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Abstract: The paper determines the stationary thermal field in an elliptical cross-section electric
conductor coated with insulation. Heat is generated by the flow of alternating current (AC) through
the conducting core, and then dissipated from the insulation surface via convection and radiation.
The authors have developed an original method for hybrid (analytical-numerical) modeling of a
field. This method has been used to solve the relevant boundary problem of Poisson’s equation.
While the eigenfunctions of the Laplace operator were determined analytically, the coefficients of the
eigenfunctions were calculated by iteratively solving an appropriate system of algebraic equations.
The proposed method enables the analysis of systems with an elliptical geometry and a heterogeneous
layered structure (e.g., air, aluminum alloy, PCV), and does not require area discretization (grid). The
developed analytical-numerical (AN) method has been positively verified using finite elements (FEs).
The determined thermal field is illustrated graphically. The obtained solution has a good physical
interpretation.

Keywords: analytical-numerical method; stationary thermal field; insulated elliptical conductor;
steady-state current rating

1. Introduction

Conductors with an elliptical cross-section can be found in electrical engineering [1].
The cores of those conductors are helically stranded non-magnetic wires. For this reason,
the active cross-section of conductor S; is smaller than the surface area of the ellipse, 7ta; bz,
where 4; and b; are the major and the minor semi-axes of the ellipse, respectively (Figure 1).
Therefore, the surface area 7ta;b;-Sq is filled with air. The above-described core is coated
with insulation, the border of which is also an ellipse. The system presented herein can also
be the model of a cylindrical conductor deformed as a result of mechanical pressure. There
are also solid busbars with an elliptical cross-section [1], which are coated with heat-shrink
insulation [2,3] (in this case, S; = ma1b1). Other examples of elliptical systems include
underground electric transmission cables cooled with the use of compressed gas [4], and
cooled electronic systems.

Other fields of technology also use systems with elliptical cross-sections, such as
compact heat exchangers, elliptical pipes carrying various fluids, geothermal systems [5],
nuclear reactors, and molds for solidification in casting [4].

The analysis of the thermal field in all conductors is an important technical task [6-8].
Excessively high temperature (generated by the flow of current) leads to a quick decrease in
the electrical and mechanical strength of the system, or even to destruction of the insulation.
In the conducting part, in turn, a displacement—or, in extreme cases, delamination of
the stranded wires—may occur. The thermal effects of shorting also include wire cages
that may form on the conductor. Therefore, the analysis of thermal field distribution is an
essential stage of checking a conductor’s design for correctness.
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Figure 1. The cross-section of the elliptical conductor in the elliptic and Cartesian coordinate systems.

The literature on the subject shows that, with regard to elliptical systems, analytical,
numerical, and experimental methods are used for thermal field analysis. The first group
of methods includes [9]; the authors of [9] presented an analytical solution concerning the
convective transfer of heat in pipes with an elliptical cross-section; they studied the flow of
fluid and applied the finite series expansion method. In turn, another paper [5] investigated
the temperature distribution around a cylindrical lava tube with an elliptical cross-section.
In the study [5], Laplace’s equation with the Dirichlet boundary condition was solved after
making appropriate simplifying assumptions; this study used the conformal mapping
technique. There is also a paper [10] in which heat transfer in the laminar flow of non-
Newtonian fluids in ducts with an elliptical cross-section was studied. The energy equation
was solved with boundary conditions of the first and the second kind, using the generalized
integral transform technique (GITT).

Numerical methods are the next group of methods of thermal field analysis in elliptical
systems. An example can be found in a two-part paper [11,12] in which the flow of heat
in the elliptical cross-section was modeled with the use of the finite-difference method,
with boundary conditions of the third kind. Another numerical method—namely, the
finite-volume method—was used in a study [13] that examined the convective heat transfer
cross-flow of viscoplastic fluid in elliptical tubes. A mathematical model consisting of a
mass balance equation, momentum balance equation, and energy equation in terms of
temperature was analyzed in [13]. The non-Newtonian effect in the boundary layer flow
over a horizontal elliptical cylinder was also examined with the use of a numerical method
in another study [14], in which the boundary layer equations with boundary conditions of
the first and the second kind were solved.

Experimental methods are used less often. An example can be found in a paper [4]
that reports an experimental investigation into the effects of opposed lateral and vertical
eccentricities on the free convective heat transfer through an elliptical annular enclosure in
blunt and slender orientations. The authors of [15], in turn, described experimental and
numerical analyses of natural convection that occurs in horizontal elliptical annuli.

More comprehensive literature reviews and the examples referred to above show
that, for the thermal analysis of elliptical systems, analytical, numerical, and experimental
methods are employed. The authors of the present paper note that (hybrid) analytical—-
numerical methods dedicated to elliptical systems are not used in the literature at all.
This paper partially fills this gap. The essence of the method proposed by the authors
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consists of the analytical determination of the eigenfunctions of the Laplace operator, and
the numerical determination of the coefficients of these functions.

The method proposed in this paper has a number of advantages. Compared to the
numerical methods, it does not require a grid for space discretization. For this reason, the
solution can be obtained at any point of the area (and not only in the grid nodes). Moreover,
while the publications on analytical methods (e.g., [5,9,10]) are limited to homogeneous
systems, the solutions proposed in this study enable the modelling of a layered system (i.e.,
one composed of different materials). The possibility of using the boundary condition of
the third kind (Hankel’s) is also worth noting. To the best of the authors” knowledge, the
Hankel condition has not been used in analytical methods dedicated to elliptical systems.

As a summary of the above introduction, it can be stated that the aims of this study
are as follows:

e  To determine the stationary distribution of the temperature field in an elliptical con-
ductor coated with insulation;

e  To determine the electrical current-carrying capacity (steady-state current rating) of
the above-mentioned conductor;

e  Todevelop the analytical-numerical method of analyzing the thermal field in a layered
system with different material parameters and Hankel’s condition.

2. Physical and Mathematical Model of the System

The subject of the analysis is an elliptical conductor consisting of stranded bundles of
wires coated with insulation (Figure 1). There is air between the wire bundles in the core,
which is why the core was modeled as a porous body [16,17] whose thermal equivalent
conductivity A1 was determined based on [18,19]. The conductor, in turn, is insulated with
an elliptical annulus made of a homogeneous PVC material with thermal conductivity Aj.
The perimeters of the core 77 = ;1 and the insulation # = 7, are confocal ellipses (Figure 1).

In a general case, the distribution of the increment in the temperature field in an
immovable solid body is described by the following equation [19,20]:

) 0v; (M, t
div[A;grad vi(M,t)] — ci,ui% = —gi (1)

where vi(M,t) is the increment in temperature field T;(M,t) above ambient temperature T,
at the point M and at time ¢ in zone i:

v;(M,t) = T;(M,t) — T,, 1for core, i =2 for insulation, 2)

Ai, ¢i, and p; are the thermal conductivity, specific heat, and mass density in zone i,
respectively, while g; is the efficiency of heat sources in zone i.
The following assumptions have been made:

The analysis pertains to a steady state (v;(M, t) = v;(M) = w =0

Thermal conduction values for the core A1 and insulation A, are constant (A; = const
=> div[A;grad(...)] = A;V2(...)), where V?(...) denotes the scalar Laplace operator;

An elliptic—cylindrical coordinate system is used M(#,,z);
The length of the conductor is much greater than that of the major axis of the ellipse
(I >> 2ay =>vi(M) = vi(n,¢) — case 2D).

With the abovementioned assumptions, the general heat Equation (1) can be reduced
to Poisson’s equation:

1 Poiny) | Puilny)\ _ & . . P —
c2(cosh? y—cos? ) ( o T o2 ) A fornig<n=<mu, 0<¢<2mi=12 ()

where:

vi(n,¥) = Ti(n,¢) — Ta, 4)
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710 = 0, and c is the abscissa of the focus.
The core is a heat source of the efficiency:

P
gl = V! (5)

where P = Ryc | 1172 is the thermal power generated by the flow of sinusoidal alternating
current with a root-mean-square (RMS) value |I| and the mains frequency (the Joule-Lenz
effect), and V = ma; byl is the volume of the I-length core segment. The alternating-current
resistance R4¢ can be determined by increasing the direct-current resistance Rpc. For this
purpose, Rpc should be multiplied by skin factor k, [1] and by stranding factor ks [6].
The first factor considers the skin phenomenon, while the second factor considers the
core elongation caused by the twisting of the wire bundles. Hence, the AC resistance
is Rac = knksRpc = [knksp(Tmax)1]/S1, where p(Tmax) is the resistivity of the core at the
maximum operating temperature Tmax, and S; is the sum of the cross-sections of the
conductive bundles forming the core. By substituting the above relationships in (3a), the
following was finally obtained:

1§
S] . 7'[{11171.

&= knksP(Tmax) 6)

Due to the low current frequency (mains frequency = 50 Hz), the displacement current
in the insulation was omitted, and g, = 0. was assumed. It was also assumed that the
conductor was completely shielded from solar radiation (indoor conditions).

=

From Fourier’s law with respect to the normal direction (1), and from Newton’s
law of cooling [20,21], the boundary condition of the third kind (Hankel’s) results in the
following equation:

1 avzz()mw) - _,\ivz(n =) for0<y<2m ()
c\/(cosh2 17 — cos? ) U 2

m=1n2

where « is the total heat transfer coefficient considering both convection and radiation
(« = ¢ + ar) [22]. In the denominator on the left-hand side of Equation (7), Lame’s coeffi-
cient occurs. It is most likely for this reason that the authors have not found any analytical
solutions in the literature that would satisfy the Hankel condition of Equation (7) in the
elliptical-cylindrical coordinates.

The equivalent zones of the core and insulation are closely adjacent to one another.
Therefore, the conditions of heat flux continuity and the temperature increase on the ellipse
perimeter, § = 171, are satisfied:

’01(171,1,0) :Uz(ﬂl,lp) fOI‘OSUJSZﬂ', (8)
v (17, ) ., 9n(y)
)\1 T _n = )\2 T _— for 0 < lIJ < 2r. (9)

The relationships resulting from the Lame coefficients of the elliptic—cylindrical sys-
tem are identical on both sides of Equation (9). For this reason, the above-mentioned
dependencies are omitted in the notation of Equation (9). Equations (3)—(9) given above
constitute the boundary problem of the thermal field distribution, which the authors are
trying to determine.

3. Solution of the Boundary Problem

In the region of the core (i = 1), the solution of the heat Equation (3) consists of
the particular integral of the heterogeneous equation (i.e., the Poisson equation) and
the general integral of the homogeneous equation (i.e., the Laplace equation) [23]. The
particular integral for the case of the variables 7,3 of the elliptic—cylindrical system was
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determined based on [24]. In turn, the general integral was determined with the use of the
method of separation of variables [23,24]. After the superposition of the above-mentioned
integrals, the solution of Equation (3) in the core zone (i = 1) was obtained:

o1(,9) = — £ [cosh(2y) + cos(29)] + (Co + Dor) (Fo + Gop) +

o 10
+ Y [Eycosh(ny) + Tysinh(nn)][Ky, cos(nyp) + Ly sin(ny)]  for0 <y <y, 0 <y <27, 10)
n=1
where Cy, Dy, Fy, Gg, En, I'n, Kn, and L, are either constants or coefficients.
On the other hand, in the sourceless insulation region, 71 < # < 17,, the temperature
distribution was obtained from the solution of the Laplace equation (g2 = 0)

v2(17,9) = (Ho + Jor1) (Wo + Soyp)+

+ E [Py cosh(nn) + Zysinh(ny)][X, cos(ny) + Yy sin(nyp)]  form <5 <, 0 < ¢ <27 (1)
n=1

where Hy, Jo, Wy, So, Pn, Zn, Xn, and Y, are either constants or coefficients.

The solutions shown above in Equations (10) and (11) must be periodic and even with
respect to the coordinate 1 of the elliptic—cylindrical system. This results in the zeroing of
the constants and the coefficients Gy = Sg = L, = Y, = 0. Moreover, singular and non-physical
expressions need to be eliminated. The heat flux must have a finite value at the singular

point (focus). For calculating the flux, Fourier’s law ;1 = —Ay - grad[T, + v1(1y,¢)] and
Equation (10) were used. It was found that in the focus of the ellipses (7 = 0, ¢ = 0), the
flux has an infinite value. For this reason, the components containing the functions #
and sinh(n#) were discarded (Dg = I';= 0 in (10)). After considering the above-mentioned
remarks, the following solutions were obtained, where new constants and coefficients Ay,
Aqn, Po, Ry, An, and Qp were introduced:

2 )

01(1,9) = ~ 5 feosh(29) + cos(29)] + Ao + 1 Aucosh(ny) cos(np) for 0 <y <0< P <27, (12
1 n=1

(1, %) = Py + Royy + i [Ay cosh(ny) + Qusinh(nn)] cos(ny) forny <5 <1p,0 < ¢ < 2r. (13)

n=1

The number of constants and coefficients occurring in Equations (12) and (13) can be ad-
ditionally reduced by using the conditions of temperature increment and flux continuity in
Equations (8) and (9). After substituting Equations (12) and (13) into Equations (8) and (9),
the following was obtained:

_%[cosh(Zm) +cos(2¢)] + Ao + DZ; A, cosh(nny) cos(np) =

00 (14)
= Py+ Rom + ¥ [Ancosh(nyy) + Qusinh(ny)] cos(ny),
n=1
Al{—ﬁzsinh(Zm) + f nApsinh(nn) cos(mp)} =
l =L (15)
= Az{RO + Y n[Aysinh(nyy) + Qn cosh(nyy)] cos(ny) }
n=1

In Equations (14) and (15), the constants and expressions containing the cos(ny)
functions were compared (taking into consideration the special case n = 2). This led to a
system of equations, the solving of which enabled a reduction in the number of constants
and coefficients in Equation (13). As a result, the following was obtained:

_ gc? g gc
02(17,9) = Ao — gx; cosh(2i1) — (7 — 111) gr;sinh(2171) — g5; cos(29) cosh[2(y — 11)]+

+r§1 Au[f(n) cosh(nn) + g(n)sinh(ny)] cos(ny) (16)
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where: N
f(n) = cosh?(nyy) — A—;sinhz(myl), (17)
Al — Ay .
g(n) = 12A2 2smh(an). (18)

In Equations (12) and (16), unknown coefficients Ay and A, remained. They were
determined using the Hankel boundary condition in Equation (7) (of the third kind). For
this purpose, the sum of the series (Equation (16)) was limited to a finite number of terms
N and substituted into Equation (7). This resulted in the following:

1
C\/cosh2<nz)—cos2<¢>( $5sinh(2) — §5 cos(2g)sinh[2(> — 1)] +

+n§1 nAy{f(n)sinh(nn,) + g(n) cosh(myz)} cos(mp)) -
=% (Ao - % cosh(271) — (112 — 171)4/\2 sinh(21) — §1- cos(21p) cosh[2(17p — n1)]+
N
+ 1 Au{f(n) cosh(mnz) + g(w)sinh(n) Cos(mp)),

(19)

Equation (19) was multiplied by {cos(m)} and then integrated by sides with respect
to the angular coordinate {¢} in the range <0,27t>. In this way, Equation (20) was obtained
form=1,2... N. The next equation (Equation (21)) was obtained by integrating the two
sides of the relationship in Equation (19) with respect to the angular coordinate {¢} in the
range <0,27t>. As a result of the operations described above, a system of N + 1 equations
with respect to unknowns Ag ... A, was obtained:

N
Y Auli(m,n) = L(m) form =1,2..N, (20)
n=1
Z Anb(1)+ A0 = I 1)
where
L(m,n) =r(n)-h(m,n), form # n, (22)
L(m=mn)=r(m)-h(im=n)+ A—z[f(m) cosh(mnp) 4+ g(m)sinh(mmny)], (23)
L(m) = gesinh(2m) ~h(m,n=0)+ gesinh[2(72 = 1)) ~h(m,n=2) for m #2, (24)
41, 4\
a(m = 2) = S (= 2, = 0) + SEGEL = =2
4 78e Mosh[ (2=m1)]
844, /
Izy(n) =r(n) -h(m=0,n), (26)
L = gesinh(217) him=n=0)+ gesinh2(72—m1)] | him=2,n=0)+
! e ( ngcztxcosh(z)m) ngcélz;\(liyz—iyl) . ( ) (27)
+ 4/\1)\2 + 2/\2 SIHh(Zﬂl),
h(m, ) / cos(mip) cos(ny)dyp 28)
\/ cosh?(172) — cos? (1)
r(n) = %[f(n)sinh(nﬂz) + g(n) cosh(ny,)], (29)

where the discrete functions f(n) and g(1) were defined using Equations (17) and (18).
Some fragments of the above relationships can be transformed into complete el-

liptic integrals of the first kind [25]. However, it is much easier to calculate h( ... ) in

Equations (22)—(28) using an arbitrary numerical integration method [26]. After determin-
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ing the integrals in Equations (22)—(28), the system of Equations (20) and (21) was iteratively
solved [26] to compute the coefficients A, and Ay. Finally, field distributions were obtained
after taking into consideration the definition of the increment in Equation (4) by adding
ambient temperature T, to the right-hand sides of Equations (12) and (16).

4. Calculation Example

As a calculation example, an elliptic conductor consisting of stranded aluminum alloy
bundles with an active cross-section S; = 270 mm? was taken into consideration. The
system was coated with PVC insulation. The following data were assumed:

by = 0.0069098 m, a1 = 2bq, ap = 0.0165837 m, by = 0.0114796 m, A; = 180
W/(mK), A, = 0.17 W/(mK), a = 14.9 W/ (m2K), Tmax = 70 °C, Ta =25°C, ks = (30)
1.02, k, = 1.02, p(70 °C) = 3.39592-10~8 Qm.

Based on the above dataset, the following secondary parameters of the elliptical

system were also determined: the coordinate of the ellipse focus ¢ = /a3 — b3, and the
equations of the perimeter of the core # = 11 = arsinh(b; /c) and the insulation # = 1, =
arsinh(by /c) [24]. The space between the wire bundles was additionally filled with air.
Therefore, the equivalent thermal conductivity A; of the porous body [18] was smaller than
that of the solid aluminum alloy (A; <200 W/(mK)).

The software for the presented method (Section 3) was developed in the Mathematica
11.1 environment [26], which is widely used in scientific calculations. The users have no
access to the source code. Below, the basic functional blocks of the program are listed, and
the percentage shares of the time of their execution are given:

e  Numerical computation of the integrals in Equations (22)—(28) and the iterative so-
lution of the system of Equations (20) and (21) with a dense matrix of coefficients:
970/0;

e  Summation of Equations (12) and (16), conversion of the elliptical coordinates into the
Cartesian coordinates, and the visualization of the results: 3%.

In the case of using a PC with an I7-5820K processor with a clock frequency of 3.3 GHz,
furnished with 16 GB RAM and an SSD 500 GB hard drive, the total computation time is
280 5:100%.

While computing field distributions, the infinite series in Equations (12) and (16)
showed a strong convergence. When adding more than 12 terms, the results of computation
at each point of the region varied at the 6th decimal place. For this reason, the summing of
the series was limited to N = 12.

One of the most important conductor parameters is the steady-state current rating I..
This is limited by the highest value of temperature Tmax to which the conductor insulation
may heat up (with no risk of being damaged) under sustained current load conditions.
Insulation is the most exposed to overheating at contact with the core at the point situated
the closest to the heat source center. This location is also implied by the greatest insulation
thickness by—b; above this point (Figure 1). The relatively large by—b; value hampers the
heat outflow from the core to the environment. The lower and upper co-vertices of the core
surface (Figure 1) meet the conditions described above. These are the hottest points of the
perimeter 7 = #1. Therefore, in order to find the steady-state current rating, the following
equation should be solved:

7T
Ti(n=m,p = PX Ier) = Tmax- (31)

Equation (31) was solved iteratively in the Mathematica 11.1 program [26]. For the
data from the set in (30), the result I, = 574.5 A was obtained. Then, for this current, the
thermal field in the elliptic conductor was determined. For more convenient observation,
the selected distributions are presented in the Cartesian coordinate system x = c-cosh#-cosip,
y = c-sinhy-siny. Figures 2 and 3 illustrate temperature changes on the major axis (y =0,
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Figure 2) and on the minor axis (x = 0, Figure 3), respectively. Figure 4, in turn, shows the
two-dimensional distribution of the temperature field on the conductor cross-section with
the current provided above.

A T(x,y=0) [°C]

x [m]
- - . . . . 1
-0.015 -0.010 -0.005 0.000 0.005 0.010 0.015

Figure 2. Temperature distribution on the major axis (y = 0) of the elliptic conductor under current
load I, =574.5 A.

A T(x=0.y) [°C]
|

70
65
60 -
y [m]
55 -

~0.010 ~0.005 0.000 0.005 0.010

Figure 3. Temperature distribution on the minor axis (x = 0) of the elliptical conductor under current
load I, = 574.5 A.
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0.010

0.005

0.000

-0.005

-0.010

-0.015 -0.010 -0.005 0.000 0.005 0.010 0.015

585 600 615 630 645 66.0 675 69.0

Figure 4. Thermal field distribution in the cross-section of the elliptical conductor under current load
I, =574.5 A.

5. Numerical Verification of the Solution

Equations (12) and (16) were replaced with the sum of the first 12 terms. In this section,
it was verified whether such an approximation leads to the correct results. It was also
necessary to eliminate possible errors of a different type. For this reason, the boundary
problem of Equations (3)—(9) was solved again using the finite-element (FE) method [27,28].
This method is the basis of the professional COMSOL Multiphysics [29] program that was
used for the numerical analysis. It should be emphasized that the FE and AN methods
(Section 3) are completely different.

The relative differences in temperature increments were calculated from the following
formula:

] . (FE)
oy = O =0 V)00 00r i 1,2, (32)

vi(x, )

where v;(x, y) is the temperature increase distribution obtained using the AN (analytical-

numerical) method in the i-th zone, while UEFE) (x,y) represents th temperature increase

distribution calculated using the FE method in the i-th zone. Figures 5 and 6 illustrate the
relationship in Equation (32) on the major axis (y = 0, Figure 5) and on the minor axis (x =0,
Figure 0) of the ellipses, respectively. At points not located on the axes (x # 0 and y # 0),
the relative differences of Equation (32) are similar to those shown in Figures 5 and 6.
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A 67 [%]
0.0004 , : |

0.0002

0.0000 | f
-0.0002
-0.0004 -

-0.0006

x[m]

-0.015 —0.010 -0.005 0.000 0.005 0.010 0.015

Figure 5. Relative differences (Equation (32)) between the results of the analytical-numerical method
and the finite-element method for y = 0 (on the major axis of the ellipse).

A 67 [%]

[

0.0006
0.0004 |
0.0002
0.0000 [m]

-0.0002 : : :
—0 005 0.000 0. 005 0. 010

Figure 6. Relative differences (Equation (32)) between the results of the analytical-numerical method
and the finite-element method for x = 0 (on the minor axis of the ellipse).

6. Final Remarks

e  The thermal field in the core (0 < # < %) is almost uniform, as can be seen in
Figures 2—4. The maximum temperature drop in the core is merely T1(y =0, = 77/2)
— T1(y =11, ¥ =0) =0.034 °C. The physical cause of the above-mentioned phenomenon
is the very large equivalent thermal conductivity A; of the porous system (aluminum
alloy-air) with a packing of (S1/ma1b1) = 0.9;

e Distinct temperature drops occur in PVC insulation (177 < # < #,), as can be seen
in Figures 2—4. This temperature drop increases with the thickness of the insulation
{(by — by) = 457 mm > (ay — a1) ~ 2.76 mm} = >{[To(yy = 11, = 7/2) — T2 = 112,
P =7m/2)] =13.66 °C >> [To(y =11, = 0) — Ta(y = 12, P = 0)] = 10.676 °C}—see
Figure 1. The above results from the fact that the thermal resistance of the insulation
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increases with an increase in its thickness, as well as from Ohm’s thermal law [22].
The temperature drops are nearly linear (Figures 2 and 3);

e  The perimeters of the core (17 = 771) and the insulation (17 = 772) are not isotherms. For
7 = 11, the temperature changes from T1(#1,9 = 0) = 69.976 °C to T1(1,9 = /2) =
70 °C, while for 1 = 1, it changes from T»(#2,9 = 71/2) = 56.34 °C to T (172, = 0) =
59.3 °C. The above is due to a change in the distance of points on the perimeters # =
71 and 1 = 175 from the center of the heat source ( = 0, ¥ = 77/2). Another cause is the
variation in insulation thickness with the coordinate ;

e  The relative differences between the temperature distributions in Equation (32) (calcu-
lated using the analytical-numerical (AN) method and the finite-element (FE) method)
are very small. On the major axis y = 0, the module (32) is smaller than 0.0005%
(Figure 5), while on the minor axis x =0, |dr2 | < 0.00075% is true (Figure 6). The
smallest differences in Equation (32) are found in the region of uniform field (i.e., in
the core). Slightly greater deviations Jr1, are observed in the area of temperature drop
(i.e., in the insulation); this results from the inequality A; >> A;. Due to the small
values of relative differences in Equation (32), the developed AN method leads to
practically the same results as the commonly used numerical FE method.

7. Conclusions

An analytical-numerical (AN) method was developed in this paper for determining
the stationary temperature field in an elliptical conductor coated with insulation (Figure 1).
The eigenfunctions of the Laplace operator Equations (12) and (16) were determined
analytically by the superposition of the general and particular integrals of the Poisson
Equation (3) [23], and by the variable-separation method [23]. On the other hand, the
coefficients of the eigenfunctions were determined by iteratively solving the system of
Equation (20) and (21) (e.g., using the Krylov method [26]) after previously calculating the
integrals in Equation (22)—(28) (i.e., using the trapezoid method). The presented AN method
enables the modeling of heterogeneous layered systems and boundary problems of the third
kind (Hankel Equation (7)) in elliptic geometries. This represents distinct progress com-
pared to analytical methods. In addition, the AN solution can be obtained in the entire area
(and not only at discrete points, as in the majority of numerical methods). The developed
analytical-numerical method was positively verified using the finite-element method.
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Relative differences in temperature increments defined by Equation (32)
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Mass density (i = 1 for core, i = 2 for insulations)

Temperature increase obtained using the AN method
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