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Abstract: 28 June 2018 was the 100th anniversary of the first presentation on symmetrical components
made by Charles LeGeyt Fortescue at the 34th Annual Convention of the American Institute of
the Electrical Engineers in Atlantic City (NJ, USA). The introduction of the symmetrical component
concept was immediately seen as a milestone for electrical system studies, and many applications have
been developed during the ensuing years. Today, refined or advanced contributions to conceptual
and practical aspects of electrical applications are still being proposed based on the powerful
structure of symmetrical components. This paper recalls the most significant steps made in the
electrical engineering field after the introduction of the symmetrical component theory, and indicates
recent developments concerning the studies on electrical machines, harmonics and interharmonics
in different applications, and the operation of power and distribution systems with distributed
energy resources.

Keywords: symmetrical components; sequence; three-phase; power system; electrical machine;
distribution system; faults; harmonic; short circuit

1. Introduction

The concept of symmetrical components introduced by Charles LeGeyt Fortescue represents one
of the most useful transformations used in electrical circuit theory. A century ago, on 28 June 1918,
the article “Method of Symmetrical Co-Ordinates Applied to the Solution of Polyphase Networks”
was presented at the 34th Annual Convention of the American Institute of the Electrical Engineers
in Atlantic City (NJ, USA). An insightful discussion followed the presentation, and six well-known
experts argued about different aspects of Fortescue’s contribution. The article and the discussion
were later published in the AIEE Transactions [1] and became a milestone for electrical engineers.
Biographical notes about Fortescue are reported in various documents, including publications that
celebrated anniversaries of the presentation in Atlantic City (25 years [2] and 80 years [3]) and further
contributions [4].

The transformation in symmetrical components started with the studies that Fortescue initiated
in 1913, referring to the operation of induction motors under unbalanced conditions for railway
electrification applications [3]. The link between the symmetrical components and the electrical
machines was then strongly established since the beginning [5]. On the other hand, in 1914 Stokvis
also identified a synchronous system and an inverse system in his studies on synchronous machines
operating in unbalanced three-phase systems [6], without considering the zero sequence [2]. In his
discussion (by letter) of the Fortescue article presented in Atlantic City, Slepian indicated “the utility
of the method is practically entirely limited to the case of rotating induction machines” [1]. In the
same discussion, Slepian also suggested that the ratio between the negative sequence and the positive
sequence is “a better quantity to denote the degree of unbalance of a line”; this unbalance factor was
used by Fortescue in [7] and is still adopted today in the International Standards (e.g., [8]).
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In the title of his article, Fortescue used the term “symmetrical co-ordinates”, and he used
the terms “sequence components” and “symmetrical components” to indicate some of the entries
resulting from the transformation. In the discussion, Karapetoff “incidentally” suggested the use
of the expression “symmetrical components” instead of “symmetrical coordinates”. Even though
Fortescue continued to refer to the overall framework using the term “symmetrical coordinates” [7],
the expression “symmetrical components” became widely adopted worldwide, especially after the
publication of the book Symmetrical Components by Wagner and Evans in 1933 [9]. The Wagner and
Evans book also contains applications of symmetrical components to the study of short circuits and
system disturbances.

The importance of symmetrical components grew so rapidly that the equipment data
(for generators, lines, transformers, etc.) started to be provided in sequence components. Various
discussions followed the wider use of the symmetrical components concept, for example concerning
the symmetrical-component impedance notation [10] and the applications to transient analysis of
symmetrical networks [11,12].

The main applications evolved with time, from the study of unbalanced conditions in rotating
machines to the short circuit calculations in unbalanced systems (most of the system faults are
unbalanced), up to the analysis of system transient stability and the operation of protection systems.
In fact, the identification of the symmetrical components is very important for the operation of
protection relays. The simplest case is that where all the ground relays operate by using zero-sequence
quantities. A more elaborate example is the possibility of detecting the saturation of the current
transformer by means of the formation of a third harmonic current component in the zero-sequence
differential current [13].

The extraction of the symmetrical components was done first by using analog filters, that
could be disturbed by direct current or harmonic components, as well as by the temperature
and component aging. Then, with the advent of digital computer-based protection systems [14],
the microprocessor-based solutions with digital filters increased their suitability to calculate the
symmetrical components [15]. In the solution presented in [16], the sampling frequency must be a
multiple of 150 Hz for a system with 50 Hz of fundamental frequency. These capabilities were further
enhanced during the years. The solution presented in [17] implements the fast Walsh-Hadamard
transform, and it is no longer necessary to have a sampling frequency multiple of 150 Hz. Further
emerged solutions are mentioned in [18]. Furthermore, the Discrete-Wavelet transform was used
in [19] to evaluate the symmetrical components with unbalanced and distorted waveforms in transient
conditions. The advances also include the testing of new functionalities for the relays included in
distribution systems [20]. The research in this direction is still open, with new emerging solutions such
as the non-linear adaptive method proposed in [21] for the estimation of the symmetrical components
in real-time.

The remaining sections of this article are structured as follows: Section 2 recalls the basic
formulations of the Fortescue transformation for three-phase and polyphase systems, as well as
the variants introduced to calculate the instantaneous symmetrical components and the generalised
symmetrical components. Section 3 summarises the properties of the Fortescue transformation that are
exploited for separating the sequences in electrical system studies. Section 4 addresses some recent
applications to the analysis of harmonics and interharmonics. Section 5 deals with recent applications
of the Fortescue transformation to the studies on electrical machines and distribution systems with
distributed resources. The last section contains the conclusions.

2. Formulations of the Fortescue Transformation

The original formulation presented in [1] was written with many equations for n-phase systems.
The formulation was then simplified by the introduction of the matrix form of the Fortescue
transformation, which has been used in several computational methods [22].
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In the discussion of Fortescue’s presentation at Atlantic City, Karapetoff suggested that the article
would have been easier to follow by starting the presentation with the three-phase system and leaving
the general case of n-phase systems for the following part of the article, a view supported by Mailloux,
This suggestion is followed here to first synthesise some basic concepts.

For a three-phase system with phases a, b and c, let us consider the voltage phasors
vabc =

[
Va, Vb, Vc

]T, where the superscript T denotes transposition. The Fortescue transformation is
based on the definition of the sequences, indicated in the English literature as positive (+), negative
(−), and zero (0) with respect to the conventional counterclockwise sequence of phase rotation.
In some cases, the numbers 1 and 2 have been used (e.g., as subscripts) to represent the positive and
negative sequence, respectively. Curiously, a different terminology is traditionally used in the Latin
languages (Table 1).

Table 1. Terminology used to represent the sequences in English and in the Latin languages.

Language Terms Used for the Sequences

English positive, negative, zero
Italian diretta, inversa, omopolare
French direct, indirect, homopolaire

Portuguese directa, inversa, homopolar
Romanian directă, inversă, homopolară

Spanish directa, inversa, homopolar

By using the complex operator α = ej 2π
3 , the Fortescue transformation matrix is written as:

T =
1
3

 1 α α2

1 α2 α

1 1 1

 (1)

The transformed voltages vs =
[
V(+), V(−), V(0)

]T
are then obtained as vs = T vabc, that is:

 V(+)

V(−)
V(0)

 =
1
3

 1 α α2

1 α2 α

1 1 1


 Va

Vb
Vc

 (2)

The determinant of the transformation matrix is det (T) = α− α2 = j
√

3. Since this determinant is
non-null, the transformation matrix T is invertible, and the inverse matrix is:

T−1 =

 1 1 1
α2 α 1
α α2 1

 (3)

with the property that T−1 = 3 T∗T(the asterisk is the conjugation operator).

Furthermore, the unitary versions of the transformation matrices
~
T and

~
T
−1

have been defined,

with
~
T
−1

=
~
T
∗

T. Their application leads to the conservation of power from the space of the phase
variables to the space of the sequence variables:

~
T =

1√
3

 1 α α2

1 α2 α

1 1 1

;
~
T
−1

=
1√
3

 1 1 1
α2 α 1
α α2 1

 (4)
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An interesting aspect is that the notion of sequence is a three-phase concept, and any quantity
appearing in a sequence cannot exist only in one phase, but it must be in all three phases [23]. In other
words, in the original and the transformed systems the number of variables must remain the same,
even though one or more variables may be equal to zero under specific conditions.

2.1. Symmetrical Components for Polyphase Systems

The transformation matrix of order n (in the unitary version) is Tn = 1√
n An, where An ∈

Cn,n =
{

ej 2π
n i(m−1), i = 1, . . . , n; m = 1, . . . , n

}
. The matrix An is also a particular case of a

Vandermonde matrix of order n, that is, Vn =
{

vm−1
i , i = 1, . . . , n; m = 1, . . . , n

}
, in which the

generic term vi is replaced by ej 2π
n i [24]. The complex operator used can be represented as αn = ej 2π

n .
For example, in the case n = 4 the complex operator is α4 = ejπ2 , and the matrix A4 becomes:

A4 =


1 j −1 −j
1 −1 1 −1
1 −j −1 j
1 1 1 1

 (5)

2.2. Instantaneous Symmetrical Components

The extension of the symmetrical components to the time domain was presented in [25],
leading to the so-called instantaneous symmetrical components (ISCs). In the ISCs, the complex
operator α is still used, and the transformation matrix T is the same. The ISCs are complex
quantities, used with their real and imaginary parts for the analysis. Starting from the phase
voltages in the time domain vabc(t) = [va(t), vb(t), vc(t)]

T, the transformed voltages are defined

as vs(t) =
[
v(+)(t), v(−)(t), v(0)(t)

]T
= T vabc(t), where the components v(+)(t) and v(−)(t) contain

complex numbers, while the component v(0)(t) contains real numbers. Moreover, by definition the
term v(−)(t) = v∗(+)(t), so that the knowledge of the components v(+)(t) and v(0)(t) is sufficient to
represent the ISCs [26]. The use of the complex operator α has also been replaced by a shift in the
time domain corresponding to 2π/3, in order to avoid the use of complex quantities to deal with
time-domain waveforms [27].

The characteristics and advantages of using time-dependent symmetrical components in network
calculations and the relations with other transformations for time-dependent signals are recalled
in [28]. Useful aspects are the availability of the data in symmetrical components to model the network,
and the simple relation between time-dependent symmetrical components and steady-state phasors
that makes it easy to interpret the results. Some classical applications of ISCs include the modelling
of dynamic phasors to analyse unbalanced faults in polyphase power systems [29], and to balance
unbalanced loads and provide power factor correction [30]. The online estimation of steady state
and ISCs in a three-phase system has been presented in [31], by using an extended phase-locked
loop (EPLL). The EPLL provides the online estimation of the fundamental component of the input
signal while following the variations of the signal in amplitude, phase and frequency, and is a key
asset to enable the ISC assessment. The ISC transformation is used to generate the reference source
currents corresponding to different strategies of load compensation [32]. Further recent developments
concerning control of grid-side converters in microgrids are indicated in Section 5.

2.3. Generalized Symmetrical Components

The Generalized symmetrical components (GSC) have been introduced in [33]. The zero-sequence
components are subtracted from the three-phase waveforms fa(t), fb(t) and fc(t) (voltages or currents),
obtaining the “heteropolar” components:
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f̃a(t) = fa(t)− f0(t) (6)

f̃b(t) = fb(t)− f0(t) (7)

f̃c(t) = fc(t)− f0(t) (8)

By indicating with T the period of the waveform, the generalized positive sequence component
f(+)(t) is obtained by summing up the resulting waveforms of phase a, of phase b (shifted in time by
−T/3) and phase c (shifted in time by −2T/3):

f(+)(t) =
1
3

(
f̃a(t) + f̃b(t + T/3) + f̃c(t + 2T/3)

)
(9)

The generalized negative sequence component f(−)(t) is obtained by summing up the resulting
waveforms of phase a, of phase b (shifted in time by T/3) and phase c (shifted in time by 2T/3):

f(−)(t) =
1
3

(
f̃a(t) + f̃b(t− T/3) + f̃c(t− 2T/3)

)
(10)

The generalized zero sequence component f(0)(t) does not change with respect to the
classical version:

f(0)(t) =
1
3
( fa(t) + fb(t) + fc(t)) (11)

From these definitions, the authors of [33] noted that, in non-sinusoidal cases, the three-phase
waveforms could not be always obtained from the generalized positive sequence, negative sequence
and zero sequence components. Thereby, a further component called the residual component was
introduced for each phase:

fra(t) =
1
3

(
f̃a(t) + f̃a(t + T/3) + f̃a(t + 2T/3)

)
(12)

frb(t) =
1
3

(
f̃b(t) + f̃b(t + T/3) + f̃b(t + 2T/3)

)
(13)

frc(t) =
1
3

(
f̃c(t) + f̃c(t + T/3) + f̃c(t + 2T/3)

)
(14)

The residual components have period T/3 and do not appear for sinusoidal waveforms.
The mathematical relation among the GSCs and the symmetrical components introduced by Fortescue
has been shown in [34].

Recent applications of the GSC have been provided in [35] to control three and four-leg inverters,
and in [36] to construct the equivalent circuit for multiples of the third harmonic to determine the
residual components in the three phases, from which the GSC application provides the exact results
for the three phases in the analysis of unsymmetrical faults, also in particular cases with parallel
connection of the sequence circuits.

The issues encountered in the definition of the generalised symmetrical components mainly refer
to the treatment of the zero-sequence component. The same issue appears in the definition of the
powers in unbalanced non-sinusoidal polyphase systems—largely debated in the scientific community.
A recent solution proposed in [37] is to adapt the power definitions for polyphase systems in such a
way that the zero-sequence components are not included.

3. Applications to Power and Distribution System Analysis

The fundamental property that has ensured the great success of the Fortescue transformation in
electrical engineering studies is the diagonalisation of a matrix with circular symmetry. The structure
of a generic matrix with circular symmetry is as follows:
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A =

 a′ a′′ a′′′

a′′′ a′ a′′

a′′ a′′′ a′

 (15)

If the matrix A describes a relation c = A b in the original space, the Fortescue transformation of
the vectors b and c into bs = T b and cs = T c yields T−1 cs = A T−1 bs, from which:

cs = T A T−1 bs = Asbs (16)

where:

As =

 a′ + α2a′′ + αa′′′ 0 0
0 a′ + αa′′ + α2a′′′ 0
0 0 a′ + a′′ + a′′′

 (17)

In an electrical system, let us consider the impedance matrix Zabc that represents the relation
vabc = Zabciabc between the vector vabc that contains the phase voltage phasors and the vector iabc
that contains the phase current phasors:

Zabc =

 Z11 Z12 Z13

Z21 Z22 Z23

Z31 Z32 Z33

 (18)

The matrix Zabc is generally symmetrical, however the off-diagonal terms Z12, Z13 and Z23 could
be different, and also the diagonal terms could not be all the same. In this case (e.g., for untransposed
lines, typically found in distribution systems [38]) the impedance matrix Zs = T Zabc T−1 that results
from the Fortescue transformation is not diagonal.

Due to the nature of the electrical circuit, the impedance matrix can be diagonalised only if all its
diagonal terms are equal with each other (i.e., Zd = Z11 = Z22 = Z33), and all the off-diagonal terms
(mutual impedances) are equal with each other (i.e., Zm = Z12 = Z13 = Z23 = Z21 = Z31 = Z32).
If this happens, the transformed matrix becomes:

Zs =

 Zd − Zm 0 0
0 Zd − Zm 0
0 0 Zd + 2Zm

 =

 Z(+) 0 0
0 Z(−) 0
0 0 Z(0)

 (19)

and the three sequence circuits can be constructed separately for the symmetrical portion of the
system. This property is at the basis of the study of the power system faults, where the sequence
circuits are constructed separately, and the links among the circuits are established on the basis of the
characteristics of the typical faults analysed [23]. The analysis of faults in a three-phase power system
is then conducted by simply interconnecting the sequence networks in the appropriate way [39,40].
The topological method illustrated in [41] provides useful hints to understand the interactions among
voltages and currents at different sequences.

In the construction of the sequence networks, the positive sequence network includes the whole
system, that is, all the nodes are connected. The same happens for the negative sequence network.
Conversely, in the zero sequence network the connection between nodes located at the terminals of a
transformer depends on the type of windings and on the possible ground connection. It is possible to
model the zero-sequence connections of the transformers in a simple way, by resorting to open and close
switches [22]. As a result, the zero-sequence circuit can be composed of different non-interconnected
areas. In the analysis of an unsymmetrical fault for different faulted points, the zero-sequence circuit
to be considered may not be the same.

In some cases (e.g., in the presence of ground wires or bundle conductors) there are more than
three conductors, however the impedance matrix may always be converted into a 3 × 3 matrix [22].
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In these cases, as well as with untransposed lines (found in distribution systems), off-diagonal entries
appear in the impedance matrix, and the sequence circuits cannot be decoupled. If the off-diagonal
entries are much smaller than the diagonal entries, it is possible to use the average values of the
diagonal entries and of the off-diagonal entries without introducing significant errors [22].

In the presence of untransposed lines, the coupling impedance between negative- and
positive-sequence networks is considered, by separating the symmetric part of the impedance matrix
from the coupling matrix that describes the mutual reactance variation between two phases due to
the geometric asymmetry of the location of the conductors. In [38] this coupling impedance is used
to determine the effects of different types of loads (constant current, constant impedance, constant
power, and induction motor) on the voltage unbalances. In particular, it is shown that the presence of
induction motor loads connected to Low Voltage (LV) increases the unbalance seen from the Medium
Voltage (MV) busbars that supply the LV system, with respect to the other types of loads, because of the
effects of the negative-sequence currents in the induction motor load. In [42] a circuit that represents
the coupling due to line asymmetry is constructed by considering the positive and negative sequences.

In addition to the symmetry of the three-phase circuit, the decoupling of the sequences also
requires that the power system components are linear and the waveforms are sinusoidal. The latter
property makes it possible to analyse distorted waveforms separately in the harmonics domain,
in which the waveforms are sinusoidal at each harmonic order (see Section 4).

If the matrix Zs is not diagonal, there is less practical advantage in transforming the electrical
variables from the phase domain to the Fortescue domain. In [43] a fault calculation method based
on the symmetrical components has been set up for active unbalanced distribution systems, showing
that the fault calculations in the symmetrical component domain are faster than in phase coordinates
(the execution time in symmetrical components is indicated to be between 34% and 56% of the one
in phase coordinates). A method to calculate the solutions for complex short circuits that affect an
arbitrary number of faulted nodes and phases is presented in [44].

The impedance of the zero-sequence circuit plays a key role in the analysis of unsymmetrical
faults that involve the return path. In addition to the possible separation of the zero sequence networks,
the type of transformer construction affects the numerical value of the zero-sequence impedance.
In particular, the relevant distinction is among shell-type or core-type transformers. In shell-type
transformers (or in the case of a three-phase transformer obtained by using three separate single-phase
transformers), the magnetic circuits of each phase are reclosed in a path of relatively low reluctance,
and the zero-sequence impedance of the transformer is the same as the positive sequence impedance.
In core-type transformers with three legs, the magnetic flux provided by zero-sequence currents
can only be reclosed through a path of relatively high reluctance (e.g., through the tank), and the
zero-sequence impedance of the transformer is lower than the positive sequence impedance). With the
traditional application of the symmetrical components it is then possible to explain in a simple
conceptual and practical way why a single-phase fault at the secondary terminals of a core-type
transformer with three legs can produce a fault current higher than the current that occurs for a
three-phase fault at the same terminals.

Some limitations in the application of the symmetrical components occur in systems with multiple
grounded points, in which the neutral is grounded in multiple points that are at different potential
when a current flows in the return path. In this case, there are multiple paths for the return of the
neutral current to the distribution transformer, leading to the presence of different currents whose
value depends on the relative impedances on the grounding circuit. In this case, the symmetrical
components can be applied only by assuming that the grounding conditions are uniform in the return
path. The effects of individual grounding electrodes (that also depend on the ground resistivity, which
may vary in different grounding points) cannot be represented. In [22] it is shown that significant
errors may appear by using the symmetrical components with the uniform return path assumption in
case of lines passing through areas with high resistivity.
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4. Applications to Harmonic Analysis

4.1. Symmetrical Components and Harmonics

A three-phase system is assumed to be balanced if the periodic waveform appearing on one phase
(with period T, fundamental frequency f 1 = 1/T, and fundamental radian frequency ω1 = 2πf 1) is
equal to the periodic waveforms appearing in the other two phases with a time shift of T/3 and 2T/3,
respectively. This definition is generally valid also if the waveform is non-sinusoidal. The waveform
distortion generates harmonics, and for the balanced three-phase system there is a simple relation
between the harmonic order h = 0, 1, . . . , ∞ and the sequence that represents the phase voltages or
currents (Table 2, in which the details of the sequences are also presented up to the harmonic order
h = 40). This regularity is quite interesting and has been used to explain a number of phenomena
appearing in the electrical systems. In particular, the harmonic orders 3h are called triplen harmonics
and correspond to a zero sequence with the three phasors superposed with each other. In a balanced
three-phase system with neutral, the triplen harmonics are the only components contributing to the
neutral current. However, if the three-phase system is not balanced, the regularity indicated vanishes,
and components of different sequences may appear at each harmonic order h > 0 [45]. These aspects
have driven the researchers to look for the possibility of representing the balanced or unbalanced
system conditions by using the measurements of the phasors gathered from a distorted periodic
waveform at different harmonic orders. In particular, some links have been constructed between
the transformation matrix used to calculate the symmetrical components and the determination of
suitable components. For example, two components (denoted as first unbalance and second unbalance)
have been introduced in [46] by applying different transformation matrices to the various harmonic
orders. The system unbalance has then been obtained by combining these components. Conversely,
in the Symmetrical Component Based (SCB) approach presented in [47] the balance, unbalance and
distortion components are determined by using the same transformation matrix from phase quantities
into symmetrical components. These components are calculated by summing the squares of the RMS
values, because of the orthogonality of the components at different harmonic orders.

Table 2. Sequences for the different harmonic orders in a balanced three-phase system, h = 0, 1, . . . , ∞.

Harmonic Order Radian Frequency Sequence

3h − 2 (3h − 2) ω1 positive (+)
3h − 1 (3h − 1) ω1 negative (-)

3h 3h ω1 zero (0)

Harmonic (h) 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36 37 38 39 40

Sequence (h) 0 + − 0 + − 0 + − 0 + − 0 + − 0 + − 0 + − 0 + − 0 + − 0 + − 0 + − 0 + − 0 + − 0 +

In the SCB approach, the current phasors i(h) =
[

I(h)a , I(h)b , I(h)c

]T
are transformed into

i(h)T = T i(h) =
[

I(h)T1 , I(h)T2 , I(h)T3

]T
. Then, the balance component of the phase current (subscript

p) is calculated by collecting the contributions of the harmonic components that could exist in a
balanced system for h = 1, . . . , ∞, that is, the harmonics of order 3h − 2 at the positive sequence

(appearing from the transformed terms I(3h−2)
T1 ), the harmonics of order 3h− 1 at the negative sequence

(appearing in the transformed terms I(3h−1)
T2 ), and the triplen harmonics (of order 3h − 3) at the zero

sequence (appearing in the transformed terms I(3h−3)
T3 ):

I(b)p =

√
∞

∑
h = 1

[(
I(3h−2)
T1

)2
+
(

I(3h−1)
T2

)2
+
(

I(3h−3)
T3

)2
]

(20)
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The unbalance component of the phase current is calculated by considering all the complementary
contributions obtained from the same transformation, that is, again with the RMS values:

I(u)p =

√
∞

∑
h = 1

[(
I(3h−2)
T2

)2
+
(

I(3h−2)
T3

)2
+
(

I(3h−1)
T1

)2
+
(

I(3h−1)
T3

)2
+
(

I(3h−3)
T1

)2
+
(

I(3h−3)
T2

)2
]

(21)

Finally, the distortion component of the phase current collects all the contributions at the harmonic
orders higher than unity:

I(d)p =

√
∞

∑
h = 2

[(
I(h)T1

)2
+
(

I(h)T2

)2
+
(

I(h)T3

)2
]

(22)

The rationale used to choose the entries of the balance component is illustrated in the qualitative
example shown in Figure 1, which represents three periods of a waveform with fundamental frequency
f1 = 50 Hz and period T = 0.02 s. For the sake of easy visualization, this example considers only the
presence of three harmonics (of order 1, 3 and 5, with RMS values I(1) = 10 A, I(3) = 4 A, and I(5) = 2 A,
respectively, and null initial angles for the harmonic currents at phase a). The three total currents
are balanced, as the same distorted current waveform appears in the three phases at regular time
shifts of T/3. Figure 2 shows the phasor diagrams. It is important to recall that the rotation of
all phasors, including the ones of the negative and zero sequences, is counterclockwise. At the

first harmonic, the phase currents
[

I(1)a , I(1)b , I(1)c

]T
=
[

I(1)ej0, I(1)e−j 2π
3 , I(1)ej 2π

3

]T
are transformed

into
[

I(1)T1 , I(1)T2 , I(1)T3

]T
=

[
I(1), 0, 0

]T
, that is, only the positive sequence entry is non-null. At the

fifth harmonic, the phase currents
[

I(5)a , I(5)b , I(5)c

]T
=
[

I(5)ej0, I(5)ej 2π
3 , I(5)e−j 2π

3

]T
are transformed

into
[

I(5)T1 , I(5)T2 , I(5)T3

]T
=
[
0, I(5), 0

]T
, that is, only the negative sequence entry is non-null. Finally,

at the third harmonic, the phase currents
[

I(3)a , I(3)b , I(3)c

]T
=
[

I(3)ej0, I(3)ej0, I(3)ej0
]T

are transformed

into
[

I(3)T1 , I(3)T2 , I(3)T3

]T
=
[
0, 0, I(3)

]T
, where only the zero-sequence entry is non-null. The specific

contribution of the individual harmonics can be seen from the evolution in time of the waveforms.
The notion of balanced currents is well known for the first harmonic (and can be extrapolated to the
harmonics corresponding to a positive sequence). The balanced nature of the third harmonics can be
understood from their identical waveforms appearing in the three phases. Conversely, in general the
interpretation of the balanced contribution of the harmonics corresponding to a negative sequence
may be not intuitive. For this purpose, Figure 1 clarifies how the fifth harmonics in the three phases
start from the phasor situation depicted in Figure 2 and evolve in time in such a way to provide the
same contribution to the three phase currents, thus maintaining the overall balance.

Individual components can also be determined. For example, the balance component of the phase
current at fundamental frequency is I(b1)

p = I(1)T1 , and the distortion component of the balance phase

current is I(bd)
p =

√(
I(b)p

)2
−
(

I(b1)
p

)2
. Likewise, the unbalance component of the phase current at

fundamental frequency is I(u1)
p =

√(
I(1)T2

)2
+
(

I(1)T3

)2
, and the distortion component of the unbalance

phase current is I(ud)
p =

√(
I(u)p

)2
−
(

I(u1)
p

)2
.
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Significant outcomes of the SCB approach are the definition of two indicators that provide
a generalisation of the classical indicators used in many applications and Standards. The Total
Phase current Distortion (TPDI) generalises the classical Total Harmonic Distortion (THD) indicator
(calculated for each individual waveform) to provide a single indicator for the unbalanced three-phase
system. The distortion component of the phase current is divided by the phase current components at
fundamental frequency:

TPDI =
I(d)p√(

I(b1)
p

)2
+
(

I(u1)
p

)2
(23)

Furthermore, the Total Phase current Unbalance (TPUI) generalises the classical unbalance
indicator (defined as the ratio between the negative and the positive components at fundamental
frequency) to take into account distorted currents:

TPUI =
I(u)p

I(b)p

(24)

The SCB approach includes the determination of the components due to phase balance, unbalance
and distortion for the voltages and for the neutral current [47].

The SCB framework has been used to identify suitable components and indicators associated
to balance, unbalance and distortion referring to the triplen harmonics only [48]. In this way, it is
possible to quantify to what extent the triplen harmonics contribute to the system balance or unbalance
in particular situations occurring in unbalanced systems. For example, the triplen harmonics may be
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found in the phase currents also in a three-phase system without neutral. Moreover, triplen harmonics
may appear in the phase currents even in a circuit located upward with respect to the delta-connected
windings of a transformer.

4.2. Extension to Interharmonics

The IEC 61000-4-7 standard [49] indicates how to carry out measurements of harmonics and
interharmonics. The waveform has to be sampled for 200 ms, corresponding to 10 periods at the
fundamental frequency f1 = 50 Hz. For the harmonic order h = 0, 1, . . . , H, let us consider the
variable fh with frequency variation step ∆ fh (e.g., ∆ fh = 50 Hz, so that fh = h f1). Let us further
consider another variable f̌z for z = 0, 1, . . . , Nz, with frequency variation step ∆ f̌z ≤ ∆ fh and Nz ≥ H.
The variable z represents the interharmonic order when the corresponding frequency f̌z is different
with respect to any harmonic frequency fh.

In [50] the findings of [46] have been used to determine the system unbalance with distorted
waveforms by taking interharmonics into account, with different transformation matrices at each
interharmonic order. This method has been applied in [51] to address how active power filters can
compensate disturbances in the system. In [52] it has been established that if the consistency conditions
Nz = 10k H and ∆ fh = 10k ∆ f̌z are satisfied for any integer k = 1, 2, . . . , ∞, the application of the SCB
approach (with a single transformation matrix) to the interharmonic orders z = 0, 1, . . . , Nz assigns
to the frequencies fh the same sequences provided by the application of the SCB approach to the
harmonic orders h = 0, 1, 2, . . . , H (Table 3).

Table 3. Sequences for the harmonic and interharmonic orders under the consistency conditions
(symbols: + for positive sequence, − for negative sequence, and 0 for zero sequence).

Harmonic order h 0 1 2 3 4

Interharmonic z 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36 37 38 39 40

Sequence (z) 0 + − 0 + − 0 + − 0 + − 0 + − 0 + − 0 + − 0 + − 0 + − 0 + − 0 + − 0 + − 0 + − 0 +

Sequence (h) 0 + − 0 +

In this way, the SCB approach has been directly applied to the interharmonic case by transforming

the phase current phasors i(z) =
[

I(z)a , I(z)b , I(z)c

]T
into i(z)T = T i(z) =

[
I(z)T1 , I(z)T2 , I(z)T3

]T
and calculating

the balance component I(b)p , unbalance component I(u)p , and distortion component I(d)p as:

I(b)p =

√√√√ NZ

∑
z = 1

[(
I(3z−2)
T1

)2
+
(

I(3z−1)
T2

)2
+
(

I(3z−3)
T3

)2
]

(25)

I(u)p =

√√√√ NZ

∑
z = 1

[(
I(3z−2)
T2

)2
+
(

I(3z−2)
T3

)2
+
(

I(3z−1)
T1

)2
+
(

I(3z−1)
T3

)2
+
(

I(3z−3)
T1

)2
+
(

I(3z−3)
T2

)2
]

(26)

I(d)p =

√√√√√√√
NZ

∑
z = 1
z 6= 10k

[(
I(z)T1

)2
+
(

I(z)T2

)2
+
(

I(z)T3

)2
]

(27)

With these components, the interharmonics-based TPD and TPU indicators have been calculated
as in the SCB approach. Specific applications are reported in [52] for k = 1 (with frequency variation
step ∆ f̌z = 5 Hz) and for k = 2 (with frequency variation step ∆ f̌z = 0.5 Hz).

5. Recent Applications of the Fortescue Transformation

The applications of the Fortescue transformation are continuing in different areas of electrical
engineering. In addition to the new proposals already indicated in the previous sections, the notes
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reported below refer to recent developments in progress in the studies of electrical machines and
distribution systems with distributed energy resources (DERs).

5.1. Electrical Machines

In the study of the electrical machines, the use of the Fortescue transformation has recently
addressed two different aspects. On the one hand, it has been used in the classical 3 × 3 form, applied
in cases involving the stator of the classical three-phase machines. On the other hand, its generic
n-form has been used for treating n-phase systems, with n > 3.

One of the most common applications found in the literature focuses on fault location and
recognition in three-phase and n-phase drives. The principal faults can affect the electrical machine,
the sensors or the power converter [53]. By focusing on the electrical machine faults, they can be
further divided in stator faults and rotor faults. In this regard, many papers in the literature investigate
these faults in the case of induction motors (IMs), due to their wide use in real world applications [54]
for many years (Part II of Fortescue’s original paper already investigated the application to induction
machines in an unbalanced polyphase system). For large IMs, the most relevant faults are related to
the bearing (40%), followed by the stator winding breakdown (38%), broken rotor bar or end-rings
(10%), and others (12%) [55,56]. Due to the presence of three-phase stator and multi-phase rotor,
the Fortescue transformation is used for this kind of motors both in the classical and in the generalised
form. In particular, [57] suggested a new expression of the stator currents of the IM in case of
stator faults: the paper considered different stator faults (inter-turns short circuit, phase-to-phase,
and single phase-to-ground faults). Through an analytical procedure, verified by experimental tests,
it was demonstrated the effectiveness of choosing the phase angle and the magnitude of zero and
negative sequence stator currents as indicators for the presence of stator faults under balanced voltage
conditions. Other examples of use of the Fortescue transformation applied to the stator currents can be
found in [58] and [59]. In particular, in [58] the symmetrical components of the stator current were
used to implement a fault detection and diagnosis method, which in the first part extracts the features
of the stator current that are used in the second step, where a classifier is adopted for discriminating
the different types of faults, affecting both the stator and the rotor. The mechanical problems associated
to the presence of oscillations on the load torque were analysed in [59]: also in this case, the stator
currents, properly processed through the Fortescue transformation, were used for analysing the load
torque of the motor, to identify oscillations that can highlight potential problems on the shaft of the
IM. The symmetrical components of the stator currents were also used for detecting high-resistance
connections (as in [60]), which can depend on the incorrect connection of different part of the drive.

The generic n-form transformation can be used for recognizing the presence of broken bars in the
squirrel-cage of IM: for example, in [54] the authors used it for proving the existence of inverse order
components, and thus implementing a detection method to localise the number of broken bars. In case
of non-sinusoidal supply, the motor changes its behaviour and, due to this, dedicated methodologies
have to be introduced. The presence of faults in case of non-sinusoidal supply can be highlighted
through the methodology presented in [61]. The paper handled with bar-breakage fault detection
and fault-gravity assessment, by presenting new classes of fault indicators, making use of the n-form
version of the Fortescue transformation. The non-sinusoidal supply affects the efficiency of the IM,
which can be investigated through the in situ estimation technique presented in [62]: in fact, in the
presence of unbalanced supply conditions, the IM can be represented through positive and negative
sequence circuits. A quite extensive modelling of the IM in symmetrical components for efficiency
studies in unbalanced supply conditions was presented in [63]. The performance of the IM supplied
from one-phase system was studied with the symmetrical components in [64]: the authors suggested a
new schematic, providing the methodology for calculating the values of capacitances for guaranteeing
higher efficiency than the ordinary single-phase IM.
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New starting techniques were also investigated through the use of the classical 3 × 3 Fortescue
transformation: for example, [65] presented a transient model of a three-phase IM started through the
Field Aligned Starting (FAS) technique.

A further application regarding the IM and investigated through the use of the Fortescue
transformation focuses on the self-excited induction generator (SEIG): in this application, the electrical
machine acts as generator, and so it needs a self-excitation system able to create the rotor field. In [66]
the general steady state analysis of the three-phase SEIG was presented, whereas a novel scheme for
self-excitation was shown in [67].

For other types of motors, the main application is again fault detection. In [68], the use of the
Fortescue transformation is the basis to derive analytical expressions for indicators referring to the
inter-turn and phase-to-phase faults in permanent-magnet synchronous machines, allowing a concise
representation of both the severity and the location of the fault. In the study of the winding faults for
reluctance motors shown in [69], the Fortescue transformation is used in its generic form due to the
presence of four phases. In [70], the three-phase transformation is used into an electrical signature
analysis, consisting of the analysis of failure patterns in current or voltage spectra, which allows
distinguishing the effects of mechanical and electrical faults on synchronous machine rotors.

Performance studies of non-conventional motors have been carried out by using the Fortescue
transformation. The analysis of a linear resonant electrostatic induction motor is reported in [71].
The paper considers also the capacitive imbalance and indicates the correct way to design the electrodes
in order to avoid the problems deriving from the capacitive effects. In the analysis of the line start
permanent magnet synchronous motor illustrated in [72], thanks to the application of the 3 × 3
transformation, the authors analyse the steady-state behaviour of the machine, by comparing the
theoretical results with experimental tests. Moreover, the Fortescue transformation is a valid analysis
tool for linear motors: in particular, it can be used for investigating the electromagnetic thrust as shown
in [73], in order to provide an overall evaluation of the longitudinal end-effects.

On the other hand, the Fortescue transformation has been used also for generalised n-phase
symmetric electrical machines (characterised by voltage phasors shifted of 360◦/n) [74]. Different
contributions have addressed both the modelling and the control of multi-phase induction motors,
as reported in [75]. More recently, a diagnostic fault classification for permanent magnet multi-phase
motors has been presented in [76], in particular by investigating a 5-phase motor. The detection of the
one-phase fault in 5-phase motor has been addressed in [77]: the authors considered the symmetrical
components formulation both in normal operation and in fault operation, and, by comparing them,
were able to detect the presence of the open-phase fault. An analysis of the effect of the stator winding
connection for a 5-phase IM has been presented in [78]: also in this case, the n-form of the Fortescue
transformation has been used.

Finally, the generic n-form formulation of the Fortescue transformation has been also used for
designing the control of multi-phase inverters, having as goal the reduction of the phase current
unbalance due to the use of symmetrical n-phase inverters [79].

5.2. Distribution Systems with Distributed Energy Resources

The increasing diffusion of DERs in the electrical networks has led to many advances in the
modelling, analysis and control of the networks. DERs are inserted in distribution systems, which
are typically unbalanced. As such, in the last years there has been an increasing interest in enhancing
three-phase power flow and short circuit calculations, also incorporating more detailed model of
DERs. A three-phase power-flow algorithm developed in the sequence component framework has
been introduced in [80]. Appropriate sequence models have been constructed for DER sources, as well
as for voltage-source converters (VSCs) connected to the grid [81]. The symmetrical component
approach has been used in [82] in the presence of multiple converters inside a building, to generate
the optimal references for the symmetrical component currents of all the converters. A more accurate
representation of the sequence network circuit of the induction machine connected to wind generators,
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to be used in short circuit calculations, has been presented in [83]. The independent control of positive
and negative voltage sequences in the compensation of unbalanced voltages by means of a static
synchronous compensator (STATCOM) has been proposed in [84]. Different types of unbalance
(structural, from partial shading, and mixed) have been characterised in [85] for photovoltaic (PV)
systems operated with distorted waveforms by using the SCB approach. The control strategies used to
inject the generated active power of a PV system into the grid, while providing also reactive power
according with the grid code, have to be set up to operate in balanced and unbalanced conditions.
A summary of control strategies that can be used to improve the performance of PV systems under
unbalanced conditions has been presented in [86]. In the DC/AC control strategy, the choice of
the reactive power reference for the control system depends on the positive and negative sequence
components of the voltage at the point of common coupling (PCC). The current references are then
determined on the basis of the power references and of the PCC voltage components at the positive
and negative sequences.

In some applications, the reference currents are generated by considering symmetric voltages.
Since in general the phase voltages are unbalanced and distorted, only the positive sequence component
at fundamental frequency is extracted by using a three-phase Phase-Locked Loop (PLL) [87]. The PLL
generates a periodic signal whose phase is related to the phase of a reference signal. A basic scheme
of a PLL is shown in Figure 3. The three blocks are a phase detector (that compares the grid voltage
phase angle θgrid with the PLL output θPLL, and determines the phase angle error θerror), a loop filter
(i.e., a low-pass filter) that provides the radian frequency ωa, and the phase angle generator (a voltage
controlled oscillator) that gives the phase angle θPLL. Various PLL types and their applications have
been reviewed in [88] and [89]. One of the main issues for the PLL is the failure to operate properly
in the presence of unbalanced grid faults, because of the presence of negative sequence components,
and with possible harmonics. The techniques used to compensate the effects of unbalanced grid
voltages are typically based on the addition of a pre-filtering stage in the voltage phase angle detector.
An example is the Decoupled Double Synchronous Reference Frame PLL [90], where the grid voltage
is first converted into separate positive and negative synchronous reference frames, then the voltages
at the positive and negative sequences are extracted from the corresponding frame and are used to
determine the grid voltage phase angle through a PLL. An enhanced version of the Decoupled Double
Synchronous Reference Frame has been presented in [91], in order to control the positive sequence and
negative sequence active and reactive powers independently of each other. Another solution to avoid
the erroneous response of the PLL in the presence of negative-sequence components has been presented
in [27], by making the sequence components available both as phasors in the frequency domain and as
sinusoidal signals in the time domain. Analytical formulas have been proposed in [92] to analyse the
effects of unbalance, harmonics, and interharmonics on the PLL. Further improvements of the PLL
dynamics under unbalanced faults can be obtained by using Loop Filter Modification (LFM) methods,
in which the loop filter block is modified or tuned depending on the fault or disturbance, in many
different ways [89]. The negative-sequence components have been filtered from the unbalanced
network voltages in [93], where an EPLL has been used to reduce the higher-order harmonics in
converters connected to unbalanced networks. Furthermore, the PLL proposed in [94] is able to reject
the negative sequence component, at fundamental frequency, the DC offset component, and the other
harmonic components in the three-phase voltages.
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A number of applications have been developed recently for the control of grid-side converters in
microgrids. The converter that connects the local generation to the grid can be used in grid-sharing
mode (to supply part of the local load) or in grid-injecting mode (by injecting power in the external
network). Furthermore, multiple converters connected to the grid may operate independently or in a
coordinated way.

The control of the converters requires the availability of the system variables in real time. For this
purpose, in some applications the ISCs are used for generating the reference currents for the converters.
In the control scheme proposed in [95], the reference currents are proportional to the power produced
by the renewable energy sources and to the compensation requirement (e.g., null neutral current after
compensation). In [96] the control algorithms developed on the basis of the ISCs operate a dual voltage
source inverter in grid sharing and grid injecting modes. The control scheme presented in [97] includes
a frequency-adaptive extractor of ISCs and harmonic components from the three-phase waveforms.

The accurate detection of the positive sequence component at fundamental frequency is essential
to synchronise grid-connected three-phase converters [98]. A centralised control strategy for power
sharing in a microgrid with grid-side converters operated in parallel has been proposed in [99],
with reduced sensor requirements with respect to previous solutions. In an islanded microgrid that
operates under unbalanced conditions, the asymmetric inverter output voltages could affect the
droop control strategies. The droop control scheme has been adapted in [100] to obtain symmetrical
three-phase reference voltage signals. The sharing of positive-, negative- and zero-sequence currents
in islanded low voltage microgrids operating in unbalanced conditions has been addressed in [101]
with the addition of virtual negative-sequence and zero-sequence impedance controllers.

In the DER operation, the current grid codes require that, in the presence of faults, the DER units
must remain connected if the evolution of the voltage during the fault remains within given limits that
define the fault ride-through (FRT) capability. For this purpose, the values of the positive and negative
sequence components have to be available rapidly. However, many conventional methods (reviewed
in [102]) are not sufficiently fast. A fast method to extract the symmetrical components for unbalanced
three-phase systems has been proposed in [102] by using the non-nominal dq-transformation at
frequency higher than the fundamental. A FRT control strategy based on positive/negative sequence
droop control has been proposed in [103] to coordinate the power injection among multiple converters
during voltage sags. Moreover, the variation of the voltage at the neutral point during FRT is a
significant aspect for PV inverters, addressed in [104] with the definition of four weighting factors
based on symmetrical components, which provide insights on the neutral point voltage fluctuation.

6. Conclusions

After 100 years, the symmetrical components introduced by Fortescue continue to be a
fundamental tool for electrical engineers. The significant number of recent papers that propose
further contributions indicates the advances in progress in the emergent sectors of development of the
electrical engineering technologies and related applications. The various applications mainly refer to
the studies on electrical machines and drives, and to the analysis of power and distribution systems.

In the case of electrical machines and drives, the Fortescue transformation is used for addressing
various problems happening in different machines. In particular, the most common applications
are (still) the operation under unbalanced conditions and the fault detection (both for stator and
rotor faults). The symmetrical components are used for machine design and control, especially for
new machines and innovative applications such as n-phase drives. The presence of non-sinusoidal
waveforms due to the wider use of power electronics requires an extensive modelling of the electric
machines in sequence components for studying the machine efficiency.

The power system applications refer to the modernisation under way towards smarter grids,
also addressing power quality issues. Fortescue’s transformation is fundamental for properly
implementing the protection schemes. Recently, due to the increase of the DER share in distribution
systems, the Fortescue transformation has been used for addressing problems involving different
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aspects, from the modelling of the converters for grid connection of DERs to be used in power flow
and short circuit calculations, to the enhancement of the solutions for providing better control of the
converters, for either single converters or multiple coordinated converters connected to the distribution
system or to a microgrid. The main issue remains the provision of real-time information on the DER
operation in unbalanced systems, in normal or faulted conditions. A number of solutions have
emerged to address the critical issue of the erroneous behaviour of the PLL under transient and
unbalanced conditions. Furthermore, in the power quality domain the symmetrical components have
been used to provide conceptual advances on the properties of different harmonics and interharmonics
in unbalanced systems with distorted waveforms.

By summarising, the main strength of Fortescue’s transformation lies in the concept it introduced.
Any new formulation developed for different applications of the symmetrical components still aims to
reproduce the same “beautiful simplicity” highlighted by Slepian in his letter sent one century ago to
comment on the original contribution presented by “Mr. Fortescue”.
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