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Abstract: In this paper, a new analytical approach is proposed to investigate the electrical and
mechanical behavior of a low-power permanent magnet synchronous generator (PMSG) in the
presence of a wind gust. The proposed model for the wind gust and wind power system was
analytically investigated using the optimal auxiliary functions method (OAFM), which has proven to
be a reliable tool. The reaction of the system to a wind gust was explicitly obtained, which is useful
for stability analysis, protection issues, and risk assessment concerning the PMSG. A substantial
reduction of computations in analytically analysing a complicated dynamical system is ensured by
this new approach, through some auxiliary functions and convergence-control parameters.

Keywords: permanent magnet synchronous generator; wind gust; optimal auxiliary functions
method

1. Introduction

Wind turbine dynamics recently became a subject of great interest for scientists [1,2], with the
increasing importance of renewable, green energy harvesting technologies and their installations.

It is a known reality that both mechanical and electrical loads are greatly influenced by the action
of the wind speed and its variations, which simultaneously affect the tower/nacelle and blade system,
and also the electrical parameters or the mechanical behavior of the stator/rotor system. It has been
shown that random wind fluctuations can excite significant variations in wind turbine torque as
well as in generated electric power [3,4]. Other works reveal the dynamic response of permanent
magnet synchronous generators (PMSGs) to specific wind speed profiles in order to assess both the
electrical and mechanical stress of different components of the wind power station [5] or propose some
modeling procedures for wind speed simulation, which are needed in the investigation of wind power
systems [6].

The jumps in wind speed represented by wind gusts are often present in real operating conditions
and can produce mechanical and electrical shocks, which can lead to damages from both mechanical
and electrical points of view. From a mechanical point of view, the wind gusts generate torque
pulsations in the drive train, and consequently an additional mechanical stress occurs. Therefore, it is
very important to know how such wind variations affect the mechanical and electrical performance of
the wind turbine in order to develop an efficient tool to evaluate and control the whole phenomenon.
The influence of wind gusts on various wind power systems is a topic of increased interest for engineers.
Giaourakis and Safacas [7] presented a quantitative and qualitative behavior analysis of a wind energy
conversion system under a wind gust and converter faults, which was carried out via simulation.
Borowy and Salameh [8] studied the dynamic response of a stand-alone wind energy conversion
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system with battery energy storage to a wind gust. Bystryk and Sullivan [9] analyzed control strategies
for a small-scale wind turbine in intermittent wind gusts using a computer model.

Generally, such developments need some reliable models, which must obey the theory of electrical
machines [10–13]. Once such a complex model is achieved, the solving process can be managed
by various analytical and/or numerical approaches. Usually, perturbation methods or asymptotic
approaches are used to solve these kinds of non-linear problems [14,15]. Moreover, recently, some new
and emerging approaches were proposed to handle systems with strong nonlinearities or consider large
parameters or large domains of definition. Among them may be mentioned the perturbation-iteration
method (PIM), a technique which combines features of the perturbative and iterative approaches
presented in [16], where it was found that it performs better than the well-known variational iteration
method (VIM), since a few iterations are actually sufficient to obtain satisfactory results. Similar
techniques are applied in Reference [17] for the Van der Pol oscillator and in Reference [18] for
different types of non-linear equations, where the perturbation-iteration technique is compared with
the early-stage version of the optimal homotopy asymptotic method. Other relatively new approaches
are the homotopy analysis method (HAM) [19] and the homotopy perturbation method (HPM) [20],
which are two homotopic approaches that have been successfully applied in solving numerous
non-linear problems in science and engineering, for both of them the accuracy of the results increasing
as the number of iterations increases, such that higher-order approximations provide more accurate
results. Two other improved homotopic approaches are the optimal homotopy perturbation method
(OHPM) [21] and the optimal homotopy asymptotic method (OHAM) [22,23], which are endowed with
a rigorous and reliable procedure for convergence control, which lead to an increase in accuracy at a
reduced number of iterations. Finally, among these new and emerging approaches intended for solving
non-linear problems can be mentioned the modified differential transform method (MDTM) [24],
which is used mainly in solving boundary values problems.

In this paper, the electrical and mechanical reaction of a low-power PMSG in the presence of
a wind gust is investigated using a new approach, namely, the optimal auxiliary functions method
(OAFM). Explicit analytical solutions are developed and analyzed in order to emphasize the effect of
the wind gust from both mechanical and electrical points of view. Generally, such analytical approaches
are very useful to further develop an efficient tool for protection issues and risk assessments concerning
the PMSG.

2. Dynamic Model of the Wind-Power System

A wind-power system consists of different subsystems which should be separately modeled in
view of the simulation of the whole system. Such subsystems are studied in this work. For this purpose,
using the classical D–Q equivalent circuit models, the equations of the smooth-air-gap synchronous
machine in the rotor reference frame can be written in the form [10–13]:

uD = RGiD + dψD
dt −ωEψQ

uQ = RGiQ +
dψQ
dt + ωEψD

ψD = LGiD + ψPM
ψQ = LGiQ

(1)

where uD, uQ, iD, and iQ are instantaneous values of D and Q axis stator voltage components and stator
current components, respectively; RG and LG are electrical resistance and synchronous inductance
of the generator phase windings; ψD and ψQ are instantaneous values of D and Q axis stator flux
components; ψPM is the permanent magnet flux; and ωE is the electrical angular speed. The mechanical
angular speed of the turbine-generator system is ΩM = ωEP−1

1 , where P1 is the number of pole pairs
of the generator.
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Since the system (1) has been written for motoring, the PMSG output voltages are:

uD = −RLiD
uQ = −RLiQ

(2)

where RL is the electrical resistance of the external load connected to the output of the generator.
To investigate the electromechanical dynamic behavior, the motion equation of the generator can

be written as [25]:
JM
P1

dωE
dt

= TM +
3
2

P1ψPMiQ, (3)

where JM is the axial moment of inertia (total inertia) and TM is the mechanical torque of the wind
turbine, which can be expressed as [8,26]:

TM =
1
2

ρπr3v2Ct(λr), λr =
rωE
P1v

, (4)

where ρ is the air density, r is the turbine radius, v is the wind speed, λr is the tip-speed ratio, and Ct is
the torque coefficient provided by the turbine manufacturer:

Ct(λr) = 0.125 + 0.2092λr − 0.1209λ2.5
r . (5)

Using the values ρ = 1.225 Kg ·m−3, P1 = 16, and r = 2.5 m, the final form of the torque becomes:

TM = TM(v, ωE) = 3.758252931v2 + 0.982783141vωE −
0.035079416√

v
ω2.5

E . (6)

The model of the wind speed is described by a variable function with respect to time, which
simulates the manner in which the “wind profile” is altered. In this work it is considered that the wind
profile contains two components:

v(t) = vm + vG(t), (7)

where vm is the mean wind speed or the base wind velocity, which is a constant, and vG is the gust
wind component. The base wind velocity vm is considered only in the case in which the generator
is active, and the gust wind velocity component can be considered as the usual (1-cosine) gust [27].
Therefore, one can consider:

vm = const., vG(t) =
A
2

(
1− cos

2π

TG
t
)

, (8)

where A is the gust peak and TG is the gust period.
The considered PMSG, which is a component of the wind power station, had the following

characteristics in the steady-state regime: RG = 0.9 Ω, LG = 0.03 H, ψPM = 1.42 Wb, P1 = 16 pole pairs,
JM = 4.75 kgm2.

It was also considered that the nominal speed of rotation in the steady-state nominal regime was
nN = 70 rpm, which means that ΩN = 7.330352856 rad·s−1 or ωN = 117.28 rad·s−1. In all cases, the
index N denotes the nominal values (or rated values). The motion of the wind turbine is determined
by the constant wind speed vN .

By means of the above values, from Equation (6) one retrieves TMN = 684.192163461 Nm and
from Equation (3) for the steady-state regime one can obtain iQN = −20.158204693 A. Taking this last
value into account and using Equations (1) and (2), it follows that iDN = −11.118492391 A; RLN =

5.479285888 Ω; uDN = 60.9213984503 V; uQN = 110.452566480 V;
√

2IN =
√

i2DN + i2QN = 23.02116616

A;
√

2UN =
√

u2
DN + u2

QN = 126.139550551 V.
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It follows that in the nominal point of working, the wind turbine would develop the mechanical
power P1N = TMNΩN ∼= 5015 W and the electric generator would develop the electrical power
P2N = 3UN IN ∼= 4355.82 W.

For investigation purposes, it is often convenient to express the generator’s parameters, variables,
and governing equations using dimensionless quantities. In this respect, these terms are divided by
base quantities. The following set of base quantities is widely used in such investigations [10,25,28]:
the base voltage UB (peak stator phase nominal voltage UB =

√
2UN); the base current IB (peak stator

phase nominal current IB =
√

2IN); the base power SB (nominal apparent power SB = 3UN IN); the
base angular speed ωB (nominal electrical angular speed ωB = ωN). Based on this restricted set,
one can obtain additional quantities, such as: the base torque TB = P1SB/ωB; the base flux linkage
ψB = UB/ωB; the base impedance ZB = UB/IB; and the base time tB = 1/ωB.

By means of the following notations:

ud = uD
UB

; uq =
uQ
UB

; id = iD
IB

; iq =
iQ
IB

; ψd = ψD
ψB

; ψq =
ψQ
ψB

; ψpm = ψPM
ψB

;

ω = ωE
ωB

; rl =
RL
ZB

; rg = RG
ZB

; xg = ωB LG
ZB

; Tm = TM
TB

; k =
JMω3

B
3P2

1 UN IN
; τ = t

tB
= ωBt

(9)

the governing Equations (1) may be written as:

did
dτ −ωiq +

rl+rg
xg

id = 0
diq
dτ + ωid +

rl+rg
xg

iq + ω
ψpm
xg

= 0

k dω
dτ − Tm − ψpmiq = 0

(10)

The initial conditions for Equations (10) are obtained from the working condition of a considered
regime, established before the gust occurs, which is considered as the steady-state regime, characterized
by a constant angular speed ω0, at a constant wind speed of vm = 10 m·s−1 and an external electrical
load rl = 0.45248. Taking these data into account, considering the steady-state regime in Equation (10),
one gets the following initial conditions:

id(0) = −0.438786995
iq(0) = −0.843879596
ω(0) = 0.499239911

(11)

In this way, the governing equations become:

did
dτ −ωiq + 0.960143255id = 0
diq
dτ + ωid + 0.960143255iq + 2.061756973ω = 0
dω
dτ − 0.168386689iq − 0.000808844v2 − 0.024807429vω + 1.124718044√

v ω2.5 = 0
(12)

By means of the change of the variable τ = ωBt and considering A = 6, vm = 10 m·s−1, and TG =
12 in Equation (8), Equation (7) can be expressed as:

v(τ) = 10 + 3
(

1− cos
2π

λ
τ

)
. (13)

The dynamical system described above is analyzed in the following using a new solution
procedure, namely the optimal auxiliary functions method.

3. Basic Ideas of the Optimal Auxiliary Functions Method

The most general form of a non-linear differential equation can be expressed as [29]:

L[ f (τ)] + N[ f (τ)] = 0, (14)
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where L is a linear operator, N is a non-linear operator, and f(τ) is an unknown function. The
initial/boundary conditions are:

B
(

f (τ),
d f (τ)

dτ

)
= 0. (15)

In the following, it is assumed that Equations (14) and (15) have an approximate solution in a
two-component form:

f̃ (τ, Ci) = f0(τ) + f1(τ, Ci), i = 1, 2, . . . , s , (16)

where the initial approximation f0(τ) and the first approximation f1(τ, Ci) will be determined as
follows. Substituting Equation (16) into Equation (14), it is obtained that

L( f0(τ)) + L( f1(τ, Ci)) + N[ f0(τ) + f1(τ, Ci)] = 0. (17)

The initial approximation f0(τ) is determined from the linear equation

L[ f0(τ)] = 0

B
(

f0(τ),
d f0(τ)

dτ

)
= 0

(18)

and the first approximation f1(τ, Ci) from the remaining equation

L[ f1(τ, Ci)] + N[ f0(τ) + f1(τ, Ci)] = 0

B
(

f1(τ),
d f1(τ)

dτ

)
= 0

(19)

In general, Equation (19) is a non-linear differential equation which is often very difficult to solve.
Now, the non-linear term from Equation (19) is expanded in the form:

N[ f0(τ) + f1(τ, Ci)] = N[ f0(τ)] +
∞

∑
k=1

f k
1 (τ)

k!
N(k)[ f0(τ)]. (20)

In order to avoid the difficulties that appear in solving the non-linear differential Equation (19)
and to accelerate the rapid convergence of the first approximation—and implicitly of the approximate
solution f̃ (τ)—instead of the last term arising in Equation (19), another expression is proposed, such
that Equation (19) can be written as

L[ f1(τ, Ci)] + A1( f0(τ), Ci)N[ f0(τ)] + A2
(

f0(τ), Cj
)
= 0

B
(

f1(τ, Ci),
d f1(τ,Ci)

dτ

)
= 0

(21)

where A1 and A2 are two arbitrary auxiliary functions depending on the initial approximation f0(τ)

and several unknown parameters Ci and Cj, i = 1,2, . . . ,p, j = p+1,p+2, . . . .,s. The auxiliary functions A1

and A2—called optimal auxiliary functions—are not unique, and are of the same form as f0(τ) or of the
form of N[ f0(τ)], or combinations of the forms of f0(τ) and N[ f0(τ)]. As illustrative examples, if f0(τ)

or N[ f0(τ)] are polynomial functions, then A1[ f0(τ), Ci] and A2[ f0(τ), Cj] are sums of polynomial
functions; if f0(τ) or N[ f0(τ)] contain exponential functions, then A1 and A2 would be sums of
exponential functions; if f0(τ) or N[ f0(τ)] are trigonometric functions, then A1 and A2 would be sums
of trigonometric functions, and so on. If, in a special case, N[ f0(τ)] = 0, then it is clear that f0(τ) is an
exact solution of Equations (11) and (12).

The unknown parameters Ci and Cj can be optimally identified using different methods. Among
them, a reliable method would be minimizing the square residual error by

J(Ci, Cj) =
∫ b

a
R2(τ, Ci, Cj)dτ, (22)
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where R(τ, Ci, Cj) = L[ f̃ (τ, Ci, Cj)] + N[ f̃ (τ, Ci, Cj)], i = 1, 2, . . . p; j = p + 1, p + 2, . . . , s. Then, the
conditions of minimization would be

∂J
∂C1

=
∂J

∂C2
= . . . =

∂J
∂Cs

= 0. (23)

Alternatively, one can use other approaches such as the Ritz method, the collocation method,
the Galerkin method, and so on. Finally, by this novel approach, after the identification of the
optimal convergence-control parameters, the approximate solution to (16) is determined well. Our
procedure proves to be a powerful tool for solving non-linear problems not depending on small or
large parameters. It should be emphasized that our method contains the optimal auxiliary functions A1

and A2, which provides us with a simple way to adjust and control the convergence of the approximate
solutions after only the first iteration.

4. Approximate Solution of the Dynamic Model of the Wind-Power System

In the following, the above-described procedure to obtain an approximate solution for Equations
(11) and (12) is applied. The linear operators for System (12) are

L1(id(τ)) =
did(τ)

dτ
; L2

(
iq(τ)

)
=

diq(τ)
dτ

; L3(ω(τ)) =
dω(τ)

dτ
. (24)

The approximate solutions given by Equation (16) in our case can be written as

ĩd(τ) = id0(τ) + id1(τ, Ci), i = 1, 2, . . .
ĩq(τ) = iq0(τ) + iq1(τ, Dj), j = 1, 2, . . .
ω̃(τ) = ω0(τ) + ω1(τ, Ek), k = 1, 2, . . .

(25)

The initial approximations id0, iq0, and ω0 are determined from Equations (18) and (11), which in
this case read:

did0(τ)
dτ = 0 id0(0) = −0.438786995

diq0(τ)
dτ = 0 iq0(0) = −0.843879596

dω0(τ)
dτ = 0 ω0(0) = 0.499239911

(26)

The solution of System (26) is

id0(τ) = −0.438786995
iq0(τ) = −0.843879596
ω0(τ) = 0.499239911

(27)

The non-linear operators for the system (12) are

N1(id, iq, ω) = −ωiq + 0.960143255id
N2(id, iq, ω) = ωid + 0.960143255iq + 2.061756973ω

N3(id, iq, ω) = −0.168386689iq − 0.000808844v2 − 0.024807429vω + 1.124718044√
v ω2.5

(28)

where the wind velocity v is given by Equation (13). By substituting Equations (27) into Equations (28),
it holds that

N1(id0, iq0, ω0) = 0
N2(id0, iq0, ω0) = 0
N3(id0, iq0, ω0) = −0.159239505 + 0.1002444079 cos 2πτ

λ − 0.003639798 cos 4πτ
λ + 0.1980691808√

13−3 cos 2πτ
λ

(29)
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The linear equations for the first approximation given by Equations (21), in this case are:

did1(τ)
dτ + A2(τ, Ci) = 0, id1(0) = 0

diq1(τ)

dτ + A∗2(τ, Dj) = 0, iq1(0) = 0
dω1(τ)

dτ + A1(τ, Ek)N3(id0, iq0, ω0) + A∗∗2 (τ, Ek) = 0, ω1(0) = 0

(30)

Taking Expression (29) and the initial condition from Equation (30) into account, in the following
it is considered that

A2(τ, Ci) = −
[
C1 cos πτ

λ + C2 cos 3πτ
λ + C3 cos 5πτ

λ + C4 cos 7πτ
λ

]
A∗2(τ, Di) = −

[
D1 cos πτ

λ + D2 cos 3πτ
λ + D3 cos 5πτ

λ + D4 cos 7πτ
λ + D5 cos 9πτ

λ

]
A1(τ, Ek) = 0
A∗∗2 (τ, Ek) = −

[
E1 cos πτ

λ + E2 cos 3πτ
λ + E3 cos 5πτ

λ

] (31)

The first approximations are obtained from Equations (30) and (31) under the form:

id1(τ) =
λ
π

[
C1 sin πτ

λ + 1
3 C2 sin 3πτ

λ + 1
5 C3 sin 5πτ

λ + 1
7 C4 sin 7πτ

λ

]
iq1(τ) =

λ
π

[
D1 sin πτ

λ + 1
3 D2 sin 3πτ

λ + 1
5 D3 sin 5πτ

λ + 1
7 D4 sin 7πτ

λ + 1
9 D5 sin 9πτ

λ

]
ω1(τ) =

λ
π

[
E1 sin πτ

λ + 1
3 E2 sin 3πτ

λ + 1
5 E3 sin 5πτ

λ

] (32)

The approximate solutions of Equations (11) and (12) are obtained from Equations (27), (32), and
(25). The optimal values of Ci, Dj, and Ek were determined by the collocation method as follows:

C1 = −0.001880098936, C2 = 0.000249576329, C3 = 0.0001099044306, C4 = 0.000047008063
D1 = −0.000429218279, D2 = −0.0001028685602, D3 = 0.000044633562, D4 = 0.000029287755,

D5 = 0.000009332777, E1 = 0.001592362394, E2 = −0.000310689633, E3 = −0.000065075109
The approximate solution (16) for Equations (11) and (12) can be written as follows:

id(τ) = −0.438786995−0.842240332001 sin π
λ τ + 0.111804356099 sin 3π

λ τ+

+0.049234613317 sin 5π
λ τ + 0.021058512367 sin 7π

λ τ
(33)

iq(τ) = −0.843879596−0.192279746121 sin π
λ τ − 0.046082708017 sin 3π

λ τ+

+0.019994791658 sin 5π
λ τ + 0.013120229226 sin 7π

λ τ + 0.004180865769 sin 9π
λ τ

(34)

ω(τ) = 0.499239911 + 0.713341093867 sin π
λ τ − 0.139181686295 sin 3π

λ τ − 0.029152126573 sin 5π
λ τ (35)

where λ = 1407.36.
Figures 1–3 show the approximate solution of Equations (11) and (12) which, for

validation purposes, were compared with numerical solutions obtained using a fourth-order
Runge–Kutta method.
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Figure 3. Comparison between the approximate solution and numerical integration results for ω:
numerical, analytical solution (35) _______ numerical; _ _ _ _ _ analytical.

The changes occurring in the wind profile at the moment τ = 0 generated a non-stationary regime
in the system characterized by a variation in the angular speed ω and also a significant variation in the
currents of the generator id and iq. The angular speed increased from the value ω = 0.5 to ω = 1.35,
which is by 2.7 times. Such increases in angular speed under the action of the wind gust could lead to
an exceedance of the limit of overload and should be treated with special attention. From Figure 3, one
can see that the angular speed of the turbine exceeded the nominal angular speed (ω = 1) by 35%.

These dynamic changes in the operating conditions generated by the wind gust affect the whole
mechanical system of the turbine generator, which exhibits mechanical loads emphasized by the
mechanical torque, illustrated in Figure 4. In Figure 4 a sudden increase of the torque by almost 20%
can be observed, reaching a maximum at around τ = 350. The increasing gradient of the torque was
higher than that of the wind speed, which produced substantial mechanical stress in the turbine under
the action of the wind gust.
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One can see from Figure 5 that under the action of the wind gust, the electrical power at the
generator had a similar variation as the angular speed, since the electrical voltage is proportional
with ω.Energies 2019, 12, x FOR PEER REVIEW  10  of  12 
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Figure 5. Variation in electrical power during the wind gust Pe = rl(i2d + i2q).

5. Conclusions

In the present work, a new technique is proposed to obtain an analytical solution to the dynamic
model of a wind-power system. An effective analytic solution is obtained for the governing equations
and, as far as we are aware, there are no analytical solutions available in the literature for this particular
problem. Comparison with numerical integration results obtained using a fourth-order Runge–Kutta
method revealed that the proposed analytical approach was very accurate. The obtained analytical
solution was in very good agreement with the numerical integration results, which proves the validity
of our procedure. This indicates that the proposed approach is valid even if the non-linear differential
equation does not contain any small or large parameters, which is a problem when applying some
other methods. Compared to other analytical methods known in the literature, the proposed approach
is very easy to use since it does not need higher-order approximations to obtain very good results, and
it is very accurate when applied to complex problems.

Our procedure provides us with a simple way to optimally control and adjust the convergence
of the solution, and can give good approximations in a few terms after only the first iteration.
The convergence of the approximate solution obtained by the OAFM is determined by the optimal
auxiliary functions A1 and A2, where the values of the convergence-control parameters Ci, Dj, and Ek
are optimally determined in a rigorous way.

The proposed dynamical model describing the generator wind turbine system under a simple
wind gust allows for analysis of both mechanical and electrical phenomena and determining the
performances of the dynamic regime produced by wind turbulence. It was proved that the wind speed
can be considered in the system of equations describing the dynamic model to predict the system
response to specific changes in speed. For this purpose, it is necessary to know the wind profile as
a function of time. The present study is limited to only one type of wind profile, and in our future
research work we intend to develop other approaches when modeling this profile describing the gust.

Finally, it is observed that the proposed approach allows an analytical solution to be obtained,
which is very advantageous and useful for automatic control systems and protection systems used in
this kind of aero-electric installation.

Concerning the proposed method as a whole, there are no known limitations to its application,
and in our future works we will be concerned with applying this promising method to even more
complicated strongly non-linear problems from real life.
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