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Abstract: This paper presents a method for reducing the cogging torque for a sloping notch with two
notches applied on the stator teeth. The accuracy of FEA was confirmed by a comparison with a
previous model using an asymmetric notch for the experiment data and 3D FEA results, followed
by a comparison of the cogging torque of a two notches model and a sloping notch model. The
sloping notch model was modified to a step-sloping notch model in consideration of a potential
manufacturing process. The optimal design for minimizing the cogging torque was developed
considering the sloping degree, angle, position, and size of the notches. As the optimal design result,
the cogging torque on the optimal model was reduced. Finally, the analysis and optimal design
results were confirmed by FEA.

Keywords: tapered air-gap; sloping notch; optimal design; cogging torque; single-phase brushless
DC motor

1. Introduction

Recently, the concerns regarding the depletion of fossil fuel and environment degrada-
tion have highlighted the importance of saving energy. In line with that, the development
of motors has also focused on high efficiency. Accordingly, high-performance rare earth
permanent magnets have emerged, making it possible to improve the performance of
motors, such as the torque, power density, and efficiency [1].

BLDC motors have the disadvantage that a cogging torque is generated by the influ-
ence of permanent magnets. The shape design is essential to reduce the cogging torque
that causes vibrations and noise [2,3]. The cogging torque can be reduced in many ways,
but shape modifications of the rotor and stator, which are easy to apply and relatively
inexpensive in terms of manufacturing cost, are the most widely considered method. The
application of notches is also one of the methods to use the shape change of the rotor and
stator, and the method of selecting and applying the location and size, as well as the notch
as variables have been studied [4–6].

In this paper, two different notches were applied to the stator teeth to reduce the
cogging torque differently from the traditional method.

The two notches used sloping notches with diagonal lines of different angles in
different asymmetric positions, i.e., sloping notches. In this case, however, it is difficult
to manufacture motors with sloping notches, which reduces the advantage of using the
notch. The step-sloping notch is applied to divide the slope angle and make it easier to
manufacture. Optimization to minimize the cogging torque was performed considering the
notch location, size, and angle. The accuracy of the 3D-FEA analysis for the proposed step-
sloping notch model was verified by the cogging torque experimental results compared
to the 3D-FEA analysis results of an earlier model with two straight notches [7]. After
that, it was confirmed that the cogging torque could be reduced by applying the sloping
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notches [8]. The validity of this paper was verified by comparing the characteristics analysis
of an earlier model, the sloping notch model, with the optimized step-sloping notch model.

2. Characteristic of a Single-Phase BLDC Motor

In the case of a BLDC motor, a permanent magnet is used for generating a magnetic
field, which inevitably has a cogging torque as shown in Figure 1. Cogging torque stand
for the force generated to return to the balanced state when the position of the core and
the magnet moves to the position where the magnetic field is unbalanced while the motor
rotates. 1©– 5© in Figure 1a shows a number according to the passing of time. The cogging
torque acts as a torque that hinder with the generation of torque in the desired rotational
direction in both the motor that operates when is supplied of electric power and the
generator that generates power when the rotor rotates. Thus, the cogging torque causes
vibration and noise.
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Figure 1. Cogging torque generation mechanism (a) distribution of magnetomotive force due to permanent magnet rota-
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However, in the case of single-phase BLDC motor, when the poles and slots are symmet-
rically designed as shown in Figure 2, the rotor is aligned at the position where the force 
is balanced, so even if it is excited, the initial start is unstable. Therefore, it is common to 
design the shape of the stator or rotor asymmetrically in order to align the initial rotor 
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Figure 1. Cogging torque generation mechanism (a) distribution of magnetomotive force due to permanent magnet rotation
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Three-phase motors can be initially start-up by generating a rotating magnetic field.
However, in the case of single-phase BLDC motor, when the poles and slots are symmet-
rically designed as shown in Figure 2, the rotor is aligned at the position where the force
is balanced, so even if it is excited, the initial start is unstable. Therefore, it is common to
design the shape of the stator or rotor asymmetrically in order to align the initial rotor posi-
tion to the position where torque can be generated. However, design to minimize cogging
torque that torque and efficiency maintain aim is essential in case of if it is designed stator
(or rotor) asymmetrical. This is because, due to the change in air-gap energy distribution
as shown in the Equations (1)–(7), important characteristics of the motor such as torque,
cogging torque, efficiency, and so forth are affected.
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motor (d) dead-point for asymmetric air-gap of single phase BLDC motor.

3. Specification of Single-Phase BLDC Motor and Reduction Method of Cogging Torque

The Table 1 lists the specifications of a single-phase BLDC motor and Figure 3 presents
the shape of the motor. The ratio of the pole and slot in a single-phase BLDC motor
should be 1:1. Therefore, a structure of eight poles and eight slots was selected to secure
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sufficient winding space and efficiency. The size and material were selected considering
the application to a ventilation system and the unit cost of pro-duction.

Table 1. Specifications of the single-phase BLDC motor.

Parameter Unit Value Parameter Unit Value

Rated Output W 120 Outside diameter mm 92
Rated Torque mN·m 380 Stack Length mm 30
Rated Speed Rpm 3000 Core Material — S23_0.5T
Input Voltage Vac 220 Magnet Material — Ferrite (Br: 0.41~0.43 [T])

Number of Slot and Poles — 8/8 Winding Spec. — Φ0.55× 147
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The cogging torque is the amount of energy variations according to the amount of
rotor rotation and can be expressed using (1).

Tcog is the cogging torque, W is the magnetic energy of the machine, and α is the
position angle of the rotor:

Tcog = −∆W(α)

∆α
(1)

For the surface permanent magnet type of the BLDC, most of the energy changes
occur on the air-gap part. Therefore, only the energy on the air-gap part is considered when
calculating the cogging torque. The air-gap energy is expressed as (2), and was calculated
from the air-gap magnetomotive force function F(θ,α) and air-gap permeance function
P(θ) as follows:

W(α) = 1
2µ0

∫
v{F(θ,α)·P(θ)}2dv

F(θ) = g
µ0

B(θ).P(θ) = µ0
g G(θ)

(2)
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where g is the length of the air-gap; and µ0 is the permeability of a vacuum. In addition, B
is the flux density function and G is the relative air-gap permeance function.

Ls is the stack length. B2(θ,α) and G2(θ) can be calculated using a Fourier series
expansion used in (3) as follows:

W(α) = 1
2µ0

∫
v{F(θ,α)·P(θ)}2dv

W(α) = 1
2µ0

∫
v{B(θ,α)·G(θ)}2dv

W(α) = 1
2µ0

∫ Ls
0

∫ Rm
Rs

∫ 2π
0 {B(θ,α)·G(θ)}2dθrdrdz

W(α) = Ls
4µ0

(
R2

m − R 2
s
) ∫ 2π

0 B(θ,α)2·G(θ)2dθ

(3)

B(θ,α)2 =
∞

∑
n=0

BnNs cos
(
nNp(θ+ α)

)
(4)

G(θ)2 =
∞

∑
n=0

GnNs cos(nNsθ) (5)

where Ns is the number of stator slots, Np is the number of rotor poles and NL is the least
common multiple of Ns and Np, which affects the frequency component, W(α), by the
orthogonality of the trigonometric functions. Therefore, the air-gap energy obtained by
substituting (4) and (5) for (3) can be expressed as follows:

W(α) = Ls
4µ0

(
R 2

m − R 2
s
)
·
{∫ 2π

0

∞
∑

n=0
BnNL GnNS · cos(nNL(θ+ α)) cos(nNLθ) dθ

}
= Ls

4µ0

(
R 2

m − R 2
s
) ∞

∑
n=0

BnNL GnNS cos(nNLα)

(6)

The final cogging torque can be represented as (6) by differentiating the air-gap energy
obtained from (7) according to (1) with the rotation angle of the rotor.

Tcog =
Lsπ

4µ0

(
R 2

m − R 2
s

) ∞

∑
n=0

BnNL GnNS nNL sin(nNLα) (7)

If the notch is applied to the stator teeth, the shape changes, and as the number of
effective slots (the sum of the actual slots number and notches number) changes, the G
value, which is a relative air gap function. Therefore, when the notch will apply to the stator
teeth so that can design to reducing cogging torque. In addition, if the space of the stator
shoe is sufficient, two or more notches can be applied. The sloping notches have shaped an
oblique structure along the stacking direction as shown Figure 3c unlike existing models of
parallel along the stacking direction. When application an asymmetrical stator shape, it is
most effective to comprise the application of the notch asymmetrically [9]. Moreover, it is
more effective to reduce the cogging torque by asymmetrically different sloping notches
angles, respectively. Therefore, applying the sloping notch is clearly different from the
existing skewed model.

We need as many molds as the position of the notch changes depending on the
characteristic that the position of the notch changes according to the height for manufacture
the stator core applied sloping notches. That means that among the reasons for using the
notches for the cogging torque reduction methods, meritless the cost reduction and ease of
manufacturing, so it cannot be put to practical use. Therefore, in order to overcome the
disadvantages, we try to apply the step-sloping notch method that applies the notch at
different angles for each regular stacking section as shown in Figure 3d. The number of
molds required for manufacturing varies according to Number of stack (NoS), so the fewer
the NoS, the better advantageous. So, it is important to determine the fewest NoS that can
minimize the cogging torque and satisfying the specifications.
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4. Cogging Torque Reduction Method Using Step-Sloping Notches
4.1. Optimization of the Step-Sloping Notch Geometry to Minimize the Cogging Torque

Characteristic analysis of a single-phase BLDC motor was performed using finite
element analysis. At this point, the position of the notches varies along the stacking
direction. Accordingly, it must be analyzed by 3D modeling, which takes more time to
analyze a single model than 2D-FEA. Therefore, it is virtually impossible to compare after
analyzing all the combinations according to the number and range of variables, such as
the slope degree, size, and position of notches, suitable for minimizing the cogging torque
using an optimization technique.

Figure 4 shows the process of performing the optimal design of the proposed model.
The method of finding the sample points is called the Design of Experiments (DOE). The
goal is to extract the points that can achieve the optimal effects with a minimum number
without overlapping according to the number and range of variables. Figure 5 shows the
various DOEs and their corresponding deployment of experimental points. The objective
function for optimization is cogging torque minimization. Torque and efficiency are
important characteristics that affect the performance, so they need to be set as constraints.
Various methods of DOE are available, and in this paper, among general sampling methods,
the sampling point was found using an Orthogonal Array (OA) method. The larger the
number of samples, the better the optimization results, but more analysis time is required.
Therefore, finding an appropriate number of sampling points is the important part of the
optimization process. Basically, the combination is taken to three-levels (three values as
minimum, middle, and maximum, depending on the variable range), as shown in Figure 5a.
In this paper, 63 sampling points were extracted and analyzed by FEA. The shape design
was optimized to analyze the sample points found in DOE, producing metamodels using
the results, and the optimal design point was found using an optimization technique.
Metamodels use the kriging method, which is a method of direct passing the values used to
make a model. The generated metamodels take the place of a characteristic analysis solver.
The metamodels takes little time to obtain the result for the input. The genetic algorithm
was used to find and optimize the optimal points of the design variables, and the results
were then examined by FEA.

4.2. OA Level Settings for DOE

Method of DOE is varied number of combinations in accordance with design variables
and ranges. We should be taken a sample by experiments and simulations for DOE analysis
first. We can get better optimization results as the number of samples more increases,
but it requires more time to analyze the samples. Therefore, it is necessary to select and
the appropriate number of samplings as applicable the spare time and circumstances. In
general, the combination selects in three levels as shown Figure 5. However, it is better to
include the range of a variable with an influential if it is prehensible the tendency according
to the change in the range of the variable. Therefore, first, one notch was applied as shown
in Figure 6 to analyze the influence of the notch, and the results are shown in Table 2.
Figure 7 shows the trend for the part of the results that includes the two point where the
cogging torque is minimum. It can be seen that the cogging torque waveform of the one
notch model changes predictably according to the position of the notch, and the points
with the smallest cogging torque were 7◦ and 40◦. However, these points are not included
in the 3-level combination of the OA level, and the approximate point is included in the
5-level combination. Therefore, the OA Level of the DOE was set to 5 levels.
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Table 2. Cogging torque result of 1 notch model.

Cogging Torque
[mN·m]

Cogging Torque
[mN·m]

Cogging Torque
[mN·m]

Notch
Degree [◦]

2 31.35

Notch
Degree [◦]

16 26.41

Notch
Degree [◦]

30 26.38
3 31.55 17 26.43 31 26.61
4 25.74 18 30.06 32 26.49
5 24.89 19 26.49 33 26.58
6 24.71 20 26.27 34 27.64
7 24.68 21 26.11 35 29.96
8 25.06 22 26.01 36 31.34
9 26.14 23 25.9 37 30.04
10 26.47 24 25.95 38 26.34
11 26.53 25 25.97 39 23.24
12 26.42 26 26.67 40 20.10
13 26.45 27 26.31 41 23.84
14 26.46 28 30.09 42 28.4
15 26.62 29 26.36 43 30.05

A DOE including the optimal point was performed. Table 3 shows the sampling results
for the 63 samples and the finite element analysis results for each sample for verification.
Results for cogging torque, efficiency, and torque should be analyzed for each sample.
The cogging torque is a no-load analysis. So, efficiency and torque are load analysis with
current analyses are needed to extract the results for one sample and 3D analysis must be
performed due to the notch shape at different locations for each stack. As a result, it took
approximately 1 h to analyze each model (There may be some differences depending on
the condition settings such as the element division method and step division of the analysis
time period). Because it takes so much time, it is advantageous to use an optimization
technique if there is not enough time to analyze all the desired cases.
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Table 3. Specifications of the single-phase BLDC motor.

No.
Sampling Extracted Using OA-5Lv Finite Element Analysis about Results

for Sampling

X1 X2 X3 X4 X5 X6 X7 Cogging Torque Efficiency Torque

#1 2 0.25 2 0.25 −10 −10 1 25.90 76.38 453.03

#2 2 0.25 2 1.5 −10 0 3 40.17 77.78 449.52

#3 2 0.25 2 1.5 10 0 5 40.11 77.78 449.60

#4 2 0.25 11 0.25 0 10 7 26.61 76.40 452.58

#5 2 0.25 11 1.5 0 −10 9 24.69 76.15 451.54

#6 2 0.25 20 0.25 −10 10 11 25.88 73.48 377.17

#7 2 0.25 20 0.875 0 0 13 27.19 73.46 376.67

#8 2 0.875 2 0.875 −10 −10 1 24.56 73.71 377.21

#9 2 0.875 2 0.875 10 10 3 27.63 73.73 377.42

#10 2 0.875 11 0.25 10 0 5 25.62 73.57 377.84

#11 2 0.875 11 0.875 −10 0 7 25.68 73.35 376.53

#12 2 0.875 20 1.5 −10 −10 9 25.35 73.31 375.96

#13 2 0.875 20 1.5 0 10 11 28.41 73.40 377.14

#14 2 0.875 20 1.5 10 −10 13 25.10 73.35 376.14

#15 2 1.5 2 0.875 0 10 1 35.10 74.26 380.93

#16 2 1.5 2 0.875 10 0 3 35.65 74.19 377.58

#17 2 1.5 11 0.25 0 −10 5 35.65 74.06 380.78

#18 2 1.5 11 0.25 10 −10 7 22.89 73.65 377.82

#19 2 1.5 11 0.875 10 10 9 21.67 73.52 377.27

#20 2 1.5 20 0.25 −10 10 11 22.00 73.64 377.72

#21 2 1.5 20 1.5 0 0 13 35.79 73.90 379.25

#22 11 0.25 2 0.25 10 10 13 24.69 73.52 377.92

#23 11 0.25 2 0.875 0 −10 11 25.68 73.55 376.75

#24 11 0.25 11 1.5 −10 10 3 24.24 73.24 376.09

#25 11 0.25 11 1.5 10 −10 1 24.62 73.14 375.83

#26 11 0.25 20 0.875 −10 0 7 26.24 73.39 376.20

#27 11 0.25 20 0.875 10 0 5 26.22 73.40 376.25

#28 11 0.25 20 1.5 −10 −10 9 26.46 73.19 375.16

#29 11 0.875 2 0.875 0 −10 11 30.00 73.46 376.15

#30 11 0.875 2 1.5 10 10 13 29.89 73.93 374.54

#31 11 0.875 11 0.25 −10 10 5 25.71 73.37 376.81

#32 11 0.875 11 0.25 0 10 3 29.32 73.31 376.70

#33 11 0.875 11 0.875 0 0 1 28.90 73.15 375.92

#34 11 0.875 20 0.25 10 0 9 26.23 73.33 375.92

#35 11 0.875 20 0.875 10 −10 7 26.23 73.28 375.48

#36 11 1.5 2 0.25 −10 0 13 29.12 73.24 375.26

#37 11 1.5 2 0.25 0 0 9 39.68 73.12 374.59

#38 11 1.5 2 0.25 10 −10 11 28.25 73.23 375.05

#39 11 1.5 11 1.5 −10 −10 3 21.65 73.04 374.25
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Table 3. Cont.

No.
Sampling Extracted Using OA-5Lv Finite Element Analysis about Results

for Sampling

X1 X2 X3 X4 X5 X6 X7 Cogging Torque Efficiency Torque

#40 11 1.5 11 1.5 0 0 1 37.72 72.60 373.26

#41 11 1.5 20 0.875 −10 10 5 25.63 73.12 374.74

#42 11 1.5 20 1.5 0 10 7 38.59 72.84 373.25

#43 20 0.25 2 0.25 10 −10 7 26.11 73.51 377.70

#44 20 0.25 2 1.5 0 −10 5 28.38 74.04 375.90

#45 20 0.25 11 0.875 −10 0 11 26.69 73.29 376.43

#46 20 0.25 11 0.875 0 10 13 25.58 73.37 377.04

#47 20 0.25 11 0.875 10 10 9 25.36 73.30 376.50

#48 20 0.25 20 0.25 0 0 3 26.01 73.47 377.51

#49 20 0.25 20 0.25 10 10 1 26.19 73.47 377.00

#50 20 0.875 2 0.25 0 0 9 26.87 73.50 376.93

#51 20 0.875 2 1.5 −10 10 5 28.28 73.98 375.25

#52 20 0.875 2 1.5 0 10 7 27.46 74.01 375.45

#53 20 0.875 11 0.875 −10 −10 13 24.45 73.33 376.73

#54 20 0.875 11 1.5 10 0 11 27.94 72.93 374.75

#55 20 0.875 20 0.25 −10 0 1 26.20 73.43 376.95

#56 20 0.875 20 0.25 0 −10 3 26.07 73.43 376.95

#57 20 1.5 2 0.875 −10 10 9 25.86 73.37 375.45

#58 20 1.5 2 1.5 −10 0 7 40.19 74.58 372.44

#59 20 1.5 11 0.25 −10 −10 13 26.51 73.25 375.48

#60 20 1.5 11 1.5 10 0 11 28.27 72.77 373.33

#61 20 1.5 20 0.875 0 −10 5 26.60 73.24 374.86

#62 20 1.5 20 0.875 10 −10 3 30.65 76.15 438.65

#63 20 1.5 20 1.5 10 10 1 26.94 72.99 372.79

4.3. Design Variables and Objective Functions

Figure 3 presents the design variables for minimizing the cogging torque; the size,
position, and sloping angle of the notches were determined as design variables (X1∼X7).

The notches size variable range (X2, X4) was selected in consideration of the thickness
of the stator shoe. If the size of the notches is too large, an abnormal hole may be drilled
near the end of the shoe, so the maximum value was selected as 3 mm. The minimum value
was selected as 0.5 mm, which is a realizable size while affecting the cogging torque. The
position of notches for variable range (X1, X3) is the value at the midpoint of the stacking
height as shown Figure 3a,c. The angle per slot is 45◦ and it is set to 20◦ considering that
two notches are applied. The sloping of notches for variable range(X5, X6) was selected as
the maximum value of 10◦ and the minimum value of −10◦. Because it is an angle that
does not overlap each other by encroaching on area when the position variables X1 and X3
are intermediate positions based on 10◦.

Therefore, the range of design variables for optimal design is as follows:
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- Design variables
· 2◦ ≤ X1 (Notch (a) Angle) ≤ 20◦

· 0.5 mm ≤ X2 (Notch (a) Size) ≤ 3 mm
· 2◦ ≤ X3 (Notch (b) Angle) ≤ 20◦

· 0.5 mm ≤ X4 (Notch (b) Size) ≤ 3 mm
· −10◦ ≤ X5 (Notch (a) Sloping Angle) ≤ 10◦

· −10◦ ≤ X6 (Notch (b) Sloping Angle) ≤ 10◦

· 1 ≤ X7 (Layer of Stek) ≤ 15

The objective function aims to minimize the cogging torque and the constraints were
set considering the design specifications as follows:

− Objective function Reduce the cogging torque
− Constraint’s condition Efficiency ≥ 70% Torque ≥ 390 mN·m

Constraints were set to 390 mN·m ≤ T for torque and 70% ≤ η for efficiency according
to the design specifications as shown in Table 1 in consideration of the errors between
simulation and experiments inasmuch as torque and efficiency are critical characteristics
which affects performance.

5. Optimal Design Results

Figure 8 shows the convergence of the objective function and the constraints for
the optimization simulation of each design variable. Table 4 lists the optimal design
results using the genetic algorithm. In addition, Figure 9 shows the stator shape for the
optimal results.
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Table 4. Results of optimal design.

Item Unit Earlier
Model

2 Notches
Model

Step-Sloping Notch
Model (GA Optimal)

Step-Sloping Notch
Optimal Model (FEA)

D
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ig
n

va
ri

ab
le

s X1 [◦] 0 8.502 2 2
X2 [mm] 0 1.314 1.2162 1.2162
X3 [◦] 0 18.448 11.0925 11.0925
X4 [mm] 0 0.812 0.5 0.5
X5 [◦] 0 0 9.999 10
X6 [◦] 0 0 −10 −10
X7 [EA] 1 1 4.777 5

R
es

ul
ts Cogging torque [mN·m] 61.9 43.6 21.7 22.3

Efficiency [%] 75.434 75.25 74.77 73.5
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Figure 9. Optimal design model applied step-sloping notch.

As a result, of the optimal design, the size and position angle of notch (a) were 2◦ and
1.2162 mm, respectively, and those of notch (b) were 11.0925◦ and 0.5 mm, respectively. The
FEA was used to verify the optimal design results. The results of cogging torque analysis
were 43 mN·m for the cogging torque of the 2 notches model, and 22 mN·m for that of
the optimum model, which was similar to the optimal design results. In addition, the
efficiency and torque met the design specifications while reducing the cogging torque by
51% compared to the two notch model.

Moreover, the result of the constraint on the optimization result needs to be confirmed.
Figure 10 analyzes the characteristics of the optimization model using FEA.
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Figure 10. Optimal design results (a) cogging torque (b) FFT of cogging torque (c) torque (d) voltage.

6. Conclusions

This paper reported a method to reduce the cogging torque of a single-phase BLDC
motor. The earlier model had two notches with a straight along the stacking direction
of asymmetric positions and sizes to reduce the cogging torque. The step-sloping notch
model has the advantage of having a skew effect by constructing a slope along the stacking
direction differently from the earlier model.

Cogging torque optimization was performed using the size, position, and sloping
angle of the notches as variables to demonstrate the cogging torque reduction effect of
the proposed step-sloping notch method. The results of the optimization were verified by
FEA and compared with the straight two notch model. As a result, the cogging torque was
reduced by more than 50% compared to the earlier model, demonstrating the excellence of
the step-sloping notch method.
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