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Abstract: The exergy destruction due to the irreversibility of the combustion process has been 

regarded as one of the key losses of an internal combustion engine. However, there has been little 

discussion on the direct relationship between the exergy destruction and the work output potential 

of an engine. In this study, an analytical approach is applied to discuss the relationship between the 

exergy destruction and efficiency by assuming a simple thermodynamic system simulating an 

internal combustion engine operation. In this simplified configuration, the exergy destruction 

during the combustion process is mainly affected by the temperature, which supports well-known 

facts in the literature. However, regardless of this exergy destruction, the work potential in this 

simple engine architecture is mainly affected by the pressure during the combustion process. In 

other words, if these pressure conditions are the same, increasing the system temperature to reduce 

the exergy destruction does not lead to an increase in the expansion work; rather, it only results in 

an increase in the remaining exergy after expansion. In a typical internal combustion engine, 

temperatures before combustion timing must be increased to reduce the exergy destruction, but 

increasing pressure before combustion timing is a key strategy to increase efficiency. 

Keywords: combustion; exergy; exergy destruction; internal combustion engine; simple expansion 

work 

 

1. Introduction 

To satisfy either the strengthened fuel economy or carbon dioxide emission standards, many 

studies have been conducted to improve the internal combustion (IC) engine efficiency [1–3]. At the 

same time, studies are being conducted to analyze the inefficient factors in an IC engine. The 

analysis method of an IC engine can be divided into an energy analysis and an exergy analysis. The 

energy analysis is a method of analyzing how the lower heating value of the fuel is converted into 

work, heat, and exhaust energy [4,5]. However, the energy analysis has a drawback in that the 

quality difference between work and heat cannot be considered. To overcome these drawbacks, 

analysis using the exergy concept is being performed. Exergy is the maximum work that can be 

achieved by an interaction between the system and the environment [6]. Thus, the exergy can 

represent the quality difference between the work and heat. For example, even if the same amount of 

heat is transferred into the system, the increment of exergy is affected by the temperature of the 

system [7]. Therefore, some studies simultaneously perform the exergy analysis to discuss the 

available work in the IC engine operation, in addition to the energy analysis [7–10]. 
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Exergy can be destroyed through an irreversible process, which means the available work of the 

system can decrease. There are several intrinsic irreversible processes in a spark-ignition (SI) engine, 

such as fuel and air mixing, combustion [6,11,12], and heat transfer [13]. Many previous studies have 

shown that the exergy destruction of IC engines occurs mainly during the combustion process. 

Approximately 20% of the chemical exergy of fuel is destroyed during the combustion process 

[7,11,12], and studies have been conducted to suggest strategies to reduce the exergy destruction 

during the combustion process since this exergy destruction leads to a reduction in the system’s 

available work [14,15]. These previous studies suggest increasing the temperature during the 

combustion process in order to reduce the exergy destruction by combustion. Increasing the 

temperature at which combustion occurs reduces the exergy destruction by the intermolecular heat 

transfer occurring at finite temperature differences during the combustion process [16]. However, 

strategies to reduce the exergy destruction do not necessarily lead to an increase in the IC engine 

efficiency [10,17,18]. This is because exergy represents the maximum work that can be obtained by a 

theoretical interaction between the system and environment; it does not consider the specific work 

extraction methods. In a real system, it is not always possible to turn a thermodynamic state of the 

system into an environment state through a reversible process. 

In an IC engine, the sensible energy of the in-cylinder mixture is increased by the combustion 

process and then converted to the work through the expansion process. In this system, the 

maximum work that can be obtained is the pressure-volume work through the adiabatic expansion 

process [19,20]. Since the process to obtain the maximum work of the system is limited, the 

thermodynamic state of the mixture cannot be converted to the environmental thermodynamic state 

in a given architecture. This leads to the important points that it is not possible to convert all the 

thermomechanical exergy to a pressure-volume work and, therefore, there is no one-to-one 

relationship between the exergy destruction and the efficiency in an IC engine operation. As a result, 

a strategy for reducing the exergy destruction during the combustion process presented in previous 

studies may not necessarily lead to an efficiency increase. In addition, these studies did not explain 

how reducing the exergy destruction during the combustion process affects the efficiency. 

This study aims to analyze the factors that reduce the exergy destruction and the factors that can 

increase the pressure-volume work in the simplified IC engine system. Then, the relationship between 

exergy destruction and pressure-volume work will be discussed in various initial thermodynamic state 

and compression ratio conditions. Especially, the analysis regarding asymmetric compression and 

expansion ratio is related to the Miller cycle or Atkinson cycle, which is applied in a modern IC engine, 

and will provide an explanation on its efficiency benefit and exergy destruction characteristic, as 

compared to those of the Otto cycle at the same compression ratio. 

The main body of the paper is written in the following order. In Section 2, we introduce a 

simplified system to model and analyze the IC engine. Subsequently, in Section 3, the exergy 

destruction and pressure-volume work of the system are expressed analytically. Then, in Section 4, 

the effect of the initial thermodynamic states and compression ratio on exergy destruction and 

pressure-volume work is derived of an analytic form. Finally, in Section 5, the change in the exergy 

destruction and pressure-volume work according to the various work input method to the initial 

mixture are calculated through the simulation using a specific fuel. 

2. System Description and Assumptions 

2.1. System Description 

In this study, we considered a simple IC engine operation consisting only of the compression, 

combustion, and expansion processes without an additional compounding system in order to 

exploit either the remaining chemical exergy or the waste heat in the product gas. Therefore, there is 

only pressure-volume work available in this system. We simplified each process of the IC engine by 

applying an analytical approach to the system as follows. First, the initial reactant gas was 

compressed; then, the combustion process occurred under constant internal energy and volume at 

the top dead center. Finally, the burned gas was expanded to the mechanical equilibrium state with 
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the environment to account for the full potential of the pressure-volume work through expansion 

[21,22], although in a typical IC engine the gas expands by the expansion ratio as determined by the 

engine geometry. Figure 1 shows each process of the simplified system. The initial state of the 

system is state 1, the compressed state or the beginning of the combustion state is state 2, the end of 

combustion is state 3, and the state characterizing the expanded state of the gas after combustion 

into the mechanical equilibrium state where the environment is defined as state 3 m. Despite their 

simplicity, the suggested processes can capture most of the fundamental aspects of the IC engine 

operation by performing an exergy analysis. 

 

Figure 1. System configuration. 

2.2. Major Assumptions 

In this section, the major assumptions for each process and working fluid, which are made to 

derive the analytical expressions for the thermodynamic analysis of the system, were explained. 

2.2.1. Adiabatic System Assumption 

In a typical IC engine operating condition, the system temperature is higher than the 

environment temperature. Therefore, if the heat transfer occurs, the system pressure-volume work is 

decreased. When all processes are assumed to be an adiabatic process, the maximum 

pressure-volume work from the system could be obtained. 

2.2.2. Constant Internal Energy and Volume Combustion Assumption 

In a real IC engine, since the combustion process occurs over a finite time, the volume of the 

system changes during the combustion process. The change in volume during the combustion 

process can be similarly understood as there is a change in the initial condition and compression 

ratio for an infinitesimal mass burned. Thus, this study assumes that the combustion process occurs 

at a constant volume. Furthermore, this combustion process assumption can extract the maximum 

work in an IC engine [23–25]. 

2.2.3. Uniformly Distributed Thermodynamic State 

It is assumed that the state inside the system is uniform. This quasi-dimensional modeling 

method has been widely used for modeling IC engines [26–28]. If the thermodynamic states inside 

the system are uniform, then diffusion or convection does not occur inside the system. In addition, 

under constant internal energy and volume combustion assumption and an adiabatic assumption, 

the assumption of a uniform state does not affect the results because there is no interaction with the 

environment during each process. 

In addition to the above assumptions, the working fluid is assumed to be an ideal gas mixture. 

The enthalpy, heat capacity, entropy, and chemical potential of the mixture are expressed using pure 

species values and Dalton's mixture rule. This assumption is a common assumption in engine 

modeling and does not strongly impact simulating real gases [29]. 
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3. The Analytic Expression of Exergy Destruction and Simple Expansion Work 

3.1. Exergy Destruction 

The exergy destruction during the combustion process can be calculated using the entropy 

generation of a chemical reaction. 

𝑋𝑑𝑒𝑠𝑡 = 𝑇𝑜 ⋅ 𝑠𝑔𝑒𝑛, (1) 

The entropy generation can be obtained using the composition of the system and the chemical 

potential of the species under the constant internal energy and volume condition. From the TdS 

equation, the entropy changes in the uniform state system, which correspond to entropy generation 

under a given condition, can be written as Equation (2) [30]. In Equation (2), T is the system 

temperature, dS is an infinitesimal entropy generation, 𝜇𝑖 is the chemical potential of species i, and 

dNi is an infinitesimal mole number change of species i. 

𝑇d𝑆 =  − ∑ 𝜇𝑖d𝑁𝑖𝑖 , (2) 

The procedure for calculating the chemical potential of each species in Equation (2) is 

discussed below. First, using the Gibbs-Helmholtz equation, the chemical potential changes of each 

species are determined by the temperature change at constant pressure. In Equation (3), hi is the 

enthalpy of species i. 

𝜕

𝜕𝑇
(

𝑁𝑖𝜇𝑖

𝑇
)

𝑝
= −

𝑁𝑖ℎ𝑖

𝑇2 , (3) 

𝜇𝑖(𝑝𝑜,𝑇)

𝑇
=

𝜇𝑖(𝑝𝑜,𝑇𝑜)

𝑇𝑜
+ ∫ −

ℎ𝑖(𝑝𝑜,𝑇′)

𝑇′2 d𝑇′𝑇

𝑇𝑜
, (4) 

The enthalpy of each species can be written as Equation (5). In Equation (5), cp is a specific heat 

at constant pressure of species i, and ℎ𝑜,𝑖
𝑓

 is an enthalpy of formation of species i. 

ℎ𝑖 = ℎ𝑜,𝑖
𝑓

+ ∫ 𝑐𝑝,𝑖(𝑇′)d𝑇′𝑇

𝑇𝑜
, (5) 

The chemical potential of each species at temperature T and pressure p can be expressed by 

using the chemical potential at temperature T and pressure po via the Gibbs-Duhem equation. 

d𝜇𝑖 = −𝑠𝑖d𝑇 + 𝑣𝑖d𝑝, (6) 

Here, vi is the specific volume of each species, and the assumptions in Section 2 are used, 

which can be written as follows: 

𝑣𝑖(𝑝𝑖 , 𝑇) = 𝑅𝑇 𝑝𝑖⁄ , (7) 

𝑝𝑖 = 𝑥𝑖 ⋅ 𝑝, (8) 

𝜇𝑖(𝑝, 𝑇) = 𝜇𝑖(𝑝𝑜, 𝑇) + 𝑅𝑇 ln(𝑝𝑖 𝑝𝑜⁄ ), (9) 

Using Equations (4) and (9), the chemical potential at temperature T and pressure p can be 

expressed as the chemical potential at the reference state, the enthalpy of formation, the specific 

heat at constant pressure, and the partial pressure of each species. The chemical potential at the 

reference state is expressed as Equation (11). In Equation (11), so,i is the entropy of species i at 

reference state. 

𝜇𝑖(𝑝,𝑇)

𝑇
=

𝜇𝑖(𝑝𝑜,𝑇𝑜)

𝑇𝑜
+ 𝑅 ln

𝑝𝑖

𝑝𝑜
+ ℎ𝑜,𝑖

𝑓
(

1

𝑇
−

1

𝑇𝑜
) + ∫ −

∫ 𝑐𝑝(𝑇′′)d𝑇′′𝑇′
𝑇𝑜

𝑇′2 d𝑇′𝑇

𝑇𝑜
, (10) 

𝜇𝑖(𝑝𝑜, 𝑇𝑜) = ℎ𝑜,𝑖
𝑓

− 𝑇𝑜𝑠𝑜,𝑖, (11) 

Finally, in Equation (2), the entropy change of a single zone system during the combustion 

process can be expressed using Equations (10) and (11). 

d𝑆 = − ∑ [−𝑠𝑜,𝑖 +
ℎ𝑜,𝑖

𝑓

𝑇
+ 𝑅 ln 𝑥𝑖 + 𝑅 ln

𝑝

𝑝𝑜
− ∫

∫ 𝑐𝑝(𝑇′′)d𝑇′′𝑇′
𝑇𝑜

𝑇′2 d𝑇′𝑇

𝑇𝑜
] d𝑁𝑖𝑖 , (12) 
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Entropy generation and exergy destruction can be obtained by integrating Equation (12) 

during the combustion process. Detailed integration procedure is shown in Appendix B. The 

entropy generation when 1 mole of reactant is burned during the combustion process is shown in 

Equation (13). In Equation (13), so,rxn is the entropy difference between the reactant and the product 

at reference state, 𝑐𝑝̅,𝑟 is the average specific heat at constant pressure of the reactant, 𝑐𝑝̅,𝑝 is the 

specific heat at constant pressure of the reactant, and Nratio is the ratio of the mole numbers between 

the product and reactant. 

𝑠𝑔𝑒𝑛 =  𝑠𝑜,𝑟𝑥𝑛 − (∫
𝑐𝑝̅,𝑟(𝑇)

𝑇
d𝑇

𝑇2

𝑇𝑜
− 𝑅 𝑙𝑛

𝑝2

𝑝𝑜
) + 𝑁𝑟𝑎𝑡𝑖𝑜 (∫

𝑐𝑝̅,𝑝(𝑇)

𝑇
d𝑇

𝑇3

𝑇𝑜
− 𝑅 𝑙𝑛

𝑝3

𝑝𝑜
), (13) 

The exergy destruction during the combustion process could be written as Equation (14). 

𝑋𝑑𝑒𝑠𝑡 = 𝑇𝑜 ⋅ 𝑠𝑜,𝑟𝑥𝑛 − 𝑇𝑜 (∫
𝑐𝑝̅,𝑟(𝑇)

𝑇
d𝑇

𝑇2

𝑇𝑜

− 𝑅 ln
𝑝2

𝑝𝑜
) 

+𝑁𝑟𝑎𝑡𝑖𝑜 ⋅ 𝑇𝑜 (∫
𝑐𝑝̅,𝑝(𝑇)

𝑇
d𝑇

𝑇3

𝑇𝑜
− 𝑅 ln

𝑝3

𝑝𝑜
), 

(14) 

3.2. The System’s Net Work 

As shown in Figure 2, the net work of the system is given as the difference between Work 1 and 

Work 2. Work 2 is what can be achieved when expanding the gas in state 1 to the mechanical 

equilibrium state with the environment, which can be expressed as XTM,1m − XTM,1m. Work 1, the 

isentropic pressure-volume work, can be obtained by the work obtained through expansion minus 

the work required for compression, which can be expressed as Wexpn − Wcomp. Therefore, the system’s 

net work is as follows: 

𝑊𝑛𝑒𝑡 = 𝑊𝑒𝑥𝑝𝑛 − 𝑊𝑐𝑜𝑚𝑝 − 𝑁𝑟𝑒𝑎𝑐𝑡(𝑋𝑇𝑀,1 − 𝑋𝑇𝑀,1𝑚), (15) 

 

Figure 2. Pressure-volume work in the system from an initial state. 

The difference between Work 2 and Work 1 is defined as the system’s net work, which is an 

additional pressure-volume work that can be obtained by combustion. To understand the 

relationship between the exergy destruction and the pressure-volume work, this additional 

pressure-volume work is defined as the system’s net work. Wexpn is the thermomechanical exergy 

difference between the before and after expansion. Wcomp can be calculated as the thermomechanical 

exergy difference before and after compression. 

𝑊𝑒𝑥𝑝𝑛 = 𝑁𝑝𝑟𝑜𝑑 ⋅ (𝑋𝑇𝑀,3 − 𝑋𝑇𝑀,3𝑚), (16) 

𝑊𝑐𝑜𝑚𝑝 = 𝑁𝑟𝑒𝑎𝑐𝑡 ⋅ (𝑋𝑇𝑀,2 − 𝑋𝑇𝑀,1), (17) 

The system’s net work per one mole of reactant is calculated as follows: 

𝑤𝑛𝑒𝑡 = 𝑁𝑟𝑎𝑡𝑖𝑜 ⋅ (𝑋𝑇𝑀,3 − 𝑋𝑇𝑀,3𝑚) − (𝑋𝑇𝑀,2 − 𝑋𝑇𝑀,1𝑚), (18) 

Using the definition of thermomechanical exergy, a constant internal energy and volume 

combustion assumption, and an isentropic relation, Equation (18) can be rewritten as Equation (19). 
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𝑤𝑛𝑒𝑡 =  −𝑁𝑟𝑎𝑡𝑖𝑜ℎ3𝑚 + ℎ1𝑚, (19) 

The system’s net work can be written as Equation (20) using the heat of reaction, specific heat at 

constant pressure of reactant and product, and temperature at a mechanical dead state. 

𝑤𝑛𝑒𝑡 = ℎ𝑜,𝑟𝑥𝑛 − 𝑁𝑟𝑎𝑡𝑖𝑜 ⋅ ∫ 𝑐𝑝̅,𝑝(𝑇)𝑑𝑇
𝑇3m

𝑇𝑜
+ ∫ 𝑐𝑝̅,𝑟(𝑇)𝑑𝑇

𝑇1𝑚

𝑇𝑜
, (20) 

4. Exergy Destruction and System’s Net Work Sensitivity 

In Section 3, the exergy destruction by combustion and the system’s net work are analytically 

expressed. The exergy destruction and system’s net work derived in Section 3 are affected by the 

type of fuel, the constant pressure specific heat capacity of the mixture, and the temperature and 

pressure before and after combustion. This study aims to discuss the exergy destruction and 

pressure-volume work that typical IC engine operation. The results in Section 3 show that the 

temperature and pressure at before combustion timing affect exergy destruction and 

pressure-volume work for certain fuels. These thermodynamic conditions depend on the 

temperature and pressure of state 1 and the compression ratio. Therefore, in this section, we 

analyzed the effect of state 1 temperature, pressure, and compression ratio on exergy destruction 

and system’s net work in an analytic method. 

4.1. Initial Temperature 

In this section, the change in the exergy destruction and the system’s net work caused by the 

combustion process when the temperature of the initial state changes is examined. The detailed 

derivation is described in Appendix C. The effects of the initial temperature on the exergy 

destruction and system’s net work is shown in Equations (21) and (22), respectively. 

𝜕𝑋𝑑𝑒𝑠𝑡

𝜕𝑇1
=

𝑇𝑜

𝑇1
𝑐𝑣̅,𝑟(𝑇1) [𝛾𝑟(𝑇1)(𝑁𝑟𝑎𝑡𝑖𝑜 − 1) + (

𝑇2

𝑇3
− 𝑁𝑟𝑎𝑡𝑖𝑜)], (21) 

𝜕𝑤𝑛𝑒𝑡

𝜕𝑇1
= −

𝑐𝑣̅,𝑟(𝑇1)

𝑇1
[𝑇3𝑚 ((𝛾𝑟(𝑇1) − 1)𝑁𝑟𝑎𝑡𝑖𝑜 +

𝑇2

𝑇3
) − 𝑇1m ⋅ 𝛾𝑟(𝑇1)], (22) 

We have seen how the exergy destruction changes as the initial temperature changes. If the number 

of moles does not change before and after the combustion, Equation (21) can be written as follows: 

𝜕𝑋𝑑𝑒𝑠𝑡

𝜕𝑇1
=

𝑇𝑜

𝑇1
𝑐𝑣̅,𝑟(𝑇1) [(

𝑇2

𝑇3
− 1)], (23) 

In a typical IC engine, the temperature increases during the combustion process, so increasing 

the initial temperature reduces the exergy destruction. If the number of moles before and after the 

reaction changes, the exergy destruction decreases as the initial temperature increases in the 

reaction, which satisfies the Inequality (24). 

𝑁𝑟𝑎𝑡𝑖𝑜 ≤
𝛾𝑟(𝑇1)−𝑇2 𝑇3⁄

(𝛾𝑟(𝑇1)−1)
, (24) 

Therefore, in reactions with a reduced number of moles, such as a hydrogen-air mixture, exergy 

destruction always decreases with increasing initial temperature. Even if the number of moles increases, 

the exergy destruction still decreases with increasing initial temperature if the condition in the Inequality 

(24) is satisfied. Figure 3 shows the above conditions according to γr(T1) and the temperature ratio before 

and after combustion. Here, if Nratio is greater than Nratio,c then initial temperature increases could rather 

lead to an increase in exergy destruction during the combustion process. 
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Figure 3. The critical molar ratio between the product and the reactant along with the temperature 

ratio and the specific heat ratio. 

The stoichiometric mixture of iso-octane and air had a molar ratio of approximately 1.05 before and 

after the reaction. Therefore, when the temperature ratio before and after the reaction was 

approximately 0.98 or greater, the effect of the initial temperature on the exergy destruction was 

changed. However, it was not possible to achieve this temperature ratio by combustion of the 

stoichiometric mixture under typical IC engine operating conditions. This explains why the exergy 

destruction decreased under typical IC engine operating conditions with increased initial temperature. 

Next, the effect of the initial temperature on the system’s net work was investigated. Equation 

(22) is summarized as shown in Inequality (25). The detailed procedure is shown in Appendix C. 

𝜕𝑤𝑛𝑒𝑡

𝜕𝑇1
≤ −𝑐𝑝̅,𝑟(𝑇1)

𝑇1m

𝑇1
⋅ 𝑓(𝑝𝑟), 

𝑤ℎ𝑒𝑟𝑒, 𝑓(𝑝𝑟) = [(
𝑝2

𝑝𝑜
)

1

𝛾𝑝(𝑇3)
 − 

1

𝛾𝑟(𝑇1m)
(

𝑝2

𝑝3
)

−
1

𝛾𝑝(𝑇3)
(1 −

1

𝛾𝑟(𝑇1)
(1 −

𝑝2

𝑝3
)) − 1], 

(25) 

If the value inside the square bracket on the right side of Inequality (25) was positive, the 

system’s net work decreased as the initial temperature increased. Therefore, in order to examine the 

condition in which the value of f(pr) is positive, the value of f(pr) was calculated along with the 

pressure ratio, as shown in Figure 4. 

 

Figure 4. The effect of the pressure ratio and the specific heat ratio on the net work sensitivity of the 

initial temperature. 

As shown in Figure 4, the value inside the square bracket was positive when the specific heat 

ratio of the product in state 3 was smaller than the reactant in state 1 m, regardless of the pressure 

ratio before and after combustion. In hydrocarbon fuels, which are mainly used in the IC engine, 

the specific heat ratio of the product was typically greater than that of the reactants at the same 
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temperature. However, as the temperature increased, the specific heat ratio decreased by activating 

the vibrational energy mode of each molecule. Therefore, as shown in Figure 5, γp(T3) was smaller 

than γr(T1m) when comparing the specific heat ratio of the product at the temperature after 

combustion and the specific heat ratio of the reactant at the temperature before combustion. As a 

result, the system’s net work decreased as the initial temperature increased. 

 

Figure 5. Specific heat ratio of iso-octane/air mixture and hydrogen/air mixture. 

4.2. Initial Pressure 

By the ideal gas assumption, the specific heat capacity of the gas is not affected by the pressure. 

This assumption was used for calculating how the exergy destruction and system’s net work are 

affected by the initial pressure. Detailed procedures are described in Appendix D. 

𝜕𝑋𝑑𝑒𝑠𝑡

𝜕𝑝1
=

𝑅𝑇𝑜

𝑝1
(1 − 𝑁𝑟𝑎𝑡𝑖𝑜), (26) 

𝜕𝑤𝑛𝑒𝑡

𝜕𝑝1
=

𝑅

𝑝1
(𝑁𝑟𝑎𝑡𝑖𝑜𝑇3m − 𝑇1m), (27) 

If the number of moles before and after the combustion does not change, then the initial 

pressure does not affect the exergy destruction. If the number of moles before and after combustion 

is different, the exergy destruction is affected by the initial pressure and the ratio of the mole 

numbers between the product and reactant. This can be understood through Equation (A51). When 

the initial pressure is increased, the difference between the entropy change of reactant before 

combustion and the entropy change of product after combustion affects the entropy generation. 

When the initial pressure is increased, the decrease of entropy per reactant one mole and the 

decrease of entropy per product one mole are the same as shown in Appendix D. However, the 

entropy generation is affected by the initial pressure because the mole of product varies depending 

on the fuel when the one mole of reactant is burned. The exergy destruction was calculated when 

the initial pressures of iso-octane/air and hydrogen/air mixtures were increased under the complete 

combustion assumption, as shown in Figure 6. The iso-octane-air mixture with increasing molar 

numbers after combustion decreases the exergy destruction as the initial pressure increased, while 

the hydrogen-air mixture shows the opposite trend. 
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Figure 6. The exergy destruction changes of iso-octane and hydrogen combustion along with the 

initial pressure. 

Next, we examined the effect of the initial pressure on system’s net work. Equation (27) can be 

rewritten as shown in Inequality (28), with the detailed procedure described in Appendix D. In 

Inequality (28), state 3s means that the gas in state 3 expands until it has the same pressure as that 

in state 2. 

𝜕𝑤𝑛𝑒𝑡

𝜕𝑝1
≥

𝑅𝑇1m

𝑝1
(

𝑉3𝑠

𝑉3
− 1), (28) 

In a typical system, the pressure increases during the combustion process, so the system must 

expand to have the same pressure at the before combustion pressure. It means the volume at state 

3s is larger than volume at state 3. Thus, the right side of Inequality (28) is greater than zero. 

Therefore, in a constant internal energy and volume combustion system, the system’s net work 

increases as the initial pressure increases. Thus, the pressure-volume work that can be additionally 

obtained as the constant internal energy and volume combustion system increases through the 

combustion process. 

4.3. Compression Ratio 

In the previous two cases, the effects of the mixture’s initial thermodynamic state on the exergy 

destruction and the system’s net work under a given geometrics condition were examined. In this 

section, we examined how the exergy destruction and system’s net work caused by combustion change 

with the compression ratio when the initial mixture state is fixed. In the same thermodynamic state of 

the initial mixture, the effects of the elevated temperature and pressure before combustion due to the 

additional work during the compression process on the exergy destruction and the system’s net work 

were examined. The detailed procedure was included in Appendix E. 

𝜕𝑋𝑑𝑒𝑠𝑡

𝜕𝐶𝑅
=

𝑅𝑇𝑜

𝐶𝑅
𝑁𝑟𝑎𝑡𝑖𝑜 [

𝑝2

𝑝3
− 1], (29) 

∂wnet

𝜕𝐶𝑅
=

𝑅𝑇2𝑚

𝐶𝑅
𝑔(𝑇𝑟), 

(30) 
𝑤ℎ𝑒𝑟𝑒, 𝑔(𝑇𝑟) = [

𝑇3𝑚

𝑇2𝑚
⋅ (−

𝑇2

𝑇3
+ 𝑁𝑟𝑎𝑡𝑖𝑜) + (𝑁𝑟𝑎𝑡𝑖𝑜 − 1)𝛾𝑟(𝑇2)], 

Since the pressure at the end of combustion is higher than that at the start of combustion when 

a typical hydrocarbon is burned under constant internal energy and volume combustion conditions, 

the exergy destruction decreases as the compression ratio increases. 

The effect of the compression ratio on the system’s net work depends on the molar ratio before 

and after combustion. If the moles of the product are greater than or equal to the moles of the 

reactant, the system’s net work always increases as the compression ratio increases, which is the 

case with typical hydrocarbon fuels. However, if the moles of the product are less than the moles of 

the reactant, the tendency now depends on the temperature ratio before and after combustion. To 

understand this latter effect, the sensitivity of the compression ratio in the hydrogen-air mixture 
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was also examined. On the right side of Equation (30), we investigated how the value of g(Tr) was 

affected by the temperature before combustion as shown in Figure 7. 

 

Figure 7. The effect of the temperature ratio and pressure before combustion on the net work 

sensitivity of the compression ratio. 

When the values of g(Tr) were calculated by varying the temperature and pressure before 

combustion, the values in the square bracket were greater than zero under all the calculated 

conditions. Therefore, even when using fuels for which molar number decreased after the 

combustion, such as hydrogen, the system’s net work increased as the compression ratio increased 

under typical IC engine operating conditions. As a result, under typical IC engine operating 

conditions, increasing the compression ratio reduced the exergy destruction during the combustion 

process as well as increased the system’s net work. 

5. System Simulation 

In Section 4, we analytically investigated the effect of the initial thermodynamic state and 

compression ratio on the exergy destruction and the system’s net work. In this section, we examined 

how the exergy destruction and the system’s net work changed when the thermodynamic state of 

the initial mixture changes, using the fuel-air mixture typically used for an IC engine modeling. 

When changing the thermodynamic state of the initial mixture with isobaric heating, isothermal 

compression, and isentropic compression, the exergy destruction, and the system’s net work were 

examined along with the work input to change the thermodynamic state. It was assumed that the 

initial mixture is obtained by supplying the energy to the mixture at a thermomechanical dead state. 

The minimum work required to change the thermodynamics state of the initial mixture in three 

ways is the same as the thermomechanical exergy of state 1. The thermodynamic state and species 

composition of the environment required to calculate the exergy are shown in Table 1. The fuel used 

in this simulation was iso-octane, and the properties were taken from the information provided by 

Lawrence Livermore National Laboratory [31]. 

Table 1. Thermodynamic state and composition of the environment state. 

Pressure (atm) 1 

Temperature (K) 298.15 

𝑋𝐶𝑂2
 (−) 0.00037 

𝑋𝐻2𝑂 (−) 0.03 

𝑋𝑂2
 (−) 0.7666 

𝑋𝑁2
 (−) 0.203 

Figure 8 shows how the pressure and temperature of the initial mixture change with respect to 

the work input. Each marker indicated the work input at intervals of 0.01 for the chemical exergy of 

the initial mixture. Figure 8 shows how the thermodynamic state of the initial mixture changes 

through each process when the same work input is applied. If there is also another process that 
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changes the thermodynamic state of the initial mixture, it can be understood as the sum of the initial 

pressure change effect and the initial temperature change effect. 

 

Figure 8. Initial thermodynamic state change by each process. 

First, the effect of the initial mixture thermodynamic state change process on the exergy 

destruction during the combustion process was investigated. Figure 9 shows how the exergy 

destruction via combustion changes for the minimum energy required us to change the initial 

mixture’s thermodynamic state. When the thermodynamic state of the initial mixture was altered in 

three ways, the isobaric heating process was the most effective way to reduce exergy destruction for 

the same work input. The next effective method was the adiabatic compression process and 

changing the state of the initial mixture with isothermal compression has little effect on the exergy 

destruction. Increasing the compression ratio reduced the exergy destruction during the combustion 

process for all initial mixture preparation methods. These results show that the temperature before 

combustion had a major effect on exergy destruction, as discussed in an analytical form in Section 4. 

Therefore, the exergy destruction during the combustion process was greatly reduced in the case of 

isobaric heating, adiabatic compression, and high compression ratio, which could increase the 

temperature before combustion. 

 

Figure 9. The exergy destruction under various initial thermodynamic states with a different 

compression ratio. 
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As described in many previous studies, this result shows that strategies to increase the reactant 

temperature would be effective in reducing the exergy destruction during the combustion process. 

When the exergy destruction was reduced, more of the chemical exergy of the fuel was converted to the 

thermomechanical exergy of the system. In the following paragraphs, we investigated whether this 

increased work potential could be cascaded down to the increased system’s net work in the engine 

architecture. The pressure-volume work obtained when the system expanded to the initial volume like 

Acknowledgment IC engine, which is presented as a reference. In Figure 10, the solid line (―) shows that 

thermomechanical exergy was converted from chemical exergy by combustion, the dashed line (- -) 

shows the system’s net work, and alternate long and short dashed line (– -) shows that work was 

obtained when the system expanded to the initial volume along with the work input of each process. 

As the initial temperature increases, the converted thermomechanical exergy increased due to 

the lower exergy destruction during the combustion process, but the system’s net work was 

decreased, and the work that could be obtained when expanded to the initial volume was hardly 

affected by the temperature change. This tendency can be explained using Equation (A40). In 

Equation (A40), when the change in T3m is larger than the change in T1m with respect to the change in 

initial temperature, the system’s net work was reduced as increasing the initial temperature. In 

Section 4, the change in T3m and T1m was analytically obtained. The effect of the state 1 temperature 

change on state 3 m temperature could be qualitatively explained by the sum of the two effects. The 

first was that the state 3 temperature rose due to the state 1 temperature increase. The other was 

decreasing the expansion ratio when expanding to the environment pressure because the pressure 

decreased after the combustion. This is because the temperature ratio between the before 

combustion and the after combustion decreased as the temperature before combustion increases. 

Due to these two effects, the state 3 m temperature increase was greater than the state 1 m 

temperature increase when the state 1 temperature rose. Therefore, the system’s net work was 

decreased as increasing the initial temperature. That is, even if the chemical exergy is more 

converted to thermomechanical exergy by increasing the initial temperature, it does not lead to the 

increase of work that can be obtained in a system that obtains pressure-volume work. 

Next, the effect of isothermal compression on the system’s net work was investigated. Higher 

initial pressure did not affect the conversion ratio from the chemical exergy to the thermomechanical 

exergy. However, the system’ net work increased as the initial pressure increased. As the initial 

pressure increased, the work that could be obtained by expansion after combustion increased, but 

the work that could be obtained by expansion of the initial mixture also increased. As shown in 

Appendix D, the increase in the system’s net work was proportional to the temperature difference 

between the state 3 m and state 1 m. As mentioned in Section 4.2, the system’s net work increased as 

the initial pressure increased in a typical IC engine because the temperature of state 3 m was higher 

than the temperature of state 1 m. 

Finally, the effect of isentropic compression on the system’s net work was investigated. 

Isentropic compression could be understood as the sum of the effects of initial temperature change 

and initial pressure change. The change in the thermodynamic state of the initial mixture with 

isentropic compression is shown in Figure 8. The system’s net work increased because the pressure 

increase effect was greater than the temperature increase effect. Although the increase in the 

system’s net work was lower than isothermal compression, both reduced exergy destruction and 

increased the system’s net work could be achieved. 

Next, the effect of the initial mixture thermodynamic state on the work that could be obtained 

when the system expands to the initial volume like a typical IC engine was investigated. All three 

methods of changing the initial mixture thermodynamic state did not significantly affect system 

work. Under the device expanding to the initial volume, the thermodynamic state of the initial 

mixture did not affect the pressure-volume work. It means that the work input was discharged from 

the system in the form of exhaust exergy. 



Energies 2020, 13, 395 13 of 23 

 

 

Figure 10. The exergy conversion, the system’s net work, and work that is obtained by expanding to 

the initial volume under the various thermodynamic state changing process. 

With the change in the thermodynamic state of the initial mixture, how the compression ratio 

affects the pressure-volume work was investigated. In Figure 11, the exergy conversion ratio and the 

pressure-volume work was plotted when the compression ratio was increased from 10.5 to 21. In 

Figure 11, the gray-colored line was the result when the compression ratio was 10.5. When the 

compression ratio was increased, the tendency of the thermodynamic state of the initial mixture to 

pressure-volume work was not changed. However, when the compression ratio was increased, both 

the exergy conversion ratio and the pressure-volume work increased because the temperature and 

pressure before combustion timing were increased as the compression ratio was increased. 

Moreover, the pressure-volume work obtained when the system expanded to the initial volume was 

also increased. This pressure-volume work increase can be understood as the sum of two effects. The 

first is the increase of the pressure-volume work that can be obtained through the expansion due to 

increased pressure at before combustion timing due to the high compression ratio. The other is the 

increase of expansion ratio from the combustion timing to the end of expansion timing. 

 

Figure 11. The exergy conversion, the system’s net work, and work that is obtained by expanding to 

the initial volume under increased compression ratio. 

6. Conclusions 

This study aimed to improve the basic understanding of the relations between the exergy 

destruction during the combustion process and the efficiency in a system with a limited work 
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extraction method, such as an IC engine. The IC engine was simplified with the adiabatic process 

assumption, the constant internal energy and volume combustion assumption, and the uniform 

distribution of thermodynamic state assumption. Under the simplified system, the maximum work 

that could be obtained through the expansion and the exergy destruction during the combustion 

could be analytically expressed using the thermodynamic states, the heat of reaction, and the 

entropy change in reaction. 

These analysis results indicated that the factors affecting the exergy destruction and the 

pressure-volume work were the thermodynamic state at the before combustion timing and the fuel. 

Therefore, for a specific fuel, the exergy destruction during the combustion process and the 

pressure-volume work could be calculated using the thermodynamic state at the before combustion 

timing, such as the temperature and the pressure. A sensitivity analysis was performed to 

understand how the thermodynamic state at the before combustion timing affects the exergy 

destruction and the pressure-volume work. As a result, increasing the temperature of the initial 

mixture or the compression ratio, which could increase the temperature at the before combustion 

timing, could reduce the exergy destruction during the combustion process. However, these 

strategies that increase the temperature before combustion timing reduced the pressure-volume 

work of system because the pressure-volume work was affected by the pressure before combustion 

timing and the pressure increase through the combustion process. Increasing the pressure of the 

initial mixture or the compression ratio, which increases the pressure at the before combustion 

timing, could increase the pressure-volume work. However, when the temperature of the initial 

mixture increased, it was confirmed that the pressure-volume work decreased due to the decrease in 

the pressure rise by combustion. 

Then, the simulation results showed how the exergy destruction and the efficiency change with 

respect to the energy input required to change the thermodynamic states of the initial mixture under 

the iso-octane combustion situation. For the same work input, the exergy destruction decreased 

when the temperature at before combustion timing increased, and the pressure-volume work 

increased when the pressure at before combustion timing increased. However, the strategy that 

minimizes the exergy destruction reduced the pressure-volume work, and the strategy that 

maximizes the pressure-volume work hardly affected the exergy destruction. Moreover, even when 

the adiabatic assumption and complete combustion assumption were removed, those tendencies 

were maintained as shown in Appendix A. 

A system, such as an IC engine, cannot convert all of the gas’s thermomechanical exergy into 

the pressure-volume work. In a system with a limited work extraction method, in order to increase 

efficiency, the converted exergy must be in a suitable form for the system’s work extraction method. 

The additional thermomechanical exergy that could be obtained by reducing the exergy destruction 

in an IC engine does not lead to efficiency improvement. Therefore, the strategies for reducing the 

exergy destruction discussed in many previous studies did not lead to efficiency improvement. 

Consequently, it is more important to discuss the strategies for increasing the efficiency, rather than 

minimizing the exergy destruction, in a system with limited work extraction methods. 
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Nomenclature 

cp Specific heat at constant pressure (J/kmol/K) 

CR Compression ratio 

cv Specific heat at constant volume (J/kmol/K) 

H Enthalpy (J/kmol) 

N Mole number (kmol) 

Nratio Ratio of the mole numbers between the product and reactant 

P pressure (Pa) 

po Environment pressure (Pa) 

R Universal gas constant (J/kmol/K) 

S Entropy (J/K) 

sgen Entropy generation (J/kmol/K) 

T Temperature (K) 

To Environment temperature (K) 

V specific volume (m3/kmol) 

Wnet System’s net work (J) 

X mole fraction 

Xdest Exergy destruction (J/kmol) 

XTM Thermomechanical exergy (J/kmol) 

Greeks 

Γ Specific heat ratio 

Μ Chemical potential (J/kmol) 

Appendix A. Simulation Results When Two Major Assumptions Are Removed 

The difference between the simplified system and real IC engine can occur by an adiabatic 

assumption and complete combustion assumption. The effect of those assumptions on the exergy 

destruction and system’s net work was investigated through the simulation since it is difficult to 

investigate the influence of each assumption in an analytic method. The Hohenberg model [32,33] 

was adopted to model the heat transfer rate during the compression and expansion process, and the 

equilibrium state composition under the constant internal energy and volume condition was used 

to define the burned zone gas composition. 

Firstly, the effect of those assumptions on the exergy destruction during the combustion 

process was examined. Figure A1 shows the results of three cases: when both assumptions were 

applied (‘Adiabatic + Complete’), when only the adiabatic assumption was removed (‘Complete 

only’), and when both assumptions were removed (‘No assumption’). The tendency of the effect of 

initial temperature and pressure on the exergy destruction did not change without two major 

assumptions. However, when the adiabatic assumption was removed, the exergy destruction 

during the combustion process increased at the same initial temperature and pressure conditions, 

since the reduced temperature at the start of combustion timing due to the heat loss during the 

compression process. 
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Figure A1. The exergy destruction under various initial thermodynamic states and relaxed major 

assumptions condition. 

Next, the effect of those assumptions on the system’s net work was examined. As shown in 

Figure A2, the two assumptions did not affect the tendency of the initial thermodynamic state to the 

system's net work. When the adiabatic assumption was removed, the system’s net work decreased, 

since the pressure during the expansion process decrease due to the heat transfer from the system 

to the environment. The system’s net work was decreased when the complete combustion 

assumption was removed. This is because the rate of conversion from the chemical energy to the 

sensible energy through the combustion process was reduced when the complete combustion 

assumption was removed. The system’s net work was decreased since the pressure rise through the 

combustion process was reduced. 

 

Figure A2. The system’s net work under various initial thermodynamic states and relaxed major 

assumptions condition. 

However, removing those two major assumptions did not affect the tendency of the effect of 

the initial temperature and pressure on the exergy destruction and system’s net work. Therefore, 

the results discussed with the analytic method could be extended to the real IC engine operation. 

Appendix B. Entropy Generation Derivation 

The process of deriving Equation (13) from Equation (12) was described in detail in this section. 

Using the complete combustion assumption, it was assumed that only reactant and product exist 

inside the system during the combustion process. Therefore, the change in each species’ number of 

moles in the system could be represented using the progress of reaction (ξ). Progress of reaction was 
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assumed to be zero at the start of combustion and one at the end of combustion. The following 

relationship was used to derive Equation (13). 

ln 𝑥𝑖,𝑟(𝜉) = ln (𝑥𝑖,𝑟(𝜉 = 0) ⋅
1−𝜉

(1−𝜉)+𝑁𝑟𝑎𝑡𝑖𝑜𝜉
), (A1) 

ln 𝑥𝑖,𝑝(𝜉) = ln (𝑥𝑖,𝑝(𝜉 = 1) ⋅
𝑁𝑟𝑎𝑡𝑖𝑜𝜉

(1−𝜉)+𝑁𝑟𝑎𝑡𝑖𝑜𝜉
), (A2) 

ℎ̅𝑜,𝑟
𝑓

𝑇
− ∫

∫ 𝑐𝑝̅,𝑟(𝑇′′)d𝑇′′𝑇′

𝑇𝑜

𝑇′2 d𝑇′𝑇

𝑇𝑜
=  − ∫

ℎ̅𝑟(𝑇′)

𝑇′2 𝑑𝑇′𝑇

𝑇𝑜
+

ℎ̅𝑜,𝑟
𝑓

𝑇𝑜
, (A3) 

Equation (A3) is rearranged as Equation (A4). 

− ∫
ℎ̅𝑟(𝑇′)

𝑇′2 𝑑𝑇′𝑇

𝑇𝑜
+

ℎ̅𝑜,𝑟
𝑓

𝑇𝑜
=

ℎ̅𝑟(𝑇)

𝑇
− ∫

𝑐𝑝̅,𝑟(𝑇′)

𝑇′ 𝑑𝑇′𝑇

𝑇𝑜
, (A4) 

In addition, the equation for the entropy change of ideal gas was used to simplify the equation. 

∫
𝑐𝑝̅,𝑟(𝑇′)

𝑇′ 𝑑𝑇′𝑇

𝑇𝑜
− 𝑅 ln

𝑝

𝑝𝑜
= 𝑠̅𝑟(𝜉) − 𝑠̅𝑜,𝑟, (A5) 

Therefore, Equation (12) can be expressed as the progress of reaction as follows: 

𝑑𝑆

𝑁𝑜
= [𝑅 𝑙𝑛

1−𝜉

(1−𝜉)+𝑁𝑟𝑎𝑡𝑖𝑜𝜉
+

ℎ̅𝑟(𝑇)

𝑇
− 𝑠̅𝑟(𝜉)] 𝑑𝜉 − [𝑅 𝑙𝑛

𝑁𝑟𝑎𝑡𝑖𝑜𝜉

(1−𝜉)+𝑁𝑟𝑎𝑡𝑖𝑜𝜉
+

ℎ̅𝑝(𝑇)

𝑇
−

𝑠̅𝑝(𝜉)] 𝑁𝑟𝑎𝑡𝑖𝑜𝑑𝜉, 
(A6) 

The first term inside the bracket can be summarized as Equation (A7). 

𝑑𝑆1

𝑁𝑜
= 𝑅[𝑙𝑛(1 − 𝜉) − 𝑁𝑟𝑎𝑡𝑖𝑜 ln(𝑁𝑟𝑎𝑡𝑖𝑜𝜉) − (1 − 𝑁𝑟𝑎𝑡𝑖𝑜) ⋅ ln(1 + (𝑁𝑟𝑎𝑡𝑖𝑜 − 1)𝜉)]𝑑𝜉, (A7) 

Integrating for the progress of reaction is equivalent to Equation (A8). 

𝑆1

𝑁𝑜
= 𝑅[−1 − 𝑁𝑟𝑎𝑡𝑖𝑜(ln 𝑁𝑟𝑎𝑡𝑖𝑜 − 1) + 𝑁𝑟𝑎𝑡𝑖𝑜 ln 𝑁𝑟𝑎𝑡𝑖𝑜 − (𝑁𝑟𝑎𝑡𝑖𝑜 − 1)] = 0, (A8) 

Therefore, Equation (A6) is summarized as follows: 

𝑑𝑆

𝑁𝑜
= [

ℎ̅𝑟(𝑇)−𝑁𝑟𝑎𝑡𝑖𝑜ℎ̅𝑝(𝑇)

𝑇
− 𝑠̅𝑟(𝜉) + 𝑁𝑟𝑎𝑡𝑖𝑜𝑠̅𝑝(𝜉)] 𝑑𝜉, (A9) 

Equation (A9) can be re-written as Equation (A10) using the relationship between the enthalpy 

and internal energy. 

𝑑𝑆

𝑁𝑜
= [

𝑢̅𝑟(𝑇)−𝑁𝑟𝑎𝑡𝑖𝑜𝑢̅𝑝(𝑇)

𝑇
+ 𝑅(1 − 𝑁𝑟𝑎𝑡𝑖𝑜) − 𝑠̅𝑟(𝜉) + 𝑁𝑟𝑎𝑡𝑖𝑜𝑠̅𝑝(𝜉)] 𝑑𝜉, (A10) 

Equation (A11) is made by the constant internal energy and volume combustion assumption. 

𝑢̅𝑟(𝑇2) = 𝑁𝑟𝑎𝑡𝑖𝑜𝑢̅𝑝(𝑇3), (A11) 

Using Equation (A11), Equation (A10) can be written as follows: 

𝑑𝑆

𝑁𝑜
= [

∫ 𝑐𝑣̅,𝑟(𝑇′)𝑑𝑇′𝑇
𝑇2

+𝑁𝑟𝑎𝑡𝑖𝑜 ∫ 𝑐𝑣̅,𝑝(𝑇′)𝑑𝑇′𝑇3
𝑇

𝑇
− 𝑠̅𝑟(𝜉) + 𝑁𝑟𝑎𝑡𝑖𝑜𝑠̅𝑝(𝜉) + 𝑅(1 − 𝑁𝑟𝑎𝑡𝑖𝑜)] 𝑑𝜉, (A12) 

The internal energy balance inside the system during the combustion process can be expressed 

as follows: 

𝑢̅𝑜,𝑟 + ∫ 𝑐𝑣̅,𝑟(𝑇)𝑑𝑇
𝑇2

𝑇𝑜
= (1 − 𝜉) (𝑢̅𝑜,𝑟 + ∫ 𝑐𝑣̅,𝑟(𝑇′)𝑑𝑇′

𝑇

𝑇𝑜
) + 𝑁𝑟𝑎𝑡𝑖𝑜𝜉 (𝑢̅𝑜,𝑝 +

∫ 𝑐𝑣̅,𝑝(𝑇′)𝑑𝑇′
𝑇

𝑇𝑜
), 

(A13) 

Differentiating Equation (A13) for the progress of reaction gives Equation (A14). 

(𝑢̅𝑜,𝑟 + ∫ 𝑐𝑣̅,𝑟(𝑇′)𝑑𝑇′
𝑇

𝑇𝑜
) − 𝑁𝑟𝑎𝑡𝑖𝑜 (𝑢̅𝑜,𝑝 + ∫ 𝑐𝑣̅,𝑝(𝑇′)𝑑𝑇′𝑇

𝑇𝑜
) = [(1 − 𝜉)𝑐𝑣̅,𝑟(𝑇)  +

𝑁𝑟𝑎𝑡𝑖𝑜𝜉𝑐𝑣̅,𝑝(𝑇)]
𝜕𝑇

𝜕𝜉
, 

(A14) 

Substituting one for the progress of reaction in Equation (A13) gives the following equation. 
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𝑢̅𝑜,𝑟 − 𝑁𝑟𝑎𝑡𝑖𝑜𝑢̅𝑜,𝑝 =  − ∫ 𝑐𝑣̅,𝑟(𝑇)𝑑𝑇
𝑇2

𝑇𝑜
+ 𝑁𝑟𝑎𝑡𝑖𝑜 ∫ 𝑐𝑣̅,𝑝(𝑇)𝑑𝑇

𝑇3

𝑇𝑜
, (A15) 

Equation (A16) can be obtained by substituting Equation (A15) into the Equation (A14). 

∫ 𝑐𝑣̅,𝑟(𝑇′)𝑑𝑇′𝑇

𝑇2
+ 𝑁𝑟𝑎𝑡𝑖𝑜 ∫ 𝑐𝑣̅,𝑝(𝑇′)𝑑𝑇′𝑇3

𝑇
= [(1 − 𝜉)𝑐𝑣̅,𝑟(𝑇)  + 𝑁𝑟𝑎𝑡𝑖𝑜𝜉𝑐𝑣̅,𝑝(𝑇)]

𝜕𝑇

𝜕𝜉
, (A16) 

Then, the below equation can be obtained by substituting Equation (A16) into Equation (A12). 

𝑑𝑆

𝑁𝑜
= [

[(1−𝜉)𝑐𝑣̅,𝑟(𝑇) +𝑁𝑟𝑎𝑡𝑖𝑜𝜉𝑐𝑣̅,𝑝(𝑇)]

𝑇

𝜕𝑇

𝜕𝜉
 − 𝑠̅𝑟(𝜉) + 𝑁𝑟𝑎𝑡𝑖𝑜𝑠̅𝑝(𝜉) + 𝑅(1 − 𝑁𝑟𝑎𝑡𝑖𝑜)] 𝑑𝜉, (A17) 

To summarize the above equation, the ideal gas equation was applied to the system during the 

combustion process. 

𝑝 =
𝑝2

𝑇2
𝑇 ⋅ (1 − 𝜉 + 𝑁𝑟𝑎𝑡𝑖𝑜𝜉), (A18) 

Equation (A19) was obtained by differentiating the above equation with respect to the progress 

of reaction. 

𝜕𝑝

𝜕𝜉
=

𝑝2

𝑇2
(1 − 𝜉 + 𝑁𝑟𝑎𝑡𝑖𝑜𝜉)

𝜕𝑇

𝜕𝜉
+

𝑝2

𝑇2
𝑇(𝑁𝑟𝑎𝑡𝑖𝑜 − 1), (A19) 

The above equation can be expressed as (Nratio − 1) and substituted into Equation (A17) to 

obtain Equation (A20). 

𝑑𝑆

𝑁𝑜
= [

[(1−𝜉)𝑐𝑝̅,𝑟(𝑇) +𝑁𝑟𝑎𝑡𝑖𝑜𝜉𝑐𝑝̅,𝑝(𝑇)]

𝑇

𝜕𝑇

𝜕𝜉
−

𝑅

𝑝
(1 − 𝜉 + 𝑁𝑟𝑎𝑡𝑖𝑜𝜉) 

𝜕𝑝

𝜕𝜉
 − 𝑠̅𝑟(𝜉) +

𝑁𝑟𝑎𝑡𝑖𝑜𝑠̅𝑝(𝜉)] 𝑑𝜉, 
(A20) 

The above equation can be summarized as follows: 

𝑑𝑆

𝑁𝑜
= [(1 − 𝜉) (

𝑐𝑝̅,𝑟(𝑇)

𝑇

𝜕𝑇

𝜕𝜉
−

𝑅

𝑝

𝜕𝑝

𝜕𝜉
) + 𝑁𝑟𝑎𝑡𝑖𝑜𝜉 (

𝑐𝑝̅,𝑝(𝑇)

𝑇

𝜕𝑇

𝜕𝜉
−

𝑅

𝑝

𝜕𝑝

𝜕𝜉
)  − 𝑠̅𝑟(𝜉) +

𝑁𝑟𝑎𝑡𝑖𝑜𝑠̅𝑝(𝜉)] 𝑑𝜉, 
(A21) 

In the above equation, the value inside the bracket is as follows: 

𝑐𝑝̅,𝑟(𝑇)

𝑇

𝜕𝑇

𝜕𝜉
−

𝑅

𝑝

𝜕𝑝

𝜕𝜉
=

𝑑𝑠𝑟̅

𝑑𝜉
, (A22) 

Substituting Equation (A22) into Equation (A21), Equation (A23) can be obtained. 

𝑑𝑆

𝑁𝑜
= [(1 − 𝜉) (

𝑑𝑠𝑟̅

𝑑𝜉
) − 𝑠̅𝑟(𝜉) + 𝑁𝑟𝑎𝑡𝑖𝑜𝜉 (

𝑑𝑠𝑝̅

𝑑𝜉
)  + 𝑁𝑟𝑎𝑡𝑖𝑜𝑠̅𝑝(𝜉)] 𝑑𝜉, (A23) 

We can integrate the above equation with respect to the progress of reaction as follows: 

𝑆𝑔𝑒𝑛

𝑁𝑜
= [(1 − 𝜉) ⋅ 𝑠̅𝑟(𝜉)]0

1 + [𝑁𝑟𝑎𝑡𝑖𝑜𝜉 ⋅ 𝑠̅𝑝(𝜉)]
0

1
, (A24) 

Therefore, the entropy generation from constant internal energy and volume combustion is as 

follows: 

𝑆𝑔𝑒𝑛

𝑁𝑜
= −𝑠̅𝑟(𝑇2, 𝑝2) + 𝑁𝑟𝑎𝑡𝑖𝑜𝑠̅𝑝(𝑇3, 𝑝3), (A25) 

The entropy of reactant in state 2 and the entropy of product in state 3 can be represented by 

using the entropy of the reference state and the temperature and pressure of each state as follows: 

𝑆𝑔𝑒𝑛

𝑁𝑜
= 𝑠𝑜,𝑟𝑥𝑛 − (∫

𝑐𝑝̅,𝑟(𝑇)

𝑇
𝑑𝑇

𝑇2

𝑇𝑜
− 𝑅 ln

𝑝2

𝑝𝑜
) + 𝑁𝑟𝑎𝑡𝑖𝑜 (∫

𝑐𝑝̅,𝑝(𝑇)

𝑇
𝑑𝑇

𝑇3

𝑇𝑜
− 𝑅 ln

𝑝3

𝑝𝑜
), (A26) 

Appendix C. Initial Temperature Sensitivity 

The effects of the initial temperature change on the exergy destruction and the system’s net 

work were examined. First, Equation (14) was differentiated with respect to the initial temperature 

to investigate the effect on the exergy destruction. 
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𝜕𝑋𝑑𝑒𝑠𝑡

𝜕𝑇1
= −𝑇𝑜 (

𝑐𝑝̅,𝑟(𝑇2)

𝑇2

𝜕𝑇2

𝜕𝑇1
−

𝑅

𝑝2

𝜕𝑝2

𝜕𝑇1
) + 𝑁𝑟𝑎𝑡𝑖𝑜𝑇𝑜 (

𝑐𝑝̅,𝑝(𝑇3)

𝑇3

𝜕𝑇3

𝜕𝑇1
−

𝑅

𝑝3

𝜕𝑝3

𝜕𝑇1
), (A27) 

To calculate Equation (A27), how the temperature and pressure of state 2 are affected by the 

initial temperature change needs to be known. These relations can be obtained using an isentropic 

relation and the ideal gas equation. 
c̅𝑝,𝑟(𝑇2)

𝑇2

𝜕𝑇2

𝜕𝑇1
−

𝑐𝑝̅,𝑟(𝑇1)

𝑇1
=

𝑅

𝑝2

𝜕𝑝2

𝜕𝑇1
, (A28) 

𝑉2
𝜕𝑝2

𝜕𝑇1
= 𝑅 (𝑇2

𝜕𝑁1

𝜕𝑇1
+ 𝑁1

𝜕𝑇2

𝜕𝑇1
), (A29) 

The change in the mole number with respect to the temperature of state 1 was obtained using 

the ideal gas equation. 

𝜕𝑁1

𝜕𝑇1
= −

𝑁1

𝑇1
, (A30) 

Equations (A28)–(A30) can be summarized as follows: 
𝜕𝑇2

𝜕𝑇1
=

𝑐𝑣̅,𝑟(𝑇1)

𝑐𝑣̅,𝑟(𝑇2)
⋅

𝑇2

𝑇1
, (A31) 

𝜕𝑝2

𝜕𝑇1
=

𝑝2

𝑇1
(−1 +

𝑐𝑣̅,𝑟(𝑇1)

𝑐𝑣̅,𝑟(𝑇2)
), (A32) 

Next, the effects of state 1’s temperature on state 3’s temperature and pressure were calculated. 

These relations are obtained using a constant internal energy and volume combustion assumption. 

𝑢𝑜,𝑟𝑥𝑛 + ∫ 𝑐𝑣̅,𝑟(𝑇)𝑑𝑇
𝑇2

𝑇𝑜
=  𝑁𝑟𝑎𝑡𝑖𝑜 ∫ 𝑐𝑣̅,𝑝(𝑇)𝑑𝑇

𝑇3

𝑇𝑜
, (A33) 

The effect of state 1’s temperature on state 3’s temperature can be expressed as follows using 

Equations (A29) and (A33). 
𝜕𝑇3

𝜕𝑇1
=

1

𝑁𝑟𝑎𝑡𝑖𝑜

𝑐𝑣̅,𝑟(𝑇1)

𝑐𝑣̅,𝑝(𝑇3)
⋅

𝑇2

𝑇1
, (A34) 

Applying the ideal gas equation to state 3’s gas, Equation (A35) can be obtained. 

𝑉3  
𝜕𝑝3

𝜕𝑇1
= 𝑅 (𝑇3

𝜕𝑁3

𝜕𝑇1
+ 𝑁3

𝜕𝑇3

𝜕𝑇1
), (A35) 

Equation (A35) can be summarized as Equation (A36) using Equations (A30) and (A34). 

𝜕𝑝3

𝜕𝑇1
=

𝑝3

𝑇3
(−

𝑇3

𝑇1
+

1

𝑁𝑟𝑎𝑡𝑖𝑜

𝑐𝑣̅,𝑟(𝑇1)

𝑐𝑣̅,𝑝(𝑇3)
⋅

𝑇2

𝑇1
), (A36) 

To substitute the obtained relations into Equation (A27), the above relations are summarized as 

shown in Equations (A37) and (A38). 
𝑐𝑝̅,𝑟(𝑇2)

𝑇2

𝜕𝑇2

𝜕𝑇1
−

𝑅

𝑝2

𝜕𝑝2

𝜕𝑇1
=

𝑐𝑝̅,𝑟(𝑇1)

𝑇1
, (A37) 

𝑐𝑝̅,𝑝(𝑇3)

𝑇3

𝜕𝑇3

𝜕𝑇1
−

𝑅

𝑝3

𝜕𝑝3

𝜕𝑇1
=

𝑅

𝑇1
+

𝑐𝑣̅,𝑟(𝑇1)

𝑁𝑟𝑎𝑡𝑖𝑜

𝑇2

𝑇1𝑇3
, (A38) 

Therefore, the effect of the initial temperature on the exergy destruction is as follows: 

𝜕𝑋𝑑𝑒𝑠𝑡

𝜕𝑇1
=

𝑇𝑜

𝑇1
𝑐𝑣̅,𝑟(𝑇1) (𝛾𝑟(𝑇1)(𝑁𝑟𝑎𝑡𝑖𝑜 − 1) + (

𝑇2

𝑇3
− 𝑁𝑟𝑎𝑡𝑖𝑜)), (A39) 

Next, the effect of the initial temperature on the system’s net work was investigated. 

𝜕𝑤𝑛𝑒𝑡

𝜕𝑇1
= −𝑁𝑟𝑎𝑡𝑖𝑜𝑐𝑝̅,𝑝(𝑇3𝑚) ⋅

𝜕𝑇3𝑚

𝜕𝑇1
+ 𝑐𝑝̅,𝑟(𝑇1𝑚) ⋅

𝜕𝑇1𝑚

𝜕𝑇1
, (A40) 

The isentropic relation was used for calculating how the temperatures of states 3 m and 1 m 

are affected by the temperature of state 1. 
𝑐𝑝̅,𝑝(𝑇3𝑚)

𝑇3𝑚

𝜕𝑇3𝑚

𝜕𝑇1
−

𝑐𝑝̅,𝑝(𝑇3)

𝑇3

𝜕𝑇3

𝜕𝑇1
= −

𝑅

𝑝3
 
𝜕𝑝3

𝜕𝑇1
, (A41) 

Substituting Equations (A34) and (A36) into Equation (A41) can be summarized as follows: 

𝑐𝑝̅,𝑝(𝑇3𝑚)
𝜕𝑇3𝑚

𝜕𝑇1
=

𝑇3𝑚

𝑇1
(𝑅 +

𝑐𝑣̅,𝑟(𝑇1)

𝑁𝑟𝑎𝑡𝑖𝑜
⋅

𝑇2

𝑇3
), (A42) 

The effect on state 1 m’s temperature is as follows: 

𝑐𝑝̅,𝑟(𝑇1𝑚)
𝜕𝑇1𝑚

𝜕𝑇1
=

𝑇1𝑚

𝑇1
𝑐𝑝̅,𝑟(𝑇1), (A43) 
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Substituting Equations (A42) and (A43) into Equation (A44) can be summarized as follows. 

This equation shows the effect of the temperature on the system’s net work. 

𝜕𝑤𝑛𝑒𝑡

𝜕𝑇1
= −𝑁𝑟𝑎𝑡𝑖𝑜

𝑇3𝑚

𝑇1
(𝑅 +

𝑐𝑣̅,𝑟(𝑇1)

𝑁𝑟𝑎𝑡𝑖𝑜
⋅

𝑇2

𝑇3
) +

𝑇1𝑚

𝑇1
𝑐𝑝̅,𝑟(𝑇1), (A44) 

𝜕𝑤𝑛𝑒𝑡

𝜕𝑇1
= −

𝑐𝑣̅,𝑟(𝑇1)

𝑇1
[𝑇3𝑚 ((𝛾𝑟(𝑇1) − 1)𝑁𝑟𝑎𝑡𝑖𝑜 +

𝑇2

𝑇3
) − 𝑇1𝑚 ⋅ 𝛾𝑟(𝑇1)], (A45) 

Equation (A45) was summarized to investigate the effect of temperature on the system’s net work. 

𝜕𝑤𝑛𝑒𝑡

𝜕𝑇1
= −𝑐𝑝̅,𝑟(𝑇1)

𝑇1𝑚

𝑇1
[𝑁𝑟𝑎𝑡𝑖𝑜

𝑇3𝑚

𝑇1𝑚
((1 −

1

𝛾𝑟(𝑇1)
) +

𝑇2

𝑇3

1

𝑁𝑟𝑎𝑡𝑖𝑜

1

𝛾𝑟(𝑇1)
) − 1], (A46) 

In Equation (A46), the following relation holds for T3m and T1m. 

𝑇3𝑚 ≤ 𝑇3 (
𝑝3

𝑝𝑜
)

−1+1 𝛾𝑝(𝑇3)⁄

, (A47) 

𝑇1𝑚 ≥ 𝑇2 (
𝑝2

𝑝𝑜
)

−1+1 𝛾𝑟(𝑇1𝑚)⁄

, (A48) 

Equation (A46) can be summarized as Equation (A49) using the Equations (A47) and (A48). 

𝜕𝑤𝑛𝑒𝑡

𝜕𝑇1
≤ −𝑐𝑝̅,𝑟(𝑇1)

𝑇1𝑚

𝑇1
[

𝑝3

𝑝2
(

𝑝3

𝑝𝑜
)

−1+1 𝛾𝑝(𝑇3)⁄

(
𝑝2

𝑝𝑜
)

1−1 𝛾𝑟(𝑇1𝑚)⁄

((1 −
1

𝛾𝑟(𝑇1)
) +

𝑝2

𝑝3

1

𝛾𝑟(𝑇1)
) − 1], (A49) 

Summarizing Equation (A49) gives Equation (A50). 

𝜕𝑤𝑛𝑒𝑡

𝜕𝑇1
≤ −𝑐𝑝̅,𝑟(𝑇1)

𝑇1𝑚

𝑇1
[(

𝑝2

𝑝𝑜
)

1

𝛾𝑝(𝑇3)
−

1

𝛾𝑟(𝑇1𝑚)
(

𝑝2

𝑝3
)

−
1

𝛾𝑝(𝑇3)
(1 −

1

𝛾𝑟(𝑇1)
(1 −

𝑝2

𝑝3
)) − 1], (A50) 

Appendix D. Initial Pressure Sensitivity 

Next, we investigated the effect of the initial pressure on the exergy destruction and the 

system’s net work. 

𝜕𝑋𝑑𝑒𝑠𝑡

𝜕𝑝1
= −𝑇𝑜 (

𝑐𝑝̅,𝑟(𝑇2)

𝑇2

𝜕𝑇2

𝜕𝑝1
−

𝑅

𝑝2

𝜕𝑝2

𝜕𝑝1
) + 𝑁𝑟𝑎𝑡𝑖𝑜𝑇𝑜 (

𝑐𝑝̅,𝑝(𝑇3)

𝑇3

𝜕𝑇3

𝜕𝑝1
−

𝑅

𝑝3

𝜕𝑝3

𝜕𝑝1
), (A51) 

The isentropic relation and the ideal gas equation were used to calculate how state 2’s 

temperature and pressure are affected by state 1’s pressure. 
c̅𝑝,𝑟(𝑇2)

𝑇2

𝜕𝑇2

𝜕𝑝1
=

𝑅

𝑝2

𝜕𝑝2

𝜕𝑝1
−

𝑅

𝑝1
, (A52) 

𝑉2
𝜕𝑝2

𝜕𝑝1
= 𝑅 (𝑇2

𝜕𝑁1

𝜕𝑝1
+ 𝑁1

𝜕𝑇2

𝜕𝑝1
), (A53) 

The above two equations are summarized as follows: 

c̅𝑣,𝑟(𝑇2)

𝑇2

𝜕𝑇2

𝜕𝑝1
= 0, (A54) 

𝜕𝑝2

𝜕𝑝1
=

𝑝2

𝑝1
, (A55) 

Next, we investigated how state 3’s temperature and pressure are affected by state 1’s pressure. 

Equation (A56) was obtained from the constant internal energy and volume combustion condition, 

and the ideal gas equation was used to calculate Equation (A57). 

𝑐𝑣̅,𝑝(𝑇3)
𝜕𝑇3

𝜕𝑝1
= 𝑐𝑣̅,𝑟(𝑇2)

𝜕𝑇2

𝜕𝑝1
, (A56) 

𝜕𝑝3

𝜕𝑝1
=

𝑝3

𝑝1
, (A57) 

Based on the above relations, the effect of state 1’s pressure on the exergy destruction is shown 

in Equation (A58). 

𝜕𝑋𝑑𝑒𝑠𝑡

𝜕𝑝1
=

𝑇𝑜𝑅

𝑝1
(1 − 𝑁𝑟𝑎𝑡𝑖𝑜), (A58) 

Next, the effect of state 1’s pressure on the system’s net work was investigated. 

𝜕𝑤𝑛𝑒𝑡

𝜕𝑝1
= −𝑁𝑟𝑎𝑡𝑖𝑜𝑐𝑝̅,𝑝(𝑇3𝑚) ⋅

𝜕𝑇3𝑚

𝜕𝑝1
+ 𝑐𝑝̅,𝑟(𝑇1𝑚) ⋅

𝜕𝑇1𝑚

𝜕𝑝1
, (A59) 

Equations (A60) and (A61) show how state 1’s pressure affects the temperature of states 3 m 

and 1 m. 



Energies 2020, 13, 395 21 of 23 

 

𝑐𝑝̅,𝑝(𝑇3𝑚)

𝑇3𝑚
⋅

𝜕𝑇3𝑚

𝜕𝑝1
+

𝑐𝑝̅,𝑝(𝑇3)

𝑇3
⋅

𝜕𝑇3

𝜕𝑝1
= −

𝑅

𝑝3
⋅

𝜕𝑝3

𝜕𝑝1
, (A60) 

𝑐𝑝̅,𝑟(𝑇1𝑚)

𝑇1𝑚
⋅

𝜕𝑇1𝑚

𝜕𝑝1
= −

𝑅

𝑝1
, (A61) 

Substituting the above equations into Equation (A59) gives the equation below. 

𝜕𝑤𝑛𝑒𝑡

𝜕𝑝1
=

𝑅

𝑝1
(𝑁𝑟𝑎𝑡𝑖𝑜𝑇3m − 𝑇1m), (A62) 

To investigate how the system’s net work changes as the initial pressure increases, the sign of 

the right side of Equation (A62) is examined. 

𝜕𝑤𝑛𝑒𝑡

𝜕𝑝1
=

𝑅𝑇1m

𝑝1
(

𝑝3

𝑝2

𝑇2

𝑇3
 
𝑇3m

𝑇1m
− 1), (A63) 

𝜕𝑤𝑛𝑒𝑡

𝜕𝑝1
=

𝑅𝑇1m

𝑝1
(

𝑝3

𝑝2

𝑇3𝑠

𝑇3

𝑇2

𝑇3𝑠
 
𝑇3m

𝑇2m
− 1), (A64) 

T3s is the temperature when the system expands from state 3 to state 2’s pressure. Since the 

temperature of state 3s is higher than that of state 2, the following inequality holds for the typical 

hydrocarbon combustion process. 
𝑇3m

𝑇3𝑠
≥

𝑇2m

𝑇2
, (A65) 

Substituting Inequality (A65) into Equation (A64), the inequality below can be obtained. 

𝜕𝑤𝑛𝑒𝑡

𝜕𝑝1
≥

𝑅𝑇1m

𝑝1
(

𝑝3

𝑝2

𝑇3𝑠

𝑇3
− 1), (A66) 

Using the ideal gas state equation for state 3s and state 3, the inequality above is summarized as 

Inequality (A67). 

𝜕𝑤𝑛𝑒𝑡

𝜕𝑝1
≥

𝑅𝑇1m

𝑝1
(

𝑉3𝑠

𝑉3
− 1), (A67) 

In general, since V3s is larger than V3, the system’s net work increases as the initial pressure 

increases. 

Appendix E. Compression Ratio Sensitivity 

The exergy destruction during the combustion process and the system’s net work can be 

differentiated with respect to the compression ratio of the IC engine as follows. Changes in the 

compression ratio affect the temperature and pressure after compression; thus, it can be understood 

as the sum of the effects of each parameter. The equation can be expressed as follows: 

∂f

∂𝐶𝑅
=

∂𝑓

∂𝑇2

∂𝑇2

∂𝐶𝑅
+

∂𝑓

∂𝑝2

∂𝑝2

∂𝐶𝑅
, (A68) 

The equations below show the effect of the compression ratio on state 2’s temperature and 

pressure using isentropic process relation. 

𝜕𝑇2

𝜕𝐶𝑅
= 𝑇2 ⋅

𝛾𝑟(𝑇2)−1

𝐶𝑅
, (A69) 

𝜕𝑝2

𝜕𝐶𝑅
= 𝑝2 ⋅

𝛾𝑟(𝑇2)

𝐶𝑅
, (A70) 

Substituting the above equations into Equation (A68), Equation (A71) was obtained. 

𝜕𝑓

𝜕𝐶𝑅
=

1

𝐶𝑅
[(𝛾𝑟(𝑇2) − 1)𝑇2 ⋅

𝜕𝑓

𝜕𝑇2
+ 𝛾𝑟(𝑇2)𝑝2 ⋅

𝜕𝑓

𝜕𝑝2
], (A71) 

First, the effect of the compression ratio changing exergy destruction was analyzed. Equation 

(A72) was obtained by differentiating Equation (14) with respect to state 2’s temperature  

𝜕𝑋𝑑𝑒𝑠𝑡

𝜕𝑇2
= −𝑇𝑜𝑐𝑣̅,𝑟(𝑇2) [

𝛾𝑟(𝑇2)

𝑇2
−

𝛾𝑝(𝑇3)

𝑇3
+

𝛾𝑝(𝑇3)−1

𝑇3
−

𝑅

𝑇3

𝑝3

𝑝2

1

𝑐𝑣̅,𝑟(𝑇2)
], (A72) 

𝜕𝑋𝑑𝑒𝑠𝑡

𝜕𝑇2
= −𝑐𝑣̅,𝑟(𝑇2)

𝑇𝑜

𝑇2
[𝛾𝑟(𝑇2)(𝑁𝑟𝑎𝑡𝑖𝑜 − 1) +

𝑇2

𝑇3
− 𝑁𝑟𝑎𝑡𝑖𝑜], (A73) 

Equation (A74) shows the effect of state 2’s pressure changing exergy destruction. 

𝜕𝑋𝑑𝑒𝑠𝑡

𝜕𝑝2
= −𝑅

𝑇𝑜

𝑝2
[1 − 𝑁𝑟𝑎𝑡𝑖𝑜], (A74) 
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Therefore, the sensitivity of the compression ratio on the exergy destruction can be calculated as 

follows: 

𝜕𝑋𝑑𝑒𝑠𝑡

𝜕𝐶𝑅
=

𝑅𝑇𝑜

𝐶𝑅
[𝛾𝑟(𝑇2)(𝑁𝑟𝑎𝑡𝑖𝑜 − 1) +

𝑇2

𝑇3
− 𝑁𝑟𝑎𝑡𝑖𝑜 + 𝛾𝑟(𝑇2)(1 − 𝑁𝑟𝑎𝑡𝑖𝑜)], (A75) 

The above equation can be simplified as Equation (A76). 

𝜕𝑋𝑑𝑒𝑠𝑡

𝜕𝐶𝑅
=

𝑅𝑇𝑜

𝐶𝑅
[

𝑇2

𝑇3
− 𝑁𝑟𝑎𝑡𝑖𝑜], (A76) 

Next, we analyzed the effect of the compression ratio changing the system’s net work. To 

confirm the sensitivity of the compression ratio on the system’s net work, the partial derivative of 

the system’s net work with respect to state 2’s temperature and pressure were calculated. Equation 

(A78) shows the derivative with respect to state 2’s temperature. 

∂wnet

𝜕𝑇2
=  −𝑁𝑟𝑎𝑡𝑖𝑜c̅p,p(𝑇3𝑚) ⋅

𝜕𝑇3𝑚

𝜕𝑇2
+ 𝑐𝑝̅,𝑝(𝑇2𝑚) ⋅

𝜕𝑇2𝑚

𝜕𝑇2
, (A77) 

∂wnet

𝜕𝑇2
= −𝑁𝑟𝑎𝑡𝑖𝑜𝑇3𝑚 [

𝑐𝑝(𝑇3)

𝑇3

𝑐𝑣̅,𝑟(𝑇2)

𝑁𝑟𝑎𝑡𝑖𝑜𝑐𝑣̅,𝑝(𝑇3)
−

𝑅

𝑇2
(

𝑇2

𝑇3
⋅

𝑐𝑣̅,𝑟(𝑇2)

𝑁𝑟𝑎𝑡𝑖𝑜𝑐𝑣̅,𝑝(𝑇3)
− 1)] +

𝑇2𝑚

𝑇2
𝑐𝑝(𝑇2), (A78) 

Next, the derivative of the pressure of state 2 was calculated. 

𝜕𝑤𝑛𝑒𝑡

𝜕𝑝2
= −𝑁𝑟𝑎𝑡𝑖𝑜𝑐𝑝̅,𝑝(𝑇3𝑚)

𝜕𝑇3𝑚

𝜕𝑝2
+ 𝑐𝑝̅,𝑟(𝑇2𝑀)

𝜕𝑇2𝑚

𝜕𝑝2
, (A79) 

𝜕𝑤𝑛𝑒𝑡

𝜕𝑝2
= 𝑅

𝑇2𝑚

𝑝2
(𝑁𝑟𝑎𝑡𝑖𝑜

𝑇3𝑚

𝑇2𝑚
− 1), (A80) 

Therefore, the effect of the compression ratio changing the system’s net work is as follows: 

∂wnet

𝜕𝐶𝑅
=

𝑅𝑇2𝑚

𝐶𝑅
[

𝑇3𝑚

𝑇2𝑚
⋅ (−

𝑇2

𝑇3
+ 𝑁𝑟𝑎𝑡𝑖𝑜) + (𝑁𝑟𝑎𝑡𝑖𝑜 − 1)𝛾𝑟(𝑇2)], (A81) 
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