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Abstract: In the present study, our aim is to present a novel model for the flow of hybrid nanofluids
in oblique channels. Copper and aluminum oxide have been used to obtain a novel hybrid nanofluid.
The equations that govern the flow of hybrid nanofluids have been transformed to a set of nonlinear
equations with the implementation of self-similar variables. The resulting system is treated numerically
by using coupled shooting and Runge–Kutta (R-K) scheme. The behavior of velocity and temperature
is examined by altering the flow parameters. The cases for narrowing (convergent) and opening
(divergent) channels are discussed, and the influence of various parameters on Nusselt number is also
presented. To indicate the reliability of the study, a comparison is made that confirms the accuracy of
the study presented.

Keywords: heat transfer; convergent/divergent channels; hybrid nanofluids; base fluid;
numerical solution; Nusselt number

1. Introduction

Heat transfer in regular fluids can be improved passively by altering flow situation, different
flow parameters (like convective boundary condition, partial slip, etc.), or by enhancing fluid thermal
conductivity. To improve the heat transfer in fluids several theoretical techniques have been proposed.
Thus, researchers believed that the thermal conductivity of carrier fluids can be improved by a colloidal
suspension of nano- or larger-sized particles of metals and their oxides because liquids have less
thermal conductivity compared to that of metals. Thus, numerous experimental and theoretical studies
on the colloidal suspension of fluids and solid particles of metals have been conducted since the larger
size of metal particles and density are not helpful in preventing the mixture of particles and fluids
because the lack of stability of such a colloidal composition produces extra flow resistance. Hence,
suspension of large-sized metal particles in the fluids has not been popular until now.
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The latest nanotechnology provides numerous ways to produce colloidal suspension of various
metal particles, below 50 nm in size, in various common fluids. Earlier work in this direction was
done by Choi [1] who adopted the term nanofluids. This newly developed class of fluids (nanofluids)
opened a new researcher platform which proved very helpful in technological processes and industrial
zones. Nanofluids can be considered as another class of heat transportation fluids because they
provide exciting possibilities regarding heat transfer characteristics compared to that of regular liquids.
Researchers expected that the presence of nano-sized metallic particles in conventional fluids has
the best heat transfer properties. Diluted nanoparticles in numerous conventional fluids can alter
fluid flow properties, especially heat transfer enhancement. In order to thermally improve fluids,
numerous theoretical models for effective dynamic viscosity and effective thermal conductivity have
been proposed. Significant research pertaining to nanofluids’ thermal and physical characteristics is
presented by Wang and Mujumdar [2].

Flow between oblique walls (also called Jeffery–Hamel flow) is a potential research direction.
Initially Jeffery [3] and Hamel [4] explored such a flow, naming it the Jeffery–Hamel flow. Due to variety
of applications of such flows, Jeffery and Hamel became very popular among the research community
and researchers focused on the study of such flows. These applications comprised mechanical,
environmental, chemical, and aerospace engineering. The applications of Jeffery–Hamel flow were also
involved in biomedical sciences. For example, the flow of blood in veins and arteries is an example of
Jeffery–Hamel flow. In light of these facts, researchers focused on the study of Jeffery–Hamel flow
from various aspects and studied the behavior of fluid flow characteristics.

The flows of various fluid types between converging/diverging channels have been extensively
studied. Recently, Adnan and colleagues [5,6] investigated radiative flow regimes and the effects
of cross diffusion for second grade fluids, respectively. The effects of stretchable walls and Lorentz
forces play a significant role on fluid velocity and temperature. Mohyud-Din et al. [7] discussed the
magnetohydrodynamic flow of incompressible fluid containing nano-sized metallic particles between
nonparallel walls in the existence of stretching and shrinking. Noor et al. [8] explored the influence
of thermophoretic parameters and presented graphical results for heat and mass transfer. Khan and
co-workers [9] presented the remarkable effects of resistive heating on dissipative flow between
convergent/divergent channels and encountered variations in the fluid velocity and temperature
for variable magnetic fields. Muhammad and colleagues [10] described three-dimensional (3D)
nanofluid flow in the existence of convective flow conditions, while in two separate studies, Hayat
and colleagues [11,12] discussed the flow of Maxwell nanofluids and influence of carbon nanotubes,
respectively. Sheikholeslami et al. (see [13–15]) discussed the flow of nanofluids in different geometries,
while Bhatti et al. [13] presented the impact of imposed Lorentz forces in flow behavior over a shrinking
sheet. Meanwhile, Bhatti and colleagues [14] and Rashidi and Abbas [15] investigated the behavior of
fluid temperature due to effective Prandtl number and provided an analytical analysis of drug delivery,
respectively. Additional studies [16–29] investigate flow and heat transfer enhancement in nanofluids
and conventional fluids.

The phenomenon of heat transfer rate and shear stresses at the surface is of potential significance
from engineering and industrial production perspectives. Therefore, the presented work will cover the
results of the multiple parameters ingrained in the model.

The colloidal flow between opening and narrowing channels is interesting from a medical and
engineering point of view. Therefore, the colloidal mixture of Cu–Al2O3/H2O is contemplated and
handled numerically. The main target of the analysis will to examine the impacts of multiple parameters
on flow behavior, temperature, shear stresses at the wall surface, and heat transfer rate.
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2. Materials and Methods

2.1. Model Formulation

Time-independent flow of Cu–Al2O3/H2O hybrid nanofluid is taken between two inclined plane
walls. Fluid flow is due to a source or sink situated at the culmination of the channel. The angle
between the walls is 2α. Furthermore, flow is unidirectional and purely along the radial line. Due to
this, only u component of the velocity is responsible for the flow of the fluid. In addition, flow is of
the symmetric type. Figure 1 demonstrates the physical theme of the hybrid nanofluid flow between
convergent/divergent channels. The shape factors [30] of different nanoparticles, namely spherical,
bricks, cylinder, platelets, and blades are depicted in Figure 2.

Energies 2020, 13, x; doi: FOR PEER REVIEW www.mdpi.com/journal/energies 

 

this, only u component of the velocity is responsible for the flow of the fluid. In addition, flow is of 

the symmetric type. Figure 1 demonstrates the physical theme of the hybrid nanofluid flow between 

convergent/divergent channels. The shape factors [30] of different nanoparticles, namely spherical, 

bricks, cylinder, platelets, and blades are depicted in Figure 2. 

 

Figure 1. Pictorial view of flow configuration. 

 

Figure 2. Shape factors of the nanoparticles. 

Governing equations that describe the flow of hybrid nanofluids in an oblique channel in the 

presence of viscous dissipation are as follows [31]: 

𝑟−1
𝜕

𝜕𝑟
(𝑟𝑢) = 0 (1) 

Figure 1. Pictorial view of flow configuration.

Energies 2020, 13, x; doi: FOR PEER REVIEW www.mdpi.com/journal/energies 

 

this, only u component of the velocity is responsible for the flow of the fluid. In addition, flow is of 

the symmetric type. Figure 1 demonstrates the physical theme of the hybrid nanofluid flow between 

convergent/divergent channels. The shape factors [30] of different nanoparticles, namely spherical, 

bricks, cylinder, platelets, and blades are depicted in Figure 2. 

 

Figure 1. Pictorial view of flow configuration. 

 

Figure 2. Shape factors of the nanoparticles. 

Governing equations that describe the flow of hybrid nanofluids in an oblique channel in the 

presence of viscous dissipation are as follows [31]: 

𝑟−1
𝜕

𝜕𝑟
(𝑟𝑢) = 0 (1) 

Figure 2. Shape factors of the nanoparticles.



Energies 2020, 13, 1686 4 of 13

Governing equations that describe the flow of hybrid nanofluids in an oblique channel in the
presence of viscous dissipation are as follows [31]:

r−1 ∂
∂r

(ru) = 0 (1)

ρhn f

(
u
∂u
∂r

)
= −

∂p
∂r

+ µhn f

(
∂2u
∂r2 + r−1 ∂u

∂r
+ r−2 ∂

2u
∂θ2 − r−2u

)
(2)

−
1

rρhn f

∂p
∂θ

+
2r−2µhn f

ρhn f

∂u
∂θ

= 0 (3)

(
ρCp

)
hn f

u
∂T
∂r

= khn f

(
∂2T
∂r2 + r−1 ∂T

∂r
+ r−2 ∂

2T
∂θ2

)
+ µhn f

4
(
∂u
∂r

)2

+ r−2
(
∂u
∂θ

)2 (4)

Supporting conditions at the wall and central line are:
At θ = 0

∂u
∂θ

= 0,
∂T
∂θ

= 0, u = U (5)

At θ = α
u = 0, T = Tw (6)

where Tw is temperature at the wall; U is the velocity at the central line; ρhn f ,µhn f ,
(
ρCp

)
hn f

show

effective density, dynamic viscosity, and heat capacitance, respectively; p denotes the pressure; and khn f
is the hybrid thermal conductance. Table 1 presenting the effective models for nanofluids characteristics.

Table 1. Effective models for hybrid nanofluid characteristics.

Properties Nanofluid Hybrid Nanofluid

Density ρn f =
{
(1−φ) + φρs

ρ f

}
ρ f ρhn f =

[
(1−φ2)

{
1−φ1) +

φ1ρs1
ρ f

}
+

φ2ρs2
ρ f

]
ρ f

Heat capacity

(
ρCp

)
n f

=

(1−φ)
(
ρCp

)
f
+ φ

(
ρCp

)
s

(
ρCp

)
hn f

=[
(1−φ2)

{
(1−φ1)

(
ρCp

)
f
+ φ1

(
ρCp

)
s1

}]
+ φ2

(
ρCp

)
s2

Viscosity µn f = µ f (1−φ)
−2.5 µhn f =

µ f

(1−φ1)
2.5(1−φ2)

2.5

Thermal conductivity
kn f

k f
=

ks+גk f−גφ(k f−ks)
ks+גk f +φ(k f−ks)

khn f

kb f
=

ks2+גkb f−גφ2(kb f−ks2)
ks2+גkb f +φ2(kb f−ks2)

here:
kb f

k f
=

ks1+גk f−(m−1)φ1(k f−ks1)
ks1+גk f +φ1(k f−ks1)

where, ג = m− 1 and thermophysical properties [32] are tabulated in Table 2.

Table 2. Thermo-physical characteristics.

Characteristics H2O Al2O3 Cu

ρ
(
kgm−3

)
997.0 3970 8933

Cp (J/kgK) 4180 765 385
K (W/mK) 0.6071 40 400

The following models used for hybrid nanofluids are depicted in Table 1 [32].
The particular values of density, heat capacity and thermal conductivity of the host liquid and

tiny particles defined in Table 2.
For a particular flow problem, the feasible similarity transformations are defined as:

F(η) =
f (θ)
fmax

, Θ =
T

Tw
and η =

θ
α

(7)
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where
f (θ) = ru(r,θ) (8)

After entreating the suitable derivatives from self-similar parameters in Equations (2) and (3)
and also using the suitable partial differentiation of similarity variables, governing partial differential
equations were reduced into the following nonlinear flow model:

F′′′ + 4α2F′ +
2αRe

[
(1−φ2)

{
(1−φ1) +

φ1ρs1
ρ f

}
+

φ2ρs2
ρ f

]
(1−φ1)

2.5

(1−φ2)
−2.5 FF′ = 0 (9)

Θ′′ +
PrEc

(1−φ1)
2.5(1−φ2)

2.5khn f

(
4α2F2 + F′2

)
= 0 (10)

In Equations (9) and (10), α denotes converging/diverging parameters; Pr is the Prandtl number;
and Ec is the Eckert number. These parameters are:

Pr =
U2

CpTw
, Ec =

µ f Cp

k f
(11)

Further, the Reynold’s number is defined in the following manner:

Re =
f
ν
=

Uαr
ν

(
Diverging channel : α > 0, U > 0

Convergent channel : α < 0, U < 0

)
(12)

The suitable boundary conditions in dimensionless form for velocity and temperature are
as follows:

F(η=0) = 1, F(η=1) = 0 and F′(η=0) = 0 (13)

Θ′(η=0) = 0, Θ(η=1) = 1 (14)

The nondimensional expressions for shear stress and local heat transfer rate are:

ReC f =
1

(1−φ1)
2.5(1−φ2)

2.5 F′(1) (15)

αNu = −
khn f

k f
Θ′(1) (16)

2.2. Solution of the Problem

Under consideration hybrid nanofluid model is nonlinear for such model, it is tedious performed
closed form of solution or not even exist. Thus, we focused on numerical treatment of the model.
For this cause, we adopted Runge–Kutta scheme [26–28]. In order to apply afore said technique, firstly
reduce the present model into a system of first ordinary differential equations (ODEs). The following
substitutions were considered for this purpose.

y1 = F, y2 = F′, y3 = F′′, y4 = Θ, y5 = Θ′ (17)

The particular model can be written as:

F′′′ = −4α2F′ −
2αRe

[
(1−φ2)

{
(1−φ1) +

φ1ρs1
ρ f

}
+

φ2ρs2
ρ f

]
(1−φ1)

2.5

(1−φ2)
−2.5 FF′ (18)
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Θ′′ = −
PrEc

(1−φ1)
2.5(1−φ2)

2.5khn f

(
4α2F2 + F′2

)
(19)

Now, entreating the described transformations we have:


y′1
y′2
y′3
y′4
y′5


=



y2

y3

−4α2y2

2αRe
[
(1−φ2)

{
(1−φ1)+

φ1ρs1
ρ f

}
+
φ2ρs2
ρ f

]
(1−φ1)

2.5

(1−φ2)
−2.5 y1y2

y5

−
PrEc

(1−φ1)
2.5(1−φ2)

2.5khn f

(
4α2y2

1 + y2
2

)


(20)

The corresponding initial conditions are in the following way.
y1

y2

y3

y4

y5


=


1
0
1
0
1


(21)

Now, the model is treated by Mathematica 10.0.

3. Graphical Results and Discussion

The flow quantities altered the fluid flow behavior effectively over the domain of interest.
These parameters are converging/diverging parameter α, the volumetric fraction of the nanoparticles,
Reynolds number Re, and Eckert number Ec. The velocity and thermal field are decorated graphically
in the region –1 ≤ η ≤ 1. The cases of Cu/H2O and Cu–Al2O3/H2O are presented for both converging
(α < 0) and diverging (α > 0) parameters, respectively. The influence of the aforementioned physical
quantities are incorporated in Figures 3–12.
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The influence of opening (diverging case) and narrowing (converging case) channels on the
fluid velocity F(η) are incorporated in Figure 3a,b, respectively. A very fascinating behavior of
converging/diverging parameter α is observed. It can be seen that when the channel walls become
narrow, the fluid flowing area between the walls decreases and as a result fluid velocity starts increasing.
The variations in fluid velocity above (0 ≤ η ≤ 1) and below (−1 ≤ η ≤ 0) the central line are similar
because the flow is of a symmetric nature. For Cu/water and Cu–Al2O3/H2O almost similar velocity
behavior is examined. At the middle part of the channel (η = 0) the velocity field coincides for both
Cu/water and Cu–Al2O3/H2O nanofluids. It is observed that fluid velocity increases very slowly near
the upper and lower portion of the channel. The converging parameter α affects the velocity field
significantly in the area −0.5 ≤ η < 0 and 0 < η ≤ 0.5. The influence of increasing α on the velocity profile
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F(η) is depicted in Figure 3b. As for the opening channel (diverging case), the flowing area increases
which causes a decrease in fluid motion. For Cu/water, velocity drops promptly in comparison with
Cu–Al2O3/H2O. The pattern of fluid velocity is parabolic at the middle of the channel. Near the upper
and lower channel walls, the velocity of both Cu/water and Cu–Al2O3/H2O decreases very rapidly.
Near the walls, back flow produces for higher α.

For flow characteristics of nanofluids, the volumetric fraction plays the role of back bone.
The influence of this important parameter on fluid motion is portrayed in Figure 4. It noticed that
the convergent channel volumetric fraction favors the fluid motion, but these variations are almost
inconsequential for Cu/water and Cu–Al2O3/H2O. A more flattened velocity profile is observed in
the middle of the channel. In the case of the opening channel (Figure 4b), the volumetric fraction
opposes the fluid motion. In the locality of the center line, the velocity profile is more steepened and
almost similar for Cu/water and Cu–Al2O3/H2O. For Cu/water, the reduced velocity is quite rapid as
compared to Cu–Al2O3/H2O.

The dimensionless physical quantities, namely Reynold’s number, which is the ratio of inertial to
viscous forces, is a key point to analyze whether the flow is laminar or turbulent. The effects of this
important physical parameter in the flow regimes are demonstrated in Figure 5a,b for converging and
diverging cases, respectively. For the convergent channel, the positive influence of Reynold’s number
on the fluid motion is investigated. Along the middle line of the channel influences are prominent.
The nanofluid (Cu/water and Cu–Al2O3/H2O) shows almost negligible increments in the velocity field.
In Figure 5b, variations in Reynolds number lead to a very cleared velocity profile. It can be seen that
increasing Reynold’s number in a diverging channel produces more back flow near both the upper
and lower channel walls. More back flow near the walls are examined in the case of Cu/H2O.

The effects of α, Eckert number, and Reynold’s number are shown in Figures 6–9. Figure 6
investigates the opposite behavior of the thermal field. It is clear that for negative α, fluid temperature
decreases in the region −0.5 ≤ η ≤ 0 and in 0 ≤ η ≤ 0.5, the temperature profile starts decelerating. In the
case of Cu/water, rapid reduction in the temperature occurs. The reverse alterations are examined
from −1.0 ≤ η ≤ −0.5 and 0.5 ≤ η ≤ 1.0. On the other hand, the opening channel favors the fluid
temperature. The temperature of Cu–Al2O3/H2O increases very rapidly. In addition, the thermal field
of water containing copper nanoparticles increases, but upturns in the temperature are quite slow in
comparison with of Cu–Al2O3/H2O nanofluid. Beyond the region −1.0 ≤ η ≤ −0.5 and 0.5 ≤ η ≤ 1.0,
increase in temperature slows down.

The influence of volumetric fraction on the fluid temperature for converging and diverging
channels is depicted in Figure 7a,b, respectively. It is noted that the volumetric fraction φ2 shows
reverse variations in the fluid temperature Θ(η). For nanoparticles of higher volume fraction,
temperature starts to decrease. Decreasing effects ofφ2 are quite prominent in the portion−0.5 ≤ η ≤ 0.5.
Fluid near the channel walls shows almost negligible variations in the temperature for both Cu/water
and Cu–Al2O3/H2O nanofluids, and temperature reduction is very rapid as compared to that of
Cu–Al2O3/H2O nanofluid. In the case of converging channel (Figure 7a), the volume fraction of the
nanoparticles favors the fluid temperature. At the middle line and in the locality of the middle line,
fluid temperature increases quickly and for Cu–Al2O3/H2O, increasing behavior of dimensionless
temperature Θ(η) is very rapid.

Very fascinating behavior of Eckert number Ec on the temperature field was observed from
−1.0 ≤ η ≤ 1.0 for opening and narrowing walls. These effects are demonstrated in Figure 8a,b,
respectively. In the presence of Eckert number, temperature of Cu/water and Cu–Al2O3/H2O nanofluids
increases very clearly. It was examined that for α < 0 and α > 0, Eckert number favors the temperature
profile. In converging channel, the temperature field is flatter in the vicinity of the middle line of the
channel in comparison with the opening case. The variations in the fluid temperature due to increasing
Reynold’s number Re are depicted in Figure 9a,b, respectively for narrowing and opening channels.
It was examined that Reynold’s number opposes the fluid temperature in the convergent case. In the
divergent case, fluid temperature (for both Cu/water and Cu–Al2O3/H2O) increases sharply.
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Alterations in heat transfer rate are of great importance due to many industrial and technological
uses. The various flow parameters play a significant role in local heat transfer rate (Figures 10–12).
From Figure 10 it is obvious that more heat transfers at the walls for the narrowing channel. For the
diverging case these influences reverse. Water containing Cu–Al2O3 has the capability to transfer more
heat at the channel walls compared to that of Cu/water. On the other hand, Eckert number favors
the heat transfer rate in both opening and narrowing channels. These effects are demonstrated in
Figure 11a,b, respectively. Further, Reynold’s number affects the heat transfer rate reversely in both
situations as shown in Figure 12.

Tables 3 and 4 compare the current results with existing literature under certain conditions for
−F”(0). For φ_1 = φ_2 = 0, our flow model transformed into the model of conventional fluids and our
results are parallel to existing ones which confirms the reliability of the study.

Table 3. Comparison for −F”(0) in narrowing case.

α = −5◦, φ1 = φ2 = 0

Re Present [33] [34] [35] [6]

10 1.784546 1.784546 1.784547 1.784547 1.784546

30 1.413692 1.413692 1.413692 1.413692 1.413692

50 1.121989 1.121989 1.121989 1.121989 1.121989

Table 4. Comparison for −F”(0) in opening case.

α = −5◦, φ1 = φ2 = 0

Re Present [33] [34] [35] [6]

20 2.527192 2.527192 2.527192 2.527192 2.527192

60 3.942140 3.942140 3.942140 3.942140 3.942140

100 5.869165 5.869165 5.869165 5.869165 5.869165

4. Conclusions

The colloidal hybrid flow regimes between the opening and narrowing channels are significant
from medical and industrial perspectives. Therefore, Cu–Al2O3/H2O is contemplated between the
particular geometry. For mathematical treatment of the model, the R-K technique was adopted
and painted significant results for multiple parameters. It was detected that for multiple Re values,
the velocity declines abruptly and back flow is detected near the walls. The velocity enhances for
high fraction factor and Re in narrowing flow situations. For more dissipative colloidal mixture,
the temperature abruptly enhances for opening flow situation. A decline in the heat transfer rate is
detected for α and Re in highly dissipative cases for opening and narrowing cases. A comparison
between the presented results with scientific literature confirmed the reliability of the analysis.
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