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Abstract: The present study develops the influence of inclined border temperature variations on
the isotherms, streamlines, and isoconcentrations for unsteady free convection in a trapezoidal
region filled with the water-based nanofluid. The considered mathematical nanofluid approach was
formulated based on the Buongiorno’s model. The set of governing partial differential equations
formulated using non-dimensional primitive variables such as velocity, pressure, temperature,
and nanoparticles concentration volume fraction was solved numerically using the finite element
method for various magnitudes of control characteristics. It was revealed that control characteristics
affected the liquid circulation and energy transport coefficients. The Nusselt number is a growing
function of wave number, amplitude, and the Rayleigh number.
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1. Introduction

Thermogravitational convective energy transfer is a very significant transport mechanism in
technical and natural systems owing to its wide applications in solar collectors, heat exchangers,
chemical reactors, and building heating [1–3]. It seems that the natural convection within a tilted
trapezoidal enclosure filled with a viscous liquid was first studied by Lee [4]. He conducted a
computational analysis of this phenomenon to investigate the nature of the circulation and energy
transport parameters for various Rayleigh and Prandtl numbers, employing curvilinear coordinates.
It was demonstrated that for Ra > 104 and Pr > 0.1, the thermal transmission inside a trapezoidal cavity
is a strong function of the enclosure orientation.

Saeid and Yaacob [5] studied the problem of the thermogravitational convection within a square
chamber filled with air having non-uniform high and uniform low border temperatures. The paper
concludes that the average Nu varied sinusoidally with a growth of the wave parameter and obtained a
maximum magnitude for a wide range of temperature differences 103

≤ Ra ≤ 106. It was also revealed
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that the wave parameter for the maximum fluid flow rate corresponded to the maximum thermal
transmission rate for low Ra, while for high Ra intensification could be found for different high wave
number values. An increase in the amplitude of the hot border temperature function enhanced the
mean Nu. De Vahl Davis [1] gave the heat transfer values for the natural convection of air, analyzing air
circulation within a differentially-heated square chamber. The purpose of this paper was to define the
magnitudes of the stream function at the enclosure center, the fluid flow rate, the mean Nu throughout
the chamber, and the mean Nu at the vertical central line of the enclosure. In an excellent paper
by Demirdzic et al. [6], a multigrid finite volume method was used to solve four test problems for
liquid circulation and energy transport. One of these problems treated the thermal transmission in
an inclined parallelogram enclosure of isothermal borders. They found that Nu was higher in the
case of higher Prandtl numbers. However, employing Buongiorno’s nanofluid approach, Sheremet
et al. [7] studied the thermogravitational convective energy transport of a nanofluid within a porous
trapezium. Authors [7] ascertained that the inclusion of nanoparticles could result in strengthening and
suppression of the liquid circulation and energy transport in dependence of the considered parameters.
Kuyper [8] depicted a numerical study on the free convection of air in differentially heated trapezoidal
regions. The impact of the tilt angle on the circulation and Nusselt number was presented.

The liquid circulation within trapezoidal porous enclosures has been analyzed in a series of papers.
Thus, Kumar and Kumar [9] studied thermogravitational energy transport inside a porous trapezium
by employing the parallel numerical approach. The horizontal borders were thermally insulated,
while inclined borders were isothermal at different temperatures. Authors demonstrated that the
slope of the side boundaries was an important characteristic for the hydro- and thermodynamic fields.
Baytas and Pop [10] examined free convective thermal transmission inside a porous trapezium using
the Darcy approach. Authors revealed that up to Ra = 100, the conductive energy transport mode was
the major one, and beyond this a complex convective circulation mode was realized at the inclination
of 165◦. Varol et al. [11–13] and Varol [14] also numerically studied the free convection within a porous
trapezium. Other investigations on thermogravitational energy transport inside trapeziums have been
presented in [15–19].

Note that the low thermal conductivity of conventional energy transport liquids such as engine oil,
ethylene, and water is the main reason for the presence of a limit in the development of modern thermal
systems. It has been shown using experimental analysis and theoretical studies that the addition of
nanoparticles into the host liquid allows the thermal conductivity of the nanofluid to be enhanced,
essentially amplifying the energy transport rate. The idea of a nanosuspension was given by Choi [20]
to raise a liquid’s thermal conductivity. As a result, an amplification of thermal conductivity improved
thermal engineering systems (Wen et al. [21], Godson et al. [22]). The usage of nanofluids can be found
in medicine, namely, in the targeted delivery of drugs by smart nanoparticles under external control.

The study of the impacts of non-uniform wall temperature variations in trapeziums has found
various practical applications in solar collectors, heat exchangers, heat pipes, and so on. Many useful
references concerning nanofluids can be found in interesting books and papers [23–35].

Natural convection heat transfer and fluid flow have been studied for porous and non-porous
medium trapezoidal enclosures, mostly at differentially heated temperature boundary conditions,
by many authors (e.g., Varol et al. [12]). Alsabery et al. [36] studied the effects of spatial side-wall
temperature variations on the transient natural convection of a nanofluid in a trapezoidal cavity.

However, to our best knowledge, a partially cooled porous trapezoidal enclosure filled with a
nanofluid has not yet been considered. The application of a partially cooled boundary condition can
be found in the paper by Oztop [37]. Thus, the main objective of this paper was to examine the effects
of non-uniform border temperature variations on time-dependent free nanofluid convection within a
trapezium: Buongiorno’s nanofluid model.

Nanofluids have been considered for use in industrial processes and engineering fields such as in
cooling systems in electronic devices, heat exchangers, nuclear reactors, automotive cooling applications,
in the transportation industry (e.g., automobiles, trucks, airplanes), micro-electromechanical
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systems, electronics and instrumentation, and in biomedical applications (e.g., nano-drug delivery,
cancer therapeutics, cryopreservation). Nanofluids have also been widely investigated to enhance
solar energy utilization, and have been used as working fluids in solar thermal collectors to absorb
the solar radiation. There are also applications in which the presence of nanoparticles induces other
desired effects beyond the enhancement of heat transfer. For example, the presence of zinc oxide or
titanium dioxide nanoparticles in water has shown inherent antibacterial effects [38].

The main objective of the present investigation was to understand the influence of periodical
side-wall temperature variations on the isotherms, streamlines, and isoconcentrations for unsteady
natural convection in a trapezoidal chamber filled with a water-based nanofluid.

2. Problem Definition

We studied 2D unsteady free convection within a trapezium with length L, depth H′, and height
H = H′/cos(ϕ), as illustrated in Figure 1. The left sloping cavity wall was heated non-uniformly,
while the right border was isothermal with low temperature Tc. Horizontal boundaries were assumed
to be adiabatic. All the walls were assumed impermeable and no slip, and the liquid inside the
enclosure was a water-based nanofluid. The usual Boussinesq approach was adopted and the nanofluid
characteristics were constant except for the density.

Energies 2019, 12, 1461 3 of 14 

 

nano-drug delivery, cancer therapeutics, cryopreservation). Nanofluids have also been widely 
investigated to enhance solar energy utilization, and have been used as working fluids in solar 
thermal collectors to absorb the solar radiation. There are also applications in which the presence of 
nanoparticles induces other desired effects beyond the enhancement of heat transfer. For example, 
the presence of zinc oxide or titanium dioxide nanoparticles in water has shown inherent antibacterial 
effects [38]. 

The main objective of the present investigation was to understand the influence of periodical 
side-wall temperature variations on the isotherms, streamlines, and isoconcentrations for unsteady 
natural convection in a trapezoidal chamber filled with a water-based nanofluid. 

2. Problem Definition 

We studied 2D unsteady free convection within a trapezium with length L, depth H′, and height 
( )cosH H ϕ′= , as illustrated in Figure 1. The left sloping cavity wall was heated non-uniformly, 

while the right border was isothermal with low temperature Tc. Horizontal boundaries were assumed 
to be adiabatic. All the walls were assumed impermeable and no slip, and the liquid inside the 
enclosure was a water-based nanofluid. The usual Boussinesq approach was adopted and the 
nanofluid characteristics were constant except for the density.  

 
Figure 1. Analyzed sketch and physical model. 

Taking these assumptions into account, the governing equations are given as follows [36,37]: 

0u v
x y

∂ ∂+ =
∂ ∂

, (1) 

2
f f

u u u pu v u
t x y x

ρ μ ∂ ∂ ∂ ∂+ + = − + ∇ ∂ ∂ ∂ ∂ 
, (2) 

( ) ( )( ){ }2
01 1f f p f c

v v v pu v v C C T T g
t x y y

ρ μ ρ ρ β ∂ ∂ ∂ ∂  + + = − + ∇ + + − − −   ∂ ∂ ∂ ∂ 
, (3) 

22
2 T

f B
c

DT T T C T C T T Tu v T D
t x y x x y y T x y

α δ
      ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂  + + = ∇ + + + +       ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂         

, (4) 

2 2T
B

c

DC C Cu v D C T
t x y T

∂ ∂ ∂+ + = ∇ + ∇
∂ ∂ ∂

. (5) 

Further, we assumed that the temperature of left inclined border had a harmonic behavior about 
the mean magnitude hT  in the form [5] 

Figure 1. Analyzed sketch and physical model.

Taking these assumptions into account, the governing equations are given as follows [36,37]:

∂u
∂x

+
∂v
∂y

= 0, (1)

ρ f

(
∂u
∂t

+ u
∂u
∂x

+ v
∂u
∂y

)
= −

∂p
∂x

+ µ f∇
2u, (2)

ρ f

(
∂v
∂t

+ u
∂v
∂x

+ v
∂v
∂y

)
= −

∂p
∂y

+ µ f∇
2v +

{
Cρp + (1−C)

[
ρ f 0(1− β(T − Tc))

]}
g, (3)

∂T
∂t

+ u
∂T
∂x

+ v
∂T
∂y

= α f∇
2T + δ

DB

(
∂C
∂x
∂T
∂x

+
∂C
∂y
∂T
∂y

)
+

(DT

Tc

)(∂T
∂x

)2

+

(
∂T
∂y

)2
, (4)

∂C
∂t

+ u
∂C
∂x

+ v
∂C
∂y

= DB∇
2C +

DT

Tc
∇

2T. (5)

Further, we assumed that the temperature of left inclined border had a harmonic behavior about
the mean magnitude Th in the form [5]

Th(y) = Th + ε
(
Th − Tc

)[
1− cos

(
2πκy

L

)]
. (6)
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We now define the non-dimensional variables:

τ =
αt
L2 , X =

x
L

, Y =
y
L

, U =
uL
α f

, V =
vL
α f

, P =
pL2

ρ fα
2
f

, θ =
T − Tc

∆T
, φ =

C
C0

, (7)

where ∆T = Th − Tc.
Using these parameters, Equations (1)–(5) can be rewritten in a non-dimensional form:
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with the following non-dimensional boundary conditions:

τ = 0 : u = 0, v = 0, θ = 1, φ = 0 within the cavity

τ > 0 : Nb
(
cos(ϕ) ∂φ∂X + sin(ϕ) ∂φ∂Y

)
+ Nt

(
cos(ϕ) ∂θ∂X + sin(ϕ) ∂θ∂Y

)
= 0,

U = V = 0, θ = 1 + ε[1− cos(2πκY)] on AD

τ > 0 : Nb
(
cos(ϕ) ∂φ∂X − sin(ϕ) ∂φ∂Y

)
+ Nt

(
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)
= 0,

U = V = 0, θ = 0 on BC
τ > 0 : Nb ∂φ∂Y + Nt ∂θ∂Y = 0, U = V = 0, ∂θ

∂Y =
∂φ
∂Y = 0 on AB and CD

(13)

The quantities of physical interest, namely the local Nusselt numbers along the inclined borders,
can be determined as:
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q f L
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(
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)
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Also, the average Nu is

Nuh =
1
s

s∫
0

Nuhds, Nuc =
1
s

s∫
0

Nucds. (15)

3. Solution Technique and Validation

The governing Equations (8)–(12) with corresponding boundary conditions (13) were solved using
finite element method in COMSOL 5.2 software, see Reference [39] or [40]. The convergence criterion
was the following:

‖Θnew
−Θold

‖

‖Θnew
‖

≤ δ. (16)

Here Θ is either the variable u, v, θ, or φ, and δ is equal to 10−5. In order to choose the size of the
grid, an accuracy test for the mesh sensitivity analysis was performed for Ra = 103, Pr = 7, ϕ = π/4,
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κ = 1, ε = 0.5, Nt = Nb = 0.1, Le = 10, and Nr = 0.1 using grid sets as shown in Table 1. Very good
agreement was found between 60× 60 to 120× 120 results, and therefore the grid used in this problem
was 100 nodes × 100 nodes.

Table 1. Accuracy test for Ra = 104, Pr = 7, ϕ = π/4, κ = 1, ε = 0.5, Nt = Nb = 0.1, Le = 10, Nr = 0.1.

Nodes Nuh

20× 20 2.7049

40× 40 2.7065

60× 60 2.7067

80× 80 2.7068

100× 100 2.7069

120× 120 2.7068

A simplified test problem was chosen for validation, such as Demirdzic et al. [6] on the convective
heat transfer within a parallelogram and De Vahl Davis [1] on convective heat transfer inside a square
chamber. Table 2 presents very good comparison results for variation of Nu at the heated border with
the data of Demirdzic et al. [6] for Ra = 106, Pr = 0.1, Pr = 10, and ϕ = π/4.

Table 2. Variation of Nu with Pr for Ra = 106 compared with the data of Demirdzic et al. [6].

Pr Demirdzic et al. [6] Present

0.1 5.9849 5.9829

10 7.5801 7.5847

Table 3 shows a very good comparison of Nu variations at the heated border with the data of De
Vahl Davis [1].

Table 3. Variations of Nu for Ra = 103 and 104 compared with the data of De Vahl Davis [1].

Mesh Size Ra De Vahl Davis [1] Present

0.025 103 1.116 1.121

0.025 104 2.234 2.306

4. Results and Discussion

The quantities of control characteristics employed to resolve Equations (8)–(12) with additional
conditions (13) being the Rayleigh numbers Ra = 104, 105, and 106, Prandtl number Pr = 7, Lewis number
Le = 10, thermophoresis parameter Nt = 0.1, Brownian motion parameter Nb = 0.1, buoyancy-ratio
parameter Nr = 0.1, the inclination angles ϕ = π/6, π/4, π/3, the wave numbers κ = 1, 2, 3, and the
amplitudes ε= 0.5, 1.0, 1.5, 2.0. According to Buongiorno [41], the nanoparticles diameter can vary in the
range of 1 to 100 nm. Here, the physical properties of the nanoparticles were included in the governed
parameters mentioned above. We also mention that all the considered variables of the equations are
dependent on the governing parameters mentioned above. Isotherms, streamlines, isoconcentrations,
and mean Nu for various quantities of control characteristics are presented in Figures 2–9.

Figure 2a–c shows isolines of temperature, stream function, and concentration within the cavity
for ϕ = π/4 and Ra = 104, 105, and 106. For the considered Ra range, the thermal transmission from
the heated to cooled border increased. We also saw that with increasing Ra, the convection was
dominant and the inclined temperature stratification became horizontal. Due to the non-uniform
waveform heating, the isotherm patterns next to the left hot wall appeared in a curved line (κ = 1);
near the right cold wall, the isotherm patterns were parallel with the inclined wall; while in the cavity
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center, the isotherm lines were almost horizontal. It is evident that the wave created by non-uniform
warming moved up on the left border. These modifications were due to a significant warming of
the left cavity wall and a significant cooling of the right wall of the enclosure. The isotherms level
started from 0.05 (left bottom corner), and the difference between each contour level was 0.1. It is also
evident that there was a clockwise eddy in the central part and it became elongated with increasing Ra.
Further, the boundary layer thickness decreased and the maximum streamline point increased from∣∣∣ψmax

∣∣∣ = 0.0043 for Ra = 104 to
∣∣∣ψmax

∣∣∣ = 0.5231 for Ra = 106. The nanofluid circulation rate increased
due to the increment in the buoyancy forces of the nanofluid. In Figure 2b,c, it can be observed that a
significant motion acceleration took place near the heated border which formed a single vortex in the
upper-left corner. This phenomenon characterizes a detachment of the circulation at the upper-left
corner. As a result, non-homogeneous nanoparticles distributions could be found. As seen in these
figures, the density of isoconcentrations increased next to the hot border with increasing Ra.

Energies 2019, 12, 1461 6 of 14 

 

isoconcentrations, and mean Nu for various quantities of control characteristics are presented in 
Figures 2–9. 

Figure 2a–c shows isolines of temperature, stream function, and concentration within the cavity 
for ϕ = π/4 and Ra = 104, 105, and 106. For the considered Ra range, the thermal transmission from the 
heated to cooled border increased. We also saw that with increasing Ra, the convection was dominant 
and the inclined temperature stratification became horizontal. Due to the non-uniform waveform 
heating, the isotherm patterns next to the left hot wall appeared in a curved line (κ = 1); near the right 
cold wall, the isotherm patterns were parallel with the inclined wall; while in the cavity center, the 
isotherm lines were almost horizontal. It is evident that the wave created by non-uniform warming 
moved up on the left border. These modifications were due to a significant warming of the left cavity 
wall and a significant cooling of the right wall of the enclosure. The isotherms level started from 0.05 
(left bottom corner), and the difference between each contour level was 0.1. It is also evident that 
there was a clockwise eddy in the central part and it became elongated with increasing Ra. Further, 
the boundary layer thickness decreased and the maximum streamline point increased from 

0 0043max .ψ =  for Ra = 104 to 0 5231max .ψ =  for Ra = 106. The nanofluid circulation rate 

increased due to the increment in the buoyancy forces of the nanofluid. In Figure 2b,c, it can be 
observed that a significant motion acceleration took place near the heated border which formed a 
single vortex in the upper-left corner. This phenomenon characterizes a detachment of the circulation 
at the upper-left corner. As a result, non-homogeneous nanoparticles distributions could be found. 
As seen in these figures, the density of isoconcentrations increased next to the hot border with 
increasing Ra. 

 
(a) 

 
(b) 

  
(c) 

Figure 2. Isotherms, streamlines, and isoconcentrations for Pr = 7, ϕ = π/4, κ = 1, ε = 0.5, and (a) Ra = 
104, (b) Ra = 105, (c) Ra = 106. 

Figure 3a–c illustrates isolines of temperature, stream function, and nanoparticles concentrations 
within the trapezium for ϕ = π/6 and Ra = 104, 105, and 106. The profiles were almost similar to those 

Figure 2. Isotherms, streamlines, and isoconcentrations for Pr = 7, ϕ = π/4, κ = 1, ε = 0.5, and (a) Ra =

104, (b) Ra = 105, (c) Ra = 106.

Figure 3a–c illustrates isolines of temperature, stream function, and nanoparticles concentrations
within the trapezium for ϕ = π/6 and Ra = 104, 105, and 106. The profiles were almost similar to those
mentioned previously. Because a decreasing inclination angle tended to increase the space between
isotherms and streamlines, the nanofluid flow rate increased with Ra from

∣∣∣ψmax
∣∣∣ = 0.0011 for Ra

= 104 to
∣∣∣ψmax

∣∣∣ = 0.2457 for Ra = 106, but these values are lower in comparison with the previous
case of ϕ = π/4. Also, the magnitude of velocity decreased in comparison with the precedent case
ϕ = π/4. Cavities closer to a square shape permit the fluid circulation to be distributed more clearly
in the enclosure, and only for the third case (Ra = 106) did the boundary layer thicknesses for hot
and cold walls increase significantly. The isoconcentrations reflect more homogeneous solid particle
distributions with non-homogeneous regions near the borders.
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Figure 4a–c presents the impact of Ra (Ra = 104, 105, 106) on temperature, stream function,
and concentration isolines for ϕ = π/3. It is well-known that Ra reflects the impact of the buoyancy force
in natural convection problems. Owing to the high inclination angle, the density of the isotherms at
the hot and cold boundaries enhanced with Ra. In this case, the intensity of fluid circulation was more
significant in comparison with the cases discussed above. This intensification of convective flow grew
from

∣∣∣ψmax
∣∣∣ = 0.0140 for Ra = 104 to

∣∣∣ψmax
∣∣∣ = 0.6967 for Ra = 106. This acceleration of the fluid flow

was determined to form a single vortex in the upper-left corner of the streamline starting from the first
value of the Rayleigh number. From Figure 4c we can remark on the effect of thermophoresis on the
nanoparticles distributions inside the enclosure. Isoconcentrations illustrated more non-homogeneous
dispensation for small Ra, and the nanoparticles were distributed along the walls for large Ra.

The undulation parameter can also influence the thermal transmission and liquid circulation
inside the cavity. Figure 5a–c depict the influence of this parameter κ = 1, 2, 3 on the considered fields
for ϕ = π/4 and Ra = 106. As the non-uniform heating was applied, the isotherms and nanoparticles
were affected considerably. It was observed that the temperature and nanoparticles concentration
patterns close to the left sloping wall formed one, two, and three waves. These waves are more clearly
highlighted in Figure 6. On the left boundary, the temperature contour appeared with an almost
sinuous line. Also, increasing κ to the value of 3 changed the flow motion significantly. For odd values
of the wave parameter κ the maximum streamline point was equal and less than for even values of the

wave number
(∣∣∣ψmax

∣∣∣κ=1,3
= 0.52 <

∣∣∣ψmax
∣∣∣κ=2

= 0.51
)
. The convective center vortex form was affected

by κ. A single core formed for κ = 1, became elongate along the horizontal axis for κ = 2 and then this
was broken in two for κ = 3. From these figures, we can conclude that the wave number induced a
more notable effect on the isotherms and the nanoparticles distributions rather than on the streamlines.
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The concentration distribution of the nanoparticles was influenced by the thermophoresis.
The thermophoresis force tends to move the nanoparticles in the direction opposite to the temperature
gradient. The physical reason for the thermophoretic force is the fact that a nanoparticle receives
more net impacts from the liquid molecules from the hot side compared to the cold side. Hence,
the particles tend to move from hot to cold. Based on the governing equations, the thermophoretic
force is proportional to the temperature gradient of nanoparticles in the liquid.

The zero wave number corresponds to a case with no temperature variation at the hot wall.
The increase of the wave number increased the overall area of the wall which is subject to a higher
temperature. Hence, it is clear that the increase of the wave number induced a significant effect
of the temperature gradient in the nanofluid, and consequently, the concentration distribution of
nanoparticles was under the significant influence of the wave number.

When the Rayleigh number was low, the heat transfer was conduction-dominant. In a
conduction-dominant regime, the heat transfer is mainly due to diffusion. Hence, as seen in the
isotherms for Ra = 104, a smooth and extended temperature gradient can be expected. The increase
of the Rayleigh number boosted the effects of convective heat transfer. The convective heat transfer
effects are the result of the buoyancy forces. At the wall, although the buoyancy forces were very
high, the velocity of the nanofluid was zero due to the no-slip wall effect. However, next to the
wall, the nanofluid was free to move, and the velocity of the nanofluid reached a maximum value.
The strong motion of the nanofluid removed a considerable amount of heat from the wall and induced
significant temperature gradients next to the hot and cold walls. As discussed, the nanoparticle
distribution was significantly affected by the temperature gradient due to the thermophoretic force.
Hence, the concentration gradients of the nanoparticles next to the hot and cold walls were significant,
and the rise of the Rayleigh number boosted the concentration gradient of nanoparticles.
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Figure 6 presents the temperature variation along the left sloping wall. It is worth noting that
for κ = 1 a single wave with the maximum value for y = 0.7 was evident, and similarly for κ = 2 two
waves with the maximum values for y = 0.35 and 1.05 were evident. In the case of κ = 3, three waves
with the maximum values for y = 0.25, 0.7, and 1.2 appeared. These sinuous patterns of temperature
are also noticeable in Figure 5a and produced time-dependent changes in Nu.
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Figure 6. Variation of temperature with amplitude along the hot wall for Ra = 106, Pr = 7, ϕ = π/4, ε = 0.5.
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Figure 7 displays the changes in average Nu with time at the heated border. In Figure 6a,
the average Nusselt number varied with respect to amplitude ε = 0.2, 0.4, 0.6, 0.8, and 1 when κ = 1.
In Figure 6b, the average Nu varied in respect of wave number κ = 1, 2, 3, 4, and 5 when ε = 0.5.
In the first case, Nuh increased over time to the maximum magnitude and then reduced to a stationary
magnitude and it was a growing function of amplitude. In the second case, Nuh increased in time
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to a maximum value and then became stationary, but its values had a small increase in respect of
wave number.

The zero wave amplitude corresponds to a case with no temperature variation at the hot wall.
The increase of the wave amplitude increased the overall temperature difference between the hot
and cold walls of the cavity. The higher the temperature difference between the hot and cold walls,
the higher the heat transfer rate. Hence, the increase of the wave amplitude increased the heat transfer
and the Nusselt number.

As shown in Figure 8, a rise of Ra caused the average Nu to rise considerably. In fact, by growing
Ra, the convection thermal transmission was dominant, and it was responsible for the increase in Nuh.
It is evident that the average Nu decreased over time for Ra = 103 and 104, but it increased over time
for Ra = 105 and 106.

Finally, the impact of the amplitude change on the Nuh is illustrated in Figure 9 for different
magnitudes of the wave parameter. It seems that the average Nu was an increasing function of the
amplitude. This function had a sinusoidal form with a series of maximum and minimum values
becoming a linear function for large values of κ.

5. Conclusions

The present study studied the circulation as well as thermal and mass transmission of a nanofluid
within a trapezoidal enclosure subject to a non-uniform hot border temperature. The hot wall
temperature was applied in the form of a sine wave with various wave numbers. The governing
equations were introduced in the unsteady form to capture the initial states of the heat transfer and
nanopartcle distributions. Then, the governing equations were reduced into a dimensionless form to
generalize the outcomes. The finite element method was employed. Grid check analysis and validation
studies were performed to ensure the accuracy of the results. Nu at the heated border and concentration
distribution of nanoparticles in the enclosure were addressed. The impacts of amplitude and wave
parameter on the Nusselt number were investigated. The main results were:

1. The unsteady behavior of the Nusselt number showed one or two enhanced picks at the early
stages of natural convection, and then the Nusselt number tended to its asymptotic steady
magnitude. The non-dimensional time to obtain the stationary position was of order 10−1.

2. The increase in wave amplitude increased Nu. Maximum energy transport occurred for the wave
parameter value of about 0.75. The thermal transmission as a function of wave number showed a
semi-sinusoidal behavior. However, the general trend of the behavior showed that the growth of
the wave number decreased the intensity of energy transport.

3. The variation of wave number affected the nano-sized particles dispensation in the trapezium.
The growth of the wave parameter from 1 to 3 induced concentration peaks in the vicinity of the
hot cavity border. The increase in Ra boosted the convection thermal transmission but diminished
the effect of wall wave number.

4. When Rayleigh number was low the nanoparticles dispensation was notable inside the trapezoidal
domain. However, the rise of Ra shifted the distribution of the nanoparticles toward the cavity
walls. The thermophoretic force characterized the motion of nano-sized particles away from the
hot border into the central domains of the trapezium.

Author Contributions: I.P. and M.S designed the research; M.G., C.R. and T.G. formulated the mathematical
model and computed the numerical results; I.P., M.S., M.G., C.R. and T.G. analyzed the results; C.R. wrote the
manuscript. I.P., M.S., M.G., C.R. and T.G. have read and approved this manuscript.

Funding: This research was funded by UEFISCDI, Romania grant number PN-III-P4-ID-PCE-2016-0036 for Cornelia
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Nomenclature

Roman Letters
C Nanoparticles volume fraction
C0 Reference nanoparticles volume fraction
cp Heat capacity (J·kg−1

·K−1)
DB Brownian diffusion coefficient (m2

·s−1)
DT Thermophoretic diffusion coefficient (m2

·s−1)
g Acceleration due to gravity (m·s−2)
H Height of the enclosure (m)
H′ Effective height of the enclosure (m)
k Thermal conductivity (W·m−1

·K−1)
L Width of the enclosure (m)
Le Lewis number, Le = α/DB
Nb Parameter of Brownian motion, Nb = δDBC0/α
Nr Parameter of buoyancy ratio, Nr =

(
ρp − ρ f

)
C0/[ρβ∆T(1−C0)]

Nt Parameter of thermophoresis, Nt = δDT∆T/(αTC)

Nu Local Nusselt number
Nu Average Nusselt number
p Pressure (Pa)
Pr Prandtl number, Pr = ν/α
Ra Rayleigh number, Ra = (1−C0)gβ∆TL3/(αν)
t Time in dimensional form (s)
T Fluid temperature (K)
Tc Cooled wall temperature (K)
Th Hot wall temperature (K)
u, v Velocity components along the x and y axes in dimensional form (m·s−1)
U, V Dimensionless velocity components
X Dimensionless coordinate
Y Dimensionless coordinate
x, y Dimensional Cartesian coordinates (m)
Greek Symbols
α Thermal diffusivity (m2

·s−1)
β Volumetric thermal expansion coefficient (K−1)

δ Thermal capacity ratio parameter
(
ρcp

)
p
/
(
ρcp

)
f

µ Dynamic viscosity (Pa·s)
θ Temperature in dimensionless form
κ Wave number of the sinusoidal hot-wall temperature
ρf Density of the fluid (kg·m−3)
ρf 0 Fluid density at a reference temperature (kg·m−3)
ρp Density of nanoparticles (kg·m−3)(
ρcp

)
f Fluid heat capacity (J·m−3

·K−1)(
ρcp

)
p Nanoparticle heat capacity (J·m−3

·K−1)

ε Amplitude of the sinusoidal hot-wall temperature
τ Dimensionless time
φ Rescaled nanoparticles volume fraction
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