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Abstract: A consignment auction aims to increase political feasibility by reducing the financial burden
of initial permits allocation and to do the role of price discovery. However, previous analytical models
presented contradictory results for the price discovery function of a consignment auction. Thus, this
study reexamines whether a consignment auction can perform its price discovery function. The study
uses a simple game model with several assumptions differentiated from previous analytical models:
explicit consideration of the secondary market and firms as price-takers with various behaviors
to respond to uncertainty about the price in the secondary market. Firms are classified into three
types: speculators who seek arbitrage, doctrinarians who determine a permit demand based on
an estimation of their marginal abatement cost, and neutralists who keep a permit demand the
same as initial emission endowments. The results reveal that when a consignment auction was
introduced, the expected equilibrium price was identical to that of the secondary market price,
demonstrating that the auction could deliver the price discovery function. This is because speculators
and doctrinarians provide information about their price expectations and marginal abatement cost
through their estimated demand functions. Additionally, the smaller number of neutralists is, and the
higher the risk-seeking propensity of speculators is, the more effective the price discovery function is.

Keywords: emissions trading scheme; consignment auction; price discovery; climate change mitigation

1. Introduction

The marketable emission permit system (or transferable discharge permit system)
is designed to provide a cost-effective way for firms to reduce emissions via economic
incentives. Coase [1] argued that the private sector could allocate resources, such as clean
air and water, in cost-effective ways if they were recognized as property with corresponding
rights and were tradable in a marketplace. Thus, emission permits are allocated against
certain rules in emissions trading schemes and are traded among firms. Montgomery [2]
showed that a market for transferable permits could theoretically achieve a cost-effective
allocation of control, irrespective of the initial allocation of permits. Additionally, the
system is more likely to reach government-set environmental goals than a carbon tax—
another type of carbon pricing—because the marketable emission permit system sets a cap
on total emissions before being enforced.

However, it is not easy to realize the theoretical advantages of the system in prac-
tice [3]. Price uncertainty and market inefficiency may arise due to lack of trading, market
concentration, and so on. These problems may distort long-term investment and under-
mine the current choice of optimal mitigation activity [4]. If trading does not occur due
to a lack of liquidity, the market cannot achieve static and dynamic cost-effectiveness,
which is incentivized by synchronizing participants’ marginal abatement cost to provide
long-term investment incentives [5]. The problems could be more serious at the early stage
of the emission market. For instance, the EU emissions trading system (ETS) introduced in
2005 experienced an inefficient market in its first phase [6,7]. In China and Korea, where
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emissions trading was introduced relatively recently, a severe lack of liquidity has already
been observed partly due to uncertain permit prices [8–11]. In alleviating the problem of
uncertain permit prices, the price discovery function is an important issue that generates
price information in the initial permits allocation to boost permit trading.

To introduce the emissions market, an initial allocation of permits is necessary. Gener-
ally, there are two methods for initial allocations: grandfathering and auctioning. Grandfa-
thering is the free allocation of permits, usually based on a firm’s historical emissions or
outputs. This is more politically feasible than auctioning because participants do not pay
for the permits in the initial allocation phase. Whereas auctioning requires expenditures
from firms, it can generate revenue for the government and establish a clear price signal
that can enhance the functioning of the market [12,13]. The EU, several US states, and
Québec introduced a mixed-method, proportional auction where a significant amount
of emission permits is distributed through grandfathering and the remainder allocated
through auctioning. The Regional Greenhouse Gas Initiative, the EU ETS, and Québec’s
cap and trade system allocate more than 50% of the emission permits through auctioning.
Korea also introduced the proportional auction in 2018. By contrast, emission permits
allocated in China, Kazakhstan, and Tokyo (Japan) are mostly based on grandfathering.

The consignment auction, also known as the “revenue-neutral” auction, was de-
veloped to allow price discovery function, which is the main advantage of auctioning
and increasing political feasibility as in grandfathering [14–16]. A consignment auction
works as follows. First, emission permits are allocated to firms based on their historical
emissions for free, and they immediately consign the emission permits to a third-party
auctioneer. Then, all firms submit a demand schedule to the auctioneer depending on
the price level, and the auctioneer determines the market-clearing price by adding these
demand schedules. The determined market-clearing price delivers price information and
plays the role of price discovery. Finally, the auctioneer gives the auctioned emission
permits back to the participants. The amount collected or paid by the firms is calculated by
multiplying the market-clearing price by the difference between the number of emission
permits consigned and the number of auctioned emission permits. This peculiar settlement
process reduces the financial burden of participants and increases the political feasibility of
emissions trading.

The price discovery function of consignment auctions could reduce the problem of
uncertain permit prices. It greatly enhances the efficiency of the marketable emission
permit system. Consignment auction is also expected to encourage interest in emission
permit trading within organizations, motivate advanced planning for emission permit
trading, and increase political feasibility [16–18]. In reality, California’s cap and trade
program introduced the consignment auction in 2012. In California, the consignment
auction is multipurpose; it is used for price discovery and to mitigate adverse economic
impacts on sectors vulnerable to greenhouse gas emission reduction policies by recycling
the auction revenue [12].

However, these expected effects are largely inferred from qualitative reasoning. They
need to be analyzed using more rigorous methods. Dormady and Healy [19] and Fran-
ciosi et al. [17] used experimental approaches but had a limited number of experiment
participants. To the best of our knowledge, there have been only two studies with analytic
models. Khezr and MacKenzie [15] showed that a consignment auction with a constant
marginal value of permits would neither boost emission permit trading nor deliver price
discovery. However, Liu and Tan [13] showed that the consignment auction could play the
role of price discovery and the equilibrium in Khezr and MacKenzie [15] occurs only with
the assumption of the constant marginal value of permits.

In this study, using a game–theoretic model, we reinvestigate whether a consignment
auction and a proportional consignment auction can play the role of price discovery.
The model identifies the price discovery equilibrium in a consignment auction and a
proportional consignment auction. The result is similar to Liu and Tan [13]. However,
Liu and Tan [13] used a single-period model with given values of permits. Under their
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assumptions, the expectation of the price in the secondary market is meaningless, and
the price discovery function cannot be analyzed explicitly. Thus, we explicitly reflect the
existence of the secondary market after the consignment auction by establishing a two-
period model. Further, we assume various behaviors of firms to respond to uncertainty
about the price in the secondary market by classifying firms into three types: firms seeking
arbitrage in a consignment auction (speculators), firms determining a permit demand
based on an estimation of their marginal abatement cost (doctrinarians), and firms keeping
a permit demand the same as initial emission endowments (neutralists).

By introducing the secondary market and various behaviors of firms explicitly, we can
better describe how and when the price discovery function of consignment auctions works
well. The price discovery function works because speculators provide price expectations
in the secondary market, and doctrinarians provide information about their marginal
abatement cost through their estimated demand functions. The consignment auction
aggregates this information in the determined market-clearing price. However, neutralists
do not contribute to this aggregation of information. Thus, the smaller number of neutralists
is, and the higher the risk-seeking propensity of speculators is, the more effective the price
discovery function is.

This paper is structured as follows. Section 2 reviews literature about a consignment
auction. Section 3 explains the assumptions of the model in this study. Sections 4 and 5 derive
equilibrium in a consignment auction and a proportional consignment auction. Finally,
Section 5 provides some conclusions.

2. Literature Review of Consignment Auction

Auctions for emission rights are multiunit auctions where the auctioneer sells goods or
assets to bidders who demand multiple units [20]. Single-item auctions have traditionally
been applied in many real cases, and many theoretical studies on them have been carried
out since Vickrey [21]. Studies on multiunit auctions began relatively late, although
Wilson [22] showed that auctions of shares could generate significantly lower bid prices
than unit-item auctions could. Ausubel [23] pointed out the importance of price discovery
in the auction process of divisible goods and presented simultaneous clock auctions as
a proper auction format. A group of researchers, including Ausubel et al. [24], Back and
Zender [25], Krishna [26], and Wang and Zender [27], showed bid shading or demand
reduction can occur in a multiunit auction with firms that have some level of market power.
Meanwhile, Federico and Rahman [28] discussed that situations dealt with in general
auction literature are somewhat different from the real electricity market and analyzed that
perfect competition situation where firms act as price-takers results in efficient allocation.

There have been studies on what type of auction is efficient in allocating allowances in
the context of carbon permits. Lopomo et al. [29] showed that a uniform-price sealed-bid
auction is more appropriate than other types of auctions in that it prevents collusion without
significant loss of the price discovery function. Meanwhile, Khezr and MacKenzie [30]
pointed out that although the allocation of allowances through uniform auctions has several
advantages, in reality, these advantages are not realized due to nontruthful bidding. He
suggested that as an alternative to correct this, the regulator determines the total amount
of allowances after all bids have been submitted. Khezr and MacKenzie [31] also showed
that a uniform auction with allowance reserve could lead to distortion by unintentionally
raising the clearing price higher. Alvarez et al. [32] performed a theoretical assessment on
the efficiency of uniform auctions as a means of allocating allowances. He showed that
for a uniform auction to be effective there should be no correlation between the types of
bidders as well as many bidders.

A pollution permit auction with a consignment was originally proposed by Hahn
and Noll [3], who called it a “revenue-neutral” or “zero-revenue” auction. They stressed
the potential benefits of the consignment auction mentioned in the Introduction. Since
then, surprisingly, only a few studies have directly examined the consignment auction,
theoretically or empirically. Among them, Franciosi et al. [17] used experiments to compare
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the performance of revenue-neutral and conventional uniform-price auctions and found
that the two mechanisms show little difference in price and market efficiency. Meanwhile,
Dormady and Healy [19] found that a consignment auction leads to higher prices and a
more inefficient allocation than a nonconsignment auction would in a laboratory environ-
ment. This may be explained by the fact that consignees have an incentive to boost auction
prices by inflating demand and, by extension, increase auction revenue.

Khezr and MacKenzie [15] conducted a theoretical study on the performance of a
consignment auction using an analytic model. Their analysis derived the equilibrium
wherein emission permits are not traded, irrespective of the price level in a consignment
auction. In other words, from consignment auctioning, firms only obtained emission
permits corresponding to their initial emission endowments at the equilibrium. Hence,
the equilibrium price does not affect firms, and the actual price at equilibrium fails to
reflect the market value of the emission permits. Therefore, it implies that a consignment
auction would neither boost emission permit trading nor deliver price discovery. They also
analyzed a proportional consignment auction where only a proportion of the total permits
are endowed to firms, and the endowed permits are consigned to an auctioneer. The
nonendowed permits and the consigned permits are allocated through the proportional
consignment auction. The equilibrium characteristics in a proportional consignment
auction turned out to be similar to those in a consignment auction.

However, Liu and Tan [13] showed that consignment auctions could play the role of
price discovery using the assumption of nonincreasing marginal values for the permits.
Only when firms have a constant marginal value of the permit as assumed in Khezr
and MacKenzie [15], the nontrade equilibrium appears. Liu and Tan [13] argued that a
constant marginal value of the permit is not realistic; “firms may have a fairly flat marginal
abatement cost curve within a short period of time or a specific technology class, it generally
becomes more costly for them to satisfy a higher abatement target.” Even though the results
in Liu and Tan [13] are similar to this study, the model used in this study is very different
from the one in Liu and Tan [13] as described in the Introduction.

3. Model Assumption

To analyze the effect of a consignment auction through a mathematical model, it is
first necessary to define the equilibrium price and trading volume without the consignment
auction and then compare them with a consignment auction. It is challenging to develop
an analytic model reflecting all the details of real emissions trading and define the single
market equilibrium price because permits are traded continuously and the price constantly
changes to reflect the situation at a particular point in time. Thus, the model simplifies the
situation and assumes an emission permit trading scenario wherein demand and supply in
the year of implementation are all put together at the market-clearing price. Assuming this
trading scenario, this study defines the equilibrium price and equilibrium trading volume
before a consignment auction is introduced and then investigates the equilibrium after the
introduction of the consignment auction.

Firm i’s quantities of unregulated and reduced emissions under the cap-and-trade
system are denoted as Qi and qi, respectively. Therefore, all firms surrender emission
permits corresponding to qi at the end of the emission permit trading period. The marginal
abatement cost function for firms is defined as follows:

MAC(qi) =
(Qi − qi)

Ki
(1)

where Ki indicates the efficiency level of a firm’s emissions mitigation technology, deter-
mined by the probability density function, k(Ki). The expected value of Ki is E(Ki) = K.
Under this marginal abatement cost function, when a firm emits qi = Qi, the marginal
abatement cost becomes 0. The marginal abatement cost increases when qi decreases fur-
ther, and the degree of this decrease differs across firms depending on Ki. Meanwhile, the
average value of Qi for all firms is denoted as A(Qi) = Q.
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There are two periods. In the 0th period, the same amount of emission permits ω is
allocated to firms, and a consignment auction that uses a uniform price rule is conducted.
The total sum of permit allocation is less than the total unregulated emissions (∑ ω < ∑ Qi),
which implies that the government tries to reduce total emissions through an emission
cap and trade. The 1st period refers to the secondary market where emission permits
are traded between firms. The assumption of the same amount of emission permits ω
might be unrealistic considering that even in a consignment auction grandfathering is
common. However, the assumption that the gap between Qi and ω is different firm by
firm sufficiently reflects the important aspect of reality.

Further, we assume imperfect information where firms know only their Ki, Qi, and
whether Qi > Q or not but do not know information K and Q. Naturally, firms do not
know other firms’ situation exactly in reality. Whether Qi > Q or not means that (Qi −ω)
is higher or lower than average, and we believe that firms can know it approximately based
on their experience even though they do not know exactly Q. We also assume a perfect
competitive market wherein the total number of firms is so high that the behavior of each
firm does not affect the price and firms act as price-takers as described in Cramton [33] and
Federico and Rahman [28].

4. Equilibrium Analysis of the Consignment Auction
4.1. Consignment Auction of Perfect Information

To help understand the basic nature of a consignment auction, we start with a case
where they already know all the information, including K and Q in the 0th period. Firms’
cost function, TCi, is defined as follows:

TCi = P0
(

q0
i −ω

)
+ P1

(
q1

i − q0
i

)
+
∫ Qi

q1
i

(Qi − qi)

Ki
dqi (2)

where q0
i and q1

i are the amount of emission permits through the consignment auction in
the 0th period and the 1st period, respectively, and P0 and P1 are the market-clearing prices
in the 0th period and the 1st period, respectively.

We use backward induction. To derive the equilibrium price and quantities in the
1st period: Equation (2) is calculated as the partial differential with q1

i , and the following
condition is identified:

∂TCi

∂q1
i

= P1 −
(
Qi − q1

i
)

Ki
= 0 (3)

From this equation the following demand function can be derived:

q1
i = Qi − KiP1 (4)

This demand function means that q1
i is determined at a level where firm i’s marginal

abatement cost equals the 1st-period price, P1. Now, the market-clearing (∑ q1
i = ∑ ω)

condition in the 1st period is described as follows:

nQ− nKP1∗ = nω (5)

Additionally, as a competitive scenario was assumed, there is no incentive for firms
to change the existing strategy (or demand function) when the market-clearing price is
defined by Equation (5). Therefore, the equilibrium price in the 1st period is defined as
follows:

P1∗ =
1
K
(Q−ω) (6)

Equation (6) means that a larger difference between the average emissions across
the whole economy and the average emission allocations leads to an increase in P1∗.
Additionally, P1∗ declines as K, the firms’ average efficiency level rises.
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Additionally, each firm’s emission permits at the end of the 1st period are determined
by substituting Equation (6) into Equation (4):

q1∗
i = Qi −

Ki
K
(Q−ω) (7)

Equation (7) means that the amount of each firm’s emission permits decreases as the
firm’s relative efficiency level, Ki/K, and the average emissions reduction requirement,
Q−ω, increases.

The results above show that the equilibrium price and quantities of emission permits
in the 1st period are independent of the equilibrium in the 0th period in the perfect
information case. Furthermore, each firm’s emission permits are determined at a level at
which each firm’s marginal abatement cost equals the 1st-period price P1, and an efficient
allocation is achieved where the emissions abatement cost is minimized across the society.
This suggests that the secondary market works efficiently regardless of the introduction of
a consignment auction.

Theorem 1. In the 1st period (i.e., the secondary market), in a perfect information scenario,
emission permits are determined at a level at which each firm’s marginal abatement cost equals the
market-clearing price, therefore achieving an efficient allocation wherein the emissions abatement
cost is minimized across society.

Then, the firms’ problem in the 0th period is to choose the amount of emission permits,
given the equilibrium price and quantities in the 1st period. By substituting the equilibrium
values into TCi and calculating the partial differential with respect to q0

i , we can obtain the
following equation as the 0th period’s equilibrium condition:

∂TCi

∂q0
i

= P0 − P1∗ → P0∗ − P1∗ = 0 (8)

This equation indicates that when the consignment auction clearing price in the 0th
period is lower than the secondary market price in the 1st period (P0 < P1∗), firms have an
incentive to increase q0

i as much as possible and sell q0
i − q1∗

i of the emission permits in the
1st period to reduce the total cost. In the opposite case (P0 > P1∗), firms have no incentive
to buy permits through the consignment auction in the 0th period and purchase all the
permits they need in the 1st period. In other words, the demand function in the 0th period
would be flat at P1∗. Given that all firms’ demand function is the same, the allocation of
permits to each firm will be the same amount, ω. The equilibrium P0∗ = P1∗ is achieved
due to the incentive to attempt arbitrage.

Theorem 2. With perfect information, the equilibrium price in the 0th period (i.e., with the
consignment auction) is the same as that in the 1st period.

The above analysis of a perfect information scenario is intended to help us understand
the basic nature of the equilibrium in a consignment auction. In a perfect information
scenario, the arbitrage incentive makes P0∗, the market-clearing price in the 0th period
the same as P1∗. However, given that the analysis assumes perfect information, firms
already know P1∗, and discussing the consignment auction’s price discovery function
becomes meaningless. Hence, we need to analyze an imperfect information case to provide
realistic implications.

4.2. Consignment Auction of Imperfect Information

Under imperfect information, we assume that firms only know their Qi and Ki, and
firms’ cost function is the same as Equation (2). Even with imperfect information, the
equilibrium in the 1st period is the same as those of perfect information. We skip the
derivation of the equilibrium because it is clear. Then, in the 0th period with imperfect
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information, firms as price-takers will form an estimation of P1∗ and their demand function
that reflects their arbitrage incentive based on the estimated P1∗, for example, flat one at
estimated P1∗. However, because firms do not know exactly the P1∗, there can be different
behaviors according to the level of information and risk aversion. To describe the real-world
situation, we consider three types of firms: speculators, doctrinarians, and neutralists. The
type of firms is determined randomly. The numbers of speculators, doctrinarians, and
neutralists are assumed to be nS, nD, and nN , respectively.

The first type of firm, speculators, explicitly seek arbitrage because they believe they
have enough information to estimate P1∗. The magnitude of the arbitrage incentive will
be based on the speculators’ risk-taking propensity. To reflect such firms’ behavior, it is
assumed that speculators estimate the distribution of P1∗ of which average is P̂1∗

i and
symmetric. P̂1∗

i follows the distribution of g
(

P̂1∗
i
)

and has expectation E
(

P̂1∗
i
)
= P1∗. Their

risk-taking propensity is Ri (> 0) and is independent of g
(

P̂1∗
i
)
. The average of Ri for the

speculators is R. Based on these assumptions and the basic attributes of arbitrage, it is
assumed that a speculator has the following demand function:

q0
i

(
P0
)
= ω + Ri

(
P̂1∗

i − P0
)

(9)

This demand function corresponds to arbitrage behavior with the assumption that
P̂1∗

i = P1∗.
The second type of firm, called the “doctrinarians,” also has arbitrage incentive, but

they do not believe they have a good estimate of P1∗ in the 0th period. They only know that
their demand function in the 1st period will be given as Equation (4), q1

i
(

P1) = Qi −KiP1.
Then, they can utilize this as their demand function in the 0th period, q0

i
(

P0) = Qi −KiP0.
However, with the demand function, the expected q0

i of doctrinarians whose Qi is more
(less) than Q tend to purchase more (less) than ω even when P0 > P1∗ (P0 < P1∗) because
Q− KP1∗ = ω from Equation (5) and E(Ki) = K. This violates arbitrage incentives and
q0

i
(

P0) = Qi −KiP0 cannot be the best strategy of price-takers. Thus, they should adjust
downward (upward) their demand function to be q0

i
(

P0) = Q− KP0.
However, because they do not know the exact Q, the adjustment cannot be the exact

one. Thus, we denote the adjustment of each doctrinarian as δi and assume that the average
of all δi is 0. The assumption means δis of firms with Qi > Q is symmetric with those with
Qi < Q, and this assumption is weaker than E(δi) = Qi −Q. Accordingly, the following
demand function is an adjusted form of the demand function given by Equation (4):

q0
i

(
P0
)
= Qi −KiP0 − δi (10)

This demand function looks similar to the actual demand function identified in the
1st period. However, the doctrinarians’ true purpose in the 0th period is not to achieve
the equilibrium quantity of the 1st period but to utilize arbitrage. Thus, the important
aspect of the demand function defined in Equation (10) is that the expected q0

i = ω when
P0 = P1∗. Given that they cannot estimate P1∗, they just adjust the demand function given
by Equation (4) not to violate arbitrage incentive.

The last type of firm, neutralists, submit a fixed demand function equal to the initially
endowed ω. They follow the grandfathering rule and give up the chance to minimize cost
using arbitrage. They represent a special case of the first type where Ri = 0. Neutralists
may adopt this strategy due to their very low risk-taking propensity or lack of information.
Regardless of the rationale, their resulting behavior is similar to the one described by Khezr
and MacKenzie [15].

Then, let us identify the equilibrium of imperfect information. We assumed uncertainty
only in the 0th period. Firms have perfect information in the 1st period. Each firm’s demand
is the same, as in Equation (4), and P1∗ and q1∗

i are also equivalent to those in a perfect
information case.
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In the 0th period, the total demand for permits can be described as the sum of three
groups’ demands as follows:

∑ q0
i

(
P0
)
= ∑

S,N

[
ω + Ri

(
P̂1∗

i − P0
)]

+ ∑
D

[
Qi − KiP0 − δi

]
(11)

Given that E
(

P̂1∗
i
)
= P1∗, the average of Ri for the speculators is R, Ri is independent

of P̂1∗
i , and the average of all δi is 0, the expected total demand in the 0th period is calculated

as follows:

E
[
∑ q0

i

(
P0
)]

= (nS + nN)ω + RnS

(
P1∗ − P0

)
+ nD

(
Q− KP0

)
(12)

Replacing P0 with P1∗ = 1
K (Q−ω) on the right-hand side generates E

[
∑ q0

i
(

P0)] = ∑ ω,
which balances the demand and the supply of permits in the 0th period. Therefore, the
expected market-clearing price in the 0th period, P0∗

e , becomes P1∗:

P0∗
e = P1∗ =

1
K
(Q−ω) (13)

If P0∗
e = P1∗ is satisfied, firms do not have an incentive to deviate from the equilibrium

quantities, and the market-clearing price becomes the equilibrium price. Then, using
Equations (9) and (10), the expected amounts of auctioned permits for each group in the
0th period, q0∗

Se for speculators, q0∗
Ne neutralists, and q0∗

De doctrinarians, are as follows:

q0∗
Se = q0∗

Ne = ω and q0∗
De = Qi −

Ki
K
(Q−ω)− δi (14)

In the equilibrium, as assumed, neutralists maintain ω, the amount of their initial
emission endowments. The amount acquired by each speculator would be higher than ω if
its P̂1∗

i , the estimate of P1∗, is higher than the market-clearing price (P1∗ expected by the
market), and vice versa. However, because E

(
P̂1∗

i
)
= P1∗, speculators’ expected amount is

ω in the equilibrium. The expected amount for an individual doctrinarian is also similar.
If the adjustment δi is correct, the amount acquired by doctrinarians will be ω. However,
due to their lack of information about Q and K, the real amount acquired can be different
from ω. However, their total demand is expected to be the same as the sum of the initial
allocated amount of emission permits (∑

D
q0∗

De = nDω). Summarily, neutralists do not make

actual transactions, and speculators and doctrinarians expect an expense or revenue in the
consignment auction.

Theorem 3. With imperfect information, the expected equilibrium price in the consignment auction
in the 0th period is the same as that of the secondary market in the 1st period.

The equilibrium described in Theorem 3 assumed that firms determine their demand
to be ω at P0 = P1∗ and purchase more or less than ω when P0 6= P1∗, even though
they do not know exactly P1∗. However, the choice of q0

i at P0 = P1∗, denoted as q0
i P0=P1∗

from now on, is not the decision that minimizes the total cost defined in Equation (2). For
example, when q0

i
(

P0) defined in Equation (9) with q0
i P0=P1∗ is substituted instead of ω,

the total cost of speculator becomes as follows:

TCi = −P0ω + P1∗q1∗
i +

(
P0 − P1∗

)(
q0

i P0=P1∗ + Ri

(
P̂1∗

i − P0
))

+
∫ Qi

q1∗
i

(Qi − qi)

Ki
dqi (15)

To minimize the total cost with given 1st-period equilibrium, q0
i P0=P1∗ should be as

much as possible if P0 < P1∗, as low as possible if P0 > P1∗, and any q0
i P0=P1∗ is indifferent

when P0 = P1∗. Thus, the choice of q0
i P0=P1∗ is not the result of cost minimization but an

arbitrary choice based on the expectation of P0. However, it is important that q0
i P0=P1∗ = ω
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is the unique one that satisfies market clearing at P0∗
e = P1∗ when all firms choose the

same q0
i P0=P1∗ . If firms expect P0∗

e 6= P1∗, their strategy, the demand function, cannot be
the equilibrium one. Further, because firms can think of ω as a natural reference point, the
demand function with q0

i P0=P1∗ = ω is sufficiently reasonable. Therefore, the equilibrium
described in Theorem 3 is meaningful.

Given that the consignment auction equilibrium characteristics in the 0th period show
that a consignment auction’s equilibrium price equals the expected equilibrium price in
the secondary market, the consignment auction can perform the price discovery function.
This means that the collective demand functions provided by firms reflect enough of each
firm’s information to perform the price discovery function.

Notably, the above results depend on the assumptions; speculators have an aggregate
expectation E

(
P̂1∗

i
)
= P1∗ and the average of δis is 0. If the expectations are incorrect,

the expected equilibrium price in the consignment auction will not be the same as the
equilibrium price in the secondary market. However, firms have no choice but to act based
on the assumption of their expectation about P1∗ or adjustment of demand (δi) is right.
The assumptions can be interpreted to imply that firms do their best to guess correctly.
The important aspect is that a consignment auction aggregates the information about the
expected prices of spectators and the expected average demand function of doctrinarians.
The price discovery function does not mean that a consignment auction can accurately
predict the secondary market price. It just implies that the clearing price in the consignment
auction would act as a reasonable predictor of the market price in the near future.

Meanwhile, the equilibrium implies that ∑
N

q0∗
Ne = nNω, and ∑

D
q0∗

De = nDω, which

means that market-clearing occurs for each group. However, the market-clearing for
neutralists happens regardless of the price. That is, neutralists reveal no information
through their demand function. Thus, a consignment auction does not perform the price
discovery function when only neutralists are in the market. Meanwhile, because the
behavior of speculators and neutralists converges if the overall risk-taking propensity
of speculators (R) is close to zero, the higher risk-taking propensity of speculators will
increase the effectiveness of the price discovery function in a consignment auction.

Now let us discuss the justification of the three groups. It was previously assumed
that firms are randomly assigned to one of the three types—speculators, neutralists,
doctrinarians—and the number of firms in each group is nS, nN , and nD, respectively.
What needs to be considered first for this discussion is that the equilibrium implies only
P0∗

e = P1∗ and does not imply P0 = P1∗. P0 sums the information that firms have at
the time of the consignment auction. Hence, speculators can save the total cost through
arbitrage only when their prediction is more accurate than the equilibrium price in a con-
signment auction. Thus, for firms who believe they have sufficient information, it would
be a reasonable strategy to become speculators.

By contrast, in the 0th period, doctrinarians try to estimate the average demand
function of all firms in the 1st period, Q−KP0, by adjusting their best-guessed demand
function, Qi − KiP0, as much as δi. Even though the expected result of this adjustment
is not Q−KP0, it is a way to use the given information to minimize deviation from the
arbitrage rule and purchase more (less) than ω when P0 < P1∗ (P0 > P1∗). If firms think
that they do not have sufficient information to estimate P1∗, they can be doctrinarians. The
only necessary condition for this strategy to create the equilibrium is that the average of δis
is 0. Some firms who believe that their information is insufficient even for the adjustment
of δi, or have a very high-risk aversion, will become neutralists. It is important to note
that speculators need the information to predict the equilibrium price in the secondary
market, but doctrinarians need to consider only Q and K. It looks somewhat odd because,
in this simplified model, obtaining the expectation of P1∗ needs only Q and K. However, in
practice, estimation of P1∗ will need much more information than adjusting their demand
function. Therefore, the three types of firms could be classified based on the firms’ level of
information and risk aversion.
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The discussion above implies that the number of firms in each group is affected by the
level of information the firms have. Therefore, it may be possible to ease the assumption
that the number of firms in each group is given exogenously. For example, if governments
introduce a policy to provide relevant information to the market, it could increase the
number of speculators and doctrinarians, which, in turn, could increase the effectiveness of
price discovery in a consignment auction (measured by the standard deviation for P0− P1∗).
Furthermore, we can consider the effectiveness of price discovery in a consignment auction
even when the level of information is given because the effectiveness could also influence
the firms’ strategy choice. If more firms behave as speculators or increase their Ri when
the standard deviation for P0 − P1∗ is expected to be large, the increase in the number of
speculators or Ri, in turn, will lower the standard deviation for P0 − P1∗. Considering
this circular causality, a certain level of effectiveness in a consignment auction can be
endogenous. However, if the high standard deviation for P0 − P1∗ lowers the number of
speculators or decreases Ri, a consignment auction will become more ineffective. Even
though we cannot clearly determine which scenario will occur because the speculators
pursue arbitrage based on inefficiency in the market, the first scenario looks more realistic.

Finally, it is worth discussing the assumption of price-takers or competitive markets.
If some firms have market power, do they have an incentive for bid shading? However,
in a consignment auction situation, the firms’ main incentive is to utilize the possibility
of arbitrage. The arbitrage incentive is different from the bid shading incentive, making
firms try to purchase at a lower price or try to sell at a higher price. Further, the arbitrage
incentive works differently according to whether the market-clearing price P0 is higher or
lower than P1∗. In the P0 > P1∗ scenario, firms have an incentive to reduce the number of
emission permits obtained from a consignment auction. However, to create the P0 > P1∗

scenario intentionally, they need to increase the number of emission permits in demand.
Therefore, there is no incentive to intentionally increase the number of emission permits in
demand to create the P0 > P1∗ scenario. A similar logic applies to the P0 < P1∗ scenario.
Hence, in a consignment auction scenario, firms do not have an incentive to control the
market-clearing price. In this respect, the assumption of price takers which do not consider
the possibility of market power is thought not to make a deviation from the results without
the assumption.

5. Equilibrium Analysis of a Proportional Consignment Auction

This section changes the previous assumptions to analyze the equilibrium price in a
proportional consignment auction. In a proportional consignment auction, only a propor-
tion of the total permits are endowed to firms, and the endowed permits are consigned to
an auctioneer. The unallocated permits and the consigned permits are distributed through
the proportional consignment auction. For the analysis of a proportional consignment
auction, it is assumed that ω′, the same amount of emission permits allocated to firms,
is smaller than ω (ω = ω′ + α, ω > α > 0). In the auction, all available permits (∑ ω)
are traded. Under this assumption, all firms’ total costs and demand functions in the
1st-period secondary market are identical to the Equations (2) and (4) in Section 4.1, but ω
is substituted by ω′, as in the following:

TCi = P0
(

q0
i −ω′

)
+ P1

(
q1

i − q0
i

)
+
∫ Qi

q1
i

(Qi − qi)

Ki
dqi (16)

Given that each firm’s demand function in the 1st period defined in Equation (4) is
not relevant to ω′, the equilibrium in the 1st-period secondary market is the same as that
in a consignment auction and fulfills an efficient allocation of emission permits.

Then, let us think about the demand functions in the 0th period. Firms can submit
the same demand function defined in Equations (9) and (10). However, as discussed about
Theorem 3, the choice of q0

i P0=P1∗ has an arbitrary aspect, and we should think about what
the reference point will be. We can think of ω and ω′, but if all firms choose ω′ as q0

i P0=P1∗

cannot clear market at P0∗
e = P1∗, and firms have an incentive to change their q0

i P0=P1∗
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from ω′. Thus, q0
i P0=P1∗ = ω is the unique reference point that generates market clearing

at P0∗
e = P1∗ and no incentive to deviate, assuming that all firms have the same reference

point. Thus, if we assume that three types of firms choose their demand function the
same as those in Equations (9) and (10), it results in equilibrium which is the same as
consignment auction defined in Equations (13) and (14).

Theorem 4. In a proportional consignment auction of imperfect information, the expected equilib-
rium price and the amount of emission permits obtained at the equilibrium are identical to those in a
consignment auction scenario.

A proportional consignment auction is different from a consignment auction because
firms purchase emission permits as much as α, which is the gap between ω and ω′. How-
ever, this gap could lead to another difference when most firms behave as neutralists,
and some firms can exert market power. In a proportional consignment auction, because
they have to pay for the additional purchase of α, all firms may have an incentive for bid
shading to lower P0 if they have market power. However, to lower P0, firms should lower
their demand, and this bid shading incentive works in the opposite direction to arbitrage
incentive because the firm tries to purchase more when P0 < P1∗, as discussed in the last
paragraph of Section 4.2, following Theorem 3. Thus, the arbitrage incentive reduces the
bid shading incentive. However, there is a possibility that the bid shading incentive might
dominate the arbitrage incentive.

6. Conclusions and Policy Implication

The lack of trading and information on permit prices may undermine the advantages
of emissions trading. This study examined the effect of introducing a consignment auc-
tion as one way to solve this problem. We showed that, with a consignment auction or
proportional consignment auction, the equilibrium price in the (proportional) consignment
auction is the same as the expected price in the secondary market, when valid is the as-
sumption on the overall expectation of the market about the price and the expectation of
average demand function in the secondary market. This means that a consignment auction
can perform the price discovery function due to the information provided by some types of
firms through their demand functions. This result contrasts with the results in Khezr and
MacKenzie [15] but aligns with the results in Liu and Tan [13] and the qualitative studies
about consignment auctions [12,14,16–18].

However, this study is differentiated from qualitative studies [12,14,16–18] and exper-
imental studies [17,19] by adopting an analytical model. Further, this study also provides a
deeper understanding of the price discovery function in consignment auctions than Liu
and Tan [13] by explicitly introducing the secondary market and three types of firms.

The speculator is a firm that pursues arbitrage and presents the demand function based
on a prediction on its equilibrium price in the secondary market; it provides market-related
information. The doctrinarian estimates the average demand function in the secondary
market based on their information about the quantities of unregulated emissions (Qi) and
the efficiency level (Ki); it provides information about abatement cost. Consignment auction
aggregates that information from the speculators and doctrinarians and thus, provides
price discovery.

However, the neutralist submits the demand function based on the level of initial emis-
sion endowments and does not provide any information about their price expectation in
the secondary market and their marginal abatement cost. Thus, if there are only neutralists,
the consignment auction does not aggregate any information, and emission permits are
not traded in the consignment auction, similar to the result of Khezr and MacKenzie [15].
Even when there are many speculators, if their risk-seeking propensity is very low, their
behavior becomes similar to neutralists, and they do not contribute to the price discovery
function. Thus, only when there is a sufficient number of speculators with high risk-seeking
propensity and doctrinarians, consignment auctions can do the role of price discovery.
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However, it is also necessary to highlight speculators’ role in price discoveries. Doctri-
narians and speculators reveal a certain level of information in the market-clearing price
of a (proportional) consignment auction. Given that speculators seek arbitrage, they have
an incentive to participate in the consignment market more actively as inefficiency in the
market increases, that is, when the market-clearing price in a (proportional) consignment
auction is more likely to deviate from the predicted equilibrium price in the secondary
market (e.g., when there are many neutralists). If the number of speculators or their risk-
seeking propensity is determined endogenously, a (proportional) consignment auction will
guarantee a certain level of price discovery.

It is worth noticing theoretically that the equilibrium was derived with the assumption
of price takers. If the assumption is relaxed, there might be bid shading or demand
increment equilibrium as described in Ausubel et al. [24], Krishna [26], and Liu and
Tan [13]. We cannot judge whether the real market is closer to a competitive one with
price takers or a collusive one with market power. However, to understand the role of
consignment auctions, both aspects should be considered. Another aspect that should be
noticed is that arbitrage incentives can reduce bid shading incentives as discussed at the
end of Sections 4.2 and 5. To lower the market-clearing price rather than the equilibrium
price in the secondary market, firms should purchase less, violating arbitrage incentives.
Considering this, the effect of the price taker assumption is thought to be limited.

The results in this study provide important practical implications. Previous studies
argued that uncertain permit price is one of the main causes of lack of liquidity in permits
trading, which in turn results in inefficiency [8–11]. The price discovery function shown in
this study means that consignment auctions can improve this price uncertainty problem.

One other contribution of this study is to show that the proportional consignment
auction can also perform the price discovery function similar to a consignment auc-
tion. Khezr and MacKenzie [15] examine only the proportional consignment auction;
in their equilibrium, it does not deliver price discovery. According to the result of this
study, emissions trading markets such as those in the EU, several US states, and Korea,
where the proportional auction was already introduced, can also adopt a consignment
auction scheme.
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