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Abstract: In order to accurately reflect the characteristics and motion states of a pneumatic rotary
actuator position servo system, an accurate non-linear model of the valve-controlled actuator system
is proposed, and its parameter identification and experimental verification are carried out. Firstly,
in the modeling of this system, the mass flow rate of the gas flowing through each port of the
proportional directional control valve is derived by taking into account the clearance between the
valve spool and the sleeve, the heat transfer formula is used to the derivation of the energy equation,
and the Stribeck model is applied to the friction model of the pneumatic rotary actuator. Then,
the flow coefficient, the heat transfer coefficient and the friction parameters are identified by the
model and pneumatic test circuits. After the verification experiment of the mass flow rate equations,
the charging and discharging experiment reveals that the model can clearly show the effect of
clearances on gas pressure changes and describe the effect of heat transfer on gas temperature
changes. Finally, the results of model verification indicate that the simulation curves of rotation angle
and two-chamber pressures are consistent with their experimental values, and the non-linear model
shows high accuracy.

Keywords: pneumatic rotary actuator; mass flow rate; heat transfer coefficient; identification;
experimental verification

1. Introduction

Pneumatic technology, a good terminal energy use system, has been widely used in various
fields of industry because of the advantages of low cost, high power-to-weight ratio, non-pollution
and energy saving [1–4]. In recent years, with the development of microelectronic technology and
the emergence of high-performance pneumatic components, pneumatic servo systems have been
developed rapidly [5]. However, in some special cases, such as pneumatic manipulators for welding
and feeding operations, gas floating vibration isolation optical platforms and medical assisted robots,
precision control of pneumatic actuator is of particular importance [6].

Intelligent control based on a complex model follows the traditional thinking of electromechanical
system research, which has been understood and used by researchers. In previous studies [7–9],
the valve-controlled actuator system model was usually linearized to a third-order transfer function by
the method of intermediate position linearization. This type of linearized model is simple in structure,
and the system accuracy often depends on the control effect of the intelligent algorithm. The non-linear
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characteristics and model uncertainty of a pneumatic system are the main factors that restrict the
control accuracy of the pneumatic servo system and also make the classical control method based on
linear theory gradually fail to meet the high performance requirements of the system. Therefore, it is
urgent to establish a more accurate non-linear model based on the non-linear characteristics of the
pneumatic servo system [10,11].

A pneumatic servo system has strong non-linear model characteristics, such as proportional valve
flow non-linearity, differential equation non-linearity and actuator friction non-linearity. All these can
affect the accuracy of the pneumatic servo system. The non-linear flow of a proportional directional
control valve is the most important non-linearity. In papers [12,13], the mass flow characteristic was
stated by taking into account the sonic conductance C and critical pressure ratio b which are from
the international standard ISO 6358. These two characteristic values can be measured by measuring
the flow rate and differential pressure of compressed air flowing through the measured components.
However, the effective area of the proportional valve orifice has not been derived from the physical area.
Rad et al. [14] proposed an accurate mathematical model of a proportional directional control valve
by considering the influence of dead-zone volume of proportional valve, and verified that using
dead-zone volume can improve the accuracy of the model. However, the dead-zone characteristics are
not obvious in a low-flow proportional valve, thus it is difficult to accurately characterize the mass
flow equation of proportional valve. Actually, there are clearances between the spool and the sleeve of
a proportional directional control valve, which would change the physical area of orifice directly and
affect the accuracy of the proportional valve. Therefore, the influence of clearances should to be taken
into account to restate the mass flow rate of a proportional directional control valve.

There are three ways as follows to derive energy equation of a chamber [15]: (1) by the adiabatic
process (2) by the isothermal process and (3) by taking into account a heat transfer formula after the heat
transfer coefficient between the gas and inner wall is taken as a constant. During the adiabatic process,
the gas temperature in a chamber increases continuously when charged, decreases continuously
when discharged, and is stable in the isothermal process. Hence, the first two methods are both in
contradiction with the actual phenomenon, which reduces the accuracy of the model to a certain
extent. Valdiero et al. [16] established a non-linear model of a pneumatic servo system in which the
pressure differential equation of the cylinder is derived from the law of conservation of energy, and the
method is well verified by experiments. However, the temperature differential equation was not found
to reveal the temperature change of the gas. In the paper [14], heat exchange between gas and the
outside was considered in the modeling of the pneumatic system, and the heat transfer coefficient
was identified by pneumatic circuits; however, the temperature variation was not verified with the
experiment. Therefore, heat transfer can further improve the accuracy of the actuator model.

In addition, friction non-linearity is also one of the key factors that affect the accuracy of the
system. Especially for high-precision testing equipment such as a pneumatic servo turntable, low-speed
performance is one of the core indexes. For example, in the low-speed stage, the friction phenomenon
prevails and whose impacts on the servo system are the most obvious [17]. The Stribeck model
can well describe the friction behavior at low speed, and has been widely used in current position
control systems [18]. Kong et al. [19] applied a simplified Stribeck model to the mathematical
model of a valve-controlled cylinder and achieved a good control effect by means of the friction
chatter-compensation. The experiment verified that the friction model used is suitable for the control
design of the system. Zhang et al. [20] considered the Stribeck effect on the modeling of a rodless
cylinder, and the results of experiments and simulation show that the non-linear model obtained can
better reflect the characteristics of the pneumatic position servo system than previous research. Hence,
we can apply the Stribeck model to the friction model of a pneumatic rack and pinion rotary actuator
to better show the non-linearity of friction.

After accurately establishing the model, the values of model parameters will affect the control
results of the system. The accuracy of parameters can be improved by using high-precision sensors
and reasonable testing methods. Flow sensors FESTO SFAH and FESTO SFAB can be used to measure
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mass flow accurately. A pressure transmitter and temperature transmitter are highly accurate and
have high real-time performance.

In this paper, in order to build the non-linear model of a pneumatic rotary actuator position servo
system accurately, the mass flow rate of the gas flowing through each valve port of the proportional
directional control valve was derived by taking into account the influence of clearances between
the valve spool and sleeve, the heat transfer formula was taken into the energy equation of the
system, and the Stribeck model was used in the friction model of the pneumatic rotary actuator. Then,
the established non-linear model and pneumatic test circuits were applied to the identification of the
flow coefficient, heat transfer coefficient and friction parameters. Finally, the charging and discharging
experiment and the model verification experiment were carried out to verify the accuracy of the
non-linear model. The results show that the simulation curves of the rotation angle and two chamber
pressures are consistent with the experimental curves. The established non-linear model can accurately
reflect the characteristics and the motion states of the pneumatic rotary actuator position servo system.
The results of the study are important for the theory and practice of pneumatic servo systems.

2. Experimental Set-Up

Figure 1 is the schematic diagram of a pneumatic rotary actuator position servo system, in which
solid lines connect pneumatic circuits and dotted lines the electrical circuits. The compressed air
produced by an air compressor is filtered and decompressed by an air service unit (air filter, air regulator
and air lubricator) to provide a stable pressure for the system. A 5/3-way proportional directional
control valve is used as the control valve of the system. The rotation angle of the pneumatic rotary
actuator is measured by a rotary encoder, and the transistor-to-transistor logic (TTL) levels generated
by the rotary encoder are transmitted to the counter in the data acquisition card. At the same time,
the air supply pressure and two-chamber pressures are measured by pressure transmitters which
generate 1–5 V voltage signals to the data acquisition card. The industrial personal computer (IPC) is
composed of a data acquisition card and a host computer based on LabVIEW. The data acquisition card
can process voltage signals and TTL levels through a controller compiled by Simulink, and generate
0–10 V voltage signals to the proportional directional control valve. With the collecting and processing
of signals, flow values and flow directions of the two valve ports can be changed to accurately control
the rotation angle of the pneumatic rotary actuator.
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Figure 1. Schematic diagram of the pneumatic rotary actuator position servo system (1—air compressor;
2—air filter; 3—air regulator; 4—air lubricator; 5—pressure transmitter; 6—proportional directional
control valve; 7—rotary encoder; 8—pneumatic rotary actuator; 9—IPC).
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Figure 2 is the experimental platform of the pneumatic rotary actuator position servo system.
The pneumatic rotary actuator is fixed on the horizontal rail and the proportional direction control
valve is parallel to the horizontal plane. The models and parameters of main components are listed in
Table 1.
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Figure 2. Experimental platform of the pneumatic rotary actuator position servo system.

Table 1. Models and parameters of main components.

No. Component Model Parameter

1 Air compressor PANDA 750-30L Maximum supply pressure: 0.8 MPa

2 Air service unit AC3000-03 Maximum working pressure: 1.0 MPa

3 Pressure transmitter CYYZ11 Range: 0–0.6 MPa; accuracy: 0.1% FS

4 Proportional direction control valve FESTO MPYE-5-M5-010-B Rated flow rate: 100 L/min

5 Rotary encoder GSS06-LDH-RAG20000Z1 Resolution: 20,000 P/R

6 Pneumatic rotary actuator SMC MSQA30A Bore: 30 mm; stroke: 190 ◦

7
Data acquisition card NI PCI-6229 32-channel analog input; 4-channel

analog output; 32-bit counter

IPC IPC-610H 32-bit processor; standard
configuration

3. Mass Flow Rates of the Proportional Direction Control Valve

As shown in Figure 3, the right and left chambers of the proportional directional control valve are
respectively connected to the two chambers of the pneumatic rotary actuator, and the air flow between
them is unimpeded. Therefore, one of the proportional valve chambers and the connected actuator
chamber can be regarded as a common whole which is also known as a control body where the gas
temperature and pressure are evenly distributed, and the control bodies are represented by dashed
lines. We can set the left control body as chamber a, and another control body chamber b.

The movement of the proportional direction control valve will generate clearance or an orifice at
each valve port. At port 1, because of the existence of clearance, the gas will flow to the left chamber
and the right chamber at the same time. In most studies, the gas flow generated by the clearance
is often neglected, which also affects the control accuracy of the system. Therefore, we derive the
mass flow rates of the gas flowing through clearance and the orifice, respectively, to make the model
more accurate.
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Figure 3. Schematic diagram of the valve-controlled actuator system.

3.1. Gas Flow Mechanism in the Proportional Direction Control Valve

It is assumed that the direction of the proportional valve moving to the right is the positive
direction, then the displacement of the spool is positive, and xv > 0. As shown in Figure 4, for the
left chamber, the movement of the spool makes port 5 a clearance and port 1 a throttle. For the right
chamber, port 1 forms a clearance, and port 3 a throttle. At port 1, most of the gas flows through
the orifice to the left chamber, and a small portion of the gas flows through the clearance to the
right chamber.
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Figure 4. Gas flow mechanism when the spool moves toward the positive direction.

The gas flow process of the left chamber is that the compressed air at port 1 flows through the
orifice and then into the left chamber; the gas in the left chamber flows through the clearance of port 5
and then into the atmosphere. Since the volume of the proportional valve chamber is much smaller
than that of the actuator chamber, the mass change rate

.
Ma of the gas in chamber a is equal to the mass

flow rate
.

M4 at port 4, which can be expressed by Equation (1).

.
Ma =

.
M4 =

.
M1a −

.
M5, (1)

where
.

M1a is the mass flow rate of the gas flowing from port 1 to chamber a, and
.

M5 is the mass flow
rate of the gas flowing through port 5.
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The gas flow process of the right chamber is that the compressed air at port 1 flows through the
clearance and then into the right chamber; the gas in the right chamber flows through the orifice of
port 3 and then into the atmosphere. The mass change rate

.
Mb of the gas in chamber b is equal to the

mass flow rate
.

M2 at port 2, and can be expressed by Equation (2).

.
Mb =

.
M2 =

.
M1b −

.
M3, (2)

where
.

M1b is the mass flow rate of the gas flowing from port 1 to chamber b, and
.

M3 is the mass flow
rate of the gas flowing through port 3.

3.2. Mass Flow Rates of the Gas Flowing through the Orifices

In Figure 5, the sleeve of the proportional valve has two symmetrical circular holes in the same
vertical direction. The gas flows through both two circular holes into chambers or the atmosphere.
When the spool moves to the right, the spool shoulder covers two holes to form the two same orifices
in the same vertical direction.
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Figure 5. Flow splitting through orifice.

In Figure 5, because of the existence of the clearance, the mass flow rate
.

M1a can be regarded as
the scaled value of two mass flow rates in the horizontal and vertical directions. Correspondingly,
the orifice has a physical area in each direction. The shadow area SV represents the physical area of the
orifice in the vertical direction and the shadow area SH represents the physical area of the orifice in the
horizontal direction. The effective area Se of the orifice can be assumed as follows:

Se = C1(2SV + C0SH) = 2C1SV + C0C1SH, (3)

where C1 is the flow coefficient of the orifice, which is necessary because there is pressure loss when
the gas passes through the orifice; 2SV + C0SH represents the physical area of the orifice; and C0 is
an assumed coefficient to realize the area conversion from horizontal direction to vertical direction.
Both SV and SH can be obtained by calculation. Even if the spool displacement is changed, the clearance
area and shape in the horizontal direction are constant. Therefore, the influence of SH on SV can be
regarded as constant, that is, C0 can be regarded as a fixed value. When the spool is in the middle
position, Se = C0C1SH. After that, the value of C0C1 can be solved. Substituting the value of C0C1

into Equation (3) yields the value of C1, and then C0 can be obtained. However, C1 changes with the
position of the spool, and the expression of C1 can be obtained by test.



Energies 2019, 12, 1096 7 of 24

In addition, the effective area of the orifice at port 3 is equal to the effective area of the orifice at
port 1.

Figure 6a shows the relative position of the circular hole and the spool shoulder when the
proportional valve spool is in the initial position. Figure 6b shows the relative position when the
displacement of the spool is xv. Moreover, circle center O is the origin of the coordinate. r is the radius
of the circular hole. xv represents the displacement of the spool, and the width of the spool shoulder
is 2a.
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Then, we can obtain the physical area SV from their geometric relations.

SV =

{
0 xv ≤ a− r

r2arccos a−xv
r − (a− xv)

√
r2 − (a− xv)

2 a− r < xv ≤ a
. (4)

Figure 7 shows the physical area of the orifice in the horizontal direction, where h0 represents the
length of the clearance, ds is the diameter of the spool shoulder, and dh represents the inner diameter
of the sleeve. It is easy to obtain Equations (5) and (6):

SH =
π
(
d2

h − d2
s
)

4
, (5)

h0 =
dh − ds

2
. (6)

Energies 2019, 12, x 8 of 25 

 

 
Figure 7. Physical area of the orifice in the horizontal direction. 

Therefore, the effective area of the orifice can be obtained by Equations (3)–(5). 

( )

( ) ( ) ( )

2 2
1 0 h s

v

2 2e
2 0 h s2 2v

1 v v v

                                                                                   0
4

2 arccos 2 +          
4

C C d d
x a r

S
C d da xC r a x r a x a r x a

r

π

π

 −
 ≤ ≤ −


=   −−  − − − − − < ≤   

. (7) 

It is assumed that the gas flowing through the orifice has no time to exchange heat with the 
outside and has no friction loss, hence it can be considered as an isentropic adiabatic process [21]. 
According to the research by Sanville. F. E. [22], the mass flow rates of the gas flowing through the 
orifices can be described by the following equations. 

2 1

e s a a a

s s ss

1a
2

1e s a

ss

2      
1

2 2                   
1 1

S p p p p b
p p pRT

M

S p p b
pRT

κ
κ κ

κ

κ
κ

κ
κ κ

+

−

  
       − ≥       −         = 


    <   + +   


, (8) 

2 1

e b e e e

b b bb

3
2

1e b e

bb

2     
1

2 2  
1 1

kS p p p p b
p p pRT

M

S p p b
pRT

κ
κ

κ

κ
κ

κ
κ κ

+

−

  
       − ≥       −         = 


    <   + +   


, (9) 

where sp  is the supply pressure, ap  and bp  represent the pressures of chamber a and b, 
respectively, and ep  is atmospheric pressure. sT  represents the supply temperature, bT  represents 
the temperature of the gas in chamber b, R  is the gas constant, b  is the critical pressure ratio, and κ  
is isentropic index. The isentropic index exists in the isentropic process and is equal to the ratio of the 
heat capacity at constant pressure to heat capacity at constant volume. The isentropic index of air at 
room temperature is 1.4. 

3.3. Mass Flow Rates of the Gas Flowing through the Clearances 

The flow of the gas flowing through the clearance is similar to the flow of viscous fluid between 
the parallel plates [23]. Figure 8 is the schematic diagram of the clearance flow at port 5, when the 
spool moves to the right. The initial length of the clearance is 0L . Referring to the equation of the 
clearance flow between two parallel plates, we can get the differential equation of the gas pressure. 

Figure 7. Physical area of the orifice in the horizontal direction.



Energies 2019, 12, 1096 8 of 24

Therefore, the effective area of the orifice can be obtained by Equations (3)–(5).

Se =


C1C0π(d2

h−d2
s)

4 0 ≤ xv ≤ a− r

C1

[
2r2arccos a−xv

r − 2(a− xv)
√

r2 − (a− xv)
2 +

C0π(d2
h−d2

s)
4

]
a− r < xv ≤ a

. (7)

It is assumed that the gas flowing through the orifice has no time to exchange heat with the
outside and has no friction loss, hence it can be considered as an isentropic adiabatic process [21].
According to the research by Sanville. F. E. [22], the mass flow rates of the gas flowing through the
orifices can be described by the following equations.

.
M1a =


Se ps√

RTs

√
2κ

κ−1

[(
pa
ps

) 2
κ −

(
pa
ps

) κ+1
κ

] (
pa
ps
≥ b

)
Se ps√

RTs

√
2κ

κ+1
( 2

κ+1
) 2

κ−1
(

pa
ps

< b
) , (8)

.
M3 =


Se pb√

RTb

√
2κ

κ−1

[(
pe
pb

) 2
k −

(
pe
pb

) κ+1
κ

] (
pe
pb
≥ b

)
Se pb√

RTb

√
2κ

κ+1
( 2

κ+1
) 2

κ−1
(

pe
pb

< b
) , (9)

where ps is the supply pressure, pa and pb represent the pressures of chamber a and b, respectively,
and pe is atmospheric pressure. Ts represents the supply temperature, Tb represents the temperature
of the gas in chamber b, R is the gas constant, b is the critical pressure ratio, and κ is isentropic index.
The isentropic index exists in the isentropic process and is equal to the ratio of the heat capacity at
constant pressure to heat capacity at constant volume. The isentropic index of air at room temperature
is 1.4.

3.3. Mass Flow Rates of the Gas Flowing through the Clearances

The flow of the gas flowing through the clearance is similar to the flow of viscous fluid between
the parallel plates [23]. Figure 8 is the schematic diagram of the clearance flow at port 5, when the
spool moves to the right. The initial length of the clearance is L0. Referring to the equation of the
clearance flow between two parallel plates, we can get the differential equation of the gas pressure.

dp
dx

= −µ
d2u
dz2 , (10)

where p is the pressure of the gas micelle in the clearance, µ is the viscosity coefficient of the gas, and u
is the velocity of the gas micelles in the horizontal direction.
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The boundary conditions are: {
when z = 0, u = 0
when z = h0, u = 0

(11)

and {
when x = 0, p = pe

when x = L0 + xv, p = pa
. (12)

According to the boundary condition Equation (11), the equation of the airflow velocity varying
with dp/dx can be obtained by solving Equation (10).

u = − 1
2µ

dp
dx

z(z− h0). (13)

The mass flow rate of the gas flowing through the clearance is

.
M5 = ρe

∫ h0

0
uπdsdz, (14)

where ρe is atmospheric density.
The size of the plate clearance is constant in the direction of the x axis, so the change rate of p

along the x axis decreases uniformly. Therefore, combined with the boundary condition Equation (12),

dp
dx

=
pa − pe

L0 + xv
. (15)

The ideal gas law is p/ρ = RT, where ρ is gas density, and T is gas temperature. The gas velocity
in the clearance is very low, and the gas exchanges heat with the outside sufficiently. Hence, the state
change of the gas in the clearance can be regarded approximately as an isothermal process:

ρe =
pe

RTa
. (16)

After substituting Equations (6), (13), (15) and (16) into Equation (14), we obtain

.
M5 =

pe

RTa

∫ h0

0
− 1

2µ

pa − pe

L0 + xv
z(z− h0)πdsdz =

πdsh3
0 pe(pa − pe)

12µ(L0 + xv)RTa
=

πds(dh − ds)
3 pe(pa − pe)

96µ(L0 + xv)RTa
(17)

Similarly, the mass flow rate
.

M1b can also be obtained using the above principle.

.
M1b =

πds(dh − ds)
3 pb(ps − pb)

96µ(L0 + xv)RTs
. (18)

3.4. Mass Flow Rates When the Spool Moves Backward

When the spool moves to the left, xv < 0. As shown in Figure 9, the gas flowing from port
1 to the right chamber and the gas flowing from the left chamber to atmosphere are throttled flow.
The gas flowing from port 1 to the left chamber and the gas flowing from the right chamber to the

atmosphere are clearance flow. Their mass flow rates are represented by
.

M′5,
.

M′1a,
.

M′a,
.

M′1b,
.

M′b and
.

M′3, respectively, and they still have the following relationships.

.
M′a =

.
M′1a −

.
M′5, (19)

.
M′b =

.
M′1b −

.
M′3. (20)
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The physical area of the orifice can be expressed as

S′e =

 C1

[
2r2arccos a+xv

r − 2(a + xv)
√

r2 − (a + xv)
2 +

C0π(d2
h−d2

s)
4

]
−a ≤ xv < r− a

C1C0π(d2
h−d2

s)
4 r− a ≤ xv < 0

. (21)

The mass flow rates of the gas flowing through the orifices can be rewritten as

.
M′5 =


S′e pa√

RTa

√
2κ

κ−1

[(
pe
pa

) 2
κ −

(
pe
pa

) κ+1
κ

] (
pe
pa
≥ b

)
S′e pa√

RTa

√
2κ

κ+1
( 2

κ+1
) 2

κ−1
(

pe
pa

< b
) , (22)

.
M′1b =


S′e ps√

RTs

√
2κ

κ−1

[(
pb
ps

) 2
κ −

(
pb
ps

) κ+1
κ

] (
pb
ps
≥ b

)
S′e ps√

RTs

√
2κ

κ+1
( 2

κ+1
) 2

κ−1
(

pb
ps

< b
) , (23)

where Ta is the temperature of the gas in chamber a.
The mass flow rates of the gas flowing through the clearances are as follows:

.
M′1a =

πds(dh − ds)
3 pa(ps − pa)

96µ(L0 − xv)RTs
, (24)

.
M′3 =

πds(dh − ds)
3 pe(pb − pe)

96µ(L0 − xv)RTb
. (25)

4. Non-linear Model of the Valve-Controlled Actuator System

As shown in Figure 3, the compressed air flows into two chambers through the proportional
valve, and the gas of two chambers is deflated to the outside at the same time. With the influence of
the pressures (pa,pb) and the external heat transfer, the actuator piston overcomes the external forces
and moves. The rectilinear motion of the actuator piston is converted into the rotary motion of the
gear by the inter-tooth meshing transmission. The non-linear model of the pneumatic rotary actuator
can be expressed by the energy equation, pressure differential equation and dynamic model.

4.1. Energy Equation

Gas flow will change the gas temperature, which will also affect the gas pressure and actuator
rotation angle. The energy equation can make the model better describe the change regulation of the
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gas temperature and improve the accuracy of the model. The energy equation can be derived from the
first law of thermodynamics, and the heat transfer formula needs to be taken into account.

Within the time dt, the first law of thermodynamics can be written as

dU + dW = dH + dQ, (26)

where U is the thermodynamic energy change in a chamber, W is the work done to the outside, H is
the net inflow energy of the gas, and Q is the gas heat given by the outside.

The thermodynamic energy change in each chamber is

 dUa = [(cV Ta) + d(cV Ta)](ma + dma)− cV Tama = cV(madTa + Tadma) = cV

[
madTa + Ta

( .
M1a −

.
M5

)
dt
]

dUb = [(cV Tb) + d(cV Tb)](mb + dmb)− cV Tbmb = cV(mbdTb + Tbdmb) = cV

[
mbdTb + Tb

( .
M1b −

.
M3

)
dt
] (27)

where cV denotes the mass heat capacity at constant volume, and cV = R/(κ − 1); ma and mb represent
the mass of the gas in chamber a and b, respectively; and both cVdTadma and cVdTbdmb can be ignored.

The work done to the outside can be expressed as{
dWa = 2Apady = Apadfdθ

dWb = −2Apbdy = −Apbdfdθ
, (28)

where A is the effective area of the actuator piston, y represents the displacement of the piston, df is
the pitch diameter of the pinion, and θ is the rotation angle of the actuator.

The net inflow energy of the gas in each chamber can be expressed as{
dHa = cpTsdm1a − cpTadm5 = cpTs

.
M1adt− cpTa

.
M5dt

dHb = cpTsdm1b − cpTbdm3 = cpTs
.

M1bdt− cpTb
.

M3dt
, (29)

where cp is the mass heat capacity at constant pressure, and cp = κcV and cp = cV + R. dm1a, dm5,
dm1b and dm3, respectively correspond to the mass of the gas flowing through each port within time dt.

The gas heat given by the outside can be expressed by the heat transfer formula. It is assumed
that the inner wall temperature of the chamber is not affected by charging or discharging, and that the
temperature is equal to the room temperature Te. Therefore, the expressions of the gas heat transfer are{

dQa = hSha(Te − Ta)dt
dQb = hShb(Te − Tb)dt

, (30)

where h is the heat transfer coefficient between the gas and the inner wall of two chambers. Sha and
Shb are the inner wall areas of two respective chambers.

After substituting Equations (27)–(30) into Equation (26), we can obtain the final expressions of
the energy equation.

cV paVa
RTa

dTa
dt = cV(κTs − Ta)

.
M1a − RTa

.
M5 − Apadf

dθ
dt + hSha(Te − Ta)

cV pbVb
RTb

dTb
dt = cV(κTs − Tb)

.
M1b − RTb

.
M3 + Apbdf

dθ
dt + hShb(Te − Tb)

. (31)

4.2. Pressure Differential Equation

After differentiating and simplifying the ideal gas law pV = mRT, we can get the pressure
differential equation: 

dpa
dt = 1

Va

[
RTa

( .
M1a −

.
M5

)
+ paVa

Ta
dTa
dt − Apadf

dθ
dt

]
dpb
dt = 1

Vb

[
RTb

( .
M1b −

.
M3

)
+ pbVb

Tb

dTb
dt + Apbdf

dθ
dt

] , (32)
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and {
Va = Va0 + Ay = Va0 +

df
2 Aθ

Vb = Vb0 − Ay = Vb0 − df
2 Aθ

, (33)

where Va0 is the initial volume of chamber a, and Vb0 is the initial volume of chamber b.

4.3. Dynamic Model

The actuator friction mainly exists between the piston and the inner wall, and it can be divided
into static friction and dynamical friction. When the piston is in the zero speed range, it is subjected to
static friction force. When the piston starts to move, the piston is also affected by Coulomb friction
force and viscous friction force, and part of the static friction force is replaced by dynamic friction
force. Therefore, the actuator friction will decrease sharply in the beginning, and increase gradually
after reaching a certain speed. The Stribeck model can accurately represent the changing trend
of friction force and can smoothly connect the curves of static friction force and dynamic friction
force [24]. Therefore, the Stribeck model can be used in the dynamic model of the system in this paper.
The Stribeck model can be expressed by Equations (34)–(36).

When
∣∣∣ .
θ
∣∣∣ ≤ α, the static friction force is

Ff =


Fs Fp > Fs

Fp −Fs < Fp < Fs

−Fs Fp < −Fs

, (34)

where
Fp= 2A(pa − pb). (35)

When
∣∣∣ .
θ
∣∣∣ > α, the dynamic friction force is

Ff = Fcsgn
( .

θ
)
+ (Fs − Fc)e−(

.
θ/

.
θs)

2

sgn
( .

θ
)
+ B

.
θ, (36)

where α is a small positive constant, Fs is the maximum static friction force, Fp is the driving force for

the piston, Fc is Coulomb friction force,
.
θ is the angular velocity of the actuator,

.
θs is the Stribeck speed,

and B is the viscous friction coefficient.
According to Newton’s second law, the moment balance equation of the actuator can be

expressed as

Adf(pa − pb) =

(
1
2

mpd2
f + J

)
d2θ

dt2 +
df
2

Ff, (37)

where mp is the mass of a single piston, and J is the moment of inertia of the gear.

5. Identification of Model Parameters

According to the measurement of the proportional directional control valve and the pneumatic
rotary actuator, as well as the component datasheets, some parameters of the model have been
obtained, as shown in Table 2. The flow coefficient C1, the heat transfer coefficient h and the friction
force parameters need to be tested and calculated by using pneumatic test circuits.
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Table 2. Known model parameters.

Parameter Value

a 1.010 × 10−3 (m)
r 1.000 × 10−3 (m)
ds 6.000 × 10−3 (m)
dh 6.023 × 10−3 (m)
b 0.5382
A 3.4636 × 10−4 (m2)
df 0.014 (m)
µ 0.183× 10−4 (Pa·s)

Sha 1.5106348× 10−2 (m2)
Shb 1.5106348 × 10−2 (m2)
mp 0.210 (kg)
J 1.678 × 10−4 (kg·m2)

L0 2.000 × 10−3 (m)

5.1. Flow Coefficient

According to Equations (1), (3) and (8), we can obtain the calculation formula of the flow
coefficient C1:

C1 =

.
M4 +

.
M5

ps(2SV + C0SH)

√
2κ

RTs(κ+1)

( 2
κ+1
) 2

κ−1

, (38)

where the supply pressure ps, the supply temperature Ts, the mass flow rates
.

M5 and
.

M4 can be
measured by the pneumatic test circuit shown in Figure 10. The models and parameters of the
supplementary measuring elements are given in Table 3. The thermocouple penetrates the pipe
to measure the gas temperature and is sealed with glue. Because of the thermoelectric effect,
the thermocouple converts the temperature signal into the voltage signal and transmits it to the
data acquisition card through a signal isolator.
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Table 3. Models and parameters of the measuring components.

Component Model Parameter

Flow sensor 1 FESTO
SFAH-5U-Q6S-PNLK-PNVBA-M8

Range: 0.1–5 L/min; accuracy: 2%
o.m.v. + 1% FS

Flow sensor 2 FESTO SFAB-200U-HQ8-2SV-M12 Range: 2–200 L/min; accuracy: 3%
o.m.v. + 0.3% FS

Temperature transmitter
(Thermocouple) TT-K-36 (K-Type, diameter: 0.1 mm) Range: 0–260 ◦; accuracy: 0.4% FS
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The supply pressure ps was set at 0.6 MPa, and the values of ps, Ts,
.

M5 and
.

M4 were measured
when the drive voltages of the proportional valve were 5 V, 5.5 V, 6 V, 6.5 V . . . and 10 V. We took
C0 = 0.43; then, the calculation results of the flow coefficient C1 under different driving voltages were
obtained from the measured data and Equation (38), as shown in Figure 11. The result reveals that
the flow coefficient C1 shows the non-linear variation of a convex function with the increase of the
driving voltage.
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The driving voltage U of the proportional valve is 0–10 V. When 0 ≤ U < 5V, the spool
moves to the left, and xV < 0. When 5V ≤ U ≤ 10V, the spool moves to the right, and xV > 0.
Equation (39) is the relationship between U and xV. Because of the symmetry of the proportional valve,
the fourth power equation for calculating the flow coefficient can be obtained based on the polynomial
fitting method.

xV = 0.0002(U − 5) 0 ≤ U ≤ 10 . (39)

C1 =

{
−3.5227× 1011xV

4 + 1.8641× 109xV
3 − 3.133× 106xV

2 + 1713.94xV + 0.4517 xV < 0
−3.5227× 1011xV

4 − 1.8641× 109xV
3 − 3.133× 106xV

2 − 1713.94xV + 0.4517 xV ≥ 0
.

(40)

5.2. Heat Transfer Coefficient

In Figure 12, the piston of chamber a should be fixed at the end during the whole test. First,
we charged the chamber a until the chamber reached a steady state. Then, we changed the driving
voltage of the proportional valve to discharge the chamber. At this time, the gas pressure pa and
temperature Ta began to decrease. However, the chamber volume Va was constant. In this process,
the pressure differential equation Equation (32) can be simplified as Equation (41), and the energy
equation Equation (31) can be simplified as Equation (42). Therefore, we can calculate the heat transfer
coefficient h by measuring Ta, dTa

dt , pa and dpa
dt [25].

dpa

dt
=

1
Va

(
−RTa

.
Ma +

paVa

Ta

dTa

dt

)
, (41)

cV paVa

RTa

dTa

dt
= −RTa

.
Ma + hSha(Te − Ta). (42)

Figures 13–15 show the curves of the pressure pa, the temperature Ta, and the heat transfer
coefficient h, respectively. The result shows that the value of heat transfer coefficient is relatively large
at first, and then decreases rapidly. Even if the heat transfer coefficient is fixed, high-accuracy solutions
of pressure and temperature can be obtained [15]. Therefore, the heat transfer coefficient h in this
system can be taken as an average h = 15.797 W/(K·m2).
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5.3. Friction Parameters

When the actuator is stationary or moves at a constant speed, d2θ/dt2 = 0. We can obtain
Equation (43) by Equation (34), (35) and (37). Therefore, the friction force can be obtained by measuring
the pressures in two chambers.

Ff = 2A(pa − pb). (43)

Figure 16 shows the force-speed curve of the Stribeck model. In order to calculate the parameters
in the friction model, we assume two straight lines Ff1 = B

.
θ + Fc and Ff2 = k

.
θ + Fs to obtain the friction

parameters by their geometric relations. The curve of the friction force in the high-speed region can be
approximated as a straight line Ff1 = B

.
θ + Fc whose slope is the value of viscous friction coefficient B,

and the intersection of this line and the axis of ordinates is Coulomb friction force Fc. Moreover,
when the piston speed is 0, the maximum value of the friction force is the maximum static friction
force Fs. The friction curve in the low speed region can be approximated as straight line Ff2 = k

.
θ + Fs,

in which k is the slope. In the line Ff2 = k
.
θ + Fs, the abscissa

.
θs corresponding to the ordinate Fc is the

Stribeck speed [18].
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We can identify the friction parameters by using the pneumatic circuit of Figure 1. When
the supply pressure ps was 0.6 MPa and the driving voltage of the proportional valve was 5.07 V,
the pressure difference of two chambers and the rotation angle of the actuator were obtained, as shown
in Figure 17. In the time interval of the curve labeled by the red column, the actuator moved at a
constant speed; then, the friction force value corresponding to this speed can be easily obtained by the
pressure difference (pa − pb) and Equation (42).

By changing the driving voltage of the proportional valve, we can obtain friction forces at different
speeds. The simulation curve and test values of the friction force are compared in Figure 18. The result
shows that the test values are consistent with the simulation curve. The friction parameters can be
obtained from the geometric relations of Figure 16, as shown in Table 4.

Table 4. Friction force parameters.

Parameter Value

Fs 10.60 (N)
Fc 6.03 (N)
.
θs 0.14 (rad/s)
B 0.85 (N·rad−1·s−1)
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6. Verification of the Non-Linear Model

6.1. Verification of the Mass Flow Rates of the Proportional Valve

The verification experiment of the mass flow rates was carried out with the pneumatic circuit
shown in Figure 10. We set the supply pressure ps at 0.5 MPa, 0.7 MPa, and 0.83 MPa, and then the
mass flow rates

.
M4 and

.
M5 under different driving voltages were tested.

The calculation curves of the mass flow rate
.

M4 were obtained from the calculations of
Equations (1), (8) and (17), and were compared with the test values, as shown in Figure 19a. If we take
the test values as the actual values, the percentage errors can be expressed by Figure 19b. The result
shows that the mass flow rate

.
M4 increases non-linearly with the driving voltage increasing and that

the calculation curves are consistent with the test values. For the whole system, the mass errors are
quite small, but when the spool is near the middle position, it shows a relatively large percentage
error. This is because an excessively small mass flow rate can magnify the influence of measurement
accuracy and calculation error on the results.
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In order to fully test the clearance flow of port 5 under different driving voltages and to accurately
test the chamber pressure pa of the proportional valve, we closed ports 2, 3 and 4. Then, the pressure
pa was measured. Table 5 shows the measured values of the pressure pa.

Table 5. Chamber pressure pa of the proportional valve under different driving voltages and supply
pressures (MPa).

Driving Voltage 5 V 5.1 V 5.3 V 5.5 V 5.75 V 6 V 6.5 V 7 V 8 V 9 V 10 V

ps = 0.5 MPa 0.2763 0.3143 0.4046 0.4563 0.475 0.4813 0.4863 0.4863 0.4863 0.4863 0.4863
ps = 0.7 MPa 0.394 0.4353 0.5583 0.6263 0.6743 0.6713 0.6763 0.6763 0.6763 0.6763 0.6763
ps = 0.83 MPa 0.4813 0.5263 0.6613 0.7513 0.7863 0.7913 0.7963 0.7963 0.7963 0.7963 0.7963

Figure 20 shows the experimental contrast curves of mass flow rate
.

M5 and their percentage
errors. The calculation curves of the mass flow rate

.
M5 were calculated by Equation (17). The pressure

pa in the calculation was based on the data in Table 5. It can be seen from the Equation (17) that
the length of clearance and the pressure of chamber are two factors that affect the clearance flow.
Both of these parameters increase with the increase of the driving voltage in this test. Figure 20a shows
that the mass flow rates increase first and then decrease. Figure 20b shows their percentage errors.
The maximum percentage error is -8.55%.Energies 2019, 12, x 20 of 25 
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from 0.34 MPa to 0.138 MPa gradually in the discharging process and does not reach the value of 
atmospheric pressure. With the influence of the clearance, a small amount of gas flows out from 
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Therefore, the mass flow rate equations of the proportional directional control valve are well
verified by comparing the calculation values with the test values.
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6.2. Charging and Discharging of the Chamber with a Certain Volume

The established non-linear model can be further verified by a charging and discharging
experiment. The effect of the proportional valve clearance on the gas pressures and the effect of
the heat transfer on the gas temperatures can also be studied.

The charging and discharging experiment was carried out with the pneumatic circuit shown in
Figure 21. During the whole process, two pistons of the actuator were stationary at the end. The supply
pressure ps was set at 0.6 MPa. The initial driving voltage of the proportional valve was 5 V. When we
changed the driving voltage to 5.5 V, chamber a began to charge, and chamber b began to discharge at
the same time. pa, pb, Ta and Tb were obtained by Equations (31) and (32) when Va and Vb were the
two constants. The test values of pa, pb, Ta and Tb were measured by the pneumatic circuit shown in
Figure 21.
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Figures 22 and 23 show the curves of pressure and temperature when chamber a is charging and
chamber b is discharging, respectively. The results show that the simulation curves and experimental
curves are basically the same.
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(b) Temperature curves.

As shown in Figure 22a, the gas pressure pa increases from 0.35 MPa to 0.592 MPa gradually
and does not reach the value of the supply pressure ps. In Figure 23a, the gas pressure pb reduces
from 0.34 MPa to 0.138 MPa gradually in the discharging process and does not reach the value of
atmospheric pressure. With the influence of the clearance, a small amount of gas flows out from
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chamber a when it is charged, and a small amount of the air supply flows into the chamber b when it
is discharged.

The simulation curves of Ta and Tb were verified by comparing their test results, and they are
shown in Figures 22b and 23b, respectively. Because of the heat transfer between the gas and the inner
wall of the actuator, the gas temperature increases suddenly and then restores to room temperature
during the charging process. However, the gas temperature decreases suddenly in a short time and
then restores to room temperature during the discharging process.

Therefore, the non-linear model considering the clearance and heat transfer formula can better
describe the change of the gas temperatures and pressures in chambers, and it has been well verified.
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6.3. Response Verification of the Valve-Controlled Actuator System

The non-linear model of the valve-controlled actuator system can be verified by the pneumatic
circuit shown in Figure 1. The supply pressure ps was set at 0.6 MPa, and the driving voltage of
the proportional valve was the sinusoidal signal with amplitude of 4.65–5.35 V and frequency of
2 Hz. The experimental curves of the rotation angle and the gas pressures are compared with their
simulation curves. Figure 24 shows the rotation angle curve and error curve. The maximum error of
the angle is not more than 1.25◦. Figure 25 shows the pressure curve and error curve of chamber a,
whose maximum error is 4 × 10−3 MPa. Figure 26 shows the pressure curve and error curve of
chamber b, whose maximum error is 3.05 × 10−3 MPa.
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One part of the experimental errors is the dynamic error generated by the signal acquisition.
According to the parameters in Table 1, the accuracies of the rotary encoder and pressure transmitter
are 4.5 × 10−3 and 0.6 × 10−3 MPa, respectively. The measurement errors of instruments are much
smaller than the result errors, thus the experiment can still reveal the correct verification results.
The experimental curves shown in Figures 24–26 are consistent with the trends of the simulation
curves, and the errors are within a small range. Therefore, the correctness of the non-linear model has
been well verified.

7. Conclusions

In this paper, the mass flow rate equations of the proportional directional control valve were
derived from throttled flow and clearance flow by taking into account the clearance between the valve
spool and the sleeve. In the modeling of the valve-controlled actuator system, the heat transfer formula
was used to the derivation of the energy equation, and the Stribeck model was applied to the friction
model of the pneumatic rotary actuator. The flow coefficient of the proportional valve was tested by the
pneumatic test circuit. The heat transfer coefficient and friction parameters were also obtained from the
model and pneumatic test circuits. The mass flow rate equations were verified by the experiment and
showed great precision. The charging and discharging experiment reveals that the clearances affect two
chamber pressures, and that the heat transfer between the gas and the actuator inner wall also affects
the gas temperatures. Finally, the non-linear model was verified by the experiment. The results show
that the simulation curves of the rotation angle and two chamber pressures are consistent with the
experimental curves. The errors of the rotation angle are within 1.25◦, while the errors of the pressures
do not exceed 4×10−3 MPa. The established non-linear model can accurately reflect the characteristics
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and the motion states of the pneumatic rotary actuator position servo system. The results of the study
are important for the theory and practice of pneumatic servo systems.

Author Contributions: Conceptualization, Y.Z. and K.L.; Data curation, G.W.; Funding acquisition, Y.Z.; Project
administration, Y.Z.; Software, J.L.; Supervision, M.C.; Writing—original draft, K.L.; Writing—review & editing,
Y.Z. and K.L.

Funding: This work was supported by the National Youth Foundation Project (Grant No. 51705297); the
Fundamental Research Funds for Henan Province Colleges and Universities (Grant No. NSFRF140120); Henan
Province Science and Technology Key Project (Grant No. 172102310674); the Doctor Foundation of Henan
Polytechnic University (Grant No. B2012-101).

Acknowledgments: The authors would like to thank Henan Polytechnic University for its support. The authors
are sincerely grateful to the reviewers for their valuable review comments, which substantially improved the paper.

Conflicts of Interest: The authors declare no conflict of interest.

Nomenclature

A effective area of the actuator piston [m2]
a half the width of the spool shoulder [m]
B viscous friction coefficient [N·s/rad]
b critical pressure ratio
C sonic conductance [L3/(s·bar)]
C0, 1 area conversion coefficient and flow coefficient of the orifice

cV, R
mass heat capacity at constant volume and mass heat capacity at constant
pressure [J/(kg·K)]

df pitch diameter of the pinion [m]
dh inner diameter of the sleeve [m]
ds diameter of the spool shoulder [m]

Fc, p, s
Coulomb friction force, driving force for the piston and the maximum static friction
force [N]

H net inflow energy of gas [J]

h
heat transfer coefficient between the gas and the inner wall of two
chambers [W/(K·m2)]

h0 length of the clearance [m]
J moment of inertia of the gear [kg·m2]
L0 initial length of the clearance [m]
.

M1a, 1b mass flow rate of the gas flowing from port 1 to chamber a or b [kg/s]
.

M3, 5 mass flow rate of the gas flowing through port 3 or 5 [kg/s]
.

Ma, b mass flow rate of the gas in chamber a or b [kg/s]
.

M
′
1a, 1b, 3, 5,,a, b mass flow rate of gas when the spool moves in the opposite direction [kg/s]

ma, b mass of the gas in chamber a or b [kg]
mp mass of a single piston [kg]
p pressure of the gas micelle in the clearance [MPa]

pa, b, e, s
a—chamber pressure, b—chamber pressure, atmospheric pressure and supply
pressure [MPa]

Q gas heat given by the outside [J]
R gas constant [J/(kg·K)]
r radius of the circular hole [m]
SH, V physical area of the orifice in the horizontal direction or the vertical direction [m2]
Se;S′e effective area of the orifice when the spool moves forward or reverse [m2]
Sha, hb inner wall areas of two chambers [m2]

Ta, b, e, s
a—chamber temperature, b—chamber temperature, room temperature and supply
temperature [K]

t time [s]
U thermodynamic energy change in a chamber [J]
u velocity of the gas micelles in the horizontal direction [m/s]
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Va0, b0 initial volume of chamber a or b [m3]
W work done to the outside [J]
xv spool displacement [m]
y displacement of the piston [m]
α positive constant
θ rotation angle of the actuator [rad]
.
θ angular velocity of the actuator [rad/s]
.
θs Stribeck speed [rad/s]
κ isentropic index
µ viscosity coefficient of the gas [Pa·s]
ρe atmospheric density [kg/m3]
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