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Abstract: The injection of apparent power to self-consumption buses generates voltage variations
during network operation, which, when properly monitored, could support voltage regulation
and control. In this paper, we propose a linear sensitivity modelling, quite useful for studies of
voltage regulation with distributed energy resources (DER). This modelling consists of two analytical
improvement steps: first, a full formulation for the voltage deviations, and second, the influence of
line capacitance as Q-injections at the points of common couplings (PCCs). Our proposal is based
on the linear topological sensitivity of an existing network (as a function of the line parameters
X, R, and Bc), branch power flow (active–reactive power (P-Q)), and power injections at the PCCs.
Here, the linear sensitivity algorithm is applied to a modified IEEE 33-bus distribution system to
demonstrate its extended effectiveness to voltage monitoring and control scenarios. Its application
estimates and compensates in a better way the voltage deviations with regard to the operating desired
voltage (|V|op) constraints, using distributed power injections at the PCCs. Numerical results always
showed a curtailment of the relative error against common simplifications of the electrical modelling
in steady-state, thus simulating two critical scenarios of operation production–consumption for the
existing system response. The proposed algorithm was validated considering as reference the voltage
profile outputs of the load flow analysis, using the Newton–Raphson method via DIgSILENT, in
terms of its accuracy, silhouette shape along the feeder and with regard to the application of reactive
compensation as an analytical case study for voltage improvement in active distribution networks.

Keywords: DER operation; V-Q regulation; sensitivity analysis; distributed power injections;
distribution-system modelling; voltage profile monitoring; ancillary services DG; voltage improve-
ment

1. Introduction

By 2050, renewable sources will account for 80% of total electricity generation [1],
which presents certain challenges to system operators. In terms of power system mod-
elling, existing downstream grids have not been structurally designed for the operation of
distributed energy resources (DER). Despite this, identifying ancillary services provided
by distributed generation (DG) to the electric power system (EPS) can be seen as an oppor-
tunity to create a framework for the operational flexibility of the network [2]. In fact, one
of the most significant advantages of DER operating over power quality is the strategic
improvement of voltage profiles [3].

In an analytical framework, prior to the implementation of an optimization scheme
for operating DER, modelling and simulating should consider models for the monitoring
of distributed power injections, easing their smooth integration into the new system—i.e.,
network–DER interoperability—and minimizing errors due to assumptions on mathemati-
cal models for the distribution system (DS). Therefore, estimating a state variable such as
voltage based on the conditions of the existing network presents a problem related to the
legitimacy of the assumptions made to simplify the model.

Energies 2021, 14, 4749. https://doi.org/10.3390/en14164749 https://www.mdpi.com/journal/energies

https://www.mdpi.com/journal/energies
https://www.mdpi.com
https://orcid.org/0000-0001-6168-4117
https://doi.org/10.3390/en14164749
https://doi.org/10.3390/en14164749
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.3390/en14164749
https://www.mdpi.com/journal/energies
https://www.mdpi.com/article/10.3390/en14164749?type=check_update&version=2


Energies 2021, 14, 4749 2 of 20

In this paper, we propose an improved technique for analytical modelling of the
voltage profile in distribution networks, which is based on a matrix of linear sensitivities
of the power flow in a steady state, as a function of the topological characteristics of
the network: the branch resistance (R), branch inductive reactance (X), the capacitive
susceptance (Bc) under radial operation, the load buses of active power (P) and reactive
power (Q), and injections of distributed power along each feeder of the DS. The applied
improvement includes a linearised formulation in function the variables shown above,
which are well known in the literature, and considering the feeder capacitance into the
modelling.

To achieve a comprehensive analysis, we focused on the simplest model of a feeder, as
illustrated in Figure 1. In addition, a trend scheme of voltage profiles is shown, theoretically
illustrating how the profile of the existing network could vary toward a new operating
point (Pe,Qe) inside of controlled scenarios of power injection/absorption. Our focus in
this paper concerns the network sensitivities at the points of common coupling (PCCs), as
sources of collected power at the feeder. Active and reactive power consumption will result
in a voltage drop along a medium-voltage (MV) feeder, which is the lowest at minimum
consumption and highest at maximum consumption [4]. New operating conditions using
DER for voltage regulation at PCC arise as requirements of a steady-state analysis that is
dependent on the network sensitivity.
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Figure 1. Load feeder and trend of voltage profiles.

In the literature, the longitudinal voltage deviation (1) between two buses i and
j of a feeder—and the derived expressions—is accepted as the traditional method for
performing a sensitive analysis of the voltage profiles, including the topological structure
of the network.

|Vi| −
∣∣Vj
∣∣ = RP + XQ

Vi
(1)

This linear formulation can be improved through a direct mathematical algorithm,
retaining the advantages of modelling and speed for subsequent optimisation studies. Re-
searchers have applied this method in the analysis of the power hosting capacity of DER [5],
estimation and voltage control in load nodes [6], and reactive power compensation [7,8].
Section 2 shows a mathematical model to enlarge the range of scenarios for new operating
conditions with DER at PCCs.

However, the injection of distributed power into a network prompts variations in
the load flow to each line-section with PCC. Currently, evidence shows the feasibility of
regulating the voltage from DG. Nevertheless, as detailed by the Electric Power Research
Institute (EPRI) in [9], in order to maintain the power quality, the amount of injected power
from DER should not be arbitrary but should be monitored by distribution system operators
(DSOs), in accordance with the characteristics of the existing network for the operational
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control schemes. In this way, it would be possible to mitigate the alerted impacts over the
need for network operation, related to the criteria of new PCC locations [10].

Performance issues regarding voltage regulation can be mitigated via integrated
voltage control and reactive power (Q) management [11]. These solutions are classified into
three types of method [12]: (i) reduction of the line impedance Z = R + jX; (ii) reduction
of the generator power output, and (iii) increase of the generator reactive power import.
Particularly, distribution networks have been modelled using representative networks
and simplified models, depending on the scaling of parametric bounds and operating
constraints with regard to the transmission system (TS) such as radial operation, R/X ratio,
lines features, and load sizes and type [13].

Currently, the operating analytical boundaries for TS can address the TS-DS inter-
face and the existing distribution network up to MV levels with observability; therefore,
analytical techniques for linear power flow can be used to monitor an acceptable and
controllable voltage profile for standard operation using DER [14]. In fact, DG shares
candidate locations for the capacitor banks placement, as both are dependent on the loss
sensitivity factors and network configuration [15,16] and operating point P-Q values to
satisfy the mandatory needs of industrial customers with large inductive loads. In this
case, complementarily, the injected reactive compensation from DG can support voltage
regulation.

Dealing with the import of Q as a special case, in [17], different voltage profiles
were analysed depending on the load profiles (industrial, residential, and commercial)
with progressive penetration of the reactive power, quantifying fluctuations, and voltage
variations. In understanding the Q-V coordination for a control approach, the analytical
model with DG must involve two power capacity boundaries: first, the Q-injection capac-
ity according to the generation output from DG technology (for instance, asynchronous
generators, such as wind turbines [18,19] and solar photovoltaic plant inverters [20]), and
second, a radial feeder connected at the PCC (or a set of feeders of the system under study)
engaging enough power transfer capacity [21], which is related to the design parameters
and analytical modelling for the hosting capacity.

Hence, variations in the bus voltages and branch flows due to the injection of ac-
tive/reactive power to whichever bus depend on the network topology [22]. The accuracy
of the modelling increases when the radial configuration of the distribution network is con-
sidered, which is a property of the linear sensitivity as a function of the voltage drop [13],
which in turn results from the initial load flow before linear transformation. The analytical
procedure of direct branch flow presented here facilitates the conditions for the estimation
of an optimal power flow; thus, the present work addresses the analytical solution of the
problem from the modelling of the operating constraint, since nonlinear and optimised
solutions [23–25] do not consider the condition of shared self-consumption, where exami-
nation of the sensitivity of the voltage profile by the influenced topological zones along
the feeder is required. Due to the use of the matrix scheme of a direct load flow based
on [26], the proposed method has a computational advantage and, thus, does not use the
sensitivity matrix extracted from the Jacobian, which requires inversion [27].

There are still power dispatch scenarios not contemplated by DSOs in relation to the
traditional DS operation, due to factors such as the lack of observability (measurement
not available on the existing network), technical thresholds for equipment, and market
constraints. However, their technical development is analytically feasible for new ancillary
services under secure conditions, such as voltage control support, spinning reserves, load
following, and peak shaving, among others [28]. Therefore, one motivation of our current
paper is to present a linear sensitivity algorithm for the computing of voltage profiles and
feasible operational variations, to obtain better voltage approximations for distributed
power injections events (P, Q) at PCCs along an existing distribution feeder. This accuracy
is then exploited to monitor a case study by applying reactive compensation Q-V from DG
and variations on the feeder loadability.
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This paper is organised as follows. Section 2 starts with a mathematical procedure for
finding voltage deviations using power injections at the PCC in the feeder model. Section 3
explains the proposed method using a linear technique of voltage sensitivity in Section 3.1,
and describing a geometric analysis of the full formulation of voltage deviation between
two nodes and the forming of sensitivity matrices in Section 3.2. Section 4 provides the
simulation of case studies, and critical production–consumption scenarios are presented
to test the sensitivity algorithm for the voltage operating conditions. The results, includ-
ing voltage profiles along the feeder and relative errors, are presented and discussed in
Section 5. Finally, Section 6 draws our main conclusions regarding the proposed algorithm
and outcomes in respect of its applicability.

2. Mathematical Model of Voltage Deviations and P-Q Injections

Considering a simple-DS through its single-phase equivalent between two buses, the
power flow setting for voltage regulation can be illustrated as in Figure 2 [29].
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In rectangular form, an apparent power flow (S) is calculated, as shown in Equation (2):

S = P + jQ = (PL − PDG) + j (QL ∓QDG) (2)

where S represents apparent power that flows between i and j on the line impedance Zij,
and the subscripts are related to the power consumption and production, i.e., load (L)
and distributed generation (DG), respectively. The bus j represents a point of common
coupling (PCC) for DG with self-consumption, and bus i corresponds to the slack bus over
the substation with the voltage 1.0 pu.

Applying Kirchhoff’s current law (KCL), we deduced from the mathematical model
of the branch circuit

V̂j = V̂i − ÎZij = V̂i − Î(R + jX) (3)

and
Î =

P− jQ
V̂∗i

(4)

Therefore, replacing Equation (4) in Equation (3), the expression for voltage drop is
given as:

ˆ∆Vij = V̂i − V̂j =
RP + XQ

V̂∗i
+ j

XP− RQ
V̂∗i

(5)

The complex expression for voltage deviation in Equation (5) is simplified and
bounded to its real component for the traditional method. Several authors have stud-
ied voltage control using sensitivity analysis for certain applications of the operational
stage, i.e., using a load control technique [12], analysis based on the worst-case scenario of
distribution network for the voltage control approach through reactive power compensa-
tion [7], reactive power with particle swarm optimization (PSO) algorithm [8], or direct
sensitivity analysis in MV networks [30,31].

F3or voltage deviation conditions, the X/R ratio is quite sensitive to transfer power
in transmission branches, where X is higher. Conversely, for distribution systems, the
R/X ratio is significant, being increasingly resistive. For levels of medium voltage (MV),
the imaginary part of Equation (5) is also neglected because the voltage angle between
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the buses i and j is relatively small. However, the term RQ is analytically relevant for
DER-operation through the sensitive effect along the voltage profile.

Due to the aforementioned interoperability, the analysed scenario with self-
consumption and Q-compensation modifies the constraints under consideration, depend-
ing on the access point at the DS feeders and sub-transmission level networks [32]. Then,
the sensitive voltage assessment approach implies feasible sources of injection or consump-
tion on active buses to bring forward this required adjustment for compensation. Among
other things, this achieves an accurate voltage magnitude calculation based on the matrix
method of linear sensitivity, and the direct branch flows are affected by the P-Q injections.

Both components (real and imaginary) of Equation (5) relate the power flow over the
topological characteristic R/X, which is not negligible in distribution systems (typically ≥1).
Below is the π-model of a distribution line with PCC in Figure 3.
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Although the classic π-model assumes current divisions toward the capacitive suscep-
tances, in the case of the radial operation, this model adds half of the capacitive susceptance
involved in each node that shapes each line segment. In this way, the total expression for
the net reactive power at PCC is:

Qn_pcc = (−QL ∓QDG) + QBc (6)

where the Q load(QL) is a consumption sink with a negative sign (−) in Equation (6); DG
power: in case QDG, inductive with a negative sign (−); QDG capacitive with a positive
sign (+); and the reactive power due to the line capacitive susceptance added, given by
QBc = Bc

2

∣∣Vj
∣∣2. Here, the generator sign convention is used. This means that when the

reactive power is positive, the component shows capacitive behaviour and when Q is
negative, the component shows inductive behaviour.

Accordingly, the line shunt capacitance feeds the reactive power of the system [33]. In
this way, the voltage error relative to the analytical model can be reduced for feeder moni-
toring. The sensitive effect of Q-injections on the feeder voltage is reinforced longitudinally
by integrating the capacitive susceptances at the tie DG-PCC. This application highlights
the relevance of the RQ term in DS analysis. Such a contribution to the V-Q compensation
is reproduced along the matrix of the sensitivity of the feeder. Ideally, considering the
possibility of a network where all nodes are DG-PCC, this effect would be quantified on the
voltage profile in the same way. The effect would increase notably at nodes with a greater
number of branches connected at PCC and nodes further away from the slack bus.

Consequently, for the presented modelling, our interest is in the total load flow through
the branch between the buses i and j, based on a direct model of current injections to the
bus (BIBC: bus-injection to branch-current), according to [26]. For the voltage control at the
ends of the feeder, Vi and Vj are mutually dependent voltages. When the generators are
connected to the feeder, the voltage profile is likely to increase [34] compared to the base
scenario according to the voltage sensitivity at the self-consumption bus.

Given that any variation of P or Q is significant in a network with high voltage
sensitivity, as is the case for the distribution system in this study, the sensitive effect of
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power variation over voltage modules was analytically maintained through the topological
sensitivity along the feeder.

In the following, in Figure 4, a schematic guide of the modelling solution is presented:
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3. Proposed Method

The following is a brief conceptualization of the sensitivity analysis: a methodolog-
ical articulation of the voltage sensitivity with regard to the topology, the mathematical
formulation, and its application to the system.

3.1. Description of the Linear Sensitivity of the Voltage at the PCC

Generally, the sensitivity of control variables is considered to be inversely proportional
to the robustness of the system. In power systems, it is usual to analyse the sensitivity of
an electrical variable, such as the voltage in the bus j, with respect to another variable, such
as the reactive power [39]. The difference lies in the analytical approach that is followed in
order to establish control guidelines between both variables.

From the approach of power injection, the sensitive effect on the voltage deviation is
fulfilled considering suitably the following function for each node with self-consumption:

∆V = FP(∆P) + FQ(∆Q) (7)

where
∆P = Po − Pe (8)

∆Q = Qo −Qe (9)

Equation (7) is a sensitivity function (F). These implicit functions FP and FQ quantify
the voltage-module contribution at the PCC due to P and Q, respectively. In this case, the
initial operating point of the net power (Po,Qo) changes to reach a desired voltage value in
each bus. Pe and Qe correspond to the end powers after variation due to power injections
at the PCCs. This condition denotes nodal compensation in order to manage the operating
voltage limit along the feeder.

For the simulation, two sources of information were established as input data: system
topology data and a load flow of the initial conditions to identify the base steady-state
scenario of the existing network. This technique can be used to calculate voltage variations
around the network with respect to the slack bus. The voltage variations due to Q injection
are performed from the power factor control at the shared self-consumption bus.

Functionally, as a preliminary step for the mathematical optimization of objective
functions, the application of sensitivity theory to the injection problem, for either direct
dispatch analysis or monitoring and metering, allows a considerable simplification of the
computational difficulties encountered in control theory. The aim of the sensitivity analysis
is to estimate the variation of the power flow with regard to feasible small changes in the
state parameters, affecting new proposals and the analytical model of the existing network.
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Something important about this sensitivity analysis is that the treatment of the linearised
formulation does not increase the computational burden.

Considering the integrated variables for the proposed model in Figure 3, with its
implicit variables to the vectorial equation, a small geometry can be configured to analyse
a complete voltage drop ∆V in looking for a linear expression.

Linearised Geometric Analysis of |∆V|:

In the following diagram (see Figure 5), through a geometric analysis, an analytical
expression for the voltage drop ∆V is found, in function of the power injection and nodal
consumption at the PCC, line impedances, and difference between voltage angles.
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In Figure 5b is indicated a potential error in the voltage deviation magnitude.
According to Figure 6, by rotating the voltage modulus, |Vi| about |Vj|, a complete

voltage deviation is identified, taking into account P, Q, X, R, and the resulting relationships
from the direct load flow between two nodes for such variables.

O, A, and B in Figure 6 enclose this exercise on the voltage modules of |Vi| and |Vj|.
The illustrated case shows a voltage drop; in the same way this can be done for a voltage
rise (Vj > Vi). In this portion of the circumference, the radius corresponds to the voltage
module.

In Figure 6, the segments D′B and D′D can be calculated as follows:

D′B =
(

Vi −Vj
)

sin
(

θ

2

)
(10)

and

D′D =
(
Vi −Vj

)
∗ cos

(
θ

2

)
= I ∗ Z ∗ cos

(
ψ− ϕ− θ

2

)
(11)
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In the same way, geometrically, it is satisfied that:

(
Vi −Vj

)2
=
(
Vi −Vj

)2 ∗ sin2
(

θ

2

)
+ (I ∗ Z)2 ∗ cos2

(
ψ− ϕ− θ

2

)
(12)

It is necessary to use the following trigonometric identities (13), (14), and (15):

cos2
(

θ

2

)
= 1− sin2

(
θ

2

)
(13)

cos(ψ− ϕ) = cos(ψ) cos(ϕ) + sen(ψ)sen(ϕ) (14)

sen(ψ− ϕ) = sen(ψ) cos(ϕ)− cos(ψ)sen(ϕ). (15)

Using Equation (13), expression (12) can be written as:

(
Vi −Vj

)
cos
(

θ

2

)
= I ∗ Z cos

(
ψ− ϕ− θ

2

)
= I ∗ Z

[
cos(ψ− ϕ) cos

(
θ

2

)
+ sin(ψ− ϕ) sin

(
θ

2

)]
(16)

On each PCC in the feeder, the power triangle relationships are given by S*cos(ϕ) = P
and S*sin(ϕ) = Q for the active and reactive powers, respectively. Similarly, the magnitude
of line parameters R and X, is given by Z*cos(ψ) = R and Z*sin(ψ) = X, respectively,
according to the impedance triangle.

By replacing the power and impedance expressions in Equation (16), using (14) and
(15), the full expression for the voltage deviation magnitude can be obtained:

(
Vi −Vj

)
=

[R ∗ P + X ∗Q] + tan
(

θ
2

)
[X ∗ P− R ∗Q]

Vi
(17)

In Equation (17), a new resulting unknown variable is introduced, its value relating to
the voltage angle difference in this analysis: tan

(
θ
2

)
, which contributes to the amplitude of

the voltage drop up to the analysed node.
The analytical parameter tan

(
θ
2

)
can be reviewed more accurately in future studies

for the optimization of the voltage profile. However, in order to consider it here, it is useful
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to use an approximation resulting from the quotient between PX−QR
Vi

and Vi in terms of the
known components (P, Q, X, R, and V) for nominal voltage values as is shown by:

tan
(

θ

2

)
∼=

PX−QR
V2

i
(18)

Therefore, by replacing (18) in the formulation (17), the complete expression for a
voltage deviation would be given as:

∆Vij =
[R ∗ P + X ∗Q]

Vi
+

[X ∗ P− R ∗Q]2

Vi
3 (19)

Thus, a second additional term is evident for expression (1), which is non-significant
for very high voltage levels, as in transmission networks, or when XP ∼= RQ. In other
words, it is important for sub-transmission levels and DSs.

The sum of the impedances from the slack bus is used to build a complete voltage
profile. The uncompensated value of power (P, Q) is necessary as an input condition in
the proposed algorithm. As the calculation is direct, it is feasible to quantify the effect of
the sensitivity on the voltage variation through the matrix equation with known input
constants from an initial power flow.

3.2. Forming a Sensitivity Matrix to [R] and [X]

To illustrate the matrix construction of the direct power flow for the voltage sensitivity
analysis, a simple diagram of four buses is shown in Figure 7:
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EPS_Grid

Figure 7. A simple four-bus radial distribution system.

A set of voltage deviations along the network can be obtained with the partitioned
matrix formulation built based on bus injections for a simplified branch power flow, as
follows from Equation (19):

 ∆V12
∆V13
∆V14

 = 1
|Vn |



 R12 R12 R12
R12 R12 + R23 R12
R12 R12 R12 + R34

 P2
P3
P4


+

 X12 X12 X12
X12 X12 + X23 X12
X12 X12 X12 + X34

 Q2
Q3
Q4



+ 1
|Vn |3



 X12 X12 X12
X12 X12 + X23 X12
X12 X12 X12 + X34

 P2
P3
P4



−

 R12 R12 R12
R12 R12 + R23 R12
R12 R12 R12 + R34

 Q2
Q3
Q4





2

(20)

where |Vn|= the nominal voltage of the network (1.0 pu).
The contribution from the slack (i = 1) bus by [P] 3x1 and [Q]3x1 injection to the load at

buses 2, 3, and 4, contains a voltage difference along the radial path. In Equation (20), the
matrices [R]3x3 and [X]3x3 represent voltage sensitivity matrices with regard to the power
injections or load requirements.
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As the advantage of matrix forming for the existing network is done only once for
all simulation scenarios, any changes in the feeder line segments can be modified in the
current layout.

4. Simulation: Case Study Test
4.1. Case Study: 33-Bus Modified Network for DG

To validate the analytical procedure, the 33-bus reference system shown in Figure 8
was used, with the rated load and topology information that appears in [40]. This is a
medium-voltage network (12.66 kV), consisting of four PCCs located along the feeder, on
buses 6, 12, 18, and 33. The DG units are DFIG-WT (wind turbine) type, and there is a
nominal power of 1 MVA for each of them.

Energies 2021, 14, 4749 10 of 20 
 

 

൥∆𝑉ଵଶ∆𝑉ଵଷ∆𝑉ଵସ൩ = 1|𝑉௡| ⎝⎜
⎜⎛ ൥𝑅ଵଶ 𝑅ଵଶ 𝑅ଵଶ𝑅ଵଶ 𝑅ଵଶ + 𝑅ଶଷ 𝑅ଵଶ𝑅ଵଶ 𝑅ଵଶ 𝑅ଵଶ + 𝑅ଷସ ൩ ൥𝑃ଶ𝑃ଷ𝑃ସ൩

+ ൥𝑋ଵଶ 𝑋ଵଶ 𝑋ଵଶ𝑋ଵଶ 𝑋ଵଶ + 𝑋ଶଷ 𝑋ଵଶ𝑋ଵଶ 𝑋ଵଶ 𝑋ଵଶ + 𝑋ଷସ ൩ ൥𝑄ଶ𝑄ଷ𝑄ସ൩⎠⎟
⎟⎞

+  1|𝑉௡ |ଷ  
⎝⎜
⎜⎜⎛  ൥𝑋ଵଶ 𝑋ଵଶ 𝑋ଵଶ𝑋ଵଶ 𝑋ଵଶ + 𝑋ଶଷ 𝑋ଵଶ𝑋ଵଶ 𝑋ଵଶ 𝑋ଵଶ + 𝑋ଷସ ൩ ൥𝑃ଶ𝑃ଷ𝑃ସ൩

 − ൥𝑅ଵଶ 𝑅ଵଶ 𝑅ଵଶ𝑅ଵଶ 𝑅ଵଶ + 𝑅ଶଷ 𝑅ଵଶ𝑅ଵଶ 𝑅ଵଶ 𝑅ଵଶ + 𝑅ଷସ ൩ ൥𝑄ଶ𝑄ଷ𝑄ସ൩⎠⎟
⎟⎟⎞

𝟐
 

(20)

where |Vn|= the nominal voltage of the network (1.0 pu). 
The contribution from the slack (i = 1) bus by ሾ𝑃ሿ ଷ௫ଵ and ሾ𝑄ሿଷ௫ଵ injection to the load 

at buses 2, 3, and 4, contains a voltage difference along the radial path. In Equation (20), 
the matrices ሾ𝑅ሿଷ௫ଷ and ሾ𝑋ሿଷ௫ଷ represent voltage sensitivity matrices with regard to the 
power injections or load requirements. 

As the advantage of matrix forming for the existing network is done only once for all 
simulation scenarios, any changes in the feeder line segments can be modified in the cur-
rent layout. 

4. Simulation: Case Study Test 
4.1. Case Study: 33-Bus Modified Network for DG 

To validate the analytical procedure, the 33-bus reference system shown in Figure 8 
was used, with the rated load and topology information that appears in [40]. This is a 
medium-voltage network (12.66 kV), consisting of four PCCs located along the feeder, on 
buses 6, 12, 18, and 33. The DG units are DFIG-WT (wind turbine) type, and there is a 
nominal power of 1 MVA for each of them. 

 
Figure 8. A 33-bus radial distribution system. 

The network has three feeder zones: the feeder head at segments 1–6, 2–22, and 3–25; 
the intermediate zone at bifurcations 6–33 and 6–12; and the extreme zone of the feeder at 
the segment lines between buses 13–18. For the present work, the tie lines from the original 
network were not included. 

Retaining the proposed π-model in Figure 3, the effect of the capacitive susceptance 
for the voltage sensitivity increases due to the line length, insulation material (overhead 
or underground lines), and number of branches connected to each bus. 

The versatility of the developed matrix algorithm allows such an effect to be quanti-
fied as this capacity is contemplated. In the case of overhead lines, the shunt susceptance 
(BC) is typically lower. For underground lines, BC has values from ≈0.217 μF/km to 0.302 μF/km, which is a function of the insulation material and diameters for MV conductors 
less than 36 kV. To show the outcome, a scenario with a high reactive load was assessed 
and is demonstrated by the evidence presented here. 

Figure 8. A 33-bus radial distribution system.

The network has three feeder zones: the feeder head at segments 1–6, 2–22, and 3–25;
the intermediate zone at bifurcations 6–33 and 6–12; and the extreme zone of the feeder at
the segment lines between buses 13–18. For the present work, the tie lines from the original
network were not included.

Retaining the proposed π-model in Figure 3, the effect of the capacitive susceptance
for the voltage sensitivity increases due to the line length, insulation material (overhead or
underground lines), and number of branches connected to each bus.

The versatility of the developed matrix algorithm allows such an effect to be quantified
as this capacity is contemplated. In the case of overhead lines, the shunt susceptance (BC) is
typically lower. For underground lines, BC has values from ≈0.217 µF/km to 0.302 µF/km,
which is a function of the insulation material and diameters for MV conductors less than
36 kV. To show the outcome, a scenario with a high reactive load was assessed and is
demonstrated by the evidence presented here.

4.2. Parameter Settings for Operating Scenarios: Consumption–Production

To test the existing network sensitivity outlined in Section 3, two scenarios of critical
impact on voltage variation with DG were selected, a consumption scenario (CS) and a
production scenario (PS). The CS scenario presents the maximum nominal load of the
system with a scale factor of 1.0 and the minimum generation injected at PCC with a rated
power scale factor of 0.15. The PS scenario consists of the minimum load with a scale factor
of 0.25 and generation with a maximum scale factor of 0.9. These cases are realistic test
scenarios, in which Q injection is performed, in order to return to the allowed operating
voltage limits.

The present technique allows the use of the most sensitive point of the network to inject
power. In the case of the power factor variation, the required Q at the self-consumptions
buses holds the capacity curve of each generating unit.

4.3. Determination of Operating Point DG

As a criterion for establishing the capacity of the power curve of the DG units, which
is a DFIG-WT type with a maximum power of 1 MVA, the power injection thresholds for
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PDG and QDG are taken into account [19], as per the following four operating points with a
nominal voltage in Table 1.

Table 1. The operating points of DFIG-WT. Rated injection capability of reactive power (Qinj) versus
active power (Pinj).

Operation Point Pinj (%) Qinj (%) Power Factor

I 0 ±0.95 0
II 0.25 ±0.95 0.25449
III 0.5 ±0.90 0.485642
IV 1 ±0.6 0.857492

During the power delivery from the distributed units, each discrete value of injected
reactive power (Qinj) versus injected active power (Pinj) with nominal voltage is the mini-
mum point for the operation interval of the generator curve. These values are chosen as
feasible reference for the operational range. At the point of the greatest sensitivity of the
voltage to the injection of Q, a minimum Q was injected according to the requirements of
the self-consumption scenario. Depending on the load level (P, Q) in each node, it was
possible that nodes with the highest voltage drop did not necessarily match the PCC buses,
and it was necessary to compensate Q from neighbouring nodes.

According to the preliminary results, we confirmed that the zone closer to the substa-
tion had almost no voltage variability, which was also found in branches without PCCs
in contrast to buses next to power injections. Similarly, there were nodes that were not
affected by the injected generation, which also remained relatively constant. The effect was
predictable for the intermediate levels with the simultaneous connection of DGs; hence, the
complete analysis started from a constant, which was the sensitivity of the topological ma-
trix of the system. In other words, the effect of the voltage sensitivity, which increases along
the topological matrix, is constant from the design memory of the existing system. The
topological matrix is built only once and it will be modified when the DSO adds or removes
matrix lines, in the case of circuit expansion or network reconfigurations, respectively.

4.4. Operating Constraint

For the voltage profile, it is necessary to monitor its operating constraint margins
(network with “m” buses):

Vmin < |V|op < Vmax

where

|V|op =


Vslack

V1
V2
...

Vm


OP

∈ (Vmin., Vmax. ) (21)

where Vmin and Vmax are the lower and upper bounds of the bus voltage limits, respectively,
and |V|op is the operating voltage magnitude. According to the new IEEE Standard
1547–2018, as the requirements of power quality are mandatory on the MV level, there is
an allowable voltage deviation of ±3% of the rated value for each bus for regulating the
interoperability with DER.

4.5. Simulation Conditions

To define a required operating point that is feasible for the voltage profile, we estab-
lished a flowchart (see Figure 9) that generates varied cases in a controlled manner. The
power factor of the self-consumed nominal load is subject to discrete variations for the
applied sensitivity analysis. For any base case, there are two types of results, with and
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without Q injection, with regard to P injection, as shown in Table 1. It is important to define
the boundaries for a feasible Q injection interval.

∆Fds =
Upper limit− Lower limit

k
(22)

where ∆Fds is a discrete incremental step that depends on the sensitive shift parameter. For
example, if the range is from 0 to 1 pu, the discrete step is 0.05 for k = 20.
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The linear sensitivity modelling is a result of controlled variations of the shift parame-
ter to reach an operating point that retains the operating constraints for the network, and,
at the same time, must satisfy the injection curve of each generating unit.

Hence, the voltage profile at each point of the network is guaranteed to quantify the
rapid variations due to the penetration of DER, within standard limits, and the relative
error is reduced with the algorithm presented and validated against the Newton–Raphson
method (N-R) by the current equations for distribution systems.

In this paper ∆Fds is considered as 0.05 pu for calculating the simulated sensitivity
scenarios.

In this way, the operating points for the control injections were obtained, and the
relative error with respect to linear sensitivity analysis was determined. These results serve
as input data for the diagram in Figure 10:

The relative error was calculated in the following way, comparing the resulting value
in the N-R Load Flow (LF) with the value found by the proposed algorithm:

ε =
value LF− value proposed method

value LF
∗ 100% (23)

The sensitivity analysis was applied for small deviations or perturbations in the
steady-state analysis, that is, when it was necessary to bring the voltage profile to the
limits of normal operation in order to inject small amounts of power to feeder segments
with greater sensitivity. It is not applicable for voltage restoration with frequency stability
management or voltage collapses.
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5. Simulation Results and Analysis

In this section, several simulation results are reported for the application: a comparison
of the performance against relative error, the response qualities in special cases of reactive
compensation for critical consumption–generation scenarios, and a scenario with a high
reactive load in the extreme zone of the feeder. The proposed algorithm was validated in
DIgSILENT PowerFactory using the Newton–Raphson method. We applied the method to
the 33-bus distribution system shown in Figure 8 to provide a comprehensive performance
comparison.

5.1. Performance Comparison: Silhouette and Accuracy

Figure 11 shows the results of the sensitivity analysis for the proposed matrix model
after simulating a consumption scenario. For this case, a maximum capacity of 0.302 µF/km
was used, obtaining the following voltage profiles.
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Regarding the accuracy of the profile silhouette, as can be seen, when simulating only
the conditions of a nominal load on the system, the proposed method demonstrated a
better approximation to the voltage profile output via the N-R method. The PCC were
buses 6, 12, 18, and 33.

In Figure 12, a reduction of the relative error was noted over the voltage profile in
all buses, and was greater for the more distant points, PCCs 33 and 18. The proposed
algorithm maintained a less steep relative error slope compared with the traditional method
at load buses 2 to 18. At bus 30 (P = 200 kW and Q = 600 kVAr), the reactive load was
three times the magnitude of the power consumption P, and the error was mitigated in
that circuit branch.
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The graph shows that, for node 33, the relative error became practically zero when
using the proposed algorithm.

5.2. Compensation V-Q from the PCCj

The generation–load conditions are given in Section 4.2. Figures 13 and 14 show the
results of the proposed method for voltage profiles, applying compensation by the injection
of Q at the PCC of the system for the two operating scenarios illustrated (blue indicates
scenarios with no compensation).

As shown in Figure 13, we analysed the voltage variation (∆V) behaviour, applying
the Q injection at the PCC. For the CS, the voltage profile was operationally compensated
with an injection of 750 kVAr (+). In the PS scenario (see Figure 14), the absorption was 600
kVAr (−), based on the scenario of the existing network. These injection values comply
with realistic operating parameters for critical cases.

For both CS and PS scenarios, the bus voltages 19–22 remained relatively constant,
which shows the absence of connected DG in the branches. We observed that, for a case
without compensation, the traditional method and the proposed method had approxi-
mately the same precision and overlapped with each other.

Two relevant outcomes were identified with regard to the application of the proposed
algorithm: an improvement in the effectiveness when there is a Q injection for voltage
compensation, and while a PCC is further away with respect to the slack bus, the error
decreases. The latter can be seen for nodes 33 and 18, where the proposed method and the
Newton–Raphson method were closer to each other than the traditional method was for
the same compensation scenario.

For the compensated PS case, analytically, the traditional method still did not reach
the maximum operational voltage limit, and this indicates greater absorption of Q.
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The relative error from the sensitivity analysis is shown in Tables 2 and 3. For the CS
scenario, the maximum relative errors for the voltage profile were 0.91% for the traditional
method and 0.495% for the proposed method at the same PCC18, a difference of 0.415%.
This bus is further from the slack bus (approx. 24 km). In the PS, the reduction value
reached a difference of 0.818%, which better validated the performance for the power
injection.

With the exception of PCC6, which is located 3.6 km from the substation (the clos-
est PCC bus to the substation), the proposed algorithm gave the best response for the
production scenario of the PCC buses furthest from the substation rather than for the
consumption scenario. This is consistent with the matrix sensitivity in these network zones
of the network.
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Table 2. Relative error for the PCC-voltage in consumption scenario (CS).

CS Traditional Method Proposed Method Absolute Difference

PCC Rel. Error Rel. Error ∆ε
6 0.262% 0.026% 0.236%
12 0.598% 0.221% 0.377%
33 0.457% 0.181% 0.276%
18 0.910% 0.495% 0.415%

Table 3. Relative error for the PCC-voltage in production scenario (PS).

PS Traditional Method Proposed Method Absolute Difference

PCC Rel. Error Rel. Error ∆ε
6 0.526% 0.427% 0.099%
12 0.815% 0.401% 0.414%
33 0.604% 0.230% 0.374%
18 0.937% 0.119% 0.818%

A consumption scenario is shown below to demonstrate the effect of the shunt suscep-
tance (only) without compensation, within the electrical model and the relative error on
the sensitivity along the voltage profile.

5.3. High Load Q

This scenario involves the power flow variation in a feeder section. In order to monitor
a large amount of uncompensated reactive demand Q, a test was performed where the
feeder extreme (buses 13 to 18) had a demand equal to 10 * Qrated. To evaluate the response
of the algorithm, an exercise was performed in which we contemplated a capacity of
0.302 µF/km for a hypothetical case where an underground cable is used for the power-in
feed.

We obtained the following results for the voltage deviations in consideration of the
capacitive susceptance of the feeder within the presented model.

As can be seen in Figure 15, when the shunt capacity was not included in the voltage
deviation modelling, the improved accuracy was smaller than in the case of considering
it. The voltage profile was fully affected due to the reactive load at the end of the feeder;
however, when using the proposed method, the load produced greater sensitivity and the
voltage deviation had a better approximation over the specific feeder section, as shown in
Figure 16.

In Figure 17 below, a graph with the behaviour of the voltage relative error at the
coupling points along the feeder length (in km) is illustrated. Two relative error trends
are presented. First, in the line modelling, the voltage sensitive effect does not include the
parameter Bc (shown in orange). In the second trend, the relative errors of the sensitivity
analysis on the common coupling points considering Bc (in blue colour) are shown.

The relative error in the extreme zone of the feeder reached error values of 1.63% for
the traditional method and 0.73% for the method proposed in PCC18.

It was confirmed that the proximity of the reactive load to the coupling points PCC12,
PCC33, PCC18, and power injections at these points at 10 km, 14 km, and 24 km respectively,
from the substation, improve the voltage magnitude through the proposed method consid-
ering capacitive susceptance in the sensitivity modelling. It is observed that the relative
errors decrease from 1.38% to 0.29% for PCC12, from 0.81% to 0.05% for PCC33, and from
1.63% to 0.28% for PCC18. Furthermore, with respect to PCC 6, despite not having a high
reactive load on nearby buses, it also shows a decrease in its relative error values as a result
of the sensitivity analysis.
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From the analytical modelling, we found the following: (i) the analytical improvement
of the linear sensitivity for voltage control due to power injections from PCCs along
the distribution feeders; (ii) linearised complete formulation for the module of voltage
deviations between two network buses; iii) non-negligible considerations of the electrical
model to operate active distribution networks; iv) a reduction in the computational time
and effort because it is a direct technique that improves the approximations to the voltage
profile from an existing scenario; and v) a reduction in the relative error with regard to
traditional mathematical models for voltage control using the linear sensitivity of the
network with DER.
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6. Conclusions

In this paper, we have presented a flexible and comprehensive direct methodology
for modelling the linear sensitivity of the voltage control in power systems. The proposed
methodology is a flexible analytical tool that contemplates the role of a complete electrical
model to build a matrix-enhanced voltage profile for system operation. Clearly, the pro-
posed method of linear sensitivity worked best with approximations of the load flow results
with power injections along the feeder. The analysis was tested with Q-V compensation in
order to control the voltage profile in the new operating scenario with DER.

The application of the method is versatile and direct, and we found that it always
improved the voltage profile. Although the analysis was applied to medium-voltage
networks, simplified linear models can be extracted from the operating requirements of the
analysed system and compensation needs as starting points, while observing the initial
voltage conditions of the steady state in buses with self-consumption within a topology
close to the voltage control points on the feeder.

As part of future research, it will be possible to use an algorithm for the optimization
of the controllable variables inside the objective function, and it will be possible to explore
the operational flexibility against the operating constraints for DER, and to investigate
the dynamic load modelling and the effects of power injections on other useful ancillary
services for the DSO and analytical solutions for the problem distribution system state
estimation (DSSE).
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