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Abstract: The estimation of hydraulic and mechanical properties of bedrock is important for the
evaluation of energy-related structures, including high-level nuclear waste repositories, hydraulic
fracturing wells, and gas-hydrate production wells. The hydraulic conductivity and stress–strain
curves of rocks are conventionally measured through laboratory tests on cylindrical samples. Both
ASTM standards for hydraulic conductivity and compressive strength involve the use of the planar
bases of a cylindrical sample. Hence, an alternative test method is required for the simultaneous
measurement of hydraulic conductivity and stress–strain curves. This study proposes a novel
electrical resistivity estimation method using two perimeter electrodes for the estimation of hydraulic
properties. The theoretical background for the perimeter electrode setup is derived and the COMSOL
MultiPhysics® finite element numerical simulation tool is employed to verify the derived theoretical
equation. The accuracy of the numerical simulation tool is first validated by simulating the ASTM
standard testing method for electrical resistivity. The electrical resistance values derived from the
theoretical equation and numerical simulation are compared for different electrical resistivity and
electrode radius. The assumed equidistant, circular equipotential surface results in a theoretical
lower bound for the measured electrical resistance in the cylindrical specimen. The introduction
of a phenomenological distortion factor to correct for the theoretical equipotential surface results
in a good fit with the numerical simulation results. The effects of electrode length and equivalent
strap electrodes were investigated to assess the applicability of the suggested method for laboratory
testing. Consequently, this study presents an effective alternative theoretical assessment method for
the lower bound electrical resistivity of cylindrical rock core samples under confining conditions
when the installation of base electrodes is infeasible.

Keywords: electrical resistivity; cylindrical rock specimen; perimeter electrode; COMSOL Multiphysics

1. Introduction

Energy-related geostructures (e.g., high-level nuclear waste repositories, hydraulic
fracturing wells, and gas-hydrate production wells) are exposed to high pressure and fully
saturated conditions at depths ranging from hundreds of meters to several kilometers [1–4].
Hence, characterization of the hydro-mechanical properties of the surrounding rock mass
is required for accurate safety assessment and numerical simulations. The standardized
testing methods for the hydraulic conductivity and the uniaxial compressive strength of a
cylindrical rock sample use both ends of planar bases [5,6]. In other words, the hydraulic
gradient between two bases of the cylindrical sample measures the flow rate for hydraulic
conductivity tests and the top loading plate helps measure the change in force-displacement
during compression. However, simultaneous measurements of hydraulic and mechanical
properties for a single cylindrical rock sample are infeasible as both bases are preoccupied
for each test. In particular, the change in hydraulic conductivity during the loading stage

Energies 2021, 14, 4382. https://doi.org/10.3390/en14144382 https://www.mdpi.com/journal/energies

https://www.mdpi.com/journal/energies
https://www.mdpi.com
https://orcid.org/0000-0003-2892-3934
https://orcid.org/0000-0002-7710-4479
https://doi.org/10.3390/en14144382
https://doi.org/10.3390/en14144382
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.3390/en14144382
https://www.mdpi.com/journal/energies
https://www.mdpi.com/article/10.3390/en14144382?type=check_update&version=2


Energies 2021, 14, 4382 2 of 11

should be estimated to predict the stability of energy-related geostructures. Therefore, there
is a need to employ indirect methods of identifying variations in hydraulic conductivity
that do not involve the use of the planar bases of cylindrical samples.

The electrical resistivity method has been widely used to obtain the water-related
physical properties of samples such as porosity and saturation [7,8] and is closely related
to the hydraulic conductivity [9,10]. The electrical resistivity of a rock core sample is
typically acquired according to the ASTM G187 standard test method for measurement
of soil resistivity. The electrical resistance is measured using electrodes installed on both
planar bases of a cylindrical sample, yet the use of base electrodes hinders the simultaneous
execution of uniaxial compressive strength tests. Several studies have attempted to measure
the electrical resistivity of rock samples using point electrodes and ring electrodes [10–13].
However, point electrodes installed on the sample cause unfavorable contact resistance
and stiffer ring electrodes around the perimeter of the rock sample imposes unexpected
lateral confinement.

In this study, an alternative electrical resistivity estimation method is proposed for
cylindrical rock samples under confining conditions using two cylindrical electrodes on
the perimeter of the rock core. The theoretical electrical resistance is formulated based on
the assumption that the equipotential surface line between the two perimeter electrodes
is circular and evenly distributed with respect to the distance from the electrodes. Finite
element analysis is conducted to validate the theoretical equation. In the discussion,
the proposed method is extended to investigate the effects of electrode length and the
consideration of an equivalent strap electrode for laboratory testing.

2. Governing Equations for Electrical Resistivity of Cylindrical Samples
2.1. ASTM Standard for Electrical Resistivity (ASTM G187)

ASTM G187 is the standard method for measuring the electrical resistivity of soil and
rock core samples [14]. The standard suggests the use of samples with a uniform sectional
area (i.e., cylindrical or blocky samples), and the use of two electrodes with identical cross
sections to the sample, as shown in Figure 1. The electrical resistivity of the sample (ρ) can
be calculated using the following equation:

ρ = (A/L)R = (πr2/h)R, (1)

where A is the cross-sectional area of the sample, L is the length of sample, and R is the
measured electrical resistance. A/L is commonly referred to as the geometric factor for the
electrode configuration, and is used to convert the measured electrical resistance to the
inherent electrical resistivity. However, the electrical resistivity measurement according to
the ASTM standard cannot be used simultaneously with loading tests such as the uniaxial
compressive strength test, as both bases of the cylindrical sample are placed on the loading
plates. Electrical interference between base electrodes and the metal loading plate can cause
inaccurate measurements of both electrical resistivity and uniaxial compressive strength.

Figure 1. Schematic of electrical resistivity estimation for a specimen with a uniform cross-section
(ASTM G187).
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2.2. Electrical Resistivity Measurement with Two Perimeter Electrodes

The perimeter of the sample remains accessible during the uniaxial compressive
strength test. The proposed method uses two cylindrical electrodes installed at diametri-
cally opposite locations on the perimeter of a cylindrical sample, as shown in Figure 2a.
The cylindrical electrodes have a height equal to the height of the sample (h) and a radius re.
The electrical resistivity can be determined by the equipotential surface area, which varies
with the electrode geometry and sample dimensions [12]. The equipotential surface area of
the core sample measured on the perimeter is lh (Figure 2b). The arc length l is expressed
as follows:

l = 2s sin−1

(√
1−

( s
2r

)2
)

, (2)

where s is the distance from the electrode center to an arbitrary point and r is the radius of
the sample. The detailed derivation of l is explained in Appendix A. Note that the assumed
equipotential surface line between the two perimeter electrodes is circular and evenly
distributed with respect to the distance from the electrodes.

The electrical resistance (Rp) between the cylindrical electrodes on the sample perime-
ter is expressed as follows:

Rp =
∫

ρ
1

A(s)
ds =

ρ

2h

∫ 2r−re

re

1

s · sin−1
(√

1−
( s

2r
)2
)ds = − ρ

2h

∫ cos−1 (1− re
2r )

cos−1 ( re
2r )

tan θ

θ
dθ, (3)

where ρ is the electrical resistivity of the rock sample, A(s) is the equipotential surface area
in terms of s, re is radius of the electrodes, and θ is defined as cos−1(s/2r). The electrical
resistance (Rp) and geometric factor (αp) between the cylindrical electrodes on the sample
perimeter is expressed as follows:

αp = − −2h∫ cos−1 (1− re
2r )

cos−1 ( re
2r )

tan θ
θ dθ

, (4)

The negative signs of the electrical resistance and geometric factor will be eliminated
as the inverse cosine function exhibits a lower value near unity. General mathematics
software such as MATLAB is required to solve Equations (3) and (4), as the indefinite
integral tan(x)/x is difficult to be expressed in an intrinsic form.

Figure 2. Electrical resistivity estimation of rock sample using perimeter electrodes: (a) schematic of
the setup; (b) definitions of variables (re = radius of the electrodes, r = radius of the rock core sample,
h = height of the rock core sample, s = distance from the electrode center to an arbitrary point, and
l = equipotential surface length).
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3. Numerical Simulation
3.1. Simulation Setup

COMSOL MultiPhysics® is an increasingly popular finite element method that has
been widely adopted to investigate various electromagnetic phenomena [15–17]. COMSOL
solves partial differential equations such as Laplace’s equation using finite element theory.
In this study, the inherent AC/DC module and auto meshing function are utilized for
numerical simulations. An NX-size granite sample with a diameter of 0.076 m and a height
of 0.150 m was prepared for the simulation. The auto meshing function in COMSOL
was used to create ‘normal’-sized tetrahedral physics-controlled meshes. The electrical
resistivity of the sample was input as 10,000 Ω·m, which is representative of granite
specimens [18].

3.2. Verification of the Numerical Simulation Tool with ASTM G187

The ASTM G187 standard method was simulated to verify the accuracy of the numer-
ical simulation tool, as shown in Figure 3. Two stainless steel disk electrodes (SUS304L)
of 0.001 m thickness and the same cross section as the sample were modelled and placed
on the top and bottom bases of the sample. An electric signal of 1 V was applied at one
electrode and the resultant current was measured at the other electrode. The electrical
resistance between the two electrodes was calculated by dividing the applied voltage by the
resultant current. The electrical resistance between the two disk electrodes was obtained
by changing the electrical resistivity, radius, and height of the sample to 1000–100,000 Ω·m,
0.01–0.05 m, and 0.002–0.300 m, respectively. A comparison between the electrical resistivity
obtained from the theoretical equation and numerical simulations for different specimen
geometries is displayed in Figure 4. The geometric factor derived from the numerical
simulation is similar to that of the ASTM G187 standard obtained from Equation (1) for
various values of electrical resistivity, specimen radius, and specimen height.

Figure 3. COMSOL Simulation of the ASTM G187 standard using the numerical simulation tool:
(a) geometry employed for the simulation; (b) the resulting electric potential.
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Figure 4. Verification of COMSOL finite element analysis using ASTM G187 simulations for different
(a) electrical resistivity; (b) radius; (c) height of the rock specimen.

3.3. Verification of the Proposed Method

The same NX-size granite sample was adopted for verification of the proposed method.
Two stainless steel cylindrical electrodes (SUS304L) with identical height as the sample were
modelled on diametrically opposite positions on the sample perimeter. Circular grooves
with a radius equal to the radius of the electrodes re were modelled on the sample perime-
ter, such that the cylindrical electrodes were in full contact with the sample. The electri-
cal resistivity of the rock sample and re were used to verify the theoretical equation de-
rived for the cylindrical perimeter electrode setup, as displayed in Figure 5. The electri-
cal resistance between the two perimeter electrodes was obtained by changing the elec-
trical resistivity of the sample and radius of the electrodes re to 1000–100,000 Ω·m and
0.001–0.01 m, respectively. The electrical resistance derived in Equation (3) exhibits a similar
trend to the electrode radius and the electrical resistivity of the rock sample, as shown in
Figure 6. However, large underestimation of the theoretical electrical resistance is observed for
smaller electrode radii and larger electrical resistivity. Maximum errors in electrical resistance
up to 51.7% for electrical resistivity of the sample and 44.7% for re were noted.

Figure 5. COMSOL simulation of electrical resistivity for two cylindrical perimeter electrodes:
(a) geometry employed for the simulation; (b) the resulting electric potential.
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Figure 6. Verification of the proposed electrical resistivity estimation method using numerical
simulations: (a) electrical resistance according to electrode radius; (b) electrical resistance according
to electrical resistivity of the rock sample.

4. Discussion
4.1. Distortion of the Equipotential Surface

The underestimation of the theoretical electrical resistance can be owed to the assump-
tion that the equipotential surface line is evenly distributed with respect to the distance
from the electrodes. The limitation of this equidistance assumption and the resulting dis-
tortion of the equipotential surface are displayed in Figure 7. The theoretical equipotential
surface displays a curved equipotential surface centered at (0, l) when s =

√
2r. However,

the equipotential surface obtained from the numerical analysis displays an equivalent flat
equipotential surface of length leq = 2r for the given condition.

Figure 7. Distortion of the equipotential surface: (a) length of the theoretical equipotential surface l
and length of the equivalent flat equipotential surface leq for s =

√
2r; (b) change in curvature of the

equipotential surface observed in numerical simulations.

Previous studies on electrical impedance tomography (EIT) have noted changes in the
electrical field and equipotential surface for different electrode configurations around the
perimeter of a circular cross-section [19–21]. However, such previous studies are primarily
focused on the tomographic results, and the changes in the shape of the equipotential
surface have not been adequately modelled. For mathematical simplicity, this study
assumed that the equipotential surface follows a circular shape. This assumption allows
the longest equipotential length and the most electrical current flow between two electrodes,
resulting in reduced electrical resistance. Hence, the theoretical equation introduces a lower
bound for the electrical resistivity of the cylindrical sample, and the change in curvature of
the equipotential surface needs to be corrected for accurate measurements.
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A distortion factor is applied to compensate the equipotential surface distortion.
The distortion factor can be quantified with the shape of the equipotential surface formed
by the potential difference between the two electrodes. Formal inversion was used to find
the best fitting distortion factor. For the given geometric condition where the cylindrical
electrodes are installed on the perimeter of the cylindrical sample, a distortion factor of
1.5 is applied to fit the theoretical electrical resistance to the numerical simulation results.
The multiplication of the distortion factor results in a near exact fit between the electrical
resistances obtained from the theoretical equation and numerical simulation, as shown
in Figure 8. The nature of the distortion factor is yet unclear and further studies on the
equipotential surface distortion depending on the position of the perimeter electrodes,
as well as their respective distortion factors, need to be investigated.

Figure 8. Comparison of the numerical simulation results and factorized equation: (a) electrical resistance
according to electrode radius; (b) electrical resistance according to electrical resistivity of the rock sample.

4.2. Effect of Electrode Length

The cylindrical electrodes installed on the perimeter of the cylindrical sample can affect
the uniaxial compressive strength measurements, as the stiffness of the metal electrodes
is generally greater than that of the rock sample. Numerical studies were conducted for
different electrode heights with references to the height of the sample to evaluate the effects
of electrode length. The resultant electrical resistance increases as the electrode length
(h) decreases, owing to the reduced contact area between the electrode and the sample.
The reference electrode height was set as 0.15 m, identical to the sample height, and the
reference resistance is the electrical resistance measured using the reference electrodes
(Figure 9a). When the length of the electrode is shortened by 5%, the measured electrical
resistance increases by 1.5%, as shown in Figure 9b. For uniaxial compressive tests where
the maximum strain of the sample is generally less than 5%, the use of electrodes shorter
than 5% of the sample height can be adopted with minor errors in the measured resistance.

Figure 9. Effect of electrode height on measured electrical resistance: (a) geometry employed for the
simulation; (b) change in normalized resistance with normalized electrode height.
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4.3. Equivalent Strap Electrode

The proposed test method is limited by the installation methods required for the cylin-
drical perimeter electrodes. For realistic experimentation, two grooves should be carved on
the perimeter of the sample for the placement of cylindrical electrodes. This direct method
requires additional work on the sample and has the potential for sample disturbance and the
creation of microcracks, which affect the contact area between the electrode and the sample as
well as the overall integrity of the sample. Hence, an equivalent electrode was investigated
and employed for the simplification of the proposed equation and experimental convenience.

Strap-shaped electrodes can be easily installed on the sample surface using non-
conductive adhesives placed on top of the electrodes, and the concise contact surface area
can be obtained. The contact area of the cylindrical electrode is proportional to the arc
length of the electrodes as the height is fixed (Figure 10). The contact arc length of the
equivalent strap electrode (lo) can be expressed using Equation (5):

lo = 2re sin−1

(√
1−

( re

2r

)2
)

, (5)

Figure 10. Equivalent strap electrode.

An equivalent strap electrode is modelled using COMSOL and the electrical resistance
from the cylindrical electrodes and equivalent strap electrodes are compared for various
electrode radii in Figure 11. The results indicate that the measured electrical resistance for
the cylindrical and equivalent strap electrodes are similar for small electrode radii, with
the difference in measured electrical resistance increasing for increasing electrode radius.
The numerical simulation results indicate that the equivalent strap electrodes can be used
to replace the small diameter cylindrical electrodes for small electrode radii.

Figure 11. COMSOL simulation of electrical resistivity for two equivalent strap perimeter electrodes:
(a) geometry employed for the simulation; (b) electrical resistance of cylindrical electrodes and
equivalent strap electrodes.
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5. Conclusions

In this study, an alternative method for the estimation of electrical resistivity was
proposed for cylindrical rock samples under confined conditions. The theoretical equation
for the cylindrical electrodes on the perimeter of the rock sample was obtained from the
equipotential surface area depending on the rock core geometry. Finite element simulations
were conducted with COMSOL MultiPhysics® to verify the derived theoretical equation,
and the ASTM G187 standard testing method was used to validate the numerical simula-
tion tool. The estimated electrical resistance using the proposed theoretical equation for
the two cylindrical electrodes on the sample perimeter was compared with the electrical
resistance obtained from numerical simulation. The numerical simulation results displayed
a larger electrical resistance compared to the theoretical value for smaller electrode radius
and larger electrical resistivity. The underestimation of the theoretical electrical resistance
can be owed to the assumption that the equipotential surface is evenly distributed with
respect to the distance from the electrodes. This assumption computes a longer theoretical
equipotential length compared to the phenomenological results, resulting in more electrical
current flow between two electrodes and reduced electrical resistance. Hence, the theoreti-
cal equation introduces a lower bound for the electrical resistivity of the cylindrical sample.
The application of a phenomenological distortion factor to correct the assumed equidistant
equipotential surface resulted in a near exact fit between the numerical simulation results
and the theoretical equation. The effects of the electrode length and equivalent strap elec-
trodes were investigated to assess the applicability of the suggested method for laboratory
testing. The results indicated that a 5% decrease in electrode height results in small error
for the measured electrical resistance with minimal effects on the measurement of uniaxial
compressive strength. In addition, equivalent strap electrodes can also be used to replace
small diameter cylindrical electrodes for small electrode radii. The main result of this study
highlights a method for computing the theoretical lower bound electrical resistance of a
cylindrical rock sample. The results of this study can be used as an effective alternative
method for electrical resistivity estimation of confined cylindrical rock core sample when
the installation of base electrodes is infeasible.
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Nomenclature

αp Geometric factor between the cylindrical electrodes on the sample circumference
θ cos−1(s/2r)
ρ Electrical resistivity of the rock sample
h Height of the sample
l Arc length of the curvature (derived in Appendix A.)
r Radius of the sample
re Radius of the electrodes
Rp Electrical resistance between the cylindrical electrodes on the sample circumference
s Distance from the electrode center to an arbitrary point on the sample circumference

Appendix A. Derivation of l

Let us assume two circles are placed in the same 2D Cartesian coordinate centered at
(0, 0) and (0, r), as shown in Figure A1. The intersections between two circles, denoted as P
and Q, can be represented in terms of the radii of two circles, r and s. The x and y values of
the intersection, x1, x2, and y1, are:

x1 = −s
√

1−
( s

2r
)2

x2 = s
√

1−
( s

2r
)2

y1 = r− s2

2r

, (A1)

Figure A1. Definitions of variables to evaluate l (sectional view). Two cylindrical electrodes whose
radius is re and height is h are placed with distance 2r, which is the diameter of the rock core sample.
The dotted line indicates the equipotential surface from a perimeter electrode.

Then, the arc length of the curvature can be determined using the following equation
because the integral is an even function:

l =
∫ x2

x1

√
1 +

(
dy
dx

)2
dx = 2

∫ x2

0

√
s2

s2 − x2 dx = 2s sin−1

(√
1−

( s
2r

)2
)

, (A2)

where dy/dx = x/(r − y).
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