moving
the tether attachment aft, its real part becomes positive and finally the two pairs of complex
conjugate eigenvalues become two real and positive eigenvalues. For the straight motion
case (Figure 11), for high TCG, the phugoid splits into two real eigenvalues, while for
the circular motion case the pendulum splits instead. This suggests that, when designing
the AWES for stability, the circular motion case with wind shall be considered to properly
characterize the eigendynamics of the system: even if some of the eigenvalues for straight
and circular motion are similar for some specific cases, trends over the full design space
might change radically.

This analysis highlights the importance of carefully choosing the tether attachment
position when designing for stability.

7. Conclusions

This paper introduces a methodology to study the flight stability of rigid wing Air-
borne Wind Energy Systems (AWESs). A fictitious steady state motion of the kite in a
circular path is found by considering all fluctuating terms during the loop, such as gravity
and aerodynamic forces related to the mean elevation angle, as disturbances. The selected
circular path is characterized by a turning radius which makes the force on the tether
to be maximized. Once the steady state is found, all derivatives of external forces are
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computed to formulate the linearized dynamics, and the flight stability can be studied
from the ensuing model. As the fictitious steady state is representative of the flight over
the loop, flight dynamic performances and control efforts are expected to benefit from a
stable design.

The steady state forces and the aerodynamic derivatives are computed using an
analytical approach. The computational cost of the linearized problem evaluation is
negligible compared to other methods, which make this tool suitable for a preliminary
design phase. Moreover, the analytical formulation allows for an intuitive and quantitative
understanding of how stability is influenced by design parameters. Indeed, the modelling
introduced in this work takes into account all the main design features of AWESs: main
wing geometry (position, area, aspect ratio, sweep, dihedral), main wing aerodynamics,
control surfaces aerodynamics and geometry (area, aspect ratio, position), tether attachment
position, tether mechanical and aerodynamic properties and mass properties of the kite.
Moreover, the non-uniform distribution of the inflow along the wing span, due to the
rotational velocity of the kite, is also taken into account.

The presence of the tether introduces three new state variables compared to conven-
tional aircraft flight mechanics. However, the variable describing the kite position in the
circular path does not influence the linearized dynamics because the problem has been
formulated to be axial-symmetric.

The model is implemented in MATLAB® and the suite has been named LT-GliDe (Lin-
earized Tethered Gliding system Dynamics). LT-GliDe is a module of an under-development
multidisciplinary design and optimization framework for rigid wing AWESs, named T-
GliDe (Tethered Gliding system Design). Five cases of increasing complexity can be studied:
AWES operating in aircraft mode (without tether), AWES operating in tethered straight
motion without wind, AWES operating in tethered straight crosswind motion, AWES
operating in tethered circular motion without wind, AWES operating in tethered circular
crosswind motion.

The aerodynamic analytical derivatives have been validated using vortex lattice
method (TORNADO) and an internally-designed glider, called Zefiro, is used to validate
the problem formulation for straight and leveled flight. Zefiro is then used as an example
to show the features of this modelling approach. A tether is attached to Zefiro in a position
such that all eigenvalues have a negative real part for the tethered circular crosswind
motion case. The five cases are finally analyzed.

In straight tethered motion, longitudinal and lateral motion can be decoupled. Ten
non-null eigenvalues are found, two more than a conventional aircraft in steady and leveled
flight. It has been shown how the tether modifies the conventional eigenmodes and the
physics of two new modes is explained. The Loyd mode is a mode typical of AWESs,
which brings the kite back to the equilibrium longitudinal velocity after a perturbation.
The pendulum mode arises by the merge of a new mode with the spiral mode and has the
frequency of a pendulum characterized by the force applied on the tether. Its real part,
defining the mode stability, is largely influenced by the main wing dihedral angle.

In circular motion, longitudinal and lateral equations are coupled and so are the
eigenmodes. However, short period, Dutch roll and roll subsidence eigenvalues have
consistent values with the straight motion cases. Eleven non-null eigenvalues are found in
this case, three more than for conventional aircrafts. Two are due to the presence of the
tether and one to the steady maneuver. Also in this case, the pendulum mode can be found,
as well as the Loyd mode in the case without wind. For the crosswind circular motion
case, the Loyd mode merges with the spiral mode to bear a pair of complex conjugate
eigenvalues (positional mode).

It is investigated how the tether attachment position influences stability. By moving
the tether attachment aft with respect to the center of mass, the phugoid becomes stable
and the pendulum mode unstable. The tether attachment location should then be carefully
designed to achieve stability of all modes. Flight mechanics should generally be studied
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with the circular crosswind motion model, as the eigendynamics for this case can be
radically different from the more simplified other cases.

As LT-GliDe is suitable for preliminary design and optimization of rigid wing AWESs,
it is being included in a system design framework (T-GliDe) and optimal designs will
be analyzed in future works. It is expected that an aircraft designed with this approach
will reduce control action and the need for control authority. Aero-elastic time-marching
simulations are envisaged to study the eigenmodes and the controllability with higher
fidelity codes.

Author Contributions: Conceptualization, ET., A.C. and C.E.D.R.; methodology, FT., A.C. and
C.E.D.R;; software, ET.; validation, ET.; formal analysis, E.T.; investigation, ET., A.C. and C.ED.R.;
resources, ET., A.C. and C.E.D.R,; data curation, ET.; writing—original draft preparation, FT., A.C.
and C.E.D.R,; writing—review and editing, FET., A.C. and C.E.D.R; visualization, ET.; supervision,
A.C. and C.E.D.R,; funding acquisition, ET., A.C. and C.E.D.R. All authors have read and agreed to
the published version of the manuscript.

Funding: This research received no external funding.

Conflicts of Interest: The authors declare no conflict of interest.

Nomenclature

The following symbols are used in this manuscript:

A Main wing area
AR Aspect ratio
Ay Tether sectional area
b Main wing span
Main wing mean chord
Cp Drag coefficient of the considered surface

Cpo  Drag coefficient at zero lift of the considered surface
CG Kite center of mass position in Fg

Cr Lift coefficient of the considered surface

C, Tether drag coefficient

D Drag force

d Drag force per unit length

dy Tether diameter

E Tether Young modulus

Eu Rotational angles to bring from Fg to Fs (Eu = [¢,0,]7)

F Unit force (F = %pAu%)

f Non dimensional force vector at trim: f = [X,Y,Z,L, M, N]| T

FB Body reference frame

FaG Ground reference frame

FRr Rotating reference frame

Fs Stability reference frame

G Ratio between kite linear velocity and wind velocity perpendicular to the
rotor-plane (G = vfffiﬁ ). It corresponds to the system glide ratio

g Gravitational acceleration

I Kite inertia matrix expressed in Fg

L Lift force

l Lift force per unit length

Lt Tether length

Ly Tether length at trim

LY Tether length at rest

m Total kite mass

m Mass matrix of the equations of motion

M Mass matrix of the linearized problem

N/m  Measurement unit of the linear spring constant associated with the tether
Ro Circular path radius
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) Kite angular velocity at trim (rg = — 1%)

T Tether force

ug  Kite linear velocity at trim

V?  Relative wind speed in the stability coordinate system (VS = — [/, V, W]T)
A% Kite velocity expressed in the stability coordinate system (V = [u, v, w]")
Vr, Modulus of the relative wind speed in the stability coordinate system

VS, Non fluctuating wind speed in the stability coordinate system

Vw  Wind velocity

X Dimensional state vector
X Non dimensional state vector
X Dimensional force acting along the Xg axis

Yy Right wing center of area along the Y5 direction
Zy  Distance of the rotor-plane from the ground station

B Mean elevation angle

AX  Perturbation of the dimensional force acting along the Xg axis
n Non-dimensional position in Fg: 7 = Rlo

r Dihedral angle expressed in Fg

vn  Inflow angle for the horizontal tail

Yo  Inflow angle for the vertical tail

Yo  Inflow angle expressed in the main wing coordinate system

K Linear spring constant associated to the tether (x = (A;E)/LY)
A Sweep angle expressed in Fg

w Kite inertial angular velocity (w = [p,q,7]T)

(> Opening angle of the swept cone during the flight path

Y Kite position in the circular path

0 Air density

¢ Non-dimensional position in Fg: ¢ = RLO

g Non-dimensional position in Fs: { = £

Appendix A. Rotational Matrices Notation

The rotational matrix, expressed in F4, which rotates from F4 to Fp is denoted with
Rﬁ g = RﬁB. Note that RﬁB = RiB. The rotational matrix Rﬁ p can be used to rotate a
vector aA, expressed in F 4 into a vector bA, expressed in the same coordinate system

b? = R4za’t. (A1)
Since this operation is a rotation: b? = a. Tt follows that
b? = R4zb%, (A2)

and
b? = R4Lp4 = RE b, (A3)

To change the basis of a rotation tensor T, rotational matrices are to be applied

TA = R4, TERAT. (A4)

To compose rotations, rotational matrices expressed in the same basis need to be
applied in a sequential order B 4 B
Ry—c = Rp.cRAp- (A5)

To express rotations as a composition of planar rotations, the basis of the rotation
matrix need to be expressed in the basis where the rotation happens. The rotation matrix
R4 . - can be therefore be written as

A A pA A BB AT \pA A B
Ri_c =Rp,cRY_p = (R4 gRE,cRUL )R, 5 = RY_ Ry . (A6)
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The following planar rotational matrices are defined

1 0 0 ] cosa 0 sina
Ry(x) = | 0 cosa —sina |, Ry(a)= 0 1 0 |,
0 sina coswa —sinae 0 cosa
- , z (A7)
cosa —sinax 0
R;(a) = | sina cosa O
0 0 1)
Appendix B. Arm Matrices Derivations
The following integrals are defined to have the dimensions of areas
I 1 b/2 y 2 b/2
1= Ry Ry Joop WY T Ry Sy WYY
I 1 b2
L, =% = —/ c 2dy,
=R ' (v)y-dy (A8)
I 1 /b2 o b2
I W / c 3ld = —/ c Sdy.
=Ry = ' Wy 1% &3 Jo v)y dy

As the analytical derivatives are compared with the results from vortex lattice method,
attention should be given to use the same locations for the velocities calculation. Indeed,
TORNADO computes aerodynamic forces using the velocity at 3/4 chord (collocation
points) and apply them at 1/4 chord to compute moments.

To be consistent with the vortex lattice method and take velocities at the collocation
points, the following geometrical integrals are defined

b/2 1 rb/2 1 sb/2

_ 2 2 Y / 2.2

I [ c(y)-dy, Iyea = RO /b/z c(y) y|y‘dy, L2 = 2 ) c(y)“y~dy. (A9)
Appendix B.1. Even Arm Matrices

The even arm matrix P is defined as function of P; and P;:

0

_ q-1 n
F=s { [TWox, 0, TWoz] ™ ]+11| |S [ [DS*[0, Ry, 0]7]"

] _ +17%P2. (A10)

The even arm integral matrices are derived as follows

/m /m (P 4yl P)d p,+ p (A11)
=2 b2 =2 b2 1 77‘17‘ 2 |ay =11 Aty
b/2 1 b/2 2 12 IcZ
= c P +7—P d—LP+’7—P, Al2
P, = A/b/z Pdy A/_h/z(y)(l 77||2>y 1t P (A12)
b/2 I I
Pd =Jp, + 1p,, A13
Py = A/b/2 y) \’7\ y=Pit - P (A13)
b/2 Iy Lyye2
- Pd A p, 4+ 1% p,, Al4
Py = A/b/z ) |17| y=—,Ph+— P (A14)

b/2 I I
2 mm nm
Py = / nPdy = P+ P,. (A15)
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Considering x and z as the collocation points position at 3/4 chord (X3, (y) — c(y)/2,
where X%w is given in Equation (36)), the even arm matrices needed for the estimation of
the derivatives with respect to angular rates are

b/2 b/2
Pa=y [ A (TWOX L-Roi" A—W))dy
Al un© TAlpt Ro " Jn] 2 (A16)
— TWoPs — RyAP, — 12
WoxPa — RoAPy, 5
P v L (W, + LRo L1 )
= = — C _|_ -~ -
Az 14/hn A/Qn W)< % Ro Tyl )y (A17)
= TWp,Ps+ RoI'Py,.
Similarly, Py » and Py, can be derived:
b/2 b/2
p1 Yoo c(y))
x Pxd TWoyx — Roy—T ——~)d
Py, A/b/z |11\17 Y= A/b/z |’7|17( " Ro Oyl 2 )% (A18)
P1152

= TWoxPy — RoAPy; — —=,

/b/2 Pzd /b/z yp L (TW + YR ”r)d
. Yoo
Pre=2 1 0p W V=2 SRR\ TWoe + o Rop D)y )
= TWo.Py + RoT'Py.

Appendix B.2. Odd Arm Matrices

The odd arm matrix D is defined as function of D1 and D».

0 1 DS* 1
Dzsl[ }+sl[ }:D + —D,. A20
0,Ro, 0 | 1S | [TWou0, TWo Ds* | =P [P (A20)

The odd arm integral matrices for the derivatives computations are derived as follows

b/2 b/2 ) I o
- rP1+D D, + Dy,
D= A/b/z Dy = A/b/z < 1t 2>3/ 2 D11t D2, (A2
b/z b/Z I I
= ne2 L2
Dy = A / b/2 Ddy = a / b2 ( D1+D2>dy A Dy + 1 D,, (A22)
b/2 I I
D,, = de = (M p Tp, ). A23
= A /b/2 Y < A 1+ A bl ( )

Considering x and z as the collocation points position at 3/4 chord, the odd arm
matrices needed for the estimation of the derivatives with respect to angular rates are

b/2 b/2 c(y)
1 vDd / p L (TW Y Ry Fy>d
Dyx = A/b/z |17| Y= A ) o |77’;7 " Ro Pyl 2 )Y (A24)
D
— TWoyDy — RoAD, — %Cz
b/2 b/2
DA / p- L (TW + YR ’71*)01
Dyz = A/m m|z V=7 ) WP\ T g Rop D) a0

= TWo. Dy + RoI'Dy.
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Similarly, Dy » and Dy, can be derived

b/2 b/2 c
Dyyx = A/ 2xDdy = A/ y)Di? (TWOx — RlORO‘Z—‘A— (23/)>dy

b/2 (A26)
qucz
= TWoxDyy — RoADyyy — 5
D v Dd v 2( TWo, + 2-Ro—-T )d
= z = + L Ry
Us A/ V)°=Diy = A/ ”( " R °|n|>y (A27)
Appendix C. Chain Rule
Table A1 summarizes the derivatives useful for the chain rule application.
The derivatives with respect to f is given in Equation (54).
The derivatives with respect to § can be written as
@ @  2ug (8@ ou n 0@ BW) 2z0@ 2x 0@
o5 W oa ) ¢ oi ¢ om (A28)
o a(‘?ﬁ) c \oU dg W 9g cod ¢ 0w
The derivatives with respect to 7 can be written as
%@ __ 98 2w (903U 20V)_ i 2@
7 *a(ri)* b \auar "oVar) boi b av (A29)
21/[0
From Equation (24), it is found that aaTu,s = —ry, then derivatives with respect to s are
@ _d@u ou_ _  Ljse Lo
ofrs U Ou a(LU) T %% oi  Rooa (A30)
Lt

When taking the derivatives with respect to the Euler angles, one should include
Equations (24) and (25). From Equation (25), it is found that 3 ’7 = 1y, then

0@ _o@oy 9@y _13e 9@ 1 _13e c i@
op 9V Ip 09g9p G v a(;fc)@_caﬁ 2Ry 3G (A31)
o

From Equation (24), it is found that %—Zg = ug, and from Equation (25), that g—’; = 1y,

then
0@ 0@  o@ow @y 1@ 9@ b @ (A%2)
900 U 90  Jwadd  Ip b Goil 0w 2Ry dp’

which can be used to find the derivatives of the relative velocity and of the inflow angle

with respect to

Wy
0 a0

Finally, from Equation (24), it is found that g—f;} = —1up, then

=1. (A33)

)@  J@
o5 = 9 (A34)
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Table A1. Derivatives of U, V, VW (Equation (9)) with respect to dimensional state variables.

u vV w
u 1 0 0
v 0 1 0
w 0 0 1
p 0 —z y
q z 0 —X
r -y x 0
¢ 0 = 0
0 -2 0 0
P 0 0 0

Appendix D. Straight Wing Derivatives
Appendix D.1. Derivatives with Respect to ii
It is given in Equations (55) and (56).

Appendix D.2. Derivatives with Respect to @

55 V0 = (€ = 27Ca) {ﬁ}{”é(l + ’7)2}”0 ~ {Cy +1(Cy — 2Cra) Ju,

(A35)
E)VZ Uup CRO C 2

G = Go(2G) = (27‘2’7@)

off _ /h/2 )P+ DY+ (€, —2010) + 2580 oy Sy (A36)

o Al T 1+ 1(Cy —2C0a) + 2725 — 2y 5 dy.

Appendix D.3. Derivatives with Respect to fj

ofY  12Ry [b/2

9p A b Jowp

C C
c(y);y(P%—ﬂD)(C,ﬁ—ﬂC,7 27Cpry +2 (1;0 WC;Z)dy' (A37)

Appendix D.4. Derivatives with Respect to §

afw b/2 2z Cr] Csz
= D)=
A /b/2 P+1D) c { G g G

b/2

%)

Cro

» (A38)
et -+ 1) 2 {4 (€, ~ 2014 + 2 2y by

A —b/2

Appendix D.5. Derivatives with Respect to 7

ofv  12Ry (b/2 C, Cra Cy
5 A D 7b/2C(y)77(P+ 7D) ( — ¢ T2 +2Cro+27Cro — Zﬂ?)d% (A39)

Appendix D.6. Derivatives with Respect to 0

afw b/2
0 A /b/z )(P+7D){Cy +24(Cy — Cra) Jdy. (A40)
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Appendix E. Dihedral Derivatives
Appendix E.1. Derivatives with Respect to ¥

€2 _ (o _ R SR 2
o5 Vio= (C'i ZUCLW){ Iﬂ|17| wo(1+17) }{”0(1 +17) }”0
- —FI%(C,7 +17Cy —27Cp) 1, (A41)
aVrz o 77 CRO C;7 2
of? 1 b/2 n Cro Cy
= - — — — 27— . A42
55 = Al h/ZC(y>|,1|(P+nD)<Cn+77Cn 2Cra +2-5 217G2)dy (A42)

Appendix F. Sweep Derivatives
Appendix F.1. Derivatives with Respect to ¥

9C » _ _ an 2 2
97 VrO - (CU ZUCM){ Al’ﬂ Guo(l +;7)2}{u0(1—0—77) }uO
(S Cl\. 2
= ] ( C 21 G )uo, (A43)

oV? C
Co 82; = C0{2A|Z|u0(1 +17)}u0 = 2A|Z|{CRO +7n (CRO — G”) }u%

"b/2 C C C
_ Ui Bt/ Lo M
5 = 7AA/7b/2C(y) wl(PJrnD)( C +2y G +2Cgro + 2717 (CRO G ))dy. (A44)
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