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Abstract: A new optimization method for the assessment of the coefficients existing in a model
of drying kinetics is developed and presented in this article. This method consists of matching
the drying kinetics resulting from the mathematical model with the drying kinetics resulting
from the experiments. Both the heat and mass transfer coefficients, the critical relative humidity,
and the additional ultrasound energy (heat) source are included in the optimization procedure.
The Adams—Bashforth multistep method of solving nonlinear ordinary differential equations is used.
The inverse problem of model parameter estimation is solved by the Rosenbrock optimization method.
The methodology is illustrated by the example of the ultrasound-assisted convective drying of apple
and carrot. A high level of agreement between the results obtained experimentally and numerically
was found. The obtained results confirmed the great influence of ultrasound on the drying kinetics.
It was found that ultrasound application improved the mass transfer by 20-80% and heat transfer by
30-90%. It was also found that the heating effect caused by the ultrasound’s absorption was very
small, with a value below 1%.

Keywords: mass and heat transfer coefficients; heat source; evaluation; ultrasound

1. Introduction

Biological materials require very gentle drying methods because they are extremely sensitive to a
high temperature and long process time [1,2]. Simple convection drying often leads to the degradation
of these materials. For this reason, hybrid methods which combine convective drying with ultrasound
assistance have been developed in recent decades [3]. The results of this development may have
a positive effect on the production and storage of fruit and vegetables. In the drying technology
of biological products, new drying methods applying ultrasound and microwave enhancement
are required [4]. This can significantly reduce the energy consumption, shorten the drying time,
and improve the quality of food by preserving its valuable nutrients (proteins, carbohydrates, vitamins,
and minerals) and visual aspects (color and shape).

The published literature [5-10] indicates that a high-intensity ultrasound is able to improve the
mass and heat transfer processes of dried products. This is especially true for drying materials such
as vegetables and fruits, which are biological materials sensitive to high temperatures. The positive
attributes of such methods have recently led to an innovative ultrasound apparatus being developed [11].
New investigations and possibilities of ultrasound-assisted drying as a result of new dryer application
using ultrasound have been proposed [9,12-16]. A broad review of ultrasound use in drying processes
is presented in [3].
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To describe ultrasound-assisted drying, a number of drying models enabling the assessment of the
drying kinetics and process effectiveness have been developed. The simplest models are the empirical
ones, which interpolate experimental data using exponential functions, e.g., the Weibull model [13].
The models of this type allow the effective diffusion coefficient to be determined. Another group
of models includes the diffusion ones. Some of these models neglect external resistance [17,18],
whilst others consider this resistance [19,20]. These models only describe the mass transfer, and do
not describe the heat transfer. A model that describes simultaneous mass and heat transfer and takes
into account external resistance is described in [21]. Unfortunately, this model does not account for
material shrinkage. This is a drawback, especially when describing drying food. A model taking into
account heat and mass transfer, together with external resistance and material shrinkage, has been
developed by Kowalski and Pawtowski [10,22]. In our article, this model is used to describe the drying
kinetics. Mathematical modeling of the drying process needs to determine the process parameters [23].
To evaluate the drying kinetics according to the model proposed above, it is necessary to determine
the model parameters, namely, the effective coefficients of heat i1 and mass h;, transfer, as well as the
energy source due to ultrasound absorption AQ and the critical moisture content X,,. The main aim
of this work is to present a numerical algorithm for the evaluation of these parameters. In modeling
and simulations of the heat and mass transfer processes in the available literature, the Runge-Kutta
method and ready-made solvers (e.g., implemented in MatLab) are often used [24-26]. This method
of the ordinary differential equations solution is not stable for long-term simulation. Therefore,
the Adams—Bashforth method was used in this work [27]. The model parameters were estimated on
the basis of the ultrasound-assisted drying kinetics realized experimentally. The estimation was based
on the inverse problem solution, obtained by the use of optimization techniques. The non-gradient
Rosenbrock optimization method was chosen because of its efficiency [28].

2. Mathematical Model

Here, drying is considered as a coupled heat and mass transfer process described by a global
model of drying kinetics, that is, a model expressing the variation of the drying material moisture
content and temperature over time. The drying kinetics is described by a system of coupled ordinary
differential equations [10,22]:
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where X is the moisture content (dry basis); T denotes the temperature; m; is the dry mass; A, and
A7 denote the surfaces of mass and heat exchange, respectively; ¢, is the relative air humidity in

ambient air; (p( op 18 the air humidity close to the dried sample surface; pys is the temperature-dependent
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saturated vapor pressure; c; and c; denote the specific heat of dry solid and moisture, respectively; [ is
the latent heat of evaporation; I, and ht denote the mass and heat transfer coefficients, respectively;
and AQ is the heat in the material sample due to the absorption of ultrasonic waves. Both equations
are determined as a result of the mass and energy balances. Equation (1) describes the mass exchange:
The mass accumulation of moisture (left hand side) is equal to the convective moisture mass flux (right
hand side). Equation (2) describes the heat transfer between the dried material and the surrounding
air: The heat accumulation (left hand side) is equal to the heat flux delivered by convection (the first
term to the right hand side) minus the heat consumed by evaporation (the second term to the right
hand side) plus the heat of ultrasonic wave absorption (the third term to the right hand side).

This model of drying kinetics is used to describe the drying of strongly deformable biological
materials, such as fruit and vegetables. Therefore, it is necessary to take into account that such materials
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undergo a large amount of shrinkage during drying. It is assumed that the dried material undergoes
linear volumetric shrinkage according to the following formula:

V=V(X)=[l-ay(Xo-X)]Vo, ®3)

where ay denotes the volumetric shrinkage coefficient, Xy is the initial moisture content, and X
represents the actual moisture content. The surfaces A, and At (Equations (1) and (2)) denote the surfaces
of mass and heat exchange, respectively. If the dried material is placed on a moisture-impermeable
support, the surfaces A;, and At are different. If, on the other hand, the material experiences constant
motion during drying, the evaporation area is not limited. In this case, the heat and mass exchange
occurs through the whole material surface. Then, the surfaces A;, and At are equal. In the rotary
dryer used in our tests (Figure 1), the material is not supported and experiences constant motion,
and both heating and drying take place over the whole surface. Hence, a simple transformation of
Equation (3) gives the area of both mass and heat exchange as a function of humidity, described by the
following equation:

Ap = Ar = A(X) = [1 - ay(Xo — X)]*2A,. (4)

Figure 1. The scheme of the hybrid dryer: 1—blower (fan); 2—AUS controller; 3—AUS preamplifier;
4—microwave feeders; 5—heater; 6—pneumatic valve; 7—air outlet; 8—pyrometer; 9—drum drive;
10—microwave generators; 11—balance; 12—rotatable drum; 13—AUS ultrasound transducer;
and 14—control unit.

At the beginning of drying, the material is heated. Then, usually, two periods can be distinguished
in the drying chart [29] (see Figure 2a).

dxydt dxydt
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Figure 2. Schematic presentation of the drying rate function: (a) Existence of the constant drying
period, and (b) existence of the two stages of the falling drying rate period.
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The first one is called the constant drying rate period (CDRP). During this period, a film of
free moisture exists on the surface of the dried material. The drying rate only depends on external
conditions. During this period, the temperature of the dried material does not change. When the
average moisture content reaches its critical value X, the free moisture film is reduced and the drying
rate decreases. The falling drying rate period (FDRP) starts. During this period, the temperature of the
dried material rises to the equilibrium temperature.

The proposed model enables the description of the material heating, the constant (CDRP), and the
falling (FDRP) drying rate periods. One of the possibilities for describing the above periods using
the mathematical model presented above (Equations (1) and (2)) is the adoption of a discontinuous
function describing the dependence of the relative air humidity at the surface of the dried material
@lop on the moisture content in the dried material X [30]:

1 for Xo = X > Xt
X—Xeg
Plp = Pat (-9 x=x, forXe=XzXy (5)
(Paxleq for Xeq 2 X

where Xy, X, and X, are the initial, critical, and equilibrium values of the moisture contents,
respectively and ¢, is the relative humidity of the drying medium. The critical moisture point X,
describes the transition between the constant drying rate period (CDRP) and the falling drying rate
period (FDRP).

Based on the experimental tests, one can state that during the drying of fruits and vegetables,
no CDRP exists [1]. In some cases, the FDRP period can be divided into two stages [29] (see Figure 2b).
The first stage could be interpreted as a result of a decrease in the dried material surface, which causes
a decrease in the drying rate. During the second drying stage, the drying rate only depends on the
internal mass transfer resistance. To describe these two stages of the FDRP, the following relation is

proposed [30]:
P2+ (1= @e2) ;((__);f:fz for Xo = X > X
Plog =3 Pa+ (@2 _(Pa)ﬁ for Xem 2 X2 Xeg ©)
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where the second critical point (X2, ¢cr2) describes the transition between the two aforementioned
stages of the FDRP.

At a constant total pressure (equal to 0.1 MPa) of humid air, the pressure of saturated vapor pys is
a function of temperature:

pos(T) = 9.61966 x 1074T* — 1.08405264 X T® + 4.61325529 x 1072T?

7
—8.77803513 X 1074T + 6.29588464 x 10°, @

where T is the absolute temperature ranging between 273 and 373 K. This function is obtained by the

interpolation of experimental data presented in [31].

3. Solution Method

The drying kinetics of Equations (1) and (2) should be rearranged to produce the following forms:
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This transformation allows us to present the initial problem in the form of a system of two
nonlinear ordinary differential equations with appropriate initial conditions. This system can be

written as
X —¥(t,X,T) fort >0

@ —tXT) fort>0 . (10)

X(t=0)=Xo T(t=0) =T,

Drying is a long process. Therefore, the solution of the above system of equations requires the use
of an appropriate numerical method for such problems. Therefore, the Adams—Bashforth method was
used to solve the system of Equation (10) [27]. This is an explicit method of solving nonlinear ordinary
differential equations. It is based on Lagrangian polynomial interpolation of the solution. The method
is a non-self-starting multistep one. This means that, in order to use this method, four starting points
must be specified with another numerical method. These points were obtained using the fourth row
Runge-Kutta method [32].

4. Model Parameter Determination

In order to determine the values of the process parameters in the mathematical model, the solution
of the inverse problem is used. It consists of searching for the direct problem solution that is closest to
the experimental results describing the kinetics of the process. The best fit between the experimental
and numerical results is obtained using optimization techniques. Four parameters, which describe the
drying process, are introduced in the mathematical model (Equations (1)—(7)): The heat i1 and mass h,;,
transfer coefficients; the heat source AQ describing the absorption of ultrasonic waves; and the critical
relative humidity ¢¢.

The optimal numerical solution is sought in the quadratic norm. This means that the best fit occurs
when the sum of the squares of the residuals of the experimental and numerical values is the smallest.
However, the numerical values of these differences in the moisture content and the temperature are of
different orders. Therefore, the differences are normalized by dividing them by their maximum values.
As a result, the share of both parameters—the moisture content and the temperature—is of the same
order in the objective function which is defined as follows:

N1 Xnumi = Xexpi \> ( Toumi = Texo,i \2
b 8 ) = Y| i mont ) o (Gem et | a
min
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The search for the minimum of the objective function (11) is a four-parameter optimization
problem. Calculation of the numerical value of this function does not require a long computation time,
but its derivatives in relation to independent variables cannot be determined. Therefore, an appropriate
non-gradient optimization method should be used. The Rosenbrock optimization method was chosen
as the appropriate one to solve the formulated optimization problem [28].

5. Materials and Methods

The proposed method for determination of the model parameters is illustrated for the
ultrasound-assisted convective drying of apple and carrot samples, as examples.

There are two material parameters used in the model, namely, the specific heat of dry solid ¢,
and the volumetric shrinkage coefficient ay. Their values should be determined before starting the
optimization procedure. The value of the material specific heat cs as a function of temperature was
calculated based on formulas described in the literature [33]. The procedure employed for calculating
the specific heat of the moist material was as follows. First, the mass fractions of the components
contained in the apples and carrots were determined on the basis on the data from the National Food
Institute of the Technical University of Denmark [34]. The individual specific heats of all constituents
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as temperature functions (polynomials) were determined on the basis of [33]. Then, the specific heat
of dry matter was obtained as the sum of the products of the individual specific heats and the mass
fractions of the components. The specific heat of the wet material is the sum of the specific heat of
dry matter and the specific heat of water (temperature-dependent) multiplied by the moisture content
X (see Equation (2)). The volumetric shrinkage coefficient, ay, was determined on the basis of an
additional set of experiments. During the experiments, the materials were subject to slow convection
drying. The volumes of fresh material samples were measured before drying and in given time
intervals during the process. The measurement was carried out with the use of the gravimetrical
method based on Archimedes’ law. In this method, the volume is calculated on the basis of weight
measurement in air and water. Due to the amount of water removed by the sample, its weight in water
is less than in air. The weight difference enables the sample volume measurement.

The drying kinetics was determined from the experimental tests carried out in the rotary hybrid
dryer, which allows drying with three different techniques, i.e., hot air, microwaves, and ultrasound used
separately and/or simultaneously. Microwaves were not used during these experiments. The scheme
of the dryer is shown in Figure 1.

The material under first investigation was an apple (Malus domestica cv. Ligol), bought at a local
market and stored in a refrigerator at a temperature of 5 °C prior to the experiments. For each test,
fresh fruits were cut into 10 mm size cubes, and 200 g of such material was taken for drying experiments.
The second material under investigation was a carrot (Daucus carota L. cv. Nantes), bought at the same
place and stored in the same way as apples. The vegetable portion used for drying tests had a similar
shape to the previous one. For each test, fresh carrots were cleaned and cut into slices with a 5 mm
thickness. The amount of material taken for drying experiments was equal to 200 g. All of the tests
were carried out according to the schemes and process parameters listed in Table 1. The air velocity
was controlled by the flow sensor placed in the pipeline between the fan and the drying chamber.
The diameters of the pipe and the drying chamber were different, so the effective air velocity in the
chamber was five times smaller than the velocity in the pipe. The values of both velocities are described
in Table 1.

Table 1. Drying schemes and parameters.

Scheme No. and Abbreviation Convective Drying Parameters Ultrasound Power If Used
Apples
1—CV_404 40 °C, air flow 4 m/s (effective 0.8 m/s) -
2—CVUD_404200 40 °C, air flow 4 m/s (effective 0.8 m/s) 200 W
Carrots
1—CV_502 50 °C, air flow 2 m/s (effective 0.4 m/s) -
2—CV_702 70 °C, air flow 2 m/s (effective 0.4 m/s) -
3—CVUD_502200 50 °C, air flow 2 m/s (effective 0.4 m/s) 200 W
4—CVUD_702200 70 °C, air flow 2 m/s (effective 0.4 m/s) 200 W

The tests for all drying schemes were carried out in triplicate. The initial moisture contents of
the investigated samples were determined using a Precisa XM120 moisture analyzer, and through
drying at 70 °C for 24 h in the chamber drier. The initial moisture content for carrots was equal
to 0.88 + 0.005 kg/kgw, whereas for apples, it was 0.83 + 0.01kg/kgwp. The drying processes were
performed until the final moisture content of the carrots reached 0.05 kg/kg1 and that of the apples
reached 0.1 kg/kgy1,. During drying tests, the controller maintained the set process parameters,
and collected all the data in its internal memory at constant time intervals. Only the material’s
temperature was measured independently using a Dwyer HTDL-30 wireless temperature data logger,
which allowed the collection of this parameter for material placed in a rotating drum. The wireless
Dwyer sensor is a small electronic tube which ends with an elastic thermocouple. The setup was placed
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in a drier drum where the thermocouple was placed inside the samples in its center. The sample was
secured against slipping from thermocouple by a very thin string.

Figure 3 shows the drying kinetics, i.e., the drying curves and the curves of temperature evolution,
obtained experimentally. It is convenient to analyze the drying kinetics with the use of temperature
curves. The drying kinetics of both materials show the presence of a heating period for the material,
the absence of the first drying period (no constant temperature), and the presence of a second drying
period. The drying kinetics of apples shows the existence of the single FDRP curve. In contrast,
the carrot kinetics, especially the change in the temperature rise rate, indicates the existence of two
stages of the FDRP curves.
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Figure 3. Drying kinetics of the ultrasound-assisted convective drying of carrot samples: (a) Drying
curves and (b) temperature evolution curves. Drying kinetics of the ultrasound-assisted convective
drying of apple samples: (c) Drying curves and (d) temperature evolution curves.

The temperature of the drying medium, T,, was about 40, 50, and 70 °C. When ultrasound was
applied in drying schemes CVUD_404200, CVUD_502200, and CVUD_702200, the material temperature
T increased above the drying medium temperature T, due to the absorption of ultrasonic waves.
This phenomenon follows from the additional heat source AQ.

6. Numerical Results

The proposed method of parameter estimation in the drying model was tested using the
experimental data described in the previous paragraph. According to the experimental results,
all of the processes showed no first drying period. Therefore, the values of the critical moisture content
X,y for all drying schemes were assumed to be equal to the initial one Xj.

The drying kinetics of apples did not demonstrate the existence of two stages of the FDRP.
Therefore, Equation (5) describing the FDRP was used in the mathematical model.

Unlike the drying kinetics of apples, the drying kinetics of carrots reveals the existence of two
stages of the FDRP. Therefore, Equation (6) describing these two stages was used in the mathematical
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model. The values of the second critical moisture content X.,» were estimated on the basis of the
drying kinetics (experimental data), and are given in Table 2.

Table 2. Results of the model parameters determination for carrot samples.

Assumed

Value of the
Value

Objective Function
hm (kg/m?s)  hr (J/m?sK) Per2 1) AQW) X (kg/kg) f(hinh1,AQ,Pcr2)

Scheme No. and Calculated Parameters
Abbreviation

1—CV_502 0.000416 24.3 0.191 - 0.3 0.6589
2—CV_702 0.00116 20.8 0.194 - 1.0 0.2682
3—CVUD_502200 0.000773 44.5 0.323 0.584 0.3 0.1048
4—CVUD_702200 0.00140 40.5 0.275 0.887 0.8 0.1219

The Rosenbrock optimization scheme was applied for the determination of the model parameters.
The method requires a starting point in the optimization variable space. The optimization method
is considered to be convergent if it gives the same result, regardless of the assumed starting point.
Therefore, all calculations were carried out using different starting points for the optimization procedure
(i, hr, @er, and AQ). Examples of optimization procedure paths are shown in Figure 4. The chart
shows three optimization paths (red, blue, and green). Each of these paths starts at a different point in
space (points 1, 2, and 3 in Figure 4). For clarity, the chart was made with the standardized variable
ranging from zero to the maximum value occurring during the calculation. Each of these paths was
obtained as a result of the optimization procedure starting from a different point in the optimization
variable space. It was found, regardless of the starting point of the performed calculations, that the
same optimal point was obtained (see Figure 4). This means that the objective function, f, had only one
minimum, and that the proposed algorithm was convergent to this solution.

optimal point

@cr (normalized)

ht (normalized)

0.4 0.6 08 0
hm (normalized)

Figure 4. Optimization paths of the mass and heat transfer coefficients and the critical relative humidity
(hm, ht, and @) (drying scheme CVUD_502200).

The numerical procedure was used to calculate process parameters describing the heat and mass
transfer during all of the performed experimental tests. Examples of the drying kinetics obtained, both
during experiments and by numerical simulations, are shown in Figure 5. The results demonstrate a
good qualitative and quantitative agreement between the experimental and numerical results. It should
be noted that the proposed procedure involves two tasks. The first concerns solving nonlinear equations
for long-term integration of the model equations. The second is the search for the optimal solution.
The performed tests exhibited a good convergence of both tasks, namely, of the initial problem solution
and the optimization method.
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Figure 5. Drying kinetics of ultrasound-assisted convective drying: (a) Drying of apple—drying scheme
CVUD_404200, and (b) drying of carrot—drying scheme CVUD_502200.

Tables 2 and 3 summarize the results of the presented studies. The parameters, which describe
the drying process, namely, the effective coefficients of heat it and mass h;, convective transfer,
the additional heat source AQ, and the critical relative humidity ¢.,,, were determined using the
optimization procedure described previously (in the section on the estimation of model parameters).
It was found that ultrasound application improves all parameters (,, ht, and @.») describing the
convective heat and mass transfer between the samples and the drying medium. It was also found that
the heating effect of ultrasound application caused by the ultrasound’s absorption AQ was very small.
The power of the energy absorbed was less than 1% of the ultrasound generator’s power.

Table 3. Results of the model parameter determination for apple samples.

Value of the Objective
Scheme No. and Calculated Parameters .
Abbreviation Function f(hu,hr,AQ,Xcr)
I (kg/m?s) ht (J/m?sK) AQ (W)
1—CV_404 0.000501 225 - 0.1235
2—CVUD_404200 0.000843 29.4 0.158 0.1321

7. Discussion

The described method has been used by the authors to determine the coefficient of the mass
transfer of strawberries [35], raspberries [36], and green pepper [37]. The mass transfer coefficient in
the case of convective drying was equal to 8.61 x 10™>, 1.73 x 107, and 2.80 x 10~* kg/m? s, for the
strawberries, raspberries, and green pepper, respectively. The application of ultrasound resulted in an
increase of the coefficient by 96% for the strawberries, 45% for the raspberries, and 26% for the green
pepper. These results indicate that the mass transfer coefficient depends on the material to be dried.
The values of the coefficient of the mass transfer obtained in the present work presented in Tables 2
and 3 are an order of greater value. This results from the differences in the movement of the material in
the dryer. The pouring of the material in rotating cylinder construction improves the heat and mass
transfer. The obtained results show that both estimated transfer coefficients depend on the material to
be dried, the dryer construction, and the drying conditions.

8. Conclusions

In this article, an optimization procedure is proposed for determination of the coefficient in the
drying model used by the authors. The coefficients of the effective heat and mass transfer by convective
drying and convective drying enhanced with ultrasound are introduced. The presented drying model
and the method of coefficient estimation enable the description of the single stage of the falling drying
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period (FDRP) (drying of apples) and two stages of the falling drying rate period (FDRP) (drying of
carrots) for the drying processes of bio-products. The performed tests showed a good convergence
of the solution and the optimization methods. The good quality of the solution was confirmed by
the compliance of the model results with the experimental results (Figure 5). The application of the
Adams—Bashforth method resulted in solution compatibility, especially in the part describing the
transition between the drying periods and in the part of the solution describing the end of the process.
The good quality of the applied optimization scheme was confirmed by the convergence of the solution
at one point, regardless of the starting point in the variable space (Figure 4). The quality of both the
equation solving procedure and the optimization procedure was quantified by the low value of the
objective function (Tables 2 and 3).

The kinetic parameters determined from the numerical calculation showed the positive influence of
convective drying with ultrasound enhancement for both tested materials. The results of the performed
calculations confirm that absorption of the air-borne ultrasound energy into the dried material is very
small. The method presented in this article was shown to be very efficient for determination of the
heat and mass transfer processes based on the presented model of drying kinetics. This model could
be easily extended to other complex drying processes, for example, hybrid drying based on several
drying techniques.

Author Contributions: Conceptualization, G.M. and M.S.; methodology, G.M. and M.S.; software preparation,
M.S.; experiments D.M.; numerical calculation, M.S.; results visualization D.M. and M.S.; writing—original draft
preparation, G.M.; writing—review and editing, M.S., G.M., and D.M. All authors have read and agreed to the
published version of the manuscript.

Funding: This work was supported by the Polish Ministry of Science and Higher Education.
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Nomenclature

Symbol Designation Unit

Cs specific heat of dry solid J/kgK
C specific heat of moisture (water) J/kgK
f objective function 1

hy mass transfer coefficient kg/mzs
hr heat transfer coefficient J/m?2sK
l latent heat of evaporation Jikg

ms dry mass kg

Pos saturated vapor pressure Pa

t time s

A surface of sample m?

Ao initial surface of sample m?

A surface of mass exchange m?

AT surface of heat exchange m?

MC moisture content dry basis kg/kgap
T absolute temperature K

Ty initial temperature K

T, ambient air temperature K

Texp experimental value of temperature K

Tmax maximal value of temperature K

T'min minimal value of temperature K
Thum numerical value of temperature K

Vv volume of sample m?

Vo initial volume of sample m3
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Symbol Designation Unit

X moisture content dry basis kg/kgan

Xo initial moisture content dry basis kg/kgqp

Xer critical moisture content dry basis kg/kgab

X second critical moisture content dry basis kg/kgap

Xeq equilibrium moisture content dry basis kg/kgan

Xexp experimental value of moisture content kg/kgan

Xmax maximal value of moisture content kg/kgqp

Xmin minimal value of moisture content kg/kgdb

Xnum numerical value of moisture content kg/kgap

ay volumetric shrinkage coefficient 1

Q relative air humidity 1

Qa relative air humidity in ambient air 1

(p| B air humidity close to the dried sample surface 1

Per2 second critical air relative humidity 1

AQ heat due to absorption of ultrasonic waves ~ W

(X, t) function—simplifying designation kg/s

¥(t, X, t) function—simplifying designation K/s
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