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Abstract: The recursive discrete Fourier transformation (RDFT) method can be used for grid voltage
phase-locking and harmonic current detection in a shunt active power filter (SAPF). However,
in weak power grids such as microgrids, significant errors might occur in the amplitude and phase
detection due to grid frequency deviation. In this study, to resolve this problem, a directly modified
RDFT (DMRDFT) method is proposed for SAPF weak grid application. Through theoretical analysis,
the errors of phase and amplitude detection were found to consist of fixed error and fluctuating
error. The fixed error is only determined by frequency deviation, whereas the fluctuating error is
also related to the recursive pointer and the initial phase. The DMRDFT algorithm can obtain the
real grid frequency through the calculation of the phase angle difference for two consecutive periods.
Then it can employ the grid frequency deviation and the recursive pointer value to directly correct
the detection results gathered by the conventional RDFT algorithm. As a result, DMRDFT can yield
accurate amplitude and phase information of the grid voltage or current with a simple calculation.
Simulation results verify the high precision of the proposed DMRDFT method in both steady and
dynamic situations. Experimental results show that the DMRDFT method can significantly increase
the SAPF compensation performance when grid frequency shifts.

Keywords: power quality; power harmonic filters; microgrid; detection algorithms; error correction;
discrete Fourier transforms

1. Introduction

The weak power grid, such as the microgrid, remote rural network, and poorly regulated
network, is an integral part of current and future power systems [1,2]. Compared with the ordinary
distribution network, the weak power grid characterized by large grid impedance suffers from more
severe power quality problems such as voltage and frequency fluctuation, harmonics, imbalance [3,4].
These power quality issues may cause a series of hazards such as the abnormal operation of the
sensitive load, additional losses of the electric power equipment and the reduction of their service life,
the decline of the power transmission efficiency, and interference in communication [5,6]. Therefore,
power quality problems in the weak power grid should be well handled. Among the several power
quality improvement measures, the shunt active power filter (SAPF), based on the principle of the
controlled current source, provides a flexible and effective solution for the weak grid [6–8]. It can
inject a compensation current characterized by the equal amplitude and the opposite phase compared
with the load-side reactive and harmonic current to ensure the grid-side unity power factor and
sinusoidal current. Due to merits such as having no need for load reform, good compensation
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performance, insensitivity to power grid parameters, and small resonance risk with capacitive
components, the SAPF has been widely used and studied on the topology, harmonic detection
method, and control strategy [9–11]. However, when the SAPF is used in the weak power grid,
synchronous phasor measurement, the SAPF critical link consisting of the grid phase tracking and
harmonic current detection, suffers from accuracy problems, which may significantly deteriorate SAPF
compensation performance [12]. The main reason for this problem is that in the weak power grid,
the frequency may fluctuate with a considerable deviation from the rated value, and the grid voltage
may distort significantly [13]. These two adverse factors lead to dramatic performance reduction for the
synchronous phasor measurement methods commonly used in the ordinary distribution network [12].
Accordingly, the practical method of synchronous phasor measurement becomes of interest and critical
for SAPF weak grid applications.

According to current research results, the SAPF synchronous phasor measurement method
can be roughly classified into two categories. One is the phase-locked loop (PLL) based method,
which employs PLL to track the weak grid phase and obtain the accurate compensation current
reference. Synchronous-reference frame phase-locked loop (SRF-PLL), based on a proportional-integral
(PI) regulator, is the common-used PLL in the SAPF. However, much of the literature indicated that
although the SRF-PLL with well-designed PI parameters could robustly operate in the frequency
deviation situation, its performance would significantly suffer when grid voltage distorts, which might
not be suitable for weak grid applications [14–22]. To improve the PLL performance in distorted grid
voltage situations, a well-designed filter, such as the moving average filter [18,22–24], adaptive notch
filter [15,25–27], was introduced in the PLL to restrain the harmonic. Unfortunately, using this
approach, it is rather difficult to balance the contradiction of the system bandwidth and the
harmonic rejection performance, and the PLL response speed for the frequency fluctuation suffers
greatly [20]. Some other improved PLL methods have been proposed to deal with the harmonic problem,
such as decoupled-network PLL [21], multiple second-order generalized integrator based PLL [28,29],
hybrid PLL (HPLL) [30], the enhanced generalized delayed signal cancellation PLL (EGDSC-PLL) [31],
weighted least squares estimation PLL(WLSE-PLL) [14]. Although these methods can work in distorted
grid situations, the contradiction of the response speed and the harmonic rejection performance still
exists and increases the difficulty of PLL design. Moreover, the implementation of these methods is
quite time-consuming, which might limit their practical applications [20].

Another synchronous phasor measurement method of the SAPF is the recursive discrete Fourier
transformation (RDFT) based method. Compared with the PLL-based method, the notable advantage
of the RDFT-based method is that RDFT has an outstanding anti-harmonic-interference capability
and can directly obtain the grid phase information without the need for the PLL in the SAPF system.
Moreover, considering that the SAPF usually adopts a selective harmonic compensation strategy in
practical applications to avoid resonance with the capacitive load, the multichannel RDFT method,
characterized by simple implementation and high accuracy, is a quick and effective method to detect
each order harmonic current, especially under the condition of three-phase unbalance [11]. However,
the detection accuracy of the RDFT method is sensitive to grid frequency. When the RDFT-based
method is utilized in the weak power grid, the grid frequency deviation significantly reduces the
detection accuracy of the conventional RDFT method due to the spectrum leakage and the picket fence
effect [32–37]. Under some extreme cases in the weak grid, the grid frequency deviation degree can
reach ±1%, and the amplitude and phase detection results of RDFT may have large errors, which could
reduce the accuracy of power factor control and harmonic suppression effect of the SAPF significantly.
To improve the performance of the DFT-based method in the frequency fluctuating conditions, so far,
some research achievements have been made, which are summarized as follows. Firstly, asynchronous
sampling is the root cause of detection errors. Therefore, if the sampling rate varies with the changing of
the power grid frequency, the detection result of DFT can be accurate [38]. Correspondingly, a variable
sample rate DFT algorithm was presented in [39,40]. This method made a deadbeat adjustment to
the time window by changing the sampling rate synchronously. However, continuously varying the



Energies 2020, 13, 4884 3 of 20

sampling rate is inconvenient for the control system in practical applications, for many discrete filtering
and control parameters should vary with the sampling frequency change to ensure performance and
stability. Secondly, in [33,41,42], the interpolating windowed DFT was used to eliminate the errors
caused by the spectrum leakage and the picket fence effect. The interpolating algorithm can eliminate
errors caused by the picket fence effect, and windowing the signals can reduce the errors produced by
the leakage effect. However, the interpolating algorithm requires a large number of samples, and the
interpolating equation is difficult to solve. Consequently, this method is too time-consuming to be
used for real-time purposes. Similarly, there are also large computation load problems in the adaptive
filter based DFT algorithms proposed in [43,44], for the real-time coefficients adjustment substantially
increases the computation complexity. Last but not least, in [45,46], based on frequency tracking,
the authors developed a practical compensation method to improve the phasor and power measurement
accuracy of the DFT algorithm. This method takes full advantage of the DFT algorithm and simply
modifies the DFT results. The calculation burden is a little more than the DFT algorithm, however
notable accuracy improvement is achieved. However, this method is based on the conventional DFT
algorithm, whereas a recursive algorithm is needed for real-time SAPF harmonic detection and was not
provided in this paper. Furthermore, the result correction algorithm for harmonic detection was not
also provided in this paper. To sum up, the improved DFT methods achieved by the studies mentioned
above might be unsuitable for SAPF weak power grid applications due to their own limitations.

In this study, to achieve a fast, robust, and simply-implemented synchronous phasor measurement,
a directly modified RDFT (DMRDFT) method is proposed for SAPF weak grid application.
The DMRDFT method can obtain the real grid frequency without the need for PLL and directly
correct the detection results gathered by the conventional RDFT algorithm with a small computation
load. The proposed multichannel DMRDFT scheme can achieve dynamic phase tracking and accurate
harmonic current detection simultaneously, even under grid frequency fluctuation and voltage
distortion situations.

Until now, according to the knowledge of the author, there is almost no related study on the
improved RDFT for SAPF weak power grid applications. The main contributions of this study lie in
the following aspects.

Firstly, the generation principle and quantitative analysis of the conventional RDFT detection
error for SAPF weak power grid applications are studied in detail, which might provide theoretical
reference for other research on the RDFT modification strategy.

Then, a DMRDFT method is proposed to improve the SAPF real-time detection accuracy in the
weak power grid. The proposed method, with a small calculation load, employs the fixed sampling
rate and corrects the conventional RDFT results directly to reduce the detection errors caused by
grid frequency fluctuation significantly. The main advantage of the proposed method is that it is
straightforward, fast, and robust.

Last but not least, a multichannel DMRDFT scheme is proposed to track the grid phase and
detect the accurate harmonic current simultaneously. Due to the elimination of extra complex PLL,
the proposed scheme can ease the pressure of the SAPF control system.

This paper is organized as follows. In Section 2, the generation principle of RDFT error in the
weak power grid is firstly analyzed. Then, in Section 3, the DMRDFT method for the SAPF weak power
grid applications is presented. After that, detailed simulation and experimental results are provided to
examine the validity of the proposed method in Section 4. Finally, the result discussions are conducted
in Section 5.
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2. Generation Principle of RDFT Error in Weak Power Grid

2.1. Principle of RDFT

Compared with DFT, the main advantage of RDFT lies in its simple calculation, which is conducive
to real-time applications. Firstly, the principle of RDFT is briefly analyzed. The signal to be detected
can be expressed as:

xk(t) =
√

2Yk cos(kωt + ϕk) (1)

where the signal x can be grid voltage for phase-locking or load current for harmonic detection in this
study; k is the order of the harmonic; ω is the fundamental angle frequency; Yk is the root mean square
(RMS) value of the signal; ϕk is the initial phase of the signal.

RDFT is derived from DFT. Define N as the sampling number in one DFT calculation cycle,
which is equal to one industrial frequency period. X0

k is the vector corresponding to the sampling set
{xk(n)}(n = 0, 1, . . . N − 1). More generally, corresponding to the sampling set {xk(n)}(n = r, r + 1, . . .
r + N−1), the vector turns to be Xr

k, where r is the recursive pointer. The origin of the time coordinate
axis corresponds to the beginning terminal of the sampling data. According to the definition of DFT,
we can obtain:

Xr
k =

N−1∑
n=0

xk(r + n)e− j 2kπ
N (r+n) (2)

Xr−1
k =

N−1∑
n=0

xk(r + n− 1)e− j 2kπ
N (r+n−1) (3)

The following equation can be easily obtained:

Xr
k = Xr−1

k + [xk(r + N − 1) − xk(r− 1)]e− j 2kπ
N (r−1) (4)

If grid frequency is fixed at the rated frequency, obviously:

Xr
k = Xr−1

k = · · · · · · = X0
k (5)

Unlike the conventional DFT method, in which the phase angle moves clockwise 2kπ/N radian
every step, in this algorithm, the phase angle of Xr

k remains invariant. Consequently, it is called
recursive DFT.

2.2. RDFT Error Analysis in the Weak Power Grid

In the weak power grid, the phase angle of Xr
k rotates when grid frequency fluctuates. In this case,

both the amplitude and the phase measurement results of RDFT are inaccurate. Define the auxiliary
variable δ as:

δ =
N f
fs

=
N( f0 + ∆ f )

fs
= 1 +

∆ f
f0

= 1 + ∆δ (6)

where f 0 is the rated frequency of the weak grid; f is the actual frequency of the weak grid; f s is the
sampling frequency of RDFT.

The discrete signal of the data section corresponding to the vector Xr
k is:

xk(r + n) =
√

2Yk cos(
2kπ(r + n)

N
δ+ ϕk) (7)

From Euler’s formula, Equation (7) can be transformed into the complex field as:

xk(r + n) =
1
√

2
(Yke jϕk e j 2kπ(r+n)

N δ + Yke− jϕk e− j 2kπ(r+n)
N δ) (8)
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Take Equation (8) into Equation (2), and the sum symbol can be eliminated using the following
formula:

N−1∑
n=0

e− jnα =
sin(αN

2 )

sin(α2 )
e− j N−1

2 α (9)

The result of simplification can be obtained as:

Xr
k =

1
√

2
Uk(P + Q)

P =
sin(k∆δπ)

sin( k∆δπ
N )

e jϕk e j( 2πkr∆δ
N +N−1

N k∆δπ)

Q =
sin(k∆δπ)

sin( (2+∆δ)kπ
N )

e− jϕk e− j( 4πkr
N +N−1

N k(2+∆δ)π+ 2πkr
N ∆δ)

(10)

If the grid frequency is rated (∆δ = 0), the result of RDFT is:

Xr
k =

1
√

2
Yk lim

∆δ→0
(

sin(k∆δπ)

sin( k∆δπ
N )

e jϕk e j( 2kπr∆δ
N +N−1

N k∆δπ)) =
N
√

2
Yke jϕk (11)

From Equation (11), it is denoted that the RDFT result is accurate when grid frequency is rated.
In order to analyze errors when grid frequency fluctuates, an auxiliary vector is introduced:

Fke jβk = 1 +
sin(∆δkπ/N)

sin( (2+∆δ)kπ
N )

e j(−2ϕk−
4kπr

N −
4kπr

N ∆δ−N−1
N 2πk(∆δ+1)) (12)

Extracting the common factor for Equation (10), the result is:

Xk
r =

1
√

2
Yk

sin(k∆δπ)

sin( k∆δπ
N )

e jϕk e j( 2kπr∆δ
N +N−1

N k∆δπ)Fke jβk (13)

The auxiliary vector introduced in Equation (12) is the sum of a unit vector and another vector,
which is shown in Figure 1.
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The vector
→

OA is a unit vector,
→

OB is an auxiliary vector Fke jβk . The track of point B is a circle with

the center at point A. The amplitude and phase angle of the vector
∣∣∣∣∣ ⇀AB

∣∣∣∣∣ is:

Xk
r =

1
√

2
Yk

sin(k∆δπ)

sin( k∆δπ
N )

e jϕk e j( 2kπr∆δ
N +N−1

N k∆δπ)Fke jβk (14)

γk = −2ϕk −
4kπr

N
−

4kπr
N

∆δ−
N − 1

N
2πk(∆δ+ 1) (15)

The relation between βk and γk is:
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tan βk =

∣∣∣∣∣ ⇀AB
∣∣∣∣∣ sinγk

1 +
∣∣∣∣∣ ⇀AB

∣∣∣∣∣ cosγk

(16)

Because
∣∣∣∣∣ ⇀AB

∣∣∣∣∣ = 1 and βk is very small, an approximation for calculating βk is:

βk ≈ tan βk ≈

∣∣∣∣∣ ⇀AB
∣∣∣∣∣ sinγk (17)

The approximation for calculating the amplitude of
→

OB is:

Fk =

∣∣∣∣∣ →OB
∣∣∣∣∣ ≈ 1 +

∣∣∣∣∣ ⇀AB
∣∣∣∣∣ cosγk (18)

Define ϕkm(r) as the measurement result of the initial phase, the relationship between ϕkm(r) and
ϕk is:

∆ϕk = ϕkm −ϕk = H + D
H = N−1

N ∆δkπ
D = 2kπr∆δ

N + βk

(19)

It can be seen in (19) that errors exist for phase measurement. There are two kinds of errors: one is
fixed error H, which only relates to ∆δ and k; the other one is fluctuating error D, which is influenced
by r and ϕk. Another conclusion can be acquired that the error of the RDFT phase detection increases
with the increase in harmonic order. For example, when ∆δ = 0.01 and N = 320, the phase error is 1.79◦

for the fundamental wave, which may slightly affect the power control, and 23.3◦ for 13th harmonic,
which may worsen the SAPF compensation effect seriously.

Define Ykm as the amplitude measurement result. Similarly, the amplitude measurement error can
be obtained:

∆Yk =
Ykm

NYk/
√

2
=

Fk sin(∆δkπ)/ sin(∆δkπ/N)

N
(20)

3. Proposed DMRDFT Method

3.1. The Control Scheme of the SAPF

The control scheme of a 3p3w SAPF adopted in this study is shown in Figure 2. The SAPF control
system comprises several functional modules such as the phase-locking module, harmonic current
detection module, reactive power current detection module, DC voltage control module, SAPF current
control module.

In this study, the SAPF selective compensation strategy is adopted due to its flexibility and low
risk of resonance with the capacitive load. Accordingly, a multichannel DMRDFT scheme is proposed
in the SAPF to achieve both phase-locking and harmonic current detection functions. One RDFT
channel using the positive-sequence voltage u+

a as input obtains the grid phase and the real frequency
information. The phase information is provided for the SAPF reactive power control and DC voltage
control modules, and the frequency information is offered for the harmonic current detection module,
which consists of several other DMRDFT channels. These channels extract the main order harmonic
currents from the load current, such as the 5th, 7th, 11th, and 13th harmonics. These RDFT channels
employ the real frequency information to modify the detection error caused by the frequency fluctuation
directly. The harmonic current, reactive power current, and the DC voltage control current constitute
the complete SAPF current reference, which is provided for the current feedback control. Modules
other than DMRDFT are not the focus of this study.
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Figure 2. The proposed shunt active power filter (SAPF) control scheme.

The accumulation of round-off error is the chief deficiency of the RDFT method. In order to
resolve this problem, in this study, DFT results are inserted into the RDFT calculation at the time
t = z/f 0 (z = 0, 1, 2 . . . ). At these time points, r equals 1 and circulates from 1 to N in every DFT period,
which is depicted in Figure 3. By this method, the round-off error of RDFT can be cleared to zero at the
beginning of every DFT period, which prevents errors from accumulating.
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3.2. DMRDFT Method for Grid Frequency Tracking

In order to modify the detection error of RDFT, the grid actual fundamental frequency should be
tracked accurately, which is achieved by one phase-locking functional RDFT channel corresponding to
the channel DMRDFT_x1 in Figure 2. Using the phase-detection messages of RDFT, the actual grid
frequency can be measured in real time. The fluctuation of the grid frequency is caused by the imbalance
between the input and output power of generators. Because the rotary inertia of the generator is
quite large, the grid frequency changes continuously and slowly, and it can be assumed that the grid
frequency remains unchanged in two consecutive RDFT periods. Considering that the influence of the
grid harmonic on RDFT measurement results is periodic, two pieces of measured phase data from the
vectors one DFT period apart can be employed to calculate the grid frequency, restraining the adverse
effect of the grid harmonic significantly.

On the one hand, if no DFT result is inserted into RDFT, Xr
1 and Xr−N

1 correspond to the same
initial phase angle. Define the range of phase difference as [−π,π). According to (19), it can be obtained
from the following equation:

ϕ1 = ϕ1m(r) −
2πr∆δ

N
−

N − 1
N

∆δπ− β1(r) (21)

ϕ1 = ϕ1m(r−N) −
2π(r−N)∆δ

N
−

N − 1
N

∆δπ− β1(r−N) (22)
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There is a problem in that β1 is the function of ϕ1, and ϕ1 is unknown. An approximation can be
obtained by neglecting βk in Equation (19) as:

ϕkm(r) ≈ ϕk +
2kπr∆δ

N
+

N − 1
N

∆δkπ (23)

Based on Equation (23), the following approximations are acquired:

βk(r) ≈
sin(∆δkπ/N)

sin((2 + ∆δ)kπ/N)
sin(−2ϕkm −

4kπr
N

+
2kπ
N

) (24)

Fk(r) ≈ 1 +
sin(∆δkπ/N)

sin((2 + ∆δ)kπ/N)
cos(−2ϕkm −

4πkr
N

+
2kπ
N

) (25)

Because ∆δ is very small, Equation (24) can be further simplified when k equals 1 as:

β1(r) ≈
∆δ
2

sin(−2ϕ1m(r) −
4πr
N

+
1
N

2π) (26)

By Equations (21), (22) and (26),ϕ1 can be eliminated, and the grid frequency calculation formula is:

∆δ =
2(ϕ1m(r) −ϕ1m(r−N))

4π+ sin( 2π
N −

4πr
N − 2ϕ1m(r)) − sin( 2π

N −
4πr
N − 2ϕ1m(r−N))

(27)

f = f0(1 + ∆δ) (28)

On the other hand, if the DFT results are inserted into RDFT as shown in Figure 3, Xr
1 and

Xr−N
1 correspond to the different initial phase angles which are 2π∆δ apart. Meanwhile, the part of

2π(r−N)∆δ/N in Equation (22) should be replaced by 2πr∆δ/N. After derivation, it is evident that
the conclusions are the same as the situation without DFT insertion.

3.3. Direct Modification Strategy of RDFT

As is depicted in Figure 2, one RDFT channel corresponding to the vector Xk (k = 1) is used to
achieve the PLL function, and the other several RDFT channels corresponding to the vector Xk (k = 5, 7,
11, 13) are employed to achieve selective harmonic current detection. When the real grid frequency is
acquired, the initial phase detection error of these RDFT channels can be directly modified by:

∆ϕk = ϕkm −ϕk =
2kπr∆δ

N
+

N − 1
N

∆δkπ+ βk(r) (29)

The accurate amplitude of the signal is:

√

2Yk =
2
N

Ykm
∆Yk

(30)

The DMRDFT method can be formulated by Equations (29) and (30). Furthermore, another
DMRDFT method formulation is provided here. For kth harmonic detection, a sine reference signal
sin[2kπ(r− 1)/N] and a cosine reference signal cos[2kπ(r− 1)/N], which correspond to the frequency
of the detected harmonic, should be generated by the controller. Define:

A =
2
N

N−1∑
n=0

x(n) cos
2kπn

N
(31)

B =
2
N

N−1∑
n=0

x(n) sin
2kπn

N
(32)
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The implementation process of RDFT in the time domain is:

Ak(r) = Ak(r− 1) +
2
N
[xk(r) − xk(r−N)] cos

2kπ
N

(r− 1) (33)

Bk(r) = Bk(r− 1) +
2
N
[xk(r) − xk(r−N)] sin

2kπ
N

(r− 1) (34)

The measured phase and magnitude information by the RDFT are:

tanϕm =
Im[Xr]

Re[Xr]
= −

B(r)
A(r)

(35)

∣∣∣Xr
∣∣∣ = √

A(r)2 + B(r)2 (36)

The value of ϕm depends on the quadrant of point [A(r), −B(r)]. If no correction is adopted,
the harmonic detection result of the RDFT is:

y(r)km = Ak(r) cos
2kπ
N

(r− 1) + Bk(r) sin
2kπ
N

(r− 1) (37)

By introducing the auxiliary angle formula, Equation (37) can be transformed into:

y(r)km = cos(kω0t + ϕkm)
∣∣∣
t= 1

f0
+(r−1)Ts

(38)

Whereas the actual signal is:

y(r)k = cos(k(ω0 + ∆ω)t + ϕk)
∣∣∣
t= 1

f0
+(r−1)Ts

(39)

By moving the reference signal left, the measurement result can be corrected accurately.
The correction angle for the reference signal can be obtained by contrasting Equations (38) and (39):

∆φk(r) =
N − 1

N
kπ∆δ− βk(r) (40)

Finally, the DMRDFT formula for the selective harmonic detection is:

yk(r) =
Ykm
∆Yk

[Ak(r) cos(
2kπ
N

(r− 1) + ∆φk(r)) + Bk(r) sin(
2kπ
N

(r− 1) + ∆φk(r))] (41)

The phase-locking output result of the weak grid can be obtained by the information of ϕm, or can
be a unit fundamental signal with the synchronous phase of u+

a , which is provided in Equation (42).

y1(r) =
A1(r) cos( 2π

N (r− 1) + ∆φ1(r)) + B1(r) sin( 2π
N (r− 1) + ∆φ1(r))√

A1(r)
2 + B1(r)

2
(42)

4. Simulations and Experiments

4.1. Simulations for the DMRDFT Method

In order to verify the validity of the proposed DMRDFT method, simulations based on Matlab
Simulink software were conducted.

Firstly, the steady performance of grid frequency tracking is provided. The relative simulation
parameters are: the RMS value of grid line voltage is 380 V; fundamental grid frequency is 49.5 Hz;
rated frequency is 50 Hz; sampling frequency of the RDFT is 16 kHz; N is 320 accordingly.
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Figure 4a provides the steady grid frequency tracking performance of the DMRDFT method when
no harmonic exists. The precision of frequency tracking is within 0.0001 Hz. Figure 4b shows the
tracking effect when the 5th harmonic exists with an amplitude of 20 V. Although the measurement
precision decreases, the error is still within 0.005 Hz, which can meet the actual needs. Moreover, it can
be noticed that the fluctuation frequency of measurement error is two times that of the grid frequency,
and the measurement error might be attributed to the approximation in the derivation process.
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Based on the same simulation parameters, the phase correction effect of DMRDFT on fundamental
voltage detection is shown in Figure 5. It is noted that the conventional RDFT method induces a fixed
error with a value of 1.8 degrees and a fluctuation error with a frequency of 100 Hz. After being directly
modified, the phase error is substantially reduced. When no harmonic exists, the precision is within
0.01 degrees; when the fifth harmonic is included, the precision still reaches 0.1 degrees, which can
meet the actual demands.
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The amplitude correction effect of DMRDFT is shown in Figure 6. Compared with the conventional
RDFT method, the amplitude error is significantly reduced by using the DMRDFT method. When no
harmonic exists, the error is within 0.01 V; when the fifth harmonic is included, the error is within
±0.5 V, which is acceptable in practical applications.
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Secondly, the dynamic effect on grid frequency tracking was verified. In order to simulate the
continuous and slow change of grid frequency, the grid voltage is supposed to change according to
the laws of the slope. Because the angular frequency is the derivative of the phase, we can make grid
frequency vary in a particular law by changing the initial phase of grid voltage. In the simulation,
the grid frequency decreases at the rate of 0.3 Hz/s after 0.1 s and increases at the rate of 0.25 Hz/s after
1.1 s. Moreover, the fifth harmonic is included, whose amplitude is 5% of that of the fundamental
wave. As is shown in Figure 7, the dynamic effect on frequency tracking is satisfactory, even if the
harmonic exists. Because the frequency is understood to remain constant in two consecutive periods,
measurement frequency has a delay of 0.04 s compared with actual frequency. However, actual grid
frequency changes quite slowly, so the dynamic precision of DMRDFT can meet the actual needs well.
Figure 8 shows the dynamic effect on phase tracking of grid voltage when the fifth harmonic exists.
As is shown, phase errors of the conventional RDFT method are large with a fluctuation component,
whereas the errors of DMRDFT are within 0.1 degrees even if the harmonic exists.

In order to verify the detection precision of the DMRDFT method for harmonic current,
corresponding simulations were performed. The relative parameters are: the real grid fundamental
frequency is 49.5 Hz; the sampling frequency is 16 kHz; N equals 320 accordingly. Figures 9 and 10
show the phase and amplitude correction effect on detecting the 5th and 17th harmonic currents with
an amplitude value of 1 A.
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and (b) 17th harmonic (k = 17).

From Figures 9 and 10, it is noted that grid frequency fluctuation harms detecting harmonic
current when the conventional RDFT method is used, especially for phase detection. The detection
error enlarges with the harmonic order increase. For the 17th harmonic, the constant phase error can
reach about 30 degrees when the grid frequency deviation is 0.5 Hz, and the amplitude detection error
also reaches 4%. Whereas, using the DMRDFT method, the phase and amplitude detection errors are
both approximately zero, which verifies the validity of the proposed method.

In order to verify the dynamic correction effect on harmonic current detection, the slope response
test was performed. In the simulation, the grid frequency decreases at the rate of 0.3 Hz/s after 0.1 s
and increases at the rate of 0.25 Hz/s after 1.1 s. Meanwhile, the multifarious harmonic is mixed to
simulate actual situations. The mixed harmonic current comprises the orders of 5th, 7th, 11th, 13th,
17th, and 19th. The constitution of the mixed harmonic current is shown in Table 1.

Here only dynamic phase error for the 17th harmonic detection is examined because it is the worst
situation. As is shown in Figure 11, the DMRDFT method has a minor dynamic error compared with
the RDFT method, although errors are not eliminated entirely. There are two reasons for the dynamic
error of the DMRDFT method: one is that the mixture of the multifarious harmonic reduces the
precision of the correction method; the other one is the delay of two RDFT periods for grid frequency
tracking. Fortunately, the maximum dynamic error of the DMRDFT method is still under 25% of that
of the RDFT method, which is substantially satisfactory.

Finally, to check the influence of grid voltage phase detection accuracy on the SAPF reactive-power
control performance under the weak grid situation, a related simulation was conducted. In the
simulation, the grid frequency is 50.5 Hz, which emulates the frequency deviation situations in the
weak power grid. The grid phase is calculated by the DMRDFT method and provided for an additional
instantaneous reactive power detection module. The SAPF compensates for the reactive power current
and the harmonic current using the current timing-comparison control. The other related simulation
parameters are: the three-phase reactive power capacity of the load is 200 kVA; the three-phase active
power load is a resistor of 100 Ω; the connection reactance of the SAPF is 0.5 mH; the DC-link voltage
is 760 V. Figure 12 shows the contrast of the reactive power control performance by the conventional
RDFT and DMRDFT methods.

As is shown in Figure 12, the grid-side residual inductive reactive power is about 1 kVAr on
average when the SAPF adopts the conventional RDFT method, and the power factor is relatively
low, its lowest value is only 0.88. It is mainly because the conventional RDFT method will lead to
the phase detection error of the weak grid, which reduces the reactive power control performance
significantly. Furthermore, the reason why the grid-side reactive power factor is under-compensated
in this situation lies in that the grid frequency is higher than the rated frequency, which induces that
the detected grid phase lags behind the real phase. For the same reason, the grid-side reactive power
factor is overcompensated when the grid frequency is lower than the rated frequency. In contrast, as is
depicted in Figure 12, the grid-side residual reactive power is approximately zero on average when the
SAPF employs the DMRDFT method, and the power factor is significantly improved; itsvalue is more
likely to be to one. The improvement of the SAPF reactive power control performance benefits from
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the accurate grid phase information provided by the DMRDFT method, which proves the effectiveness
of the proposed DMRDFT method for the weak grid phase locking.

Table 1. Constitution of the harmonic current.

Harmonic Order 5th 7th 11th 13th 17th 19th

Amplitude(A) 30 21 14 11 9 8
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grid-side residual reactive power.

4.2. Experiments for the DMRDFT Method

In order to verify the actual effect on the DMRDFT method used in the SAPF, a related experiment
was conducted. A programmable power supply is used to generate grid frequency deviation and
simulate the weak grid conditions. In the experiment, the grid frequency is set to 49.5 Hz, whereas the
rated frequency is 50 Hz. Due to the power limit of the power supply, the low-power experiment
is performed to verify the proposed algorithm, and the root mean square (RMS) value of grid line
voltage is set to 50 V for the power limitation. An available SAPF prototype in the lab, which is shown
in Figure 13, is used to detect and compensate the 5th, 7th, 11th, 13th harmonic current generated
by a thyristor rectifier load in the grid. The connection inductance is 4 mH, and DC-link voltage is
controlled to be 100 V for the SAPF. The sampling frequency of the controller is 8 kHz, and N equals
160 accordingly.

In Figure 14, the SAPF compensation effect using the RDFT and DMRDFT methods are compared.
As is shown, the SAPF using the DMRDFT method obviously compensates the harmonic better; as a
result, the grid current using the DMRDFT method is closer to the sine wave. The detailed measurement
data of the harmonic RMS values are provided in Table 2. It is noted that the compensation effect is
significantly increased by using the DMRDFT method in the situation of grid frequency deviation.
The compensation effect using the conventional RDFT method is poor, especially for high order
harmonics. The total harmonic distortion (THD) value of the load current is 25.2%. After compensation,
the THD value of the grid current is 17.2% using the RDFT method, whereas the THD value of the grid
current reaches 6.9% using the DMRDFT method, which is quite satisfactory.
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Figure 14. The SAPF compensation performance with frequency deviation: (a) effect using the RDFT
method, and (b) effect using the DMRDFT method. (CH1—Load current of A phase; CH2—SAPF
current of B phase; CH3—Grid current of C phase)

Table 2. The measurement result of harmonic current.

Harmonic Order 5th 7th 11th 13th

Load current RMS(A) 0.91 0.59 0.44 0.26
Grid current RMS using RDFT(A) 0.46 0.45 0.39 0.24

Grid current RMS using DMRDFT(A) 0.13 0.18 0.08 0.08

5. Discussion

Based on the simulation and experimental results, the following discussions are conducted.

5.1. Amount of Computation

The small amount of computation is the significant advantage of the RDFT method. To overcome
the error caused by frequency deviation, the DMRDFT method proposed in this paper introduces
an additional two parts computation compared with the conventional RDFT method. One is the
frequency estimation part, which introduces an additional six additions, seven multiplications, and two
sine operations. All of the DMRDFT harmonic channels can share the frequency estimation result.
The other additional computation is the phase and magnitude modification part. For each DMRDFT
harmonic channel, this part introduces an extra twelve additions, eighteen multiplications, and ten
sine operations. As can be seen, the computation amount of the proposed DMRDFT method is low.
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Moreover, the experiment in Section 4.2 employs the digital signal processor to achieve five-channel
DMRDFT detection and SAPF control, communication, and other functions easily, which also proves
that the proposed DMRDFT method is easy to implement in practice.

5.2. Influence of Noise

The noise, which is inevitable in the practical environment, will deteriorate the performance of
digital signal processing. In order to examine the DMRDFT performance with the environmental noise,
the following simulation is conducted. A white Gaussian noise signal, whose variance is two and
peak-to-peak value is 9.5 V, is added to the A phase grid voltage ua. The phase and magnitude of ua

are calculated by the DMRDFT method, and the results are shown in Figure 15.
As is depicted in Figure 15, the noise has adverse effects on the DMRDFT detection accuracy due to

the spectrum interference. Compared with the ideal case without noise, both the phase and magnitude
errors increase. Nonetheless, the phase error peak value is within 0.05 degree, and the magnitude
error peak value is within 0.2 V, which is still satisfactory in practice. Moreover, the experiments in
Section 4.2 also prove the feasibility of the proposed DMRDFT method.
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5.3. Influence of Interharmonics

Interharmonics, also known as noninteger harmonics, is caused by the nonlinear elements in
the weak power grid such as the arc furnace and ferromagnetic materials. In order to examine the
DMRDFT performance with the interharmonics background, the related simulations were performed.
The interharmonic voltage superimposed on ua comprises a 10 Hz subharmonic voltage with the
amplitude of 1 V, a 160 Hz harmonic voltage with an amplitude of 3 V, and a 260 Hz harmonic voltage
with an amplitude of 3 V. The phase and magnitude of ua are detected by the DMRDFT method,
and the results are illustrated in Figure 16.
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It can be seen in Figure 16 that the interharmonics deteriorate the DMRDFT accuracy for both
phase and magnitude detection. It is mainly because the interharmonics produce spectrum interference
to the desired components. Nevertheless, the phase error peak value is within 0.2 degrees, and the
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magnitude error peak value is within 0.7 V. Considering that the interharmonic amount is low in the
real power grid, the detection accuracy of the proposed DMRDFT method is acceptable in practice.

5.4. Sensitivity Analysis

In order to evaluate the sensitivity of the DMRDFT detection accuracy to various adverse factors,
a brief sensitivity analysis was conducted. The sensitivity analysis factor (SAF) is defined as:

SAF =
∆A/A
∆F/F

(43)

where ∆A/A means the variation ratio of the evaluation index and ∆F/F represents the variation
ratio of the adverse factor. The RMS value of the phase and magnitude detection error of DMRDFT
is selected as the evaluation index. The detection object of DMRDFT is a fundamental voltage with
an amplitude of 100 V. Several adverse factors superimposed on the fundamental voltage consist of
harmonics, interharmonics, noise, and frequency sloping change. The harmonic part comprises the 5th,
7th, 11th, 13th, 17th, 19th harmonic voltage with the amplitude of 1 V, respectively. The interharmonic
part contains 0.2, 3.2, 5.2 order harmonics with the amplitude of 1 V, respectively. The variance of the
white Gaussian noise signal is one. The frequency changing rate is the same as that of the simulation in
Figure 7. By examining the variation rate of the evaluation index when each adverse factor increases
100% separately, the SAF can be calculated, as shown in Table 3.

Table 3. Sensitivity analysis results.

F
(Adverse Factor)

∆F/F
(%)

|∆A1/A1|
(%, Phase Error)

|∆A2/A2|
(%, Magnitude Error)

|SAF1|
(Phase Error)

|SAF2|
(Magnitude Error)

Noise variance 200 0.1463 0.1390 0.0731 0.0695
frequency slope 100 0.0468 0.0426 0.0468 0.0426
0.2nd harmonic 100 0.7883 0.7539 0.7883 0.7539
3.2nd harmonic 100 0.0867 0.1218 0.0867 0.1218
5.2nd harmonic 100 0.0149 0.0448 0.0149 0.0448

5th harmonic 2000 0.0633 0.1287 0.0032 0.0064
7th harmonic 2000 0.0633 0.1231 0.0032 0.0062
11th harmonic 2000 0.0628 0.1192 0.0031 0.0060
13th harmonic 2000 0.0644 0.1183 0.0032 0.0059
17th harmonic 2000 0.0681 0.1166 0.0034 0.0058
19th harmonic 2000 0.0713 0.1162 0.0036 0.0058

Based on the sensitivity analysis results illustrated in Table 3, the most sensitive factor of DMRDFT
accuracy is the interharmonics and subharmonics, especially the subharmonics. It is mainly because the
spectrum of interharmonics interferes with the spectrum of measured frequency. Moreover, the closer
the interharmonic frequency is to the measured frequency, the more serious the interference is,
which is consistent with the analysis results in Table 3. Fortunately, the amount of interharmonics and
subharmonics is usually relatively low, and the DMRDFT accuracy can be ensured in the real power
grid. Nonetheless, how to further restrain the influence of interharmonic on the accuracy of DMRDFT
still needs to be studied, and this could be the direction of the future work of this study. Furthermore,
the influence of the frequency changing slope and the noise variance on the DMRDFT accuracy also
cannot be ignored. The noise power spectral density and the frequency changing rate considered in this
study are usually more severe than those in the real conditions. Therefore, these two adverse factors
commonly will not affect the practical application performance of DMRDFT. Nevertheless, SAPF circuit
systems, especially the main circuit, transmission lines, and printed circuit boards, should be well
designed to reduce the noise level and improve DMRDFT performance. Last but not least, the integer
harmonics have little influence on the DMRDFT performance, which benefits from the orthogonality
of integer harmonic space.
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6. Conclusions

This paper has made the following conclusions based on previous studies:
In a weak power grid, grid frequency often shifts, and large errors will occur for the amplitude

and phase detection using the RDFT algorithm. After being analyzed, the measurement errors can
be divided into fixed error and fluctuating error. For the specific harmonic, the fixed error is only
determined by frequency deviation, whereas the fluctuating error is also related to the recursive pointer
and the initial phase. The measurement error of grid fundamental voltage detection harms unit power
factor control for the SAPF, and the measurement error of harmonic current will induce the deterioration
of the SAPF compensation performance. With the increase of harmonic order, the measurement error
increases significantly.

A DMRDFT method is proposed to resolve this problem in the paper. This algorithm acquires the
real grid frequency through the calculation of the phase angle difference for two consecutive periods.
Then it utilizes the grid frequency deviation and recursive pointer value to correct the detection results
obtained from the conventional RDFT algorithm, which will yield the accurate amplitude and phase
information of the grid voltage or current. A set of calculation formulas are provided to correct the
measurement errors for the conventional RDFT method, and the total amount of calculation for this
algorithm is quite small, which is suitable for SAPF applications.

Simulations have verified the high precision of the proposed DMRDFT algorithm in both steady
and dynamic situations. In steady conditions, the frequency tracking precision of the DMRDFT method
reaches 0.01 Hz, and the phase detection error is within 0.1 degrees. When the frequency shifts slowly,
the DMRDFT method can track the real frequency well. Even for the mixed harmonic detection in
dynamic situations, the amplitude and phase errors are significantly reduced compared with the
conventional RDFT method. To a certain extent, interharmonics and noise can worsen the detection
accuracy of DMRDFT. Considering that they are usually low in the real power grid, the practical
DMRDFT detection accuracy can be guaranteed. Experimental results show the DMRDFT method can
significantly increase the SAPF compensation performance when the grid frequency shifts.
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Nomenclature

Abbreviations
DFT Discrete Fourier transformation
RDFT Recursive discrete Fourier transformation
DMRDFT Directly modified Recursive discrete Fourier transformation
SAPF Shunt active power filter
PI Proportional-integral
PLL Phase-locked loop
SRF-PLL Synchronous-reference frame phase-locked loop
HPLL Hybrid PLL
EGDSC-PLL Enhanced generalized delayed signal cancellation PLL
WLSE-PLL Weighted least squares estimation PLL
RMS Root mean square
SAF Sensitivity analysis factor
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Variables, Parameters, and Constants
ua, u+a A-phase voltage/positive-sequence voltage of the weak power grid
x Grid voltage for phase-locking or load current for harmonic detection
k The order of harmonic
f , ω The fundamental frequency/angle frequency
f0, fs The rated frequency of the weak grid/sampling frequency of RDFT
Yk, ϕk The RMS value/initial phase of signal
N The sampling number in one DFT calculation cycle
r The recursive pointer
Xr

k The vector corresponding with the sampling set {xk(n)}(n=r,r+1, . . . r+N−1)
δ The auxiliary variable representing a relative change in frequency
Fk, βk The amplitude/phase angle of the auxiliary vector Fke jβk

γk The phase angle of the auxiliary vector
∣∣∣∣∣ ⇀AB

∣∣∣∣∣
Ykm, ϕkm The RDFT measurement result of amplitude/initial phase
H, D The fixed/fluctuating error for RDFT phase measurement
Ak(r), Bk(r) RDFT process variables corresponding to cosine/sine reference signals
y(r)k, y(r)km The actual signal/ RDFT detection harmonic result
yk(r) The DMRDFT result for the selective harmonic detection
∆A/A, ∆F/F The variation ratio of evaluation index/the adverse factor
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