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Abstract: The Second-Order Adjoint Sensitivity Analysis Methodology (2nd-ASAM) is applied
to compute the first-order and second-order sensitivities of the leakage response of a
polyethylene-reflected plutonium (PERP) experimental system with respect to the following nuclear
data: Group-averaged isotopic microscopic fission cross sections, mixed fission/total, fission/scattering
cross sections, average number of neutrons per fission (v), mixed v/total cross sections, v/scattering
cross sections, and v/fission cross sections. The numerical results obtained indicate that the 1st-order
relative sensitivities for these nuclear data are smaller than the 1st-order sensitivities of the PERP
leakage response with respect to the total cross sections but are larger than those with respect to the
scattering cross sections. The vast majority of the 2nd-order unmixed sensitivities are smaller than the
corresponding 1st-order ones, but several 2nd-order mixed relative sensitivities are larger than the
Ist-order ones. In particular, several 2nd-order sensitivities for 2>?Pu are significantly larger than the
corresponding 1st-order ones. It is also shown that the effects of the 2nd-order sensitivities of the PERP
benchmark’s leakage response with respect to the benchmark’s parameters underlying the average
number of neutrons per fission, v, on the moments (expected value, variance, and skewness) of the
PERP benchmark’s leakage response distribution are negligible by comparison to the corresponding
effects (on the response distribution) stemming from uncertainties in the total cross sections, but are
larger than the corresponding effects (on the response distribution) stemming from uncertainties in
the fission and scattering cross sections.

Keywords: polyethylene-reflected plutonium sphere; 1st- and 2nd-order sensitivities to microscopic
fission cross sections; 1st- and 2nd-order sensitivities to the average number of neutrons per fission;
expected value; variance and skewness of leakage response

1. Introduction

This work, designated as “Part III,” continues the presentations of results, commenced in Part I [1]
and set forth in Part I1 [2], produced within the ongoing second-order comprehensive sensitivity analysis
to nuclear data of the polyethylene-reflected plutonium (PERP) metal sphere benchmark described
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in [3]. The computational model of the PERP benchmark is solved using the multigroup discrete
ordinates neutron transport code PARTISN [4], comprising the following imprecisely known nuclear
data parameters: 180 group-averaged total microscopic cross sections, 21,600 group-averaged scattering
microscopic cross sections, 120 parameters describing the fission process, 60 parameters describing the
fission spectrum, 10 parameters describing the system’s sources, and 6 isotopic number densities.

This work presents the numerical results for the 60 first-order sensitivities of the PERP’s leakage
response with respect to the benchmark’s group-averaged fission cross sections, along with the
results for the 60 X 60 second-order sensitivities of the PERP Benchmark’s leakage response to the
group-averaged microscopic fission cross sections, 60 X 180 mixed 2nd-order sensitivities to the fission
and total microscopic cross sections, and 60 x 21,600 mixed 2nd-order sensitivities to the fission and
scattering microscopic cross sections. These sensitivities have been computed by specializing the
general expressions derived by Cacuci [5] to the PERP benchmark. Section 2 of this work presents
computational results for the 1st-order and 2nd-order sensitivities of the PERP benchmark’s leakage
response with respect to the group-averaged microscopic fission cross sections. Section 3 reports
numerical results for the matrix of mixed 2nd-order leakage sensitivities to the group-averaged fission
and total microscopic cross sections. Section 4 reports numerical results for the matrix of mixed
2nd-order leakage sensitivities to the group-averaged fission and scattering microscopic cross sections.

Section 5 presents computational results for the 60 first-order and 60 x 60 second-order unmixed
sensitivities of the PERP benchmark’s leakage response with respect to the parameters underlying
the average number, v, of neutrons per fission. Section 6 reports numerical results for the 60 x 180
matrix of mixed 2nd-order leakage sensitivities to v and total microscopic cross sections. Section 7
reports numerical results for the 60 x 21,600 matrix of mixed 2nd-order leakage sensitivities to v and
scattering microscopic cross sections. Section 8 reports numerical results for the 60 x 60 matrix of
mixed 2nd-order leakage sensitivities to v and fission microscopic cross sections.

Section 9 presents the impact of the 1st- and 2nd-order sensitivities on the uncertainties induced
in the leakage response by the imprecisely known group-averaged fission microscopic cross section.
Section 10 presents the impact of the 1st- and 2nd-order sensitivities on the uncertainties induced in the
leakage response by the imprecisely known parameters underlying the average number of neutrons
per fission (V).

Section 11 concludes this work. The computational results for the sensitivities of the PERP leakage
response to the remaining imprecisely known fission spectrum, isotopic atomic number densities, and
including the source parameters will be reported in subsequent publications.

2. Computation of 1st- and 2nd-Order Sensitivities of the PERP Leakage Response to Fission
Cross Sections

The physical system considered in this work is the same polyethylene-reflected plutonium
(acronym: PERP) metal sphere benchmark [3] as was considered in the 2nd-order sensﬁivity and
uncertainty analyses performed for the group-averaged total microscopic cross sections [1] and the
group-averaged scattering cross sections [2], respectively. As in [1,2], the neutron flux is computed
by solving numerically the neutron transport equation using the PARTISN [4] multigroup discrete
ordinates transport code. For the PERP benchmark under consideration, PARTISN [4] solves the
following multi-group approximation of the neutron transport equation with a spontaneous fission
source provided by the code SOURCES4C [6]:

B8(x)p8(r, Q) = Q8(r), ¢=1,...,G, (1)

P3(r,Q)=0,0-n<0, ¢=1,...,G )
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where r; denotes the external radius of the PERP benchmark, and where

BS ()8 (1, Q) £ VS (r, Q) + 5 (1) (1, Q)

G
-X fZg T, = Q) @8 (r,)dQ — xS(r Z f( vZ ) 8 (r,QV)dQY’, ©)
&'=lupn §'=l4n
Ny
8(r) & Z AN ESFVSFe B aisinh \f B8, ¢ =1,...,G. @)
k=1

In Equation (1), the vector & denotes the “vector of imprecisely known model parameters”,

which has been defined in [1] as o = [(rt; Os; 01, V;P;q; N]+, having the vector-components o¢, o5, & Iz
v, p, q and N which comprise the various model parameters for the microscopic total cross sections,
scattering cross sections, fission cross sections, average number of neutrons per fission, fission spectra,
sources, and isotopic number densities, respectively.

The PARTISN [4] calculations used MENDF71X 618-group cross sections [7] collapsed to G = 30
energy groups, with group boundaries, E¢, as presented in [1]. The MENDEF71X library uses
ENDEF/B-VIIL.1 Nuclear Data [8].

The total neutron leakage from the PERP sphere, denoted as L(«), will depend (indirectly, through
the neutron flux) on all of the imprecisely known model parameters and is defined as follows:

)éfdsi f A0 Q-nps(r,Q) ®)

S, 8=lanso

Part I [1] has reported the results for the 1st- and 2nd-order sensitivities of the leakage response
with respect to the total and capture microscopic cross sections for dL(«)/dot and ¢°L(«)/dotdoy,
respectively. Part II [2] has presented the results for the 1st-order sensitivities of the leakage
response with respect to the scattering microscopic cross sections dL(«)/dos and for the 2nd-order
sensitivities 9°L( ) /dosdos, and 9*L(«) /dosdo;. This work reports the computational results for the
Ist-order sensitivities L(«)/do s and dL(«)/dv, and for the 2nd-order sensitivities d°L(«)/do fdoy,
*L(x) /dofdoy, P’L(x) /dofdos, PL(x)/dvav, ?*L(«)/dvday, *L(x)/dvdos and 9°L(cx) /dvdoy,
and compares these results to those reported in Parts I and II. The components of the vector of model

¥
parameters « = [O‘t,' 05,015V, P;q; N] have been defined in [1] and are described in the Appendix A,
for convenient reference.

2.1. First-Order Sensitivities IL(a) /o s

The first-order sensitivity of the PERP leakage response to the group-averaged microscopic
fission cross sections, which will be denoted as [8L(oc) /0 f]] oy comprises two types of contributions.
=9f

1
The first type of contributions, which will be denoted as [BL((X) /0 f]]; )0 , arises from quantities that
=f

involve the macroscopic fission cross sections directly, while the second type of contributions stems
indirectly, through the macroscopic total cross sections, which comprise the fission cross sections in

1
their definitions. The contributions [aL(cx) /0 f]];:)(j are computed using the following particular forms

of Equations (152), (156) and (157) in [5]. For convenient referencing, the corresponding equations
from [5] used in this work were reproduced in Appendix B.

Z‘fdv[1 a0y (r, Q) Zf dQ’ ]Xg(psgn)] Lo Jope (6)

g=1 gr=1

[ 9fj ]f of



Energies 2019, 12, 4100 4 of 68

The multigroup adjoint fluxes ¥(1)8(r, ) appearing in Equation (6) are the solutions of the
following 1st-Level Adjoint Sensitivity System (1st-LASS):
AL (a)yM2(r,Q) = Q-né(r-r4), g=1,...,G, ?)

¢(1)’g(rd,ﬂ)=0,ﬂ‘n>0/ g=1...,G 8)

where the adjoint operator A8 () takes on the following particular form of Equation (149) in [5]:

AV ()8, Q)
G , )
2 —Q-Vl,b(l)/g(?’, Q) +Z§¢(l)/8(r, Q) -y fdnlzgg—ng (Q N Q') w(l),g (1’, Q') o
8'=14n
~VE] ¥ [dorys ps (,00), g=1,...,G.
8’ l4n

2
The second type of contributions, which will be denoted as [&L(cx)/ d fj];:)of, includes the

contributions stemming from the total cross sections, since the total cross sections comprises the fission
cross sections. The contributions are computed using Equation (150) in [5] in conjunction with the

aL %% I58 M _ Ins .
relations o F f =5 f, and att 57 f, 5 f'] , to obtain:
JL(«x f f X8 .
- av | dayMs(r,Q)es(r, Q) =, j=1,..., ] (10)
[ af] }f o Z i lp ¢ ( af] ) of

Adding Equations (6) and (10) yields the following expression:

N o010 o012
[%ﬂf_ -5, +[‘9%8f,->]f_gf
z f,dv |, doypWsE(r,q) gz Jir dQ'M){g(pg (r,QY) (11)

—Z fvdvﬁ1 dQ W8 (r, )8 (r, n)f’az; , for j=1,..., ).

For the PERP benchmark, the cross-sections in every material are treated in the PARTISN [4]
calculations as being space-independent within the respective material. When the parameters f;

correspond to the fission cross sections, i.e., f; = 0%, thus the following relations hold:

f N4

/

g/
9[(V2f) ] _ amzlzzl sz(VGf) B alezZl N mv Of = 0q,¢’N; g 12
B e g w8 Ny 2

M 1 ,
aZf Z ZNImUt,] {Z ZszU +G +Z (T L,i}}

_ m=1i=1 o m=1i=1
9 P B ,
Uf/ f"f (13)
[ Zl ZlszUf ]
== 5 — OgeNimy
ft

where the subscripts i;, ¢j and m; denote the isotope, energy group and material associated with
the parameter fj, respectively; and where 64, and 6g;¢ denote the Kronecker-delta functionals (e.g.,
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6g].g =1lifg; =g 6g/.g = 0if g; # g). Inserting Equations (12) and (13) into Equation (11) yields the
following expression for computational purposes:

IL( G , &
5(5; .) = Ni/me dva(pﬁ(T)g%l X8 581) () - Ni,mfv dVLn 7[) ¢(1),g(r, 0)ps(r,Q), (14)

fori=1,...,.g=1,...,.Gm=1,..., M,

where the flux moments (pg (r) and é(()l)’g’ (r) are defined as follows:

o= [ a0, (15)
50 = [ anys,a) )

The numerical values of the 1st-order relative sensitivities, S(1) (o?l.) = (07L / aaii)(oj l./ L),
i=1,2,g=1,...,30, of the leakage response with respect to the fission microscopic cross sections for
the six isotopes contained in the PERP benchmark will be presented in Section 2.3, below, in tables that
will also include comparisons with the numerical values of the corresponding 2nd-order unmixed

relative sensitivities 5(2)( 0% ,af ) (82L/80g aaf )( 8 a?i/L)’ i=1,2 ¢=1,...,30.

2.2. Second-Order Sensitivities d*L (o) / dodo g

The equations needed for deriving the expression of the 2nd-order sensitivities 9°L(«)/do fdoy
are obtained by particularizing Equations (158), (160), (177) and (179) in [5] to the PERP benchmark.
The contribution stemming directly from the fission cross section is obtained by particularizing
Equation (179) in [5] to the PERP benchmark, which yields:

1 G G 92[(v2 )3']
9? _ , ’_ o ’ f
(—af]-ajemz) - g§1 f,av ], do lp(l)g(r,n) Z L aQ’ ¢ (r,Q )Xg—afjafmz

G VZ
L Jpdv [ d0u25 (1, 0) K&fmfZ Z Lndn' xS 8 (1, Q)
g=

G G o ) 3 (vz)¢
+ zl f,av], do uf]?'g (r, Q) 21 Jir 4 9% (r, Q)18 —[ o ]
8= 8=

fOT j:l,...,]gf;mz:1,...,]Uf,

(17)

where the 2nd-level adjoint functions, (])g(r Q) and u(])g(r Q),j=1...l;8 =1...,G
are the solutions of the following 2nd-Level Adjoint Sensitivity System (2nd-LASS) presented in
Equations (183)—-(185) of [5]:

, f ,
Bg(aO)uf]?/g(r,Q) = E f4 dQ'(pg (r, Q’)Xga—f-’] = 1,~--/]af} ¢g=1,...,G, (18)
T ]

g=1
izJ) (rs, @) =0, Q-n<0;j=1,....[o;5; §=1,...,G, (19)
0.8( )2 VZf e ,
Al )/8(o¢ )uz]/g(r,ﬂ Zf dQ/Xglp( )8 ), j=1....Js;;g=1...,G,  (20)
gr=1
ug?]?’g(rd,ﬂ):0,Q-n>0,‘j=1,...,](,f,‘g:1,...,G. 1)
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The parameters f; and f;, in Equations (17), (18) and (20) correspond to the fission cross sections,
and are therefore denoted as f; = oi , i :}
refer to the isotope and energy groups associated w1th the parameter fy,,, respectively, and where the
index mj is defined in Equation (17). Noting that

and f, = 0% > , respectively, where the subscripts iy, and g,

YA 2
P ga ztg . )
ofidfm, — 3o% g5
f flmz

a[(vzf)g] J z z N1m<vaf) P z z Nimviod ’

m=1i=1 _ m=1i=1

= 8
I fm, a oS a oS 6gngsz2,mm2 iy’ (23)
flmz fln12
8[(v):f)g,] 9m2112 Nlm(VGf) (9m2112 Nl mV Gf g
= = =0, o'N; (24)
(9f a 8my a 8my gng lmz/mmz 1”12
my f Imy f imy
s J Z N; mlve 0 Z Z N; 308
&[(sz) ] _ mzlz 1 Zm( f) = = 0g.oNi V% 25
8f]- a o 8j - oo Sj 8i8 lj,mjvijr (25)
fl] fl]

and inserting the results obtained in Equation (12) and in Equations (22)—(25) into Equations (18), (20)
and (17) reduces the latter equation to the following expression:

&ZL 1) my
(o) etz [

where

G
s Z WEE N+ g MY BUSEW] @)
g=1

a8 (r) £ f dﬂu(z) (r,Q), 27)
;0 4nt
uls () & f4 05 (r,0), 28)

and where the 2nd-level adjoint functions, ug ]) (r,Q) and ul ]) (rQ),j=1,....Jo5; §=1,...,Gare
the solutions of the following simplified form of the 2nd- Level Adjoint SensmVlty System (2nd LASS)
shown in Equations (18) and (20):

Bg(ao)ufj)'g (r,Q) = l],m]vl e, j=1. e g =1,...,G, (29)
ADS(a)u g; (1, Q) = 8g,gNiym VS Z @), =1, 8=1,...,G, (30)
g/

subject to the boundary conditions shown in Equations (19) and (21), respectively.
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The remaining contributions to (afaTje) stem from Equation (158) in [5], which
7mme N(f=op,f=0f)
btained b hi h the rel _PL PO oL
are obtained by using this equation in conjunction with the relations 5% Tty af] Ty fOfmy’
&Ztg (9tm2 _ azt d ézztg at] 31‘",2 _ 19 Z[

Ty Te = IFony” and 55— Ty 3T 3y = Iy which gives:
2 2 ]

2 (2) G 2rs
() =~ L, v a0 g5, g, 00 75

G
(), ) ), I8 (31)
-£ fav ], do [ 5, )y, Q) + 95, Qs (1, Q)]%,

fOT’j = 1/"'I]Jfl mpy = 1/--~/]Ufr
where the 2nd-level adjoint functions wgzj)’ (r,Q) and lpz S(r,Q),j=1,. Jofi § =1,...,G, are the

solutions of the following particular form of the 2nd- Level Adjoint Sen51t1V1ty System (2nd LASS)
presented in Equations (164)—(166) of [5]:

0Xs8
B (o) 25 (r, 0) = —¥(r, Q) a; i=1. )i 8=1...,G, (32)
]
1#5,2].)'8(1*51,0) =0,0n<0j=1...J,58=1...,G (33)
2), X8 .
(l)«%’((xo)l#;].) g( ) lp(l ( ) aft] ,j=1,. Iaf/' ¢=1,...,G, (34)
ll);z]?'g(rd,ﬂ) =0,Qn>0;j=1,....J,;; §=1,...,G. (35)
The expressions of the various derivatives appearing in Equations (31), (32), and (34) are obtained
as follows: 5 .
8
8 Zt o 8 Zt _ O’ (36)
£ fmy 90 aag’"z
fiaj" foimg

Ixs [ r X Nlmotl] [ r Z sz(j ]

t m=1i= _ m=1i= :6gmgNi .
8fm2 do 8myp Jo gmz ) my Mmy
flmz f1m2

where the subscript m,,, refers to the material associated with the parameter f,;;,. Inserting Equations (36),
(37) and (13) into Equations (31)—(34) yields the following simplified expression:

(37)

( L

)
_ ng (1)/gm (2)’ng Sm ]
—8fj8fm2) = ~Nipy f av f4 ndﬂ (r, )y (r, Q) + 9, 5" (r, Q)8 (r,Q) |, (38)

where the 2nd-level adjoint functions 1/1§2].)’g (r,Q) and ll);z].)'g (r,Q),j=1,...,], £ 8=1,...,G, are the
solutions of the following simplified 2nd-Level Adjoint Sensitivity System (2nd-LASS):

BS(o )2 (1, Q) = ~0g Niym (1, Q) j =1, Jugi § = 1,-..,G, (39)
A<1>'3(a0)¢f]?'8 (r,Q) = ~8g,gNi w ¥ V2(r,Q), j=1,.., Jo; g = 1,...,G, (40)

subject to the boundary conditions shown in Equations (33) and (35), respectively.
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Additional contributions stem from Equation (160) in [5], in conjunction with the relation

PL ﬂ O PL . . . .
Fdf 3 = Ty which takes on the following particular form:

)= ¢ o s 10
a = 2), ’ ’ f
(aﬁa;n,z) = g§1 v [ 40 % ~ g(r,ﬂ) Z L 4 S (1, ¥ )8 =5

(41)

& VZ
8= gr=
forjzlr'--/]gf; m2:1r--~/]af-

Inserting the results obtained in Equations (23) and (24) into Equation (41), and performing the
respective angular integrations, yields the following simplified expression for Equation (41):

®3)
(92L — N vgmzf
afjafmz i M1 " iy

where the flux moments 5 gmz (r) and (ng].)g (r) are defined as follows:

£ (r) Z X EVE (1) + oS (r) ngéf}og L @

£ (r) £ f4 a0 92 (r0), 43)
(208, & (2),
&)= f4 ) QY (r, Q). (44)

Further contributions stem from Equation (177) in [5] in conjunction with the relations
2L atmz 2L %48 atmz _0%8

Tty omy — TFfy an Ty Ty — IFony” as follows:

NG
(o) == £, v fan i st )50 oot |,

for j=1,.. ]afr my =1,. ]f

(45)

Inserting the results obtained in Equation (37) into Equation (45) reduces the latter to the
following expression:

2L \@ (2).gm, @)
__ — — _N. S (1),gm 18my m
( 575 fmz) = —Niy, i, fv v f4 a0 [ 0, gV (1,00) 417 (1, Q)2 (1, )| 46)

Collecting the partial contributions obtained in Equations (26), (38), (42) and (46), yields the
following result:

9fidfmy ) f=opf=0p) iz -\ 99,
]\hm2 mm2 f”’szdV 1 )0 ( )glzl)(g 50 ( ) gmz( )Z Xguzzj)og( )]

_Ninrz,mrnz fV dV-L;T( aQ I:lpl j’g'””z (7’/ Q)gb(l)'g'@ (1’, Q) 4 1#2’]' g’ﬂz (;,/ Q)(Pgmz (]"/ Q)] (47)
G , , - G ,
FNipg g Vi fy AV]E " ) L 8 & () + @3 () Py Ry (r)}

””2 nwzfvdVL1 dﬂ[ (2 )gmz( 0)1/1(1) 18y (}’ Q) +u( )8mz (7, Q)(pg’”Z( Q)],
forj=1,....Jspma=1,..., Jsf
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2.3. Numerical Results for 9*L (o) /dosdof

The 2nd-order absolute sensitivities of the leakage response with respect to the fission cross
sections, i.e., 82L/(90‘§ 8of ,Lk=1,.. Nf g ¢’ =1,...,G, for the Nf=2 fissionable isotopes and
G = 30 energy groups of the PERP benchmark are computed using Equation (47). The (Hessian)
matrix 02L /0 f]-é? s J=1,...,]s pmy=1..., ] of 2nd-order absolute sensitivities has dimensions
Jof X Jof (= 60x60), since J, = G XNy = 30x2. For convenient comparisons, the numerical results
presented in this section are presented in unit-less values of the relative sensitivities that correspond
to &ZL/ﬁfjafmz, j=1...Josmy=1,..., ], which are denoted as s(2 )( T i fk) and are defined

as follows:

’ 2 {
s<2>(a§j, o?k) B j L DI k=12 gg =1,....30. (48)
Bofﬂafk

The numerical results obtained for the matrix S >( f f,k) i,k=1,2, g, =1,...,30, have

been partitioned into Ny X Ny = 4 submatrices, each of dimensions G x G(= 30 x 30); the summary
of the main features of each submatrix is presented in Table 1. The results for the submatrices are
presented in the following form: when a submatrix comprises elements with relative sensitivities with
absolute values greater than 1.0, the total number of such elements are counted and shown in the table.
Otherwise, if the relative sensitivities of all elements of a submatrix have values lying in the interval
(-1.0,1.0), only the element having the largest absolute value in the submatrix is listed in Table 1,

fl’ fl) in Table 1

comprises components with absolute values greater than 1.0; it will therefore be discussed in detail in
subsequent sub-sections of this section.

together with the phase-space coordinates of that element. The submatrix S(Z)(

Table 1. Summary presentation of the matrix S(Z)(a 5797, k) k=12 g ¢ =1,...,30.

Isotopes k=1 (*Pu) k=2 (**Py)
2)(.8 & @(g8. o8
1 (239 s )(gf/l’afll) S (Ufrl’gfl)
i=1(*"Pu) 11 elements with absolute Max. value = 6.97 x 1072
values > 1.0 atg=12,¢' =12
2)(.8 8 @(g8_ o8
_, w0 S0t 52(o}05)
2 (*"Pu) Max. value = 6.97 x Max. value = 3.60 x 1073
102atg=12,¢ =12 atg=12,¢' =12
The 2nd-order mixed sensitivities 9°L(«)/do fdof are mostly positive. ~ Among all

the J,¢ X Jo¢ (= 60 X 60) elements in the matrix s (0? fk) ik =12¢4 =1,..,30, a total
of 3508 out of 3600 elements have positive values, and most of them are very small, as indicated in
Table 1. However, among all the J;¢ X J;¢ (= 60 x 60) elements, 11 of them have very large relative
sensitivities, with values greater than 1.0, as noted in the table. All of these larger sensitivities reside

in the sub-matrix S(z)(ag 3 ), and relate to the fission cross sections in isotope 239Py. The overall

£
maximum relative sensitivity is S (2)( 12 ) = 1.348. Additional details about the sub-matrix

ot
s(2) (gj’( iy a? 1) are provided in the following section. Also noted in Table 1 are the results that all of the

mixed 2nd-order relative sensitivities involving the fission cross sections of isotope **°Pu (i.e., 0%

72)
have absolute values smaller than 1.0. The elements with the maximum absolute value in each of the
respective submatrices relate to the fission cross sections for the 12th energy group of isotopes >>*Pu
and 2°Pu.
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2.3.1. Second-Order Unmixed Relative Sensitivities (2 )( i ;‘Z ) i=12¢=1,...,30
The 2nd-order unmixed sensitivities S(2 ( ) (82L/ 808 30 Fi )( f fz s/ L) i = 1,2,
g = 1,...,30, which are the elements on the diagonal of the matrix s(2 )( 0% ,0 i) i,k = 1,2;
,8" = 1,...,30, can be directly compared to the values of the Ist-order relative sensitivities

S(l)(o;‘;’i) = (8L / &ajf’i)(oii / L), i=1,2 ¢g=1,...,30, for the leakage response with respect to the
fission cross section parameters. These comparisons are presented in Tables 2 and 3 for the two
fissionable isotopes contained in the PERP benchmark. Table 2 compares the 1st-order to the 2nd-order
relative sensitivities for isotope 1 (3*Pu). This comparison indicates that the values of the 2nd-order
sensitivities are comparable to, and generally smaller than, the corresponding values of the 1st-order
sensitivities for the same energy group, except for the 12th energy group, where the 2nd-order relative
sensitivity is larger. The largest values (shown in bold in the table) for the 1st-order and 2nd-order
relative sensitivities both related to the 12th energy group of isotope 23Pu. It is noteworthy that all of
the 1st-order relative sensitivities are positive, signifying that an increase in oil will cause an increase
inL.

Comparing the corresponding results in Table 2 in this work with Table 5 of Part I [1] and Table 6
of Part II [2] reveals that the absolute values of the 1st-order relative sensitivities with respect to the
fission cross sections are significantly smaller than the corresponding 1st-order relative sensitivities
with respect to the total cross sections, but they are approximately one order of magnitude larger than
the corresponding 1st-order relative sensitivities with respect to the Oth-order self-scattering cross
sections for isotope 2Pu. Likewise, the absolute values of the 2nd-order unmixed relative sensitivities
with respect to the fission cross sections are approximately 50-90% smaller than the corresponding
2nd-order unmixed relative sensitivities to the total cross sections, but they are approximately one to
two orders of magnitudes larger than the corresponding 2nd-order unmixed relative sensitivities for
the Oth-order self-scattering cross sections for isotope 2°Pu.

Table 2. Comparison of 1st-order relative sensitivities ((9L/ Bag )( fz 1/ L) 1,...,30 and
2nd-order relative sensitivities (82L/ 5 Fic 80 Fre 1)( Tty f 1 / L) .., 30, for isotope 1 (®°Pu).

g 1st-Order 2nd-Order g 1st-Order 2nd-Order

1 0.00039 —-0.00016 16 0.197 —-0.001

2 0.00080 —0.00033 17 0.075 —-0.023

3 0.00231 —0.00091 18 0.042 -0.018

4 0.011 —-0.0038 19 0.036 -0.019

5 0.050 -0.014 20 0.036 —0.025

6 0.129 —0.008 21 0.033 -0.031

7 0.585 0.559 22 0.029 -0.029

8 0.489 0.353 23 0.025 —-0.029

9 0.589 0.536 24 0.024 -0.019

10 0.612 0.580 25 0.020 —0.025

11 0.569 0.487 26 0.019 —0.024

12 0.882 1.348 27 0.017 -0.011

13 0.611 0.584 28 0.010 —0.003

14 0.393 0.188 29 0.014 -0.016

15 0.222 0.023 30 0.131 -0.153
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Table 3. Comparison of 1st-order relative sensitivities (19L/ o5 Fiz 2)( ?,i:z / L),g =1,...,30 and

2nd-order relative sensitivities (&ZL /a8 Fiz 280 i 2)(0?/1 N f Py L) ..., 30, for isotope 2 (**Pu).

g 1st-Order 2nd-Order g 1st-Order 2nd-Order

1 2642 %1075 —6.237 x 1077 16 6.361 x 1074 -5.532 x 107~
2 4790 x 107> -1.173 x 107 17 2.769 x 1074 —-3.154 x 1077
3 1350 x 107*  —3.098 x 107° 18 1.399 x 1074 -1.919 x 1077
4 6524 x 1074 -1.461x107° 19 7.740 x 107 —8.545 x 1078
5 3138%x 1073  -5.479 x 107> 20 1.254 x 10~ -3.111x 1077
6 7612%x1073  —3.207 x 107° 21 6.055 x 107° -1.048 x 1077
7 3.300 x 102 1.771 x 1073 22 5.724 x 107° —-1.080 x 107
8 2.796 x 1072 1.150 x 103 23 3.435 x 107° —-5.246 x 10710
9 3.210 x 102 1.584 x 1073 24 9.157 x 1077 —2.867 x 10711
10 3.229 x 1072 1.600 x 1073 25 2.862 x 1070 —4.747 x 10710
11 2.868 x 1072 1.226 x 1073 26 4.661 x 1078 -1.384 x 10713
12 4568 x 1072 3.602 x 1073 27 5.471 x 107 -1.214 x 1077
13 1.904 x 1072 5.649 x 1074 28 7.800 x 1076 -2.129 x 1077
14 3.365 x 1073 1.359 x 1072 29 1.965 x 1078 -3219x 10714
15 8.900 x 1074 3.629 x 10~ 30 7.126 x 1077 —4.394 x 10712

Table 3 presents the results for the 1st-order and 2nd-order unmixed relative sensitivities for
isotope 2 (?*0Pu). These results show that the values for both the 1st- and 2nd-order relative sensitivities
are all very small, and the absolute values of the 2nd-order unmixed relative sensitivities are at least
one order of magnitude smaller than the corresponding values of the 1st-order ones for all energy

groups. The largest Ist-order relative sensitivity is S() (o}iﬂ) = 4.568 X 1072, and the largest 2nd-order

unmixed relative sensitivity is 5(2)( }21 Y ]1(2k 2) = 3.602 x 1073; both occur for the 12th energy group

of the fission cross section of 240Py.
2.3.2. Second-Order Relative Sensitivities S(2)( 0% s fk 1) ¢,9=1..30

Figure 1 depicts the 2nd-order mixed relative sensitivity results obtained for s (fo,z':l’ fo:k:l) £

(&ZL/3G§/i:13G§:k:1)( Ofi fk 1/L) 8,8 =1,...,30, for the leakage response with respect to the

fission cross sections of 22Pu. This matrix is symmetrical with respect to its principal diagonal.
As shown in Figure 1, the largest 2nd-order relative sensitivities are concentrated in the energy region
confined by the energy groups ¢ =7,...,14and ¢’ = 7,...,14. The numerical values of these elements

are presented in Table 4. Shown in bold in this Table are 11 sensitivities, all involving the 12th
§=12 §'=
Fi=1 T O f = 1

The largest value among these sensitivities is attained by the relative 2nd-order unmixed sensitivity

s )( ? Z 1?/ f . ) = 1.348. Figure 1 also shows that the majority (877 out of 900) of the elements of

2
s )(af,izl’ Tf k=1
mostly on the diagonal of s )( 0%

energy group of the fission cross sections ¢ or 0¥ "% of 9Py, which have values greater than 1.0.

) have positive 2nd-order relative sensitivities. The remaining 23 elements are located

1 af’; k:l) and have negative values, as presented in Table 2, above.
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Relative sensitivities

Figure 1. The matrix of sensitivities s (o ), g ¢ =1,...,30, for 239py,

g g
Fi=179 f k=1

4

Table 4. Components of S(Z)(U§ i1 U?k:l)’ 8,8 =1,...,30 having values greater than 1.0.

Groups g =6 7 8 9 10 11 12 13 14
g=6 -0.008 0163 0136 0163 0170 0.158 0244  0.169  0.109
7 0.163 0558 0609 0732 0762 0707 1.095 0.758  0.488
8 0.136 0.609 0353 0607 0633 0589 0911 0.631 0.406
9 0.163 0732 0607 0536 0758 0.707 1.095 0757  0.487
10 0.170 0762 0633 0758 0580 0732 1137 0.787  0.506
11 0.158 0707 0589 0707 0732 0487 1.054 0.731 0.470
12 0.244 1.095 0911 1.095 1137 1.054 1348 1130 0.728
13 0.169 0.758  0.631 0757 0787  0.731 1130 0584  0.502
14 0.109 0.488 0406 0487 0506 0470 0728 0.502  0.188

3. Mixed Second-Order Sensitivities of the PERP Total Leakage Response with Respect to the
Parameters Underlying the Benchmark’s Fission and Total Cross Sections

This Section presents the computation and analysis of the numerical results for the 2nd-order
mixed sensitivities ’L(«) /do rdoy, of the leakage response with respect to the group-averaged fission
and total microscopic cross sections of all isotopes of the PERP benchmark. As has been shown by
Cacuci [5], these mixed sensitivities can be computed using two distinct expressions, involving distinct
2nd-level adjoint systems and corresponding adjoint functions, by considering either the computation
of *L(e) /90 tda; or the computation of 9*L(ex) /do;do . These two distinct paths for computing the
2nd-order sensitivities with respect to group-averaged fission and total microscopic cross sections
will be presented in Section 3.1 and, respectively, Section 3.2. The end results produced by these two
distinct paths must be identical to one another, thus providing a mutual “solution verification” that the
respective computations were performed correctly. Moreover, the computational time for these two
distinct paths can be much different, and one of them provides the best computational speed, as will
be further illustrated by the numerical results presented in Section 3.3.

3.1. Computing the Second-Order Sensitivities 9°L(e) / 6 sda

The equations needed for deriving the expression of the 2nd-order sensitivities d*L(cx) /do Ll
are obtained by particularizing Equations (158) and (177) in [5] to the PERP benchmark and adding
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their respective contributions. The expression obtained by particularizing Equation (177) in [5] takes
on the following form:

(1) G )
(k) == L, v Lo dau) o 009,00 g 002
f01’ jZl,...,]gf; m2:1,...,Igt.

(49)

The parameters f; and t,,, in Equation (49) correspond to the fission cross sections and total cross

sections, and are therefore denoted as f; = 0¥ and tiy = o respectwely Noting that

fij tim
Nimo
oL _ IS _ (mzllzl " “) — 5. N (50)
ot - Smy 8m — Y8&my& imzfmmz’
o doy 9

and inserting the result obtained in Equation (50) into Equation (49), yields:

aZL (1) N f dvf dQ ( )fgmz( 0) (])/gmz( Q) + (Z)Igmz (1" Q) ng (1’ Q)
Tt ) = Nimgmuy Jy AV gy nQY i "2, AVPTEEY 61
for j= 1,...,]Uf, my=1,..., st
The contributions stemming from Equation (158) in [5], in conjunction with the relations

2L atj 2L azztg atj azzté’ . . .
—+ = an = = , yields the following expression:
Tty 3 ity Tty 3f; — Ity Y & eXp

e )Y z J v [, a0 g, 0)ps(r, 0) 25
afjatmz y AV i A2 (r, Q)3 (r, Q) 75

_ Z deVL dﬂ[ ’g(r Q)lp( )rg(r Q) _|_1P2 ’g(r Q)@g(}’ Q)]BZt (52)

for]—l,...,](,f, my=1,..., [,

where the adjoint functions 1/)52].)’3 (r, Q) and 1p§2].)'g (r,Q),j=1,...,], £, § =1,...,G are the solutions of
the 2nd-Level Adjoint Sensitivity System (2nd-LASS) as presented in Equations (33), (35), (39)and (40).
Noting that
P8 L8
— =55 =0, (53)
Ifiotm, — Jo f] o2

t 1,,,2

and inserting the results obtained in Equations (53) and (50) into Equation (52), yields:
) @).gm ()6
(7)™ = Nivgn, @V o 491757 0, Q)0 2 1, 0) 4y 71, 2 ()|,
fOTj = 1/-~-/](7f/ my=1,..., ]t

Combining the partial contributions obtained in Equations (51) and (54), yields the following result:

( 2L ) _ ( 2L )“) +( 2L )<2>
71193 ) g pmary  \TPm, f 9ty
2),8m 2),8m
_Ni"IZ'mmz fV dVﬁ1 a0 [1705 ):8my ( r, Q>¢(1)/8n12 (7,, Q) + ll};,]‘) 8my (7’, Q)@ng (T, Q)] (55)
l’"z’mmz fV dVLn dQ) [ (2 ) gmy ( Q)w(l)rgmz (", Q) + ug,zj)'gmz (7’, Q)(pgmz (7’, Q):l’
forj=1,....]s5;ma = 1,...,] .
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3.2. Alternative Path: Computing the Second-Order Sensitivities 9°L (o) / do1d0

Asmentioned earlier, the mixed 2nd-order sensitivities °L(«) /do rdoy canalsobe computed using
the alternative expression for 0L (o) /dodo - The equations needed for deriving the expression for
PL(cx)/dotdo £ are obtained by particularizing Equations (158) and (160) in [5] to the PERP benchmark,
where Equation (160) provides the direct contributions to the mixed sensitivities 9°L(«x)/dodo fr
while Equation (158) provides contributions to these sensitivities arising indirectly from the total cross
sections. The expression obtained by particularizing Equation (160) in [5] takes the following form:

(l) G B[(vZ )8] G ’ ’
o _ 174 le) (2), o) f o’ , ’
(atlafé,, ) = Zﬁ fvd Lnd ¢1,jg(’f ) o Zﬁ J;Lnd X8 (r, Q')
J7m g=1 2 =1

G G N (-1 (56)
+ Zl f,av ], do ¢§i?'g(r,n) Zlﬁm Ay o2 (r, Q1 )xg—[ o ]
8= §=

for j=1,....Jot; ma=1,..., ],
where the adjoint functions l,bgzj)'g(r, Q) and llngj)'é’(r, Q),j=1,...,Jot; g =1,...,G are the solutions of

the 2nd-Level Adjoint Sensitivity System (2nd-LASS) presented in Equations (32), (34), (39) and (40) of
Part I [1], which are reproduced below for convenient reference:

Bg(“o)wg,zj)/g(r'm = —0g;eNiym@3(r,Q), j=1,....Jot; §=1,...,G, (57)
924, 0) =0,0n <0 j=1,..,Jo; g =1,...,G, (58)
(1)'g<°‘0)¢§j>'g(“ Q) = =0 gNi,m V2 (1, Q), ] ot €=1,...,G, (59)
Ebgj)'g(rd'm =0,0n>0j=1,....Josg=1,...,G (60)

The parameters f; and fy, in Equation (56) correspond to the total cross sections and fission cross
8my
foimy'

sections, and are therefore denoted as t; = og and fu, = 05 , respectively. Inserting the results

obtained in Equations (23) and (24) into Equat1on (56), yields:

(1) m & G 4 ! "
(755) " = Nisyayv §2fvdV[fsl]g (0 L a0+ e )Z )

fOT’ j:1/"'/]Gt; mZ:l”"']Uf‘

(61)

The contributions stemming from Equation (158) in [5], in conjunction with the relations
2L Itm PL Prs Otmy _ PES In8 Imy _ In8

Tty Towe = Tdfors” Fdbmg Tomy — Ity 0 G 37 = T, Vields:

(2) G 2
22 25,8
(—at.a},@) =-1 AV [ 0908, )8, 0) 3

—z vVl dﬂ[ V8 (r, Q)8 (1, Q) + 92 (1, Q) (r, Q)]g? (62)
for]—lr---/]ot, my=1,...,J.
Noting that
PLs  PE8 o, .

It} finy aogf 903"
fi Imy
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and inserting the results obtained in Equations (37) and (63) into Equation (62), yields:
2 (2) (2)/gm (2>/g"1
(_atfa}mz ) S A 7 o [llbl’]. 2(r, Q)Y V8 (r, Q) + ¢y 2 (1, Q)8 (7, 0)], (64)

forj=1,....Jot, ma=1,..., s

Adding Equations (61) and (64), yields the following result:

PL _[_PL @ PL @)
(atjafmz )(t ot,f=0f) B (3t'3f"'2) * (‘9t"9f”12)
&M 2 7S M
Nip iy Jy AV [y 402 [lp] 2 (r, ) p8m2 (1, Q) +, 2)s 2(r, Q)82 (, n)]
G
+Niyy i,V i;”fvdV[él;g’@(r)g;:_lxg £ (1) + @ (r >g>: eI (r >]

for j=1,...,Jopma :1,...,]gf

(65)

3.3. Numerical Results for d*L(at)/ dosdoy

The second-order absolute sensitivities, °L(«)/do rdoy, of the leakage response with respect to
the fission cross sections and the total cross sections for all isotopes of the PERP benchmark have been
computed using Equation (55), and have been independently verified by computing 9°L(«) /do;do f
using Equation (65). Regarding the computational requirements: Computing ¢°L(x)/do fdot needs
Jof = GX Ny =302 = 60 forward and adjoint PARTISN transport computations for obtaining

the adjoint functions u( )8 (r, Q) and u( )8 (r,Q),j=1,....Js5; §=1,...,G, together with additional
Js f = 60 forward and ad]omt PARTISN computat1ons for obtaining the adjoint functions 1/)1 ¢(r, Q1) and

1{12,]. )8 (r,Q),j=1,...,], £ & =1,...,G. Thus, a total of 120 forward and adjoint PARTISN computations
are required to obtain all the adjoint functions needed in Equation (55). In contradistinction, computing
*L(x)/dotdo £ would require /ot = G X I = 30X 6 = 360 forward and adjoint PARTISN computations
for obtaining the adjoint functions 1//1,], ’g(r, Q) and gbz]. (r, Q),j=1,...,Jots ¢ = 1,...,G that are
needed in Equation (65). It is thus evident that computing 9°L(«)/do fdo using Equation (55) is 3
times more efficient than computing 9°L( ) /do1do 7 using Equation (65).

The matrix 82L/8f]-z9tm2, j=1...,Jop;my = 1,...,]55 has dimensions J;r X Jot (= 60 x180);

corresponding to this matrix is the matrix denoted as 5(2)( ) of 2nd-order relative sensitivities,

f I
which is defined as follows:
, 2 do BOg
LCAE oL I k=1, 6 gg =1,...,30 (66)
o 80}%180 L

To facilitate the presentation and interpretation of the numerical results, the J;¢ X J5t (= 60x180)

matrix S(Z)( ) has been partitioned into N IR I = 2 X% 6 submatrices, each of dimensions

I, Ot k
G x G = 30 x 30. The summary of the main features of each of these submatrices is presented in Table 5.



Energies 2019, 12, 4100 16 of 68

Table 5. Summary presentation of the matrix S(Z)(Ug , o )
fi’ Ttk

Isotopes k=1 *Pu) k=2 ***Pu) k=3 (®Ga) k=4 ('Ga) k=5 (C) k=6 (‘\H)

, 2)(-8 & 2)(-8 & )-8 & , ,
o) ) ) ) s ) s

17011 . ~/ . - . - 1705 510
Min. value = Min. value = Min. value = .
i=1(®%Pu) 35 elements 167 1 3 3 1 element with 48 elements
. -1.67 x 10 —7.48 x 10 —5.08 x 10 .

with absolute absolute value  with absolute
values > 1.0 atg =12, atg =12, atg =12, > 1.0 values > 1.0

: g =12 g=12 g =12 ’ '

2)(-8 & 2) g 2)(-8 & 2)(.8 & 2 g 2)( -8 &
st )(af/z,am) st ( fz'“tz) s( )(af/z,aw) s( )(af/z,a%) s )( fZ’GtS) s )(Of,Z’Gt,é)
. Min. value = Min. value = Min. value = Min. value = Min. value = Min. value =
i=2(%Pu)  _136x101  -862x1073  -387x10%  —263x10%  -604x102  —721x10°!

atg=12, atg=12, atg=12, atg=12, atg =12, atg =12,

g =12 g =12 g =12 g =12 g =30 g =30

Most of the values of the J;¢ X Jot (= 10,800) elements in the matrix s(2 )( Ty ) i=1,2

k=1,...,6; 5,8 =1,...,30 are very small, and 10,704 elements out of 10,800 elements have negative
values. The results in Table 5 indicate that, when the 2nd-order mixed relative sensitivities involve the
fission cross sections of the isotope 2*°Pu or the total cross sections of isotopes 2*°Pu, “Ga and "'Ga,
their absolute values are all smaller than 1.0, and the element with the most negative value in each
of the submatrices always relates to the fission cross sections for the 12th energy group and the total
cross sections for either the 12th energy group or the 30th energy group of the isotopes. There are 84
elements with large relative sensitivities, having values greater than 1.0, as indicated in Table 5. Those

large sensitivities reside in the submatrices s )( fl’ g,) S(z)( fl’ )and s(2 )( fl’ g ) respectively.

All of these 84 large sensitivities involve the fission cross sections of isotope 2Py, and the total cross
sections of isotopes 2*Pu, C and 'H. Of the sensitivities summarized in Table 5, the single largest

relative value is S (2)( }21,0 ) = -13.92.

3.3.1. Second-Order Relative Sensitivities S(z)( oy, 170 ,1 ), 3¢ =1..30

The results obtained for the 2nd-order mixed relative sensitivity of the leakage response with
respect to the fission microscopic cross sections of 2?Pu and to the total microscopic cross sections

of 2Py, denoted as S (a;‘i,l,:l, atg/;(:l) (aZL /9% Fim1 szl)(af{izlaf,;{:l /L), g8 =1,...,30, are
summarized in Table 6 and depicted in Figure 2. Almost all, namely 894 out of 900, elements in this
submatrix have negative 2nd-order relative sensitivities; only 6 elements have small positive values.
As shown in Figure 2, there are some large 2nd-order mixed relative sensitivities concentrated in the
energy region confined by the energy groups g =7,...,14and g’ =7,...,16. The actual numerical
values of these large elements are presented in Table 6, which comprises 35 elements having values

greater than 1.0, as shown in bold in this table. The largest absolute value in this submatrix is attained

?l 1?, otg e 112) = —2.630, which involves the 12th energy

group for both the fission and total cross sections of isotope 2*Pu.

by the relative 2nd-order mixed sensitivity S (2)(
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Table 6. Components of S<2)(ag oS ), 8,8 =1,...,30 having values greater than 1.0.

f17081

Groups ¢’ =6 7 8 9 10 11 12 13 14 15 16
g=6 -0091 -0199 -0.183 -0.213 -0.213 -0.195 -0.332 -0.291 -0.241 -0.176 -0.200
7 -0.159 -1189 -0.821 -0955 -0958 -0.876 -—1.488 -1.302 -1.080 -0.787 -0.895
8 -0.131 -0.758 -0.921 -0.790 -0.796 -0.729 -1.238 -1.083 -0.898 -0.654 —0.743
9 -0.157 -0.908 -0.844 -1.229 -0953 -0.876 -1.487 -1.302 -1.079 -0.786 —0.893
10 -0.164 -0941 -0.868 -1.015 -1.263 -0.906 -1.546 -1.352 -1.121 -0.816 -0.927
11 -0.152 -0.875 -0.804 -0.935 -0.946 -1.086 -1.431 -1.257 -1.041 -0.758 -0.861
12 -0.236 -1.361 -1.250 -1.452 -1.455 -1.342 -2.630 -1.941 -1.611 -1.174 -1.331
13 -0.164 -0946 -0870 -1.010 -1.013 -0.926 -1.588 -1.685 -1.110 -0.811 -0.919
14 -0.105 -0.610 -0.562 —0.653 —0.654 -0.599 -1.021 -0.905 -0.981 -0.516 —0.592
15 -0.059 -0345 -0318 -0.369 -0370 -0.339 -0.577 -0.510 -0.434 -0464 -0.325

Relative sensitivities

Figure 2. The matrix of sensitivities s (ij i1 Of;(zl), g, ¢ =1,...,30for 29py.

The absolute values of the mixed sensitivities in row g = 12 are the largest amongall g =1,...,30
rows, including rows not presented in Table 6. In other words, the absolute value of mixed relative
?Tj are always the largest among all groups
g =1,...,30. Similarly, the values of the mixed sensitivities in group g’ = 12 are the most negative
among all groups ¢’ = 1,...,30, with one exception for the sensitivity value located in groups g = 13

and ¢’ = 12 which is less negative than the value located in groups ¢ = 13 and g’ = 13.

sensitivities involving the fission cross section parameter o

3.3.2. Second-Order Relative Sensitivities S(2) (Gil,a‘g;), 39 =1..,30

The matrix S(z)(ai izl,o‘f;ﬂ) 2 (82L / 80? izl&ofL:S)(oﬁ i:lof;c:S/ L), comprising the 2nd-order

sensitivities of the leakage response with respect to the fission cross sections of isotope 1 (3*Pu) and the
total cross sections of isotope 5 (C), contains a single large element that has an absolute value greater

than 1.0, namely 52 (o},zl, af’g) = -1.167.
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3.3.3. Second-Order Relative Sensitivities $(2) (o?l, 0‘3’6), 39 =1..,30

. (-8 g N 2 g g g 'Y -
The submatrix S'9/(o Fict Oprg) = 0°L/do f’i:18at’k: oo f,i:lat,k: 6 /L|, comprising the
2nd-order relative sensitivities of the leakage response with respect to the fission microscopic cross

sections of isotope 1 (**°Pu) and the total microscopic cross sections of isotope 6 ('H), is illustrated

£
values greater than 1.0, as specified, in bold, in Table 7; 35 out of these 48 elements are located in

the energy phase-space confined by the energy groups g =7,...,13 and g’ = 16,...,25. The other
13 elements are located in energy groups ¢ = 6,...,30 and g’ = 30. The largest negative value is
displayed by the 2nd-order relative sensitivity of the leakage response with respect to the 12th energy
group of the fission cross section for 22?Pu and the 30th energy group of the total cross section for 'H,

namely 5(2)(6},21,05',%) = -13.92.

in Figure 3. The submatrix s(2) (ag af;), 3,8 =1,...,30 includes 48 elements that have absolute

Relative sensitivities

Figure 3. The matrix of sensitivities S(z)(a?i:l, atg/;(: 6), g9 =1,..30

Table 7. Elements of S(2) (oﬁ i1 af;{:6), 8,8 =1,...,30, having absolute values greater than 1.0.

Groups g’ =15 16 17 18 19 20 21 22 29 30
g=5 -0.048 -0.099 -0.102 -0.100 -0.096¢ -0.091 -0.085 -0.078 -0.048 -0.833
6 -0.123 -0.252 -0.258 -0.253 -0.244 -0231 -0.217 -0.199 -0.122 -2114
7 -0.550 -1.128 -1.157 -1.135 -1.093 -1.034 -0972 -0.892 -0.548 -—9.472
8 -0.457 -0936 -0960 -0942 -0907 -0.858 -0.806 —-0.740 -0.455 —7.859
9 -0.548 -1.124 -1.152 -1.130 -1.088 -1.030 -0.967 -0.888 -0.546 —9.431
10 -0.568 -1164 -1.193 -1170 -1.127 -1.067 -1.002 -0920 -0.565 —9.768
11 -0.525 -1.077 -1104 -1.083 -1.042 -0987 -0927 -0.851 -0.523 —9.038
12 -0.809 -1.658 -1.699 -1.667 -1.605 -1.519 -1.427 -1.311 -0.805 -13.92
13 -0.555 -1137 -1165 -1.143 -1100 -1.042 -0979 -0.899 -0.552 —9.549
14 -0351 -0.725 -0.742 -0.728 -0.701 -0.664 -0.623 -0.573 -0.352 —6.087
15 -0.197 -0.404 -0415 -0407 -0392 -0371 -0.348 -0320 -0.197 -3.405
16 -0.200 -0382 0365 -0.359 -0.345 -0327 -0307 -0282 -0.174 -3.010
17 -0.081 -0.169 -0.170 -0.136 -0.131 -0.124 -0.117 -0.107 -0.067 -1.151

18 -0.049 -0.103 -0.109 -0.112 -0.075 -0.071 -0.067 -0.062 -0.038 -0.665
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As shown in Table 7, the values of the 2nd-order mixed sensitivities involving the fission cross
g=12
=1’
g=1,...,30. Inaddition to the sensitivities presented in Table 7, the following 2nd-order mixed relative
sensitivities of the leakage response with respect to the fission microscopic cross sections of 2Pu and

section parameter o in energy group ¢ = 12, are the most negative among all energy groups

the total microscopic cross sections of 'H have absolute values greater than 1.0: 5(2)(0}21, afgé’) = -1.213,
2)(512 ;24\ — 2)(512 25\ _ 2)(530 430 —
st >(o f,l,otré) = -1.098, S >(o- f,l,o%) = -1.042 and S( )(o— f,l,ot,()) = —4.258.

4. Mixed Second-Order Sensitivities of the PERP Total Leakage Response with Respect to the
Parameters Underlying the Benchmark’s Fission and Scattering Cross Sections

This Section presents the computation and analysis of the numerical results for the 2nd-order
mixed sensitivities 0°L(«x) /do 7005, of the leakage response with respect to the group-averaged fission
and scattering microscopic cross sections of all isotopes of the PERP benchmark. Similarly, the
2nd-order mixed sensitivities 9°L( ) /do £dos can also be computed using the alternative expressions
for ’L(«) /dosdc - These two distinct paths for computing the 2nd-order sensitivities with respect to
group-averaged fission and scattering microscopic cross sections will be presented in Section 4.1 and,
respectively, Section 4.2 as follows. As will be discussed in detail in Section 4.3, below, the pathway for
computing 9*L(x)/do £00; turns out to be 60 times more efficient than the pathway for computing

*L(x) /dosdoy.

4.1. Computing the Second-Order Sensitivities 9*L(at) / do sda

The equations needed for deriving the expressions of the 2nd-order sensitivities 9°L/d fi95m, ,
i=1...,]s pmy=1,...,]ss will differ from each other depending on whether the parameter s,
corresponds to the Oth-order (I = 0) scattering cross sections or to the higher-order (! > 1) scattering
cross sections, since, as shown in Equation (A3) of Appendix A, the Oth-order scattering cross sections
contribute to the total cross sections, while the higher-order ones do not. Therefore, the zeroth order
scattering cross sections must be considered separately from the higher order scattering cross sections.
As described in [1] and Appendix A, the total number of zeroth-order (I = 0) scattering cross section
comprise in o is denoted as J;5 -9, where J;5 ;-9 = G X G X I; and the total number of higher order (i.e.,
[ > 1) scattering cross sections comprised in o is denoted as J;s;>1, where [ 151 = G X G X1 XISCT,
with J551—0 + Jos,151 = Jos- There are two distinct cases, as follows:

2 . ..
(1) (’%?'Q—SL”Q)(f—af,s—osJO)/ j= l,...,]af; my = 1,...,]s1=0, where the quantities f] refer to the

parameters underlying the fission microscopic cross sections, while the quantities s, refer to the
parameters underlying the Oth-order scattering microscopic cross sections; and

2
2 (a—L) , i =1,...,]., my = 1,...,0.;>1, where the quantities f; refer to the
2) 9f95m, T ) ]af 2 s,1>1 q f]

parameters underlying the fission microscopic cross sections, and the quantities s, refer to the
parameters underlying the I# -order (I > 1) scattering microscopic cross sections.

4.1.1. Second-Order Sensitivities ( SL )
fi%%m2 ) (f=a 5=0,1-0)

The equations needed for deriving the expression of the 2nd-order mixed sensitivities

(afa%) are obtained by particularizing Equations (158), (159), (177) and (178) in [5]
7722 ) (f=0,5=05=0)

to the PERP benchmark, where Equation (178) provides the contributions arising directly form
the respective fission and scattering cross sections, while Equations (158), (159) and (177) provide
contributions arising indirectly through the total cross sections, since both the fission cross sections
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and the Oth-order scattering cross sections are part of the total cross sections. The expression obtained
by particularizing Equation (178) in [5] to the PERP benchmark yields:

(1) G G 88 (. /
L _ (2).8 0 (1),8 9= (5;0-0)
(af]-asmz )( Fmaps—aiim0) g§1 JydV [y dQuy 4 (r, Q) Z f4 dO'yWF (r, ) =52

G G ,
+ X fdv ], 40 w2l (r,0) e )%
8= 8=

fOT’ j: 1,...,]gf;m7_ = 1,...,]05’1:0.

§=3 (s, o) (67)

Sty

In Equation (67) the parameters indexed by f; correspond to the fission cross sections, which

means that f; = 0%, while the parameters indexed by s, correspond to the Oth-order scattering cross

f R4
. 8 1y 2 8my
sections, so that s, =0 ,"?_ .

Szlmz :Orln12

of Legendre expansion, and energy groups associated with the parameter s;;,, respectively. Noting that

, where the subscripts im,, I, §’,,, and gm, refer to the isotope, order

Z ZN,,,,G 8 (S;QQQ/)

’ ’
oxF (50-0) T (5000 |nsiic
35m2 = 5 3,m2 — gy - 9 s my —8my
Sy imy Ty iy 68
M I ISCT g_>g , ( )
9 L L L Nim(@+1)ol, 5 P (0 0>]
m 1 = ’
— = 0g',, 808y 8 Ny iy (2lmy + 1) P, (Q-Q),
erWerimz

xS (500 5 Q) 95 T (s, 5 Q)
asm = g’m >y = (ngzgég’ng’NimemZ (21"’12 + 1)le2 (Q/ : Q)’ (69)
’ dog, "
S/kmy Amy

inserting the results obtained in Equations (68) and (69) into Equation (67), using the addition theorem
for spherical harmonics in one-dimensional geometry, performing the respective angular integrations,
and finally setting I,;, = 0 in the resulting expression yields the following simplified expression for
Equation (67):

2L 1) (1),8m, (2):8" m, 8 my (2),8m,
(W_Sm)(f_gfs_g =N, [ av]e = ouly o e eugsm o), oo

! 2 K ,V”l m .
where the Oth-order moments (pg "2(7), éél)'gmz(r), Ui j).og 2(r) and u' ])g 2(r) have been defined

previously in Equations (15), (16), (27) and (28), respectively.

. . . azL at atm2 2L X8 atmz _
Using Equation (158) in [5] in conjunction with the relations Tty 37 f] Tone = 9 B’ Ty Fome
%8 P58 Ot Otmy _ Pwys . . o
Ty iy 37, Ty — 3o yields the following contributions:
(s75); =% fdv a0t 0)ps(r0) 5
A% J(fops—ogmg) g1 ’ 7 0fsmy

I8 (71)

sz

G
-X fydv a0 |25 0, )9, Q) + 92, Q)8 1, ) 322

fOT’j: 1r-~-r]o'f/ ma :1r~--r]05,l:0r

where the adjoint functions ¢§2j),g (r,Q) and 1jzé2j)g (r,Q),j=1,...,]; 8=1..., G are the solutions of
the 2nd-Level Adjoint Sensitivity System (2nd-LASS) presented in Equations (33), (35), (39) and (40).
Noting that,
2y ¢ 2y ¢
LS 0°% _ _o, 72)
8](]&sz a g] (9 g my gmz
f i 8,y iy
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M 1 fayY
azf Z ZNImU ] L Z‘N”"U +U +,Z‘: Usl 0,i

m=1i=1 m=1i=1

dsmy 808 myo8my oq 1y 8y
B lmz =0,imy slmy =0,imy
y (73)
oL L F NS,
m=1i=1g¢'=1 6 N
pr— p— ’ H
g iy 8my 8 ng Uy My 7
S,lmyp =0,imy

and inserting the results obtained in Equations (72) and (73) into Equation (71), yields the following
simplified expression for Equation (71):

()
PL )
(Wsz (f=055=051=0) o o (74)
& m pd & m !
_Nimymmz fV dVLT( aQ [¢1,j 2 (7’, Q)lp(l) 8 "2 (7’, Q) + 17b2,j : (T’, Q)gog "2 (7’, Q)]

Additional contributions stem from Equation (159) in [5], which takes on the following
particular form:

( _PL )(3)
afjasmz (f:gf,S:US,Z:O)
8’(5-0—)0')

3 S ’ , 8,
= Z fV dVL1 (@) 1#52')/8(7', Q) Z L dn/lp(l),g (7’,0 )32983—,
g=1 y /] g=1 e o (75)

G G =80y
(2).8 ’ o N 9Xg °(s,Q0'—>0)
+g§1 JydV [ 40 y; (r,n)g/)::1 S 3098 (r, Q) =2,
for j=1,....Jocr; ma=1,...,Jss1=0-

Inserting the results obtained in Equations (68) and (69) into Equation (75), using the addition
theorem for spherical harmonics in one-dimensional geometry and performing the respective angular
integrations, and setting [,,, = 0, yields the following simplified expression for Equation (75):

azL )(3) f (1) Sm (2)fg/m g m (2> Sm
E T = Nipyy | V[& 2000 0 + 0 (0], 06)
(&fj&smz (f=0/5=0510) v ’ e "o i

(2)/8mz

where the Oth-order moments 5 g "2 (r) and N 0

and (44), respectively.

(r) have been defined previously in Equations (43)

(9 m
Using Equation (177) in [5] in conjunction with the relation tht th_ﬂ a; 2 azt y1e1ds the final

le le

set of contributions, namely:
( 2L )( )
‘9ff‘9smz (f=075=0s10)

’ ’ POMES 77
= - Z fvdVLn dQ[ )g(r Q) De(r,Q) +u (])3(r Q)es(r, Q)]af—niz, @7

for j= 1,...,]Uf, my =1,..., 5 1=0-

Replacing the result obtained in Equation (73) into Equation (77) yields the following
simplified expression:

( 2L )<4>
ofjosmy (f=0y5=0510) (78)

( )fg m ’ 4 (2)’g/nl !
’mz My fV dVLn aQ [ 2(r, Q)lp(l) S (r, 1) + i 2(r, Q)(pg m (r, Q).
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Collecting the partial contributions obtained in Equations (70), (74), (76) and (78), yields the
following result:

M

)
2L ) e ( )(
(a7 mepimario) BN (F=ops=cyco) @
( 8m 'g m 'g/m g m (2),gm 8m
= N {272 0[5 "0+ 2]+ﬁ¢v (28 )+ U )]
f dVL i0 [ll)l]/g mz( ) 1.8 iy (1’ Q) +¢2]’g my (T,Q)(Pg iy (7’,0)]
f den a0 [ ( ]),g my (7’, 0)1/1( )8’ iy (;,/ Q) + u; j)’g my (7’, Q)(pg',,12 (1,, Q)]}/

fO?’ ] = 1,...,]Uf,7’}’lz = 1,...,]05,1:0.
(79)

) e e 2L
4.1.2. Second-Order Sensitivities (—(9 Ty )(

f=075=05151)

e 2
For computing the 2nd-order sensitivities (afaTsL) , the parameters f; = oS
jOSmy

(f=05=0551) Fij

’
8 my _)gmz

correspond to the fission cross sections, and the parameters s, = o correspond to the

5,lm2 rim2

I'™_order (I > 1) scattering cross sections. In this case, only the fission cross sections contribute to the

total cross sections, since the lth-order (l > 1) scattering cross sections are not comprised in the total

cross sections. The expression of ( 7 as ) is obtained by particularizing Equations (159)
jOSmy

(f:UffszUs,Izl)
and (178) in [5] to the PERP benchmark, which yields,

(75
9fjdsm; (f=055=0551)

G G , 828 (6.0 ()
= Y fpav) d0u?fra)x ¥ [ dorphE (0 B0t
g=1 ’ gr=1

(9st

+ z d d!! 8 g’ —g ’
v M(z)' Q '8 n 9L °(s,0-0)
¢ 1f VLT( 2,j (1’, ) ,21LH dQ Q@ (r/Q )T

2), ’ ’ ’ 32§ ¢ ;0—0
+ 2 1f‘,d[/ L dQ I,DE,])g(r,ﬂ) /2 1]4 dﬂ ¢(1)’g (7’,0 )—(S )

ISy

S G Yogr
28 108 (r. ) PS50/ 20)
+g§1 Joav ] a0 ¥y (r, Q)ggl o QY98 (r, Q) e,

I5my

forj=1...Jspmr=1,..., ]5s>1,

where the first two terms arise from Equation (178) while the last two terms arise from Equations (159).
Inserting the results obtained in Equations (68) and (69) into Equation (80), using the addition
theorem for spherical harmonics in one-dimensional geometry and performing the respective angular
integrations, yields the following expression:

L _ . (1),gm (2)1glm (2)/glm
(afja—st)(f 0f5=0551) = Ny, (2l + 1){fv dVélmz *() [El'f?lmZ U, (1’)]

1,],lm2
g m (_2),gm (2)/gm .

+fyavey = 0]eg S )+ U )], =1 Togima = 1 Jogptileg = 1. ISCT,
(81)

g m (1),gm (2)1g,m (2)/gm (Z)Ig/m (2)/gm .
where the moments @, 2( ), élmz 2(r), él,j;lmz 2(r), £2rj;ln122 (r), ul,j;lmz 2(r) and UZ,j;lmzz (r) are defined

as follows:
o> [ aar(@eeo), ®)
TT

V5 = [ anp@yvee,), )



Energies 2019, 12, 4100 23 of 68

Efj){zg(r)é f4 ndﬂpz(ﬂ)wfj)'g(r,ﬂ’), (84)
2fn = [ anp@ulsna) )
uin = [ anp@ul)se0), (56)
Ué,zj);ig(r)é L ndnp,(n)uf]?'g(r,n'). (87)

4.2. Alternative Path: Computing the Second-Order Sensitivities 9*L(e) / dosdoy

The results to be computed using the expressions for ¢°L(ex)/do fdos obtained in Equations (79)
and (81) can be verified, because of the symmetry of the mixed 2nd-order sensitivities, by obtaining
the expressions for 9*L(«)/dosdo £, which also requires separate consideration of the zeroth-order
scattering cross sections. The two cases involved are as follows:

2L,
W (5] :
950 finy (s=0s,—0.f=0f)
parameters underlying the Oth-order scattering cross sections, while the quantities f,, refer to the

=1, ssi=0sm2 = 1/--~/]af/ where the quantities Sj refer to the

parameters underlying the fission cross sections;

2) (%) ] =1, ,0551m = 1,...,]Of, where the quantities Sj refer to the
/ 2 /(s Os1>1.f Gf)

parameters underlying the " -order (I > 1) scattering cross sections, and the quantities fy,
refer to the parameters underlying the fission cross sections.

4.2.1. Second-Order Sensitivities (ﬁ)
77 (S:US,Z:O/f:Uf)
The equations needed for deriving the expression of the 2nd-order mixed sensitivities

(%)( ; are obtained by particularizing Equations (158), (160), (167) and (169) in [5]
77m /(s Os,1=0,] =0f

to the PERP benchmark. The expression obtained by particularizing Equation (169) in [5] to the PERP
benchmark is as follows:

(1) G
2’L _ (2).g ’ [( ) ] Iy ’
(asjafmz )(s:o 1=0.f=07) ; gZ—: fv dVL” 40 61/1 (r o) 9finy grzl f4n A% 17[) (r,Q )
o (zy)"] (88)

+Z v, 4007 (r, ) ): w1008 (0 )5,

my

for =1 Josi=0;m2 = 1,...,]af

where the 2nd-level adjoint functions, 0! ])’g(r V) and 9( )’g(r O),j=1,...Jsss §=1,...,G, are the
solutions of the 2nd-Level Adjoint Sen51t1v1ty System (2nd LASS) presented in Equations (46) (48), (51)
and (52) of Part II [2], which are reproduced below for convenient reference:

Bg(ao)ef]?'g (r, ) = 8g,eNi (21 + 1)PL(Q)G, (1), =1, Josi § =1,...,G; [ =0,...,ISCT,  (89)

2), i = 9
Qg,].)g(rd,ﬂ)—O,Q'n<0;]:1,---/]05; 8 L...,G. (0)
2,j

AWS(a)6L)5 (1, 02) = 6 Ny (2 + 1)PLEOVE (1), f =1, Josi § = 1,...,G; 1= 0,..,ISCT, (91
/

2), .
Gg,]-)g(rdlﬂ) :0/ Qn>0/]:1//]651g:1”c (92)
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In Equation (88), the parameters indexed by s; correspond to the Oth-order scattering cross sections,

so thats; = ag l] (‘)g , while the parameters indexed by f;, correspond to the fission cross sections, so

that f,, = oS f Insertmg the results obtained in Equations (23) and (24) into Equation (88), yields the
my
following simplified expression for Equation (88):
2 (1) gm (2 gm gm )
(58 oy = Nz V(0557200 £ e 0) 4 65200 £ w0l 09)

where the Oth-order moments @@’gmz( ) and @é )8 $(r) are defined as follows:

1,5;,0
@(2)/53( ) f a0 6( )rg(r Q’) (94)
Ly 4n
O)E(r) £ f a0 08 (r, ). (95)
2,0 i j
aZL ¢9t] ath o azL
Using Equation (158) in [5] in conjunction with the relations 5%/— D 35 Uy 35,00y
azfg gtmz o azt 82Ztg 81‘ atmz o 9 Zt

Ty T = 3y A0 37 a_s, e = Ty yields the following contributions:

2
_PL - _ 1)g g RV
(8sjc9fm2 )(S—Us,1=o,f—0f) gz fV dVL dQ U (r, Q)ps (r, Q) 557~ 35,0fmy

(96)

G
P , 0,
_g; J,dv ], do [4,1,], $(r, )y DE(r, Q) + lpZ,j $(r, Q)3 (r, Q)]ai’lz,
forj=1,..., Jssi=0, M2 = 1,...,]Uf,
where the 2nd-level adjoint functions, 1/)52].)"? (r,Q) and Ipézj)’g (r,Q),j=1,...,Jps;=0; §=1,...,G, are

the solutions of the 2nd-Level Adjoint Senéitivity System (ind—LASS) presented in Equations (30), (32),
(36) and (37) of Part II [2], which are reproduced below for convenient reference:

2), .
Bg(ao)lpg/]? $(,Q) = =09 Nim @ (r,Q), j =1, Josio0; § =1,-..,G, 97)
lp(z Bry0) =0,Qn<0j=1,...,J0s—0:g=1,....G, (98)
<l),g(‘xo)¢2]‘,g(r’ 0) = _6g,jgNijrmj11b(l>/g(r/ Q)/ ] = 1/ s /IGS,ZZO; 8= 1/ e G/ (99)
¢<2 ) =0,0-n>0;j=1,...,J0s1-0; §=1,...,G. (100)
Noting that
2y ¢ 2

IS _ izt =0, (101)

(95j8fm2 oo i gla 8my

sl z fzm2

and inserting the results obtained in Equations (101) and (37) into Equation (96), yields the following
simplified expression for Equation (96):

( 2L )(2>
%1202 ) (5=0,_0,f=oy) (102)

r& M 2 r& M
1n12 i,y fV dVLn aQ [ (,]) 8my (7’, Q)Ip(l)rgmz (1’, Q) + 17[};]') 8my (;,/ Q)(pgmz (r, Q)]
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Additional contributions stem from Equation (160) in [5], which takes on the following
particular form:

® G 80 o & o (r 0 e 102
(33?;]%»12) N g§1 fV dvﬁln dQ lll}gz) g(r/ ) Z L aqy o2 (1’,0 )Xg [ 0fmy ]

(s=051=0,f=07)
G vy ,
+ ZldeVLnngbfj)’g(r,Q >—[(af,,’;) | L L a8 pU (r,0Y),
g=

for j=1,...,Jss1=0; M2 = 1/"-/Iaf'

(103)

Inserting the results obtained in Equations (23) and (24) into Equation (103), yields the following
simplified expression for Equation (103):

(3) G
2L gmz (2 gmz rd (1),¢ &y g ()8
((9Sjl9fmz )(S:GS,I:()rf:Uf) 17r12 mmz 1.,,‘2 fV ]]0 Z X E ( ) + (P ( )g§1X 52/]';0 (7) ’ (104)
for j=1.. Josi=0; m2=1,...,Jgf.
Itm .
Using Equation (167) in [5] in conjunction with the relation %'9;71 = % yields the
following contributions:
( 2L )<4>
9548fn12 (s=0510.f=07)
s 7 IX48 105
—_ z foav, dn[ 5, Q)3 (r, 0) + 073, 0) g8 1, “>]afni2 (105)

for ]7 L. Josi=0s ma=1,...,Jsf

Inserting the results obtained in Equation (37) into Equation (105), yields the following
simplified expression:

( 21 )(4)
as-&fmz (5*051 Of*gf) (106)

zmz,mmzfvdVL dQ[ 0\ )gmz(rrﬂ)w( )8 (1, QO) + 6( )gmz( r, Q) s (r,Q)].

Collecting the partial contributions obtained in Equations (93), (102), (104) and (106), yields the
following result:

( 2L ) —Z( 2L )()
9510 f (s=0sj=0.f=0f)  i=1 950 f (s=05,1=0.f=0)

G 4 m
= Nipy iy Vi fvdV[@)l 200 X&)+ g >gz XSO 1 )]

Niy iy Jy AV [ 402 [‘/’1 82 (p, )18z (7, ) +¢2 'g"'2(r Q) (1, Q)] (107)
G , »
HNiy iy Vi dv[;] 3 (r N L £V (1) + g (1) z Ry >]

( )gm " (2 )gm "
oy Jy AV 02012572 (1, Q)9 D (1, 0) 4077 (r, Q) (1, 2)
for J=1 . Jesi=osma=1,..., Jof.
4.2.2. Second-Order Sensitivities (35’97})
17m2 J(s=0,151,f=07)
For this case, only the fission cross sections contribute to the total cross sections, so the parameters

RN
87781 and the

sj correspond to the I"-order (I > 1) scattering cross sections, denoted as Sj =0,
A
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8my
f /imz ’

is obtained by particularizing Equations (167) and (169) in [5] to the PERP

parameters f,,, correspond to the fission cross sections, denoted as f;;, = o
%L
of ( : )
9510 fm (s=0s1>1,.f=0f)
benchmark, which yields,

The expression

G 7 k
(_33;; ) =-L deVL dQ [eizjxg r,n)yp(l),g(rlg)+9§2]?ré(r/0)(pg(r/0)]§?,c
j9Tm2 /(s=g, lzllf_“f> g= , -

G
(2)8 (=)’ , )
+g§1 JraV i 40 0y (r Q) =5 = /Z J,, 4 xS P UL (r, Q) (108

G TN (o1
+L f,dv [, do efj?'g (r,Q) zl [ dQ’p8 (r,0 )xg—[ =
8= 8=

fOl’j: 1/"-1](;5,]21,'"12 = 1""']Of'

[
~

Inserting the results obtained in Equations (23), (24) and (37) into Equation (108), yields the final
expression as follows:

(25
35jt9f1112 (s:gsllzl,f:gf) (2) ( )
_Nimzzmn12ﬁ/ dVLT( dQ [61 ].,gmz (T, ﬂ)¢( )rgmz (7’ Q) + 9 &y ( Q)(Pgmz (1’, 0)]

G 4 m
+Niy, i, f"‘z fvdv[ ©28m (1) L x V% (1) 42 (r) Z 150, ])0( )]
8r=

forj=1,..., Jss i1, M2 = 1,...,]0f.

(109)

4.3. Numerical Results for d*L(at)/ d0£J0;s

Computing the second-order absolute sensitivities, 82L((x) /do f(90'5, using Equations (79) and
(81) requires J;y = GX Ny = 30 X2 = 60 forward and adjoint PARTISN computations to obtain the

adjoint functions ug j)’g(r Q) and u( )’g(r Q),j=1,....Jo5;§=1,...,G as well as ], = 60 forward

and adjoint PARTISN computations to obtain the adjoint functions ¢§2]) (r,Q)) and ¢(2) 2(r,Q),
i=1..., Jor; g =1,...,G Thus, a total of 120 forward and adjoint PARTISN computatlons are
required to obtain all of the 2nd-order sensitivities P’L(x)/do f805 using Equations (79) and (81).
On the other hand, computing the alternative expression 9’L(«)/dosdo ¢ using Equations (107)
and (109), requires 7101 forward and adjoint PARTISN computations to obtain the adjoint functions

052])37 (r,Q) and 0! ]) (r,Q),j=1,...,Jos; § = 1,...,G. The reason for needing “only” 7101, rather
than 21, 600, PARTISN computatlons is that all of the up-scattering and some of the down-scattering
cross sections are zero for the PERP benchmark. Thus, computing ¢’L(«)/do £dos using Equations
(79) and (81) is about 60(~ 7101/120) times more efficient than computing °L(«)/dosda s by using
Equations (107) and (109).

The dimensions of the matrix 82L/8j’j8st, J=1. depme =1, J5ris Jof X Jos (= 60 %
21,600), where J,f = GXNy =30Xx2 = 60 and J5s = GXG X (ISCT +1) XI = 30X30x4X6 =
21,600. The matrix of 2nd-order relative sensitivities corresponding to 0%L/d fjasmz, i=1...,]s 5

my=1,...,Jsf, denoted as S2 )( f ,af l;)h), is defined as follows:
@f .8 _&-h\. 2L Jg‘:"fl?h . /
S (Gf,i’os,l,k )= W T lZO,...,?); l:1,2;k:1,.‘.,6; g,g,hzl,...,?)(). (110)

To facilitate the presentation and interpretation of the numerical results, the J; ¢ X Jos (= 60x%21,600)

matrix S ( 00 ) has been partitioned into Ny X I X (ISCT + 1) = 2 X 6 x 4 submatrices, each of

dimensions G X (G G) = 30%900. The results for scattering orders | =0,/ =1,/ = 2,and [ = 3,
respectively, are summarized below, in Sections 4.3.1-4.3 4.
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4.3.1. Results for the Relative Sensitivities S2 )( f i f l_)Oh k)

Table 8 presents the results for 2nd-order relative sensitivities of the leakage response with
respect to the fission cross sections and the Oth-order scattering cross sections for all isotopes,

S@)(0% 05 70,) = (17008 905 70, o oS T L) 1 = 0 i = 1,2k = 1,6 g 8/ = 1,030,
All of these 2nd-order relative sensitivities are smaller than 1.0. The value of the largest element of each
of the respective sub-matrices is presented in Table 8, together with the phase-space coordinates of the
respective element. For the 2nd-order mixed sensitivities with respect to the Oth-order scattering cross
sections, the values can be positive or negative but there are more positive values than negative ones.

For example, the submatrix S(z)( f; v oS = 0 1) having dimensions G x (G - G) = 30 x 900, comprises

7577 positive elements, 2563 negative elements, while the remaining elements are zero. The largest
absolute values of the mixed 2nd-order sensitivities all involve the fission cross sections for the 12th
energy group of isotopes 2*Pu or?*’Pu, and (mostly) the Oth-order self-scattering cross sections in
the 12th energy group for isotopes 2Py, 24Pu, ®Ga, 7!Ga andC, or (occasionally) the Oth-order
out-scattering cross section Oij:&i: , for isotope IH. All of the largest elements in the respective

sub-matrix are positive, and the vast majority of them are very small. The overall largest element in

the matrix 5(2)( 0§ 0% S k) is 5(2)(o§:112, 033521) =3.03x107%.

. . h
Table 8. Summary presentation of the matrix s@(s% o$
fi’ s =0k )
Isotopes k=1 *Pu) k=2 ?*pu) k=3 (¥Ga) k=4 ("Ga) k=5 (C) k=6 (‘H)
8 8 8 8
1% % 4 %
AY 1 1' Ay 1 1
S(z)( g’—>h ] S(Z)[ éf;'—m ] S(Z)[ / ] S<2)[ {g’—»h ) S(Z)[ iv(’—>h ] S( )[ é—m ]
951= 0,1 5= 02 ‘7<1 0 3 O5)=04 O51=05 951= 0,6
i=1 (®Pu) Max. value = Max. value = Max. value = Max. value = Max. value = Max. value =
3.03x 1071 2.01x 1072 1.16x 1073 744x107* 1.37x 1071 2.30x 107
atg=12,¢'=12 atg=12,¢'=12 atg=12,¢'=12 atg=12,¢'=12 atg=12,¢'=12 atg=12,¢ =16
—-h=12 —-h=12 —-h=12 —-h=12 —h=12 —-h=17
8 8 8 8
o (o) [0 o
2 S f 2’ 21 Y o £ 2| f2 o £
s )( og,‘}h ] [ o '—h ] S( >( o8 ' —h ] st )[ Gg’ah ] S< ){ gg’alz ] st )[ gg’ﬁh ]
sl=10,1 s1=0,2 s1=023 s]=04 sI=05 sl=06
i =2 (*0py) Max. value = Max. value = Max. value = Max. value = Max. value = Max. value =
1.56 x 1072 1.04x1073 5.99 x 1075 3.84x1075 7.10x 1073 1.19%x 1072
atg=12,¢'=12 atg=12,¢'=12 atg=12,¢'=12 atg=12,¢'=12 atg=12,¢'=12 atg=12,¢ =16
—-h=12 —-h=12 —-h=12 —-h=12 —-h=12 —-h=17

4.3.2. Results for the Relative Sensitivities S2 )( f o Sg l_)lh k)

Table 9 summarizes the results for the 2nd-order mixed relative sensitivities of the leakage response

with respect to the fission cross sections and the 1st-order scattering cross sections for all isotopes,
2)(58 s8N0 2 8 58 =h o8 h 1 ji=12Fk = . —
s )( ot ot 1,k) (a L/d0% 005, 1k)( 0% 05 1k/L) Li=12%k=1,...,6 g¢h=1,...,30.

Most of these 2nd-order mlxed sensitivities are zero; the non-zero ones are mostly negative. For example,

the submatrix S(z)( 9% 1 og _ 1) having dimensions G X (G - G) = 30 x 900, comprises 7798 elements

with negative values, 2342 elements with positive values, while the remaining elements are zero.

As shown in Table 9, the largest absolute values of the mixed 2nd-order sensitivities all involve the

fission cross sections 0§712’ i = 1,2 for the 12th energy group of isotopes 2*?Pu or 24Py, and either the

1st-order self-scattering cross sections 057,1_;71’](, k=1,...,4in the 7th energy group for isotopes **Pu,

240py, 9Ga and”1Ga, or the 1st-order self-scattering cross sections a;%;’lll%, k = 5,6 in the 12th energy

group for isotopes C and'H. All of the largest (in absolute value) elements are negative, and the vast

majority of them are very small. The overall most negative element in the matrix s (a? p of —h ) is

s, =1k
SO(o472,07,7,, ) = -170x 107,
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. . h
Table 9. Summary presentation of the matrix s@ (g8 o8
fi sl k)
Isotopes k=1 (239pu) k=2 *0py) k=3 (69Ga) k=4 'Ga) k=5 (CQ) k=6 (‘H)
o8 o o8
1' Y 1' 17 1' Y
91 11 Osi=12 <1:13 Os=14 51:15 T51=16
i=1 (®Pu) Min. value = Min. value = Min. value = Min. value = Min. value = Min. value =
-1.70x 107! -1.02x 1072 -3.43x 1074 —-2.08x 1074 1.37x 107! —-5.63 %1072
atg=12,¢'=7 atg=12,¢'=7 atg=12,¢'=7 atg=12,¢'=7 atg=12,¢'=12 atg=12,¢ =12
—h=7 —-h=7 —-h=7 —h=7 —h=12 —-h=12
g g g o8
O o O o 2' O o 2 2
5(2)( éah ] 5(2)[ Lh s f s g'ah s %, o {’ﬁh
Ogi=111 Osi=12 sl 1 3 Os1=14 0517 15 Tsi=1,6
i =2 (*0py) Min. value = Min. value = Min. value = Min. value = Min. value = Min. value =
-8.78x 1073 -5.28x1074 -1.78x107° -1.08x107° -291x1073 -9.15x1073
atg=12,9'=7 atg=12,¢'=7 atg=12,¢'=7 atg=12,¢'=7 atg=12,¢'=12 atg=12,¢'=12
—h=7 —-h=7 —-h=7 —h=7 —>h=12 —-h=12

4.3.3. Results for the Relative Sensitivities S2 )( fz f Z:Zh k)

Table 10 presents the results for the 2nd-order mixed relative sensitivities S(z)(afc i f l_); k) =

(32L/3Gg 305‘?[—}2}[,{)(0?10?1_}}’]{/[4), 1=2i=12k=1,..,6;g¢,h=1,..,30, of the leakage

response with respect to the fission cross sections and the 2nd-order scattering cross sections for all

isotopes. Most of the non-zero elements of 8(2)(0;‘; o Gg’:zh k) are positive. For example, the submatrix
S(z)( , of " ) having dimensions G X (G - G) = 30 x 900, comprises 6308 positive elements and
f 1 sl

3832 negative elements, while the remaining elements are zero. As shown in Table 10, all of the largest
absolute values of the mixed 2nd-order sensitivities involve the fission cross sections o :12, i=1,2

fi
for the 12th energy group of isotopes 2>Pu or 2*°Py, and involve either the 2nd-order self-scattering

cross sections 01%_’2112 ¢ in the 12th energy group for isotope 'H, or the 2nd-order self-scattering cross
sections 071_’72 ,k =1,...,5 in the 7th energy group for isotopes 2**Pu, 24Py, *Ga, 7'Ga and C.

As shown in Table 10, all of the largest elements in the respective sub-matrix are positive, and the

vast majority of them are very small. The overall largest element in the matrix S(Z)( O oSt ) is

s,1=2k
SO(e472,07,7,, ) = 102x 107

Table 10. Summary presentation of the matrix s (ag , oSt )

fi7 s =2k
Isotopes k=1 **°Pu) k=2 *Pu) k=3 (°Ga) k=4 ("Ga) k=5 (O k=6 (‘\H)
o8 o8 o8 o8
v 1/ 1' ik 17 iy
s<2>[ e ] s<2>[ . ] s<2>[ b ] s [ r, ] s<2>[ . ] s<2>[ a ]
O51=2,1 Osj=22 sl 23 Os)=24 Os)=25 T51=26
i=1 (®Pu) Max. value = Max. value = Max. value = Max. value = Max. value = Max. value =
1.02 x 1072 6.25x 1074 1.87 x 107> 1.16x 1073 1.39 x 1072 5.94x 1072
atg=12,¢'=7 atg=12,¢'=7 atg=12,¢'=7  atg=12,¢'=7  atg=12,¢'=7 atg=12,¢' =12
—h=7 —h=7 —h=7 —h=7 —h=7 —h=12
o o, o, o, o, o
S(z)[ fq€7—>h ] S(Z)[ {: ’—h ] S(2>[ fq[;—m ] S(z)[ é’—»h ] S<2)[ £’—>h ] S(z)[ é '—h ]
T)=21 Osi=22 Tsi=123 Os1=24 Osi=25 T)=26
i =2 (*0pu) Max. value = Max. value = Max. value = Max. value = Max. value = Max. value =
529 x 1074 3.24x1075 9.71x 1077 6.03x 1077 718 x1074 3.07x 1073
atg=12,¢'=7 atg=12,¢'=7 atg=12,¢'=7 atg=12,¢'=7 atg=12,¢'=7 atg=12,¢ =12
—h=7 —-h=7 —h=7 —h=7 —h=7 —h=12

4.3.4. Results for the Relative Sensitivities S(2 )( fl f l:: k)

sl 3,k
(aZL/aog 908 )(og g /L) =3 i=12%k=1..6 g¢h=1...,30, of the leakage

Table 11 presents the results for the 2nd-order mixed relative sensitivities S(z)(o§ p o8 =h ) N

fi TS I=3k N\ f,i sl 3k
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response with respect to the fission cross sections and the 3rd-order scattering cross sections for all
8 oS ; th ! i
110513 | are zero; the non-zero elements are very small,
and the negative ones slightly outnumber the positive ones. For example, the G X (G - G) = 30 x 900
g g’ —h

£,17%,=31
while the remaining ones are zero. As shown in Table 11, the mixed 2nd-order sensitivities having
g:
£
of isotopes 23?Pu or?*’Pu, and either the 3rd-order self-scattering cross sections 03%:31?: o for the 12th

energy group for isotope 'H or the 3rd-order self-scattering cross sections 0571_;73 o k=1,...,5for the

7th energy group for isotopes?*Pu, 40Py, ¥Ga, 7'Ga andC. The overall largest (in absolute value)
element of the matrix S?) (ag o8 0 )is 5(2)(ag:12 gl ) =-1.25%1072.

isotopes. Most of the elements of S(z)(o

-dimensional submatrix §(?) (0 ) comprises 5288 negative elements and 4822 positive elements,

the largest absolute values involve the fission cross sections ¢ 12 i =1,2 for the 12th energy group

£ir Vs 1=3k £,i=1"Ys = 3k=6
. . '—h
Table 11. Summary presentation of the matrix s@(48 .,a‘fg .
£i" Vs =3k
Isotopes k=1 **Puw) k=2 ?*Pu) k=3 (°Ga) k=4 ("Ga) k=5 (O k=6 (‘H)
g g g g g g
O,]' 0',1, (7,1, 0',1, G,], 0,1,
s<2>[ L s@ LI, s@f L, s 4L, s@f L, s L,
Isi=31 Isi1=132 Is)=33 Isi=34 Is=135 Is)=36
i=1(*Pu) Min. value = Min. value = Min. value = Min. value = Min. value = Min. value =
-1.79x 1075 -1.10x107° -3.12x1078 -1.96x 1078 -3.48x1073 -1.25%x1072
atg=12,¢'=7 atg=12,¢'=7 atg=12,¢'=7 atg=12,¢'=7 atg=12,¢'=7 atg=12,¢ =12
—h=7 —h=7 —h=7 —h=7 —h=7 —h=12
g g g g g g
[ o [ o [ g
,2 ,2’ ,2’ ,2" ,27 /27
S(z)( é’—m ] S(Z)[ £’—>h ] S(2>( fq('—>h ] S(z)[ :é’—»h ] S(Z)[ £’—>h ] S(z)[ éj;’—ﬂl ]
9s1=31 T51=32 Is1=33 O51= 34 951=35 951=36
i =2 (%0py) Min. value = Min. value = Min. value = Min. value = Min. value = Min. value =
-9.26x1077 -5.70x 1078 -1.62x1077 -1.02x107° -1.80x 1074 —6.44x 1074
atg=12,¢'=7 atg=12,¢'=7 atg=12,¢'=7  atg=12,¢'=7 atg=12,¢'=7 atg=12,¢ =12
—-h=7 —-h=7 —-h=7 —-h=7 —-h=7 —-h=12

The results in Tables 9-11 indicate that the largest mixed second-order relative sensitivities in

matrices 8(2)(0? i Osg:lh k)’ S(z)(oii, ng’lzzh k) and S(?) (Gii, af:; k) frequently involve the self-scattering
cross sections in the 7th-energy group namely, UZZ_]’Z, 1=1,2,3; k=1,...,4, which is likely due to the

77
s,Lk=1"

all scattering cross sections o _Lh , ¢,h=1,...,30,forl =1, 2, 3.
s, Lk=1

fact that, for isotope 2*’Pu, the scattering cross section ¢ I =1,2,3 has the largest value among

Figure 4 shows the energy-group structure of the fission spectrum for isotope 2*Pu, highlighting
that most of the spectrum is concentrated in the energy region ¢ = 7, ..., 14, with the largest portion
contained in group 12. It is therefore not surprising that most of the large mixed 2nd-order relative
sensitivities of *L(ex) /90 100 ¢, 9*L(ex) /9o fd0y, 0°L(«x) /90 fd0os and 9°L () /Ivdo s are concentrated
in the energy region ¢ = 7, ..., 14 of the fission cross sections of 2>?Pu. In particular, the 1st- and 2nd
-order sensitivities of leakage response to the fission cross sections of 2Pu are both related to the
12th energy group, which is expected since energy-group 12 contains the largest portion of the fission
spectrum of 2Pu.
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Figure 4. Histogram plot of fission spectrum X;?:l, g=1,...,30 for isotope 23°Pu.

5. Computation of the 1st- and 2nd-Order Sensitivities of the PERP Leakage Response to the
Average Number of Neutrons Per Fission

This Section reports the computational results for the 1st-order sensitivities dL( ) /dv and for the
2nd-order sensitivities 9L (cx) /dvadv. Sections 6-8 report the equations and results for 9°L(ex) /dvdoy,
PL(a) /Ivdos, PPL(x)/Ivic f, respectively.

5.1. First-Order Sensitivities dL(ot) / dv

The expressions for computing the 1st-order sensitivities of the leakage response with respect to the
parameters underlying the average number of neutrons per fission are derived using Equations (152),
(156) and (157) in [5], as follows:

g/

JL(«x) _ § vl douvWs(r O S aQ’ (9[(1/Zf> ] 88 (r, Q)

[ U L=y ggl Jo 3Vl ARG )g12:1 e 7 Y (n Q) (111)
fOT j= ]of+1r-'-r]of+]vr

where the parameters fj, j = J;5 +1,..., ] + J» correspond to the components of the vector

+
v £ I:f]lyf+1, e ’f]af+j1/]+ = [vil:l,viz:l, s fViG:y e ,vig, e ,v}:Nf, e ,vl.G:Nf] ;i =1...,Ng; g =
1,...,G J, =Gx Ny, as defined in Equation (A13) in Appendix A.

The multigroup adjoint fluxes ()8 (r,Q), g = 1,...,G in Equation (111) are the solutions of the
1st-Level Adjoint Sensitivity System (1st-LASS) as previously defined in Equations (7) and (8).

When the parameters f; correspond to the average number of neutrons per fission, i.e., f; = vl.jj ,

the following relation holds:

, M 1 g/ M I , ,
a[(vz )g] IY Y Npw(vos)P 9% X NjhoS,
2 = Y L m=1i=1 i “fi s N o a12)

A9 v/ - M o SETE L

lj lj
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Inserting Equation (112) into Equation (111) yields the following simplified expression for
computational purposes:

JL(x)
071/;.?

G
= Nip dVaf,igog(r)Z V), i1, Lg=1,.,Gm=1,., M (113
Ly,
g'=1

The numerical values of the 1st-order relative sensitivities, S(1 )( ) (&L /e )( ;g / L), i=1,2;
g =1,...,30, of the leakage response with respect to the average number of neutrons per fission for
the two fissionable isotopes contained in the PERP benchmark will be presented in Section 5.3, below,
in tables that will also include comparisons with the numerical values of the corresponding 2nd-order

unmixed relative sensitivities $(2) (vlg , vf ) = (aZL / &v‘f&vlg )(va;g / L), i=12¢=1,...,30.

5.2. Second-Order Sensitivities d*L(a) /dvav

The equations needed for deriving the expression of the 2nd-order sensitivities 9L () /dvadv are
obtained by particularizing Equation (179) in [5] to the PERP benchmark, which takes the following
particular form:

’ ’ e (Vz‘f)g,
(ngjlzmz )(f v, f=v - Z fvdvﬁl dﬂ¢ (7 Q Z L dQ) (pg (V 0 )Xg ‘ijafmz ]

+2 fvdvﬁl dQu 2)’g(r o)L [(sz 2 L aQ x8 p 8 (r, Q)

7’12
T [CC-h K

+ Zl J,dv |, do u;].)’g(r,ﬂ) zl [, 1098 (r, Q0 )XgLTIZ],

§= §=

for j:]of+1,...,]gf+]v;m2:]Gf+l""’]‘7f+]v’

(114)

where the 2nd-level adjoint functions, u (]) (r, Q) and u( >’g(r Q),j=Jsr+L.... T+ g=1,...,G,
are the solutions of the following 2nd-Level Ad]omt Sen51t1V1ty System (an LASS) presented in
Equations (183)—-(185) in [5]:

a[(vzf)g']

B3(o)u §2> (r,Q) = 2 L 4% (1, xS gm—, = Jor + Lo Jop + i §=1,--1,G, (115)
2), .
u;]?g(rd,n) =0,00<0;j=Jor+ 1. Jop+ )i §=1,...,G, (116)
(=) & , , , ’o
A<1>'g(o¢0)uf]?'g(r,n) = [(,;ff)] ’Zﬂﬂndﬂ YO (N, j=Tor+ 1, Jes+ i §=1,...,G, (117)
2), .
éj)g(r 0)=00n>0j=J;+1...Jo+/ig=1...,G (118)

The parameters f; and fy,, in Equations (114), (115) and (117) correspond to the average number

gz

of neutrons per fission, and are therefore denoted as f; = vg and fi, = v, *, respectively. Noting that,

ol 2=

»

azztg . QZZtg . Vij

8fj A fm, 81/‘? 81/‘?"2 HSm2
i

my Imy

=0, (119)
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8[(sz)8] d Z Z Nlm(vaf) d Z Z N; mvl O'fl

m=1i=1 m=1i=1

- = . 8
afmz a (91/3m2 N 31/«?*"2 68'”2 gNImZ ,mmz UfrimZ 7 (120)
le zmz
4 g
o|=)°] 0% % Nifvop)} i oL ¥ Ny of, o .
e v - "2 = Oginy g Niny i, T iy’ (121)
my i,
g J Nim(vo pe] N; Y
8[(V2f) ] _ mzlzzl ( f) _ mzhzi i9fi N .
af] - avgj N (9ng 88+ Vijm; fz

lj L
and inserting the results obtained in Equation (112) and Equations (119)—(122) into Equations (115),
(117) and (114) reduces the latter equation to the following simplified expression:

L Sm 2) 8gm G 4 (1)/8' &m & (2)18
(m)(f:v,f: Nlnlz My f12 fV dV 1]0 : (r)gfzzl Xg g0 (1”) + (PO : (r)gél XgUZ,],O (r) 4

For = Jop+ Lo Jop + Jima = Jog +1,oe Jop + I,

where the 2nd-level adjoint functions, ui J)’g(r Q) and ! ]) (rQ), j=Jog+1,..., Jos+]v; §=1,...,G

are the solutions of the following simplified form of the 2r1d Level Adjoint Sen51t1V1ty System (2nd- LASS)
obtained from Equations (115) and (117):

BY(o )f;'g(r Q) = Njm, leg%() j=Jof+ 1o+ ig=1,...,G, (124)

G
AWDoY f]) (1, Q) = g 5Niym 0, SN VW, =g+ o+ i g =1,...,G, (125)
gr=1

and subject to the boundary conditions shown in Equations (116) and (118), respectively.

5.3. Numerical Results for 9*L(«)/dviv

The 2nd-order absolute sensitivities of the leakage response with respect to the parameters
underlying the average number of neutrons per fission, i.e., &ZL/(?v‘favf, ik = 1,...,Ng
£8 =1,...,G, for the Ny = 2 fissionable isotopes and G = 30 energy groups of the PERP
benchmark are computed using Equation (123). The (Hessian) matrix (82L/ dfd fmz) (= fer)’ jomy =
Jof +1,...,Jof + Ju of the 2nd-order absolute sensitivities has dimensions ], X J, (= 60 x 60), since

_ _ . o . o . 2 i . _
J, = GXN F=30x2. The relative sensitivities corresponding to (8 L/o f]& fmz) (v, fr)’ jmy =
Jof + 1 Jor + v, which are denoted as S(2>(V§, vf ) and are defined as follows:
, 2 V8 vg,
s(2>(v§,v§) L 9L AR k=12 ¢ ¢ =1,...,30. (126)
81/? &Vf L

The numerical results obtained for the matrix S(?) (vg ), i,k=1,2 g,¢ =1,...,30 have been

partitioned into Ny X N¢ = 4 submatrices, each of dimensions G X G(= 30 x 30), and the summary of
the main features of each submatrix is presented in Table 12.
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Table 12. Summary presentation of the matrix s2 )(v vf ), k=12 g ¢ =1,...,30

Isotopes k=1 **Pu) k=2 **'Pu)
s2) vg,vg/) s )(Vf,vézz)
i=1 (*Pu) 52 elements with absolute Max. value = 1.54 x 107!
values > 1.0 atg=12,¢' =12
@2)(,8 & 2)(18 &
, 210 5 (Vz'v ) S )(sz‘”z)
i=2(""Pu Max. value = 1.54 x 1071 Max. value = 8.01 x 1073
atg=12,¢' =12 atg=12,¢' =12

The 2nd-order mixed sensitivities (2 )(vg v ), k=12 g g =1,...,30are all positive. Most

of the J, X J, (= 60 X 60) elements are very small, but 52 elements have very large relative sensitivities,
with values greater than 1.0, as summarized in Table 12. All of these 52 large sensitivities belong

to the sub-matrix $(2) (vf , v‘f ), and relate to the parameters corresponding to the average number of
neutrons per fission in isotope 2>?Pu. The overall maximum relative sensitivity is 5(2)(1/%2, v%z) = 2.963.

Additional details about the sub-matrix S(Z)(vf, vfl ), 3,8 =1,...,30 is provided in the following

Section. Also noted in Table 12 is that all of the mixed 2nd-order relative sensitivities involving
vg , ¢ =1,...,Ghave absolute values smaller than 1.0. The elements with the maximum absolute value
in each of the respective submatrices relate to the 12th energy group of vf for isotopes 2*?Pu and ?4°Pu.

5.3.1. Second-Order Unmixed Relative Sensitivities S(2 )( lg ),i =1,2¢=1,...,30

The 2nd-order unmixed sensitivities $(2)(v¥,v5) £ (2L/aviovs)(vivi /L), i =1,2; g =1,...,30,
which are the elements on the diagonal of the matrix S (2)(1/3 ), ik=12g¢ =1,...,30, can

be directly compared to the values of the 1st-order relative sensitivities s )( ) (&L/ Poats )( ;g / L),
i=12¢g=1,...,30, for the leakage response with respect to the average number of neutrons
per fission.

Table 13 presents the results obtained for the 1st- and 2nd-order unmixed relative sensitivities with
respect to the average number of neutrons per fission v for isotope 1 (***Pu). These results indicate
that for energy groups g =7, ..., 14, the values of the 2nd-order sensitivities are significantly larger
than the corresponding values of the 1st-order sensitivities for the same energy group; for other energy
groups, the 2nd-order relative sensitivities are smaller than the corresponding values of the 1st-order
sensitivities. All of the 1st- and 2nd-order relative sensitivities are positive, and the largest values for
the 1st-order and 2nd-order relative sensitivities are both related to the 12th energy group.

Table 14 presents the 1st-order and 2nd-order unmixed relative sensitivities for isotope 2 (>°Pu).
The results in this table indicate that the values for both the 1st- and 2nd-order relative sensitivities
are all very small, and the values of the 2nd-order unmixed relative sensitivities are at least one
order of magnitude smaller than the corresponding values of the 1st-order ones for all energy groups.
The largest 1st-order relative sensitivity is S(l)( 12 ) = 6.316 X 1072, and the largest 2nd-order unmixed

relative sensitivity is S(2 )( i Vi 2) = 8.011 x 1073, both occur for the 12th energy group of the average
number of neutrons per fission for isotope 24°Pu.
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Table 13. 1st-order relative sensitivities (8L / 8v§:1)(v§:1 / L), g = 1,...,30 and 2nd-order relative
sensitivities (82L / 8v‘1g 8vf )(V‘fv‘lg / L), g=1,...,30, for isotope 1 (®%Pu).

g 1st-Order 2nd-Order g 1st-Order 2nd-Order
1 0.0005266 0.0000006 16 0.297 0.177
2 0.0010690 0.0000025 17 0.117 0.027
3 0.0030646 0.0000206 18 0.068 0.009
4 0.0140 0.0004 19 0.060 0.007
5 0.0672 0.0097 20 0.065 0.009
6 0.169 0.060 21 0.071 0.010
7 0.762 1.192 22 0.064 0.008
8 0.659 0.880 23 0.064 0.008
9 0.802 1.299 24 0.042 0.004
10 0.843 1.430 25 0.055 0.006
11 0.786 1.243 26 0.051 0.005
12 1.215 2.963 27 0.026 0.001
13 0.847 1.444 28 0.012 0.0003
14 0.555 0.620 29 0.034 0.002
15 0.321 0.208 30 0.461 0.429

Table 14. Comparison of 1st-order relative sensitivities (QL/ 81/‘?:2)(1/;?:2 / L), g =1,...,30and 2nd-order
relative sensitivities (82L / 3v§8v§)(v§v§ / L), g=1,...,30, for isotope 2 (*40puy).

g 1st-Order 2nd-Order g 1st-Order 2nd-Order

1 3.278 x 107> 2.395 x 1077 16 9.569 x 104 1.834 x 107°
2 6.388 x 107> 9.027 x 10~? 17 4337 x 1074 3.745 x 1077
3 1.790 x 104 7.043 x 1078 18 2251 x 1074 1.009 x 1077
4 8.648 x 1074 1.627 x 1076 19 1.278 x 1074 3.261 x 1078
5 4.197 x 1073 3.767 x 10™° 20 2292 x 1074 1.050 x 1077
6 1.003 x 1072 2.115x 1074 21 1.298 x 10~* 3.374 x 1078
7 4.313 x 1072 3.819 x 1073 22 1.227 x 107> 3.019 x 1010
8 3.774 x 1072 2.890 x 1073 23 8.578 x 107° 1.480 x 10710
9 4.397 x 1072 3.904 x 1073 24 1.631 x 107° 5.347 x 10712
10 4475 % 1072 4034 %1073 25 7.522 x 1076 1.140 x 10710
11 3.985 x 1072 3.192 x 1073 26 1.225 x 1077 3.010 x 10714
12 6.316 x 1072 8.011 x 1073 27 8.661 x 107° 1.505 x 10710
13 2.649 x 1072 1.411 x 1073 28 9.563 x 107° 1.845 x 10710
14 4.768 x 1073 4572 x 107° 29 4.853 x 1078 4.752 x 10715
15 1.289 x 1073 3.338 x 107 30 2.463 x 107° 1.222 x 1071

’

5.3.2. Second-Order Relative Sensitivities S(2) (vle, vle), 3¢ =1..30

Table 15 presents the 2nd-order mixed relative sensitivity results obtained for $() (v‘f, vf/) £

i=1"k=1
underlying the average number of neutrons per fission of isotope >Pu. The majority of the larger
2nd-order relative sensitivities are concentrated in the energy region confined by the energy groups
g=7,...,14and g’ =7,...,14. Shown in bold in Table 15 are the numerical values of 52 elements that
have values greater than 1.0. The largest value among these sensitivities is attained by the relative

2nd-order unmixed sensitivity S(z)(v‘f:u, Vél”zlz) = 2.963.

(82L / 81/13:181/5’:1 )(vg vE , / L), 3.8 =1,...,30, for theleakage response with respect to the parameters
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Table 15. Components of 8(2)(v§ , vfl), g,¢ =1,...,30 having values greater than 1.0.

Groups ¢ =6 7 8 9 10 11 12 13 14 15
g=6 0.060 0.267 0.230 0.279 0.293 0.273 0.422 0.294 0.193 0.112
7 0.267 1.192 1.024 1.244 1.306 1.217 1.879 1.312 0.860 0.497
8 0.230 1.024 0.880 1.069 1.122 1.046 1.615 1.127 0.739 0.427
9 0.279 1.244 1.069 1.299 1.363 1.271 1.962 1.370 0.897 0.519
10 0.293 1.306 1.122 1.363 1.430 1.333 2.059 1.437 0.942 0.545
11 0.273 1.217 1.046 1.271 1.333 1.243 1.919 1.340 0.878 0.508
12 0.422 1.879 1.615 1.962 2.059 1.919 2.963 2.068 1.356 0.784
13 0.294 1.312 1.127 1.370 1.437 1.340 2.068 1.444 0.946 0.547
14 0.193 0.860 0.739 0.897 0.942 0.878 1.356 0.946 0.620 0.359
15 0.112 0.497 0.427 0.519 0.545 0.508 0.784 0.547 0.359 0.208

In addition to the sensitivities presented in Table 15, the following 2nd-order relative sensitivities

in the matrix S(Z)(vf,vl/), g, ¢ = 1,...,30 have values greater than 1.0: S(2>(v1.321,v112:1) =

S (2)(1/1121,1/]%0:1) = 1.062. Also, as shown in Table 15, the values of the mixed sensitivities in row
g = 12 are the largest among all g = 1,...,30 rows. Likewise, the values of the mixed sensitivities in

column g’ = 12 are the largest among all groups ¢’ =1, ..., 30.

6. Mixed Second-Order Sensitivities of the PERP Total Leakage Response with Respect to the
Parameters Underlying the Average Number of Neutrons Per Fission and Total Cross Sections

This section presents the computation and analysis of the numerical results for the 2nd-order mixed
sensitivities d°L( ) /dvdo; of the leakage response with respect to the average number of neutrons per
fission and total microscopic cross sections of all isotopes of the PERP benchmark. Similarly, these
mixed sensitivities can be computed using either the computation of 9°L( ) /dvdo; or the computation
of 9?L( ) /dodv. These two distinct paths will be presented in Sections 6.1 and 6.2, respectively.

6.1. Second-Order Sensitivities d°L(at) / dvdoy

The equations needed for deriving the expression of the 2nd-order sensitivities 9°L () /dvdo; are
obtained by particularizing Equation (177) in [5] to the PERP benchmark, which takes the following form:

G
(+55) ==X fav [ a6 p 0,00+l 0)ps (0|52,
my (f:V,t:(It) g:1 7 7 np

fOT’ j:]0f+1""/]0f+]v; my=1,...,

(127)

The parameters f; and t;,, in Equation (127) correspond to the average number of neutrons per
8my

tim

fission and total cross sections, and are therefore denoted as f] = vfj and t,, = 0, . , respectively.
] 2

Inserting the results obtained in Equation (50) into Equation (127), yields:

2L _ (2>rgm 1),9m (2)/8"1 m
(Qf]at,,,z )(f:V,t:n[) = —Nimz,mmzfv dv.[ln aQ [ul/], 2(r, Q)l'[;( )8y (r,Q) + Uy ; 2(r, Q) p3m (1, Q) |,

fOT j:]Uf+1/'--/]0f+]V; ny :1/-~-/]ot~

(128)
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6.2. Alternative Path: Computing the Second-Order Sensitivities d*L(at) / o1V

The equations needed for deriving the expression for 9L () /do1dv are obtained by particularizing
Equation (160) in [5] to the PERP benchmark, which takes the following form:

G
PL _ (2).8 [ Vz‘f ] ’ ’
(atjafmz )(tZUt f=v) B ; fV dVLn 40 ¢1rf (r )=~ 9fmy /Z Ln 40'x¢ 17[} (7’, )

¥ 129

for ]—l,...,]gt, mz—]of+l,..-,]gf+]VI

where the adjoint functions 4’1 F )8 (r, Q) and 41 ] $(r,Q), i=1... o 8 ., G are the solutions of
the 2nd-Level Adjoint Sensitivity System (2nd-LASS) presented in Equatlons (32), (34), (39) and (40) of
Part I [1], which have been reproduced as Equations (57)—(60) in Section 3.2.

The parameters ¢; and f,,, in Equation (129) correspond to the total cross sections and the average
8j 1 8my

number of neutrons per fission, respectively, and are therefore denoted as t; = o} ;2.
my

cand fi, =V,

Inserting the results obtained in Equations (121) and (122) into Equation (129) ylelds

L 2 (2).gm, S ¢ (1).8 Sy ¢c(2)8
(at/-z?f,,,z )(t:Ut,f: ) Nlm2 My fl fV av|e 1 ,j;0 (r)ngZI X '50 ( ) + (P ( ) Zl X 52,]‘,.0 (1’) ’ (130)
fO?‘j:l,...,]gt; 2:]Jf+1""’]0f+]1//

where the flux moments 51 i Og "2 (r) and 5&2] ’(Sg (r) have been defined in Equations (43) and (44).

6.3. Numerical Results for 9*L(ec) /dvdoy

The second-order absolute sensitivities, d°L(cx)/dvdoy, of the leakage response with respect
to the average number of neutrons per fission and the total cross sections for all isotopes of the
PERP benchmark have been computed using Equation (128), and have been independently verified
by computing 9°L(«)/do;dv using Equation (130). Similarly, computing 9*L(a)/dvdo; by using
Equation (128) requires 120 PARTISN computations while computing ¢°L(«)/do;dv using Equation
(130) requires Jot = G xI = 30 X 6 = 360 PARTISN computations. Thus, computing P*L(x)/dvdo;
using Equation (128) is 3 times more efficient than computing 0L () /do:dv using Equation (130).

The matrix ((92L/&f]-&tm2) . = Jof+ L., Jof + Jvimz = 1,...,]sf; has dimensions

Jo X Jot (= 60 X 180). The matrlx of 2nd-order relative sensitivities corresponding to

(82L/8fj3tm2) o) =Jor+ 1. Jof+Jvima=1,...,],5, denoted as S(Z)(vig, otg;(), is defined
as follows:
, 2 (30f,
s<2>(v§,otgk)é oL N im0 k=1, 6 g8 = 1,...,30, (131)
’ 81/?(9037 L

To facilitate the presentation and interpretation of the numerical results, the [, X J5+ (= 60 x 180)
matrix S(2>(V§ , of k) has been partitioned into N X I = 2 X 6 submatrices, each of dimensions G X G =

30 % 30. The main features of each of these submatrices is presented in Table 16.
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Table 16. Summary presentation of the matrix S(z)(v,g , ag/ )
i’ 7tk

Isotopes k=1 *°Pu) k=2 (*OPu) k=3 (®Ga) k=4 ('Ga) k=5 (C) k=6 (‘H)
2)(,8 & 2)(,8 -8 2)(,8 & 2)(,8 & 2)(,8 & 2)(,8 &
s )(Vl’ar,l) s >(Vl’0[,2) s )(V1"7t,3) s )(Vl’OtA) s )(V1'Ut,5) s )(Vl’ot,é)
i=1 (®Pu) 72 elements with Min. value = Min. value = Min. value = 7 elements with 99 elements with
absolute values -2.39x107! -1.08 x 1072 -7.31x1073 absolute values  absolute values
>1.0 atg=12,¢'=12 atg=12,¢'=12 atg=12,¢' =12 >1.0 >1.0
2)(,8 & 2)(,8 58 2)(,8 58 2)(,8 58 2)(,8 58 2)(,8 ;&
s )(sz”m) s )(Vzrgt,z) 8! )(VZ’Ut,S) s )(V2"7t,4) s )(Vz"ft,s) ! )(VZ’Gt,é)
i =2 (240py) Min. value = Min. value = Min. value = Min. value = Min. value = 1 element with
-1.97x107! -1.25x1072 -5.60x 1074 -3.80x 1074 -8.41x 1072 absolute value >
atg=12,¢'=12 atg=12,¢'=12 atg=12,¢'=12 atg=12,¢'=12 atg=12,¢' =30 1.0

Most of the values of the ], X J5+ (= 10,800) elements in the matrix 5(2)(1/13, U‘tg;(), i =1,2
k=1,...,6;5,¢ =1,...,30 are very small, and the majority (10,780 out of 10,800) of these elements
have negative values. The results in Table 16 indicate that, when the 2nd-order mixed relative

sensitivities involve vg, g =1,...,30 or the total cross sections of isotopes 20py, 99Ga and 71 Ga, their
absolute values are all smaller than 1.0, except for one element in the submatrix S(z)(vg, of 6). The

element with the most negative value in each of the submatrices is always related to vf ,i=1,2for
fk’ k=1,...,6 for either the 12th or the 30th energy group. There are
179 elements with large relative sensitivities, having absolute values greater than 1.0, as indicated

in Table 16. Those large sensitivities reside in the submatrices S(Z)(vf , af,l ), S(Z)(V‘f , atg;), s (v‘lq , af;)

the 12th energy group and ¢

and S(z)(v§ g ), respectively, and 178 out of the 179 large sensitivities involve the average number of

%)

’Vt6
neutrons per fission of isotope 239py, namely, vf , and the total cross sections of isotopes 239Py, C and 1H.
Of the sensitivities summarized in Table 16, the single largest relative value is 5(2)(1/%2, a?%) = -19.29.

6.3.1. Second-Order Relative Sensitivities $(2) (vf , af; ), g9 =1..,30

The submatrix S (vf;l, atg’;(zl) = (aZL/ &vle&ai;(:l)(vf:logczl / L) comprises the 2nd-order
mixed relative sensitivity results obtained for, g,¢" =1, ..., 30, for the leakage response with respect to
the average number of neutrons per fission of 2?Pu and to the total microscopic cross sections of 23°Pu.
All elements in this submatrix have negative 2nd-order relative sensitivities. The largest 2nd-order
mixed relative sensitivities are concentrated in the energy region confined by the energy groups
g=7,...,14and g’ =7,...,16. The numerical values of these large elements are presented in Table 17,
which indicates (in bold) the 72 elements that have values greater than 1.0. The largest absolute value

in this submatrix is attained by the relative 2nd-order mixed sensitivity s (vl.g;lz, af ;112) = —3.785,

involving the parameters representing the average number of neutrons per fission and total cross
section of isotope 2?Pu in the 12th energy group.

Table 17. Components of S(z)(vf;l, o‘i}{zl), g,8 =1,...,30 having values greater than 1.0.

Groups g’ =6 7 8 9 10 11 12 13 14 15 16

g=6 -0139 -0256 -0.236 -0274 -0274 -0.251 -0426 -0373 -0310 -0226 —0.257
7 -0.202 -1.635 -1.051 -1.220 -1.222 -1.119 -1901 -1.666 -1.382 -1.008 -1.146
8 -0172 -0.997 -1.334 -1.049 -1.051 -0962 -1.634 -1.432 -1.188 -0.866 —0.985
9 -0.209 -1.207 -1.124 -1.787 -1.277 -1.169 -1.986 -1.740 -1.444 -1.053 -1.197
10 -0.220 -1.262 -1.165 -1.363 -1.856 -1.226 -2.084 -1.826 -1.515 -1.105 -1.257
11 -0205 -1.178 -1.083 -1.259 -1.275 -1.612 -1.942 -1.702 -1.413 -1.030 -1.171
12 -0.316 -1.825 -1.677 -1.948 -1.953 -1.802 -3.785 -2.629 -2181 -1.590 -1.809
13 -0.221 -1.279 -1176 -1.366 -1.369 -1.252 -2.148 -2513 -1.523 -1.110 -1.263
14 -0.145 -0.840 -0.773 -0.898 -0900 -0.825 -1.406 -1.247 -1.565 -0.728 —0.828

15 -0.084 -0486 -0.448 -0.521 -0.522 -0478 -0.815 -0.719 -0.613 -0.821 -0.479
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In addition to the sensitivities presented in Table 17, the following 2nd-order relative sensitivities in

the matrix S2 )( 1 of (e 1) $,8 =1,...,30 have absolute values greater than 1.0: 5(2)( 1,0}%{ 1) =
—-1.175, 8(2)(v38 ,o13 ) = -1.053 and S )(v.lf 050 ) = —1.064. The absolute values of the mixed
i=1""tk=1 i=1""tk=1

sensitivities in row ¢ = 12 are the largest among all g = 1, ..., 30 rows, including rows not presented in
Table 17. Similarly, the values of the mixed sensitivities in group g’ = 12 are the most negative among
all groups g’ =1,...,30, except for the sensitivity value located in groups ¢ = 13 and ¢’ = 12, which
is less negative than the value located in groups g = 13 and g’ = 13.

6.3.2. Second-Order Relative Sensitivities $(2) (vf , 023,5), g9 =1..,30

As presented in Table 18, the submatrix s (v t5)’ 3,8 =1,...,30, comprising the 2nd-order

relative sensitivities of the leakage response with respect to the average number of neutrons per fission
of isotope 1 (33°Pu) and the total cross sections of isotope 5 (C), includes 7 elements that have values

greater than 1.0. All of these 7 large elements involve the total cross section o % for group g’ = 30 of
isotope 5 (C).

Table 18. Components of S(z)(v‘ig , otg,/S), 8,¢ =1,...,30 having values greater than 1.0.

Energy g§=7 g§=9 g=10 g=1 g=12 g=13 g§=30
Groups g =30 g =30 g =30 g =30 g =30 g =30 g =30
Values -1.022 -1.070 -1.122 -1.046 -1.617 -1.129 -1.258

6.3.3. Second-Order Relative Sensitivities S(2) (Vélz , O‘tq,é), 39 =1..,30

The submatrix S(Z)( $,6% ) 8,8 =1,...,30, comprises the 2nd-order relative sensitivities of the

leakage response with respect to the average number of neutrons per fission of isotope 1 (>*Pu) and
g & )
t6 ’
includes 99 elements that have absolute values greater than 1.0, as specified (in bold) in Tables 19
and 20. Of these 99 elements, 71 elements are located in the energy phase-space confined by the energy
groups ¢ = 7,...,14 and ¢’ = 14,...,29, while the other 28 elements are located in energy groups
g = 30 or ¢’ = 30; some of these sensitivities have very large negative values. The largest negative
value is displayed by the 2nd-order relative sensitivity of the leakage response with respect to the 12th

the total microscopic cross sections of isotope 6 (‘H). The submatrix S? )( 38 =1..30

energy group of the parameter underlying the average number of neutrons per fission for 2*Pu and
the 30th energy group of the total cross section for 'H, namely, 5(2)(1,%2’ af’%) = -19.29.
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Table 19. Elements of 8(2)(V§:1, af,;{: 6)’ 8,8 =1,...,30, having absolute values greater than 1.0.

Groups ¢’ =13 14 15 16 17 18 19 20 21
g=>5 —-0.054 —-0.061 -0.063 -0.130 -0.134 -0.131 -0.126 -0.120 -0.112
6 -0.134 -0.153 -0.158 -0.325 -0.333 -0.327 -0.315 -0.298 -0.280
7 -0.600 —-0.682 -0.707 —1.451 —1.488 -1.460 —1.406 -1.331 -1.251
8 -0.517 -0.587 —-0.608 —1.248 -1.280 -1.256 -1.209 -1.145 -1.076
9 -0.628 -0.714 -0.740 -1.518 —1.557 —1.528 -1.471 -1.393 -1.308
10 -0.660 -0.750 -0.777 —1.593 —1.634 -1.603 —1.543 —1.461 -1.373
11 -0.615 -0.699 -0.724 -1.486 -1.523 -1.495 -1.439 -1.362 -1.280
12 -0.950 -1.080 -1.118 —-2.295 —2.352 —2.308 —-2.223 —2.104 -1.977
13 —-0.691 -0.754 -0.781 —1.602 —1.643 -1.612 —1.552 -1.470 -1.381
14 —0.448 -0.524 -0.512 -1.050 -1.077 -1.057 -1.018 —-0.964 —-0.906
15 -0.260 -0.299 -0.323 -0.609 -0.624 -0.613 -0.590 —-0.559 -0.525
16 —-0.246 —-0.282 —-0.295 —-0.629 —0.580 —-0.569 —0.548 —-0.519 —0.488
17 -0.103 -0.119 -0.125 -0.261 —-0.293 -0.227 -0.219 -0.208 -0.195
18 —-0.064 -0.074 -0.078 -0.165 -0.174 -0.195 -0.130 -0.123 -0.116
19 -0.057  —-0.067 -0.071 —0.150 —-0.158 -0.159 —0.180 —-0.108 —-0.102
20 —-0.063 -0.074 -0.078 -0.165 -0.174 -0.175 -0.172 -0.197 -0.111
21 —-0.069 —-0.081 —-0.086 -0.181 -0.191 -0.191 —-0.188 -0.182 -0.211
22 -0.062 -0.073 -0.078 -0.163 -0.172 -0.172 -0.169 -0.163 -0.157
23 —-0.063 -0.074 -0.079 -0.166 -0.174 -0.174 -0.171 -0.165 —-0.158
24 —0.042 -0.049 -0.052 -0.110 -0.115 -0.115 -0.113 -0.109 -0.104
25 —-0.054 —-0.064 -0.068 —-0.142 —-0.149 -0.149 —-0.146 -0.140 -0.135
26 -0.051 -0.059 —-0.063 -0.132 -0.139 -0.139 -0.136 -0.131 -0.125
27 -0.026 -0.031 -0.033 -0.069 -0.073 -0.072 -0.071 -0.068 —-0.065
28 —-0.012 —-0.014 -0.015 —0.031 —-0.033 —-0.033 —-0.032 —0.031 —-0.030
29 -0.035 -0.041 —-0.043 -0.091 -0.095 -0.095 -0.093 -0.089 —-0.085
30 —-0.470 —0.550 —0.584 -1.224  -1.281 -1.278  -1.250 -1.201  -1.151

Table 20. Continuation of Table 19.

Groups g’ ' =22 23 24 25 26 27 28 29 30
g=>5 -0.103 -0.095 -0.086 -0.082 -0.076 -0.067 —-0.063 -0.063 —1.096
6 -0.257 -0.238 -0.215 -0.204 —-0.188 —-0.168 -0.157 -0.158 -2.732
7 —1.148 -1.063 -0.962 -0.913 —-0.841 -0.750 -0.703 -0.706 -12.20
8 —-0.988 -0.915 -0.828 —-0.785 -0.724 —-0.645 —-0.605 -0.607 -10.49
9 -1.202 -1.113 -1.007 —-0.955 -0.880 -0.785 -0.736 -0.739 -12.77
10 -1.261 -1.167 -1.056 —1.002 -0.924 -0.823 -0.772 -0.775 —13.39
11 -1.176 —-1.088 —-0.985 -0.934 -0.861 -0.767 -0.720 -0.723 -12.49
12 —1.816 —-1.681 -1.521 —1.443 -1.330 -1.186 -1.112 -1.116 -19.29
13 —1.268 -1.174 —1.063 —1.008 -0.929 -0.828 -0.777 -0.780 —13.48
14 -0.832 -0.770 -0.697 -0.661 -0.609 —-0.543 -0.509 -0.512 —8.843
15 —-0.482 —-0.447 —-0.404 -0.383 —-0.353 -0.315 -0.295 -0.297 -5.129
16 —0.448 -0.415 -0.376 -0.357 -0.329 -0.293 -0.275 -0.276 —-4.777
17 -0.180 -0.167 -0.151 —-0.143 -0.132 -0.118 -0.111 -0.111 -1.921
18 -0.107 -0.099 -0.090 -0.085 -0.078 -0.070 -0.066 —-0.066 -1.142
19 -0.094 -0.087 -0.079 -0.075 —-0.069 —-0.062 —-0.058 —-0.058 -1.004
20 -0.102 -0.095 -0.086 -0.082 -0.075 -0.067 -0.063 —-0.063 —1.096
21 -0.111 -0.103 -0.093 —-0.089 —-0.082 -0.073 —-0.069 —-0.069 -1.190
22 -0.183 -0.093 —-0.084 -0.080 -0.073 —-0.065 -0.062 -0.062 —1.068
23 -0.151 -0.179 -0.085 -0.080 -0.074 —-0.066 -0.062 -0.062 -1.077
24 -0.099 -0.095 -0.113 —-0.053 —-0.049 -0.043 —-0.041 —-0.041 -0.708
25 -0.127 -0.122 -0.116 -0.144 —-0.063 —-0.056 —-0.053 —-0.053 -0.915
26 -0.118 -0.113 -0.107 -0.104 -0.129 -0.052 —-0.049 -0.049 —-0.849
27 -0.062 -0.059 —-0.055 —-0.054 -0.052 —-0.064 -0.025 -0.026 —0.443
28 -0.028 -0.027 -0.025 -0.024 -0.023 -0.022 -0.028 -0.012 -0.200
29 —-0.081 -0.077 -0.072 -0.070 —-0.067 —-0.063 -0.062 -0.083 -0.578

30 —-1.085 -1.031 -0.967 -0.936 —-0.893 —-0.836 -0.811 -0.817 —15.02
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6.3.4. Second-Order Relative Sensitivities $(2) (vg, af;), g9 =1..30

The submatrix S (Vg , 0‘5,6), 3,8 =1,...,30, comprising the 2nd-order sensitivities of the leakage

response with respect to the average number of neutrons per fission of isotope 2 (***Pu) and the total
cross sections of isotope 6 (\H), contains a single large element that has an absolute value greater than
1.0, namely, $@)(v12,00) = —1.003.

7. Mixed Second-Order Sensitivities of the PERP Total Leakage Response with Respect to the
Parameters Underlying the Average Number of Neutrons Per Fission and Scattering
Cross Sections

This Section presents the computation and analysis of the numerical results for the 2nd-order
mixed sensitivities, d°L(x)/dvdas, of the leakage response with respect to the average number of
neutrons per fission and scattering microscopic cross sections of all isotopes of the PERP benchmark.
The numerical values of the 2nd-order mixed sensitivities 3L (&) /dvd o can alternatively be computed
by using the symmetric expression 9’°L(«)/dosdv. The path for computing the 2nd-order mixed
sensitivities 9L (ex) /dvdos will be presented in Section 7.1. The path for computing the alternative
expressions for 9°L () /dosdv will be presented in Section 7.2.

7.1. Computation of the Second-Order Sensitivities d*L(a) / dvIos

Similar to the computation of ¢’L(«)/do £d0o; as presented in Section 4.1, the equations needed
for deriving the expressions of the 2nd-order sensitivities 9°L/d fi9Smy, ] = Jor + 1. Jor + v
my =1,...,Jss will differ from each other depending on whether the parameter s;,, corresponds to
the Oth-order (I = 0) scattering cross sections or to the higher-order (! > 1) scattering cross sections.
The two distinct cases are as follows:

9*L
@ (afjaSWZ)(f—V,S—Gs,lo)
enumerate the parameters underlying the average number of neutrons per fission, and
the quantities s;;, enumerate parameters underlying the Oth-order scattering microscopic
cross sections;

, ] = ]af + 1,...,]Uf—|-]v;m2 = 1,...,]Jss)=0, where the quantities f]

) (%)(f—w—%/zzl)’ j=Tef+1..., Jo +Jvima =1,...,05>1, where the quantities f; enumerate

the parameters underlying the average number of neutrons per fission, and the quantities s,
enumerate parameters underlying the "-order (I > 1) scattering microscopic cross sections.
%L

7.1.1. Computation of the Second-Order Sensitivities (afT)( :
1752 J(f=v,5=05 =0

The equations needed for deriving the expression of the 2nd-order mixed sensitivities
(82 L/d f]-as,nz) (F=v5—0s10) are obtained by particularizing Equations (177) and (178) presented in [5]
to the PERP benchmark, where Equation (178) provides the contributions arising directly from the
parameters underlying the average number of neutrons per fission and scattering cross sections, while
Equation (177) provides contributions arising indirectly through the total cross sections, since the
Oth-order scattering cross sections are part of the total cross sections. The expression obtained by
particularizing Equation (178) in [5] to the PERP benchmark yields:

(1) G G 8*’8’ . ’
az—L) = av[_dou®4(r,0 Ay (7, () 2= (50-0)
(8jfjasn,2 (f=v,s=051=0) g§1 fv L” uL] (r, )grzzl ‘Ln 4 (r, ) ISy
G G &8 .y
(2).8 oy I S (50 Q) (132)
+g§1 J,av], 4o u, (1, n)q/zz 1 i 4 98 (1, Q) Torn ,

fOT’ j= ]Uf+1,...,]of+]v;m2 = 1,...,]05,1:0.
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In Equation (132), the parameters indexed by f; correspond to the average number of neutrons
per fission, so that f; = v;,g_j , while the parameters indexed by s;,, correspond to the Oth-order scattering
j

’
8 my—8my

cross sections, so that s, =0 , respectively.

8,lmy =0,im

Inserting the results obtained in Equations (68) and (69) into Equation (132), using the addition
theorem for spherical harmonics in one-dimensional geometry, performing the respective angular
integrations, and setting I;;, = 0 in the resulting expression yields the following simplified form for

Equation (132):

(L) i, [0S0 o]
- lm M. i o 7
afjasmz (f=v,5=051=0) 2 Jy 0 L0 0 2,50

’ 2 , /Wl
where the Oth-order moments (pg "2 (), é(()l),ng(r), U; ].),ég 2
previously in Equations (15), (16), (27) and (28), respectively.

The contributions stemming from the specialized form of Equation (177) of [5], in conjunction

IS _ 9% Otmy %8
atmz - atmz asmz - 8smz

(2).8m .
(r) and uz,j;o 2(r) have been defined

with the relation , are as follows:

2\ G 2), 2), s
(%) =L V[0 [ g, 0) #1550l 0) [

(f=v/s=051=0)

for j=TJer+ 1. Jop + i ma=1,...,]ss1=0-

(134)

Inserting the result obtained in Equation (73) into Equation (134) yields the following
simplified expression:

( 2 \@
8fl'aSmZ) =V,5=0g |—
(f=vs=041-0) g O, (135)

1 , ’ ’
= N, sy Jy AV [, 402 [uL]. (r, )M E e (r, Q1) + uy "2 (r, Q) (r, ) |

Collecting the partial contributions obtained in Equations (133) and (135), yields the
following result:

( 2L ) _ i( L )(i)
Ki%5m )(f=vis=0,1-0)  i=1 9f/'as)'”2 (f=vis=041=0)
1),8m 2 rg,m g,’" 2).8m
= Ninl2'm;n2 fV dV[‘E(() 8 (1’) ul,j;o : (I’) + %o ’ (T) Ué/]‘)}og i (T)] (136)

()8 m 1.8 ()8 m ’
_Ni'”2'mmz fV dVLT[ aQ [uLj 2 (7‘, Q)IP( ):8 my (1’, Q) + ”2,]' 2 (7", Q)(Pg "y (7’, Q) ,

fOT ]:]Uf+1//]0f+]1//m2 = 1/---/]05,1:0-

7.1.2. Second-Order Sensitivities (%)
Jioema }(f=v5=0121)

8

j

8 ! my —8& my

Szlmzximz

correspond to the M-order (I > 1) scattering cross sections, neither of which contribute to the total cross

When computing the 2nd-order sensitivities (82L/ ) fj8sm2) , the parameters f; = v

(f=vis=05,121)

correspond to the average number of neutrons per fission, while the parameters s,;, = 0



Energies 2019, 12, 4100 42 of 68

sections. Thus, the expression of (82L /0 fjasmz)
in [5] to the PERP benchmark, which yields,

(Fv5=0s 1) is obtained by particularizing Equation (178)

G G g—g ,
_PL _ (2).8 (1), ;9878 (5:0-0)
(afjasmz )( fvomonn) g§1 JydV [ dQu;’; (r,Q)g,Zzl o A IS (r, O R T

o588 (s,0/ >0) (137)

G 2), G ) ot ,
+ Zl fvdVLn an u;],)g(r,ﬂ) lem aqy 8 (r, Q) )T,
g= g=

forj:]Gf+1/~--/]gf+]v;m2 - 1,...,]05’121.

Inserting the results obtained in Equations (68) and (69) into Equation (137), using the addition
theorem for spherical harmonics in one-dimensional geometry and performing the respective angular
integrations yields the following simplified form for Equation (137):

(o)
1% ) (f=vs=01.1) o

1 781 2 ’g,m g,nl 2 7& M 138
— Niy, iy (2l + 1)[ I dvgfng (U () + favp 2 (u?s z(r):l (138)

lm2 2, j;ln12

forj:](,f—i-l,...,]gf—i-]l,; my =1,...,Jss1>15 lm2 =1,...,I5CT,

(2):8" m,

i (r) and e (r) have been defined in Equations (82),

g/m (1),gm
2(r), & 2(r),u 2o

where the moments ¢, , ;
m my
(83), (86) and (87), respectively.

7.2. Alternative Path: Computing the Second-Order Sensitivities d*L(at) / d650v

Due to the symmetry of the mixed 2nd-order sensitivities, the results computed using Equations
(136) and (138) for 9*L()/dvdos can be verified by computing the expressions of the sensitivities
d’L(«)/dos0v, which also requires separate consideration of the zeroth-order scattering cross sections.
The two cases involved are as follows:

2
1 ( PL )
( ) aSjafmz (SZUs,l:orf:V)
the parameters underlying the Oth-order scattering cross sections, while the quantities f;,, refer to
the parameters underlying the average number of neutrons per fission;

s =1 esi=0;m2 = Jor +1,..., Jo5 + Ju, where the quantities s; refer to

2 . ey
) (35%—}’”2)(5_05,,21,/‘_1/)’ j=21... Jsism2 = Jor +1,..., Jor + Jv, where the quantities s; refer to

the parameters underlying the " -order (I > 1) scattering cross sections, and the quantities fy,
refer to the parameters underlying the average number of neutrons per fission.

7.2.1. Second-Order Sensitivities ( 2L )
° fmz (S:GS,IZO/f:V)

The equations needed for deriving the expression of the 2nd-order mixed sensitivities

(82L /ds;jd fmz) (5=0,1_o.f=v) 2T obtained by particularizing Equations (160) and (169) in [5] to the PERP
—0s,1=0/] —

benchmark. Particularizing Equation (169) in [5] to the PERP benchmark yields the following expression:

(l) G (v 81 G L , )
(35]?;]%,,2 ) = g§1 fV dVLn aQ Qg,zj)’g(r, Q’)Mgiz_l j;ln AQy x8 lp(l)’g (1,10 )

(s=051=0,f=V) ny /
& n & TN (T (139)
+1 fav |, do 9;2]?'&’ () ¥ Ji, A% (1,02 )Xg[le],
g= gr=
fOT’ j: 1/.--/]05,120;7”2 = ]Gf+ 1/'.-/]0f + Jv,

where the 2nd-level adjoint functions, 652].)@ (r,Q) and Qézj)’g (r,Q),j=1,...,J0s; §=1,...,G, are the

solutions of the 2nd-Level Adjoint Sensitivity System (2nd-LASS) presented in Equations (46), (48), (51)
and (52) of Part II [2], which have been reproduced previously in Equations (89)—(92).
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In Equation (139), the parameters indexed by s; correspond to the Oth-order scattering cross
g i—gj

sections, so that s j=0 SI=0i7

while the parameters indexed by f;, correspond to the average number

of neutrons per fission, so that S, = vig 2. Inserting the results obtained in Equations (121) and (122)
my
into Equation (139), yields the following simplified expression for Equation (139):

(1) m; m; G 4 ! m G
(355) =N, V| s 0+ efm () £ seli ], (140)
77m2 J (s=01=0.f=V) gr=1 §=1

where the Oth-order moments @( )'g"'z (r) and @gzj)_’(‘)g (r) have been previously defined in Equations (94)
and (95), respectively.
The contributions stemming from Equation (160) in [5] takes on the following particular form:

(2) G G RN, [ () )g’]

PL _ ()8 ’ ’ [ f

(aS]‘afmz )(szgs,IOerV) - g§1 fV den dQ I)bz,] (r/ Q )g/zZl LT[ dQ (Pg (7,0 )Xg—afm2
G G ’ ’ ’

+L v [ A0S () I fi 408 e (r,0),

fOT’ ]'21,...,]05’1:0; m2:]gf+1,...,]af—|—]v,

A=) 141)
oy

where the 2nd-level adjoint functions 1,[)52])3 (r,Q) and 1[/§2])g (r,Q),j=1,...,Jos1=0; §=1,...,G are
the solutions of the 2nd-Level Adjoint Sensitivity System (2nd-LASS) presented in Equations (30), (32),
(36) and (37) of Part II [2], which were reproduced previously in Equations (97)-(100), respectively.

Inserting the results obtained in Equations (121) and (122) into Equation (141), yields the following
simplified expression for Equation (141):

G

2 G
2L {'/nz 8y ¢’ (1),8 8y g ()8
((PSj(?fn,Z )<s:ns,,:0,f:> Ny 0 2 fvdV[£1/ ()g;:lx & 0 () + 9 ()gglx &0 M) (142)

fOi’ ]: 1/"'/]05,1:0/' np :]0f+1r-~-/]of+]w

Collecting the partial contributions obtained in Equations (140) and (142), yields the following
result:

CER
51002 ) (s=og_g.f=v)  ZI\TIm2 ) (=01, f=v)

m 2 &m 2 m G 4 ’ g m 143
= Nipyy 852 fvdV{ O (1) +£ 25 ()] 5 4 & (1) 4o >z x| @28(r) + 28 )]} (143)

gr=1
fOi’] = 1r-~-r]as,l:0;m2 = ]6f+1/"'/]Uf +]v-

7.2.2. Second-Order Sensitivities (%)
5i9ms ) (s=04151,f=v)

For this case, the parameters s; correspond to the I"-order (I > 1) scattering cross sections, denoted

ass; = ag i‘g, , while the parameters f,;, correspond to the average number of neutrons per fission,
Aj

denoted as f;, = vg , neither of them contribute to the total cross sections. Therefore, the expression of

(02L/3s0fn,)
which yields,

(520, 11, f=7) is obtained by particularizing Equation (169) in [5] to the PERP benchmark,
=0s,1>1/] =

G l(vz,)] & , , ,
(=3%) = ¥ favi, a0e2 6,00 § s g8 o)
jO my (5:g l>1f ) g:1 i ny

G G RN [CC-h (144)
L fav |, do efj?'g(r,n) g [ A @ (r, Q)18 | o ]
8= §=

forj=1,... Josizt;m2 = Jor +1,..., Jof + Ju-
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Inserting the results obtained in Equations (121) and (122) into Equation (144) yields the
following expression:

PL _ AT 8m (2).8m § 7 (1),8 S G (2),g
(m)(s:%,lzpf:v) B Nl’”Z/mszf,i:zz fV dv ®1,j;0 ’ (7’) L X8 5O (7’) +(1)0 Z(Y) )y Xg®2,j;0 (r) ! (145)

§=1 §=1
fO?’j =1,.. .,Ias,lzl;mZ = ]af +1,.. "]Uf +]1/~

7.3. Numerical Results for 9*L(at) / dvIos

The second-order absolute sensitivities, (92L(cx)/ dvdo for the PERP benchmark, have been
computed using Equations (136) and (138), and have been verified by computing 6°L () /dosdv using
Equations (143) and (145). Similar to the computation of 9’L(«x)/do £d05 as shown in Section 4.3,
computing the second-order sensitivities 9°L(a) /dvdos using Equations (136) and (138) requires a
total of 120 forward and adjoint PARTISN computations to obtain all the adjoint functions to compute
the 2nd-order sensitivities 9°L(«)/dvdos.

On the other hand, computing the alternative expression 9°L () /dosdv using Equations (143) and
(145) would require 7101 forward and adjoint PARTISN computations to obtain the adjoint functions
Qgi?’g(r, Q) and Qéi?’g(r, O),j=1,...,Jss; §=1,...,G. Ashasbeen explained in Section 4.3, the reason
for needing “only” 7101, instead of J5s = 21600, PARTISN computations is that all of the up-scattering
and some of the down-scattering cross sections are zero for the PERP benchmark. Thus, computing
J?L(ax) /dvdos using Equations (136) and (138) is about 60(~ 7101/120) times more efficient than
computing 9%L(ex) /dosdv by using Equations (143) and (145).

The matrix 82L/§](j85m2, j=TJoft L., Jof + ]y ma=1,..., ], has dimensions ], X Jos (=
60 x 21,600). The matrix of 2nd-order relative sensitivities corresponding to 9°L/3f;0sm,, j = ], £t

Lot luma=1....]s5, denoted as S(?) (vf, ofll;)h), is defined as follows:

g §'—h
N &ZL veo ]
s<2>(v3 oS h)é LS N r=0,...,3 i=12k=1,...,6 g,¢ h=1,...,30. (146)

i’ 7s,lk avgggg’—»h L
i s, Lk

To facilitate the presentation and interpretation of the numerical results, the J, X J5s (= 60 X 21600)
matrix S(z)(vl.g , af;?h) has been partitioned into N X I X (ISCT + 1) = 2 x 6 X 4 submatrices, each of

dimensions G X (G - G) = 30 x900. The results for scattering orders =0,/ =1,/ =2,and | = 3,
respectively, are summarized below, in Sections 7.3.1-7.3.4.

7.3.1. Results for the Relative Sensitivities S(z)(vl?g , ofll:g k)

Table 21 presents the results for 2nd-order relative sensitivities S(z)(v?,of l:g k) =

> 'h ' Sh . o ) _

(8 L/&vf&asg,lzolk)(vfaf’l:o,k/L), i=12%k=1,..,6 gg,h =1,..,30 of the leakage response

with respect to the average number of neutrons per fission and the Oth-order scattering cross

sections for all isotopes. All of these 2nd-order relative sensitivities are smaller than 1.0. For

8§ 58 h
o

the 2nd-order mixed sensitivities $(2) (vi 910 k)’ the values can be positive or negative, but there

/5
1O %,1
dimensions G X (G - G) = 30 x 900, comprises 7601 positive elements, 2539 negative elements, while
the remaining elements are zero. The largest absolute values of the mixed 2nd-order sensitivities in
the submatrices all involve the 12th energy group of vlg for isotopes 23?Pu or 24Py, and (mostly) the
Oth-order self-scattering cross sections in the 12th energy group of isotopes®**Pu, 24°Pu, ®*Ga, 7'Ga

andC, or (occasionally) the Oth-order out-scattering cross section osl?:éi: . of isotope TH. All of the

are more positive values than negative ones. For example, the submatrix S(2>(V ), having
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largest elements in the respective sub-matrix are positive, and the vast majority of them are very small.

'>h . =12 _
The overall largest element in the matrix s )( ol 0 k) is S(Zl(vf , 01%_’}]21( 1) =4.65%x1071.
. . =
Table 21. Summary presentation of the matrix s (v‘lg , of ;01 k)'
Isotopes k=1 **Pu) k=2 (*Pu) k=3 (¥Ga) k=4 ("Ga) k=5 (C) k=6 (‘H)
g g g g
Vs, v, v, v,
s<2>( ", ] s<2>[ 1, ] s<2>[ 1, ] s<2>[ ', ] s<2>[ v, ) s<2>( ', ]
951= 0,1 O5)=02 951=03 O5)=04 O51=05 951= 0,6
i=1 (®°Pu) Max. value = Max. value = Max. value = Max. value = Max. value = Max. value =
4.65%x 1071 3.08x 1072 1.78 x 1073 1.14x 1073 1.98 x 1071 3.18x 107!
atg=12,¢'=12 atg=12,¢'=12 atg=12,¢' =12 atg=12,¢'=12 atg=12,¢' =12 atg=12,¢ =16
—h=12 —h=12 —h=12 —h=12 —h=12 —h=17
g g g i
Vs, V5, vy, Vy,
s<2>[ 2, ] s<2>[ 2, ] s<2>[ 2, ] s<2>[ 2, ] s<2>[ 2, ) s<2>( 2, ]
I51= 0,1 %)= 02 %51=03 Os)=04 %)= 05 951= 0,6
i=2(40py) Max. value = Max. value = Max. value = Max. value = Max. value = Max. value =
2.42 %1072 1.60 x 1073 9.25x107° 5.94 x 1075 1.03x 1072 1.65%x 1072
atg=12,¢'=12 atg=12,¢'=12 atg=12,¢' =12 atg=12,¢' =12 atg=12,¢' =12 atg=12,¢ =16
—h=12 —h=12 —h=12 —h=12 —h=12 —h=17

7.3.2. Results for the Relative Sensitivities S(Z)(vg of l_>l1 k)

Table 22 summarizes the results for 2nd-order mixed relative sensitivities S(z)(vg osg ljlh k) =

(&ZL/8vg8agflhk)( 5o fffk/L) I=1i=12%k=1,...,6; g, ¢, h=1,...,

with respect to the average number of neutrons per fission and the 1st-order scattering cross sections

30 of the leakage response

for all isotopes. Most of these 2nd-order mixed sensitivities are zero; the non-zero ones are mostly

(vg of a 1,k=1)’ having dimensions G x (G - G) = 30 x 900,
comprises 7918 elements with negative values, 2222 elements with positive values, while the remaining
elements are zero. As shown in Table 22, the largest absolute values of the mixed 2nd-order sensitivities
in the submatrices involve the 12th energy group of vf for isotopes 2?Pu or 24Py, and (mostly) the
1st-order self-scattering cross sections for the 12th energy group of isotopes®*Pu, 24°Pu, ©°Ga, C and'H,
or (occasionally) the 1st-order self-scattering cross sections for the 7th energy group of isotope 7!Ga.

All of the largest (in absolute value) elements are negative, and the vast majority of them are very small.
£ o8 k) is SRV, 012212 )= 264 %107,

negative. For example, the submatrix s

The overall most negative value in the matrix S(z)( Vi,00) sI— 1k=6

Table 22. Summary presentation of the matrix s (V‘ig, oSt )

sl=1k
Isotopes k=1 °Pu) k=2 *0py) k=3 (°Ga) k=4 "'Ga) k=5 (C) k=6 (‘H)
g g I g I g
Ve, vy, vy, Vi,
S(z)[ }g—»h ] S(z)[ }g ' —h ] S(2>[ g —>h ] S(Z)[ l:—)h ] S<2)[ g —>h ] S(z)( }’—»h ]
si=11 si=12 Os)=13 si=14 O=15 T51=16
i=1 (*Pu) Min. Value = Min. Value = Min. value = Min. Value = Min. value = Min. value =
-2.37x107! -1.48x1072 -4.88x 1074 —-2.78 x 1074 -8.40x 1072 -2.64x107!
atg=12,¢'=12 atg=12,¢'=12 atg=12,¢' =12 atg=12,¢' = atg=12,¢'=12 atg=12,¢ =12
—h=12 —h=12 —h=12 —-h=7 —h=12 —-h=12
g W, g WS, g W
S(z)[ g —>h ] S(Z)[ ?g’—m ) S(2>[ g —>h ] S(z)[ 2g’—)h ] S<2)[ g —>h ] S(z)( %g’—»h ]
9= 11 Osi=12 T5)=13 Osi=14 O1=15 T51=16
i =12 (40py) Min. value = Min. value = Min. value = Min. value = Min. value = Min. value =
-1.23x1072 -7.70x 1074 -254x107° -1.50x107° -437x1073 -1.37x 1072
atg=12,¢' =12 atg=12,¢'=12 atg=12,¢'=12 atg=12,¢ = atg=12,¢'=12 atg=12,¢'=12
—h=12 —h=12 —h=12 —h=7 —h=12 —-h=12
' —>h
7.3.3. Results for the Relative Sensitivities S2 )(1/ af =2k

g’ —h

Table 23 presents the results for 2nd-order mixed relative sensitivities S(Z)(vf, 0l k) =

2 g5 §—h g’ —h
(8 L/(?vl. Jdo S Zk)(v

sl 2,k

/L) l=2 i=12k=1,...

6 3¢, h=1,...,

30, of the leakage response
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with respect to the average number of neutrons per fission and the 2nd-order scattering cross sections
for all isotopes. Most of the non-zero elements of S(z)( $ 687 SI—2 k) are positive. For example, the

submatrix S(Z)( f 1,o§ e ; e 1), having dimensions G X (G - G) = 30 X 900, comprises 6439 positive

elements, 3701 negative elements, while the remaining elements are zero. As shown in Table 23, all
of the largest absolute values of the mixed 2nd-order sensitivities involve vf =12 i = 1,2 for the 12th
energy group or the 7th energy group of isotopes 2*Pu or?*'Pu, and (most of the time) involve either
the 2nd-order self-scattering cross sections 0571_;72 v k=1,...,5 for the 7th energy group of isotopes
239Py, 240Py, ¥Ga, "!Ga and C or (occasionally)/ the 2nd-order self-scattering cross sections 033:21’1.2: o for
the 12th energy group of isotope' H. As shown in Table 23, all of the largest elements in the respective
sub-matrix are positive, and the vast majority of them are very small. The overall largest element in

a2 8g—>h g=12 1212 _ -2
the matrix S( )( =2 k) is 52 )( 05,1:2,]{:6) =9.03x107~.

Table 23. Summary presentation of the matrix s (v‘lg oS )

7 Vs, 1=2k
Isotopes k=1 **Pu) k=2 (**°Pu) k=3 (®Ga) k=4 ("Ga) k=5 (C) k=6 (‘H)
g g g g
s(Z)( ", ] s<2>[ v, ) s<2>( . ] s<2>[ . ] s<2>[ . ] 5(2>( U ]
Tsi=21 Os1=22 Os1=23 Os1=24 O 25 Ts1=2,6
i=1 (®Pu) Max. value = Max. value = Max. value = Max. value = Max. value = Max. value =
1.35 x 1072 8.24x 1074 247x107° 1.53x 107> 1.86 x 1072 9.03x 1072
atg=12,9'=7 atg=12,¢'=7 atg=12,¢'=7 atg=12,¢'=7 atg=12,¢'=7 atg=12,¢' =12
—h=7 —-h=7 —-h=7 —-h=7 —-h=7 —-h=12
g g g % g
sm( 2, ] s<2>[ 2, ) s<2>( 2, ] s<2>[ 2, ] s<2>[ 2 ) s(2>( 2, ]
Os1=21 Os1=22 Os1=23 Og1=24 O51—25 Ts1=2,6
i =2 (40py) Max. value = Max. value = Max. value = Max. value = Max. value = Max. value =
716x10™* 438x107° 1.31x107° 8.16x 1077 9.85x 1074 4.70x1073
atg=7,9'=7—- atg=7,¢=7—> atg=7,9¢=7—> atg=7,¢g=7—> atg=7¢g=7—> atg=12¢ =12
h=7 h=7 h=7 h=7 h=7 —h=12

7.3.4. Results for the Relative Sensitivities S(2 )(v Gf lzah k)

Table 24 presents the results for 2nd-order mixed relative sensitivities S(Z)(vg of l_? k) =

((92L/9Vg36 a 3k)( lg fl_?k/L) 1=3i=12k=1,...,6; g,¢,h=1,...,30, of the leakage response
with respect to the average number of neutrons per fission and the 3rd-order scattering cross sections
for all isotopes. Most of the elements of S(Z)( 3 g Sl— ;1 k) are zero; the non-zero elements are very small,
and the negative ones slightly outnumber the positive ones. For example, the G x (G - G) = 30 x 900

-dimensional submatrix S(?) (V‘?:l, of l:::l k:l) comprises 5375 negative elements, 4735 positive elements,

while the remaining ones are zero. As shown in Table 24, the mixed 2nd-order sensitivities having the

largest absolute values involve v‘f =12, i = 1,2 for the 12th energy group or (occasionally) the 7th energy

group of isotopes 2>?Pu or?4’Puy, and the 3rd-order self-scattering cross sections 051_;73 pk=1,..5

for the 7th energy group of isotopes??Pu, 24°Pu, ®*Ga, "!Ga and C, or (occasionally) the 3rd-order

self-scattering cross sections 033:31,1.2: ¢ for the 12th energy group of isotope 'H. The overall largest (in

)1ss< J(v8~ 12 51212 ) =-194x1072,

s,1=3k

absolute value) element of the matrix S(z)( 8 o8 sI= 3k=6
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Table 24. Summary presentation of the matrix s (Vf, of ,:3 k)'
Isotopes k=1 ®°Pu) k=2 *0py) k=3 (°Ga) k=4 'Ga) k=5 (CQ) k=6 (‘H)
g g g g g g
Vs, v, Ve, vy, vy, Vi
5<2>( U ] s<z)[ U ] 5<2>( U ] s<2>[ U ] s<2>[ v ] s(2>[ U ]
O= 31 Os1=132 T61=133 Os1=34 Osi=35 T)=36
i=1 (®Pu) Min. value = Min. value = Min. value = Min. value = Min. value = Min. value =
-2.08x 1075 -1.28x107° -3.64x1078 -2.28x1078 -4.66x1073 -1.94x1072
atg=12,¢'=7 atg=12,¢'=7 atg=12,¢'=7 atg=12,¢'=7 atg=12,¢'=7 atg=12,¢ =12
—)h:7 Hh:7 4)1’1:7 *)h:7 —)h:7 4)1’1:12
g g g g g g
vy, Vs, Vs, Vs, Vs, Vs
s(z)( 2, ] S(z)[ 2, ] s<z>[ 2, ] s<2>[ 2 ] s<2>[ 2 ] s(Z)( 2 ]
O=31 Os1=32 Ts1=133 Os1=34 Osi=35 T)=36
i =2 (%0py) Min. value = Min. value = Min. value = Min. value = Min. value = Min. value =
-1.08x107° -6.67x1078 -1.89%x 1077 -1.19x107° -259x 1074 -1.01x1073
atg=12,¢'=7 atg=12,¢'=7 atg=12,¢'=7 atg=12,¢'=7 atg=7,¢=7— atg=12,¢ =12
—h=7 —-h=7 —-h=7 —h=7 h=7 —h=12

8. Mixed Second-Order Sensitivities of the PERP Total Leakage Response with Respect to the
Parameters Underlying the Average Number of Neutrons per Fission and Fission Cross Sections

This Section presents the computation and analysis of the numerical results for the 2nd-order mixed
sensitivities 0L (o) /dvdo ¢ of the leakage response with respect to the average number of neutrons
per fission and fission microscopic cross sections of all isotopes of the PERP benchmark. Likewise,
the numerical values of the 2nd-order mixed sensitivities 9°L(x)/dvdo £ can also be computed by
using the alternative expression for 9*L(cx) /do £0v. The formulas for computing the 2nd-order mixed
sensitivities 9°L () / dvdo s are presented in Section 8.1, while the formulas for computing, alternatively,
the expressions for ¢°L(«)/do 0V are presented in Section 8.2.

8.1. Computing the Second-Order Sensitivities 9°L () / Vo

The equations needed for deriving the expression of the 2nd-order sensitivities 9°L () /dvdo 1
are obtained by particularizing Equations (177) and (179) in [5] to the PERP benchmark and adding
their respective contributions. The expression obtained by particularizing Equation (179) in [5] takes
on the following form:

2|z

G G , ,
= ggl J,av |, daypWs(r, Q)g/XZl [, QY 08 (r, )8~ —

( 2L 1)
G vz, G , ,

+X f,av], do uﬁ,]?fg (r,Q)M L [ 4 x& w0 (v, 0
8= =

a mz
[
3fmz ’

(147)
S (2)'g G ’ 4 ’
+ Zl J,av ], do iy (r,Q) Zlﬁ*” A o2 (1, QY )8
8= Q=
for j=Top+ 1, Jop+Tima=1,..., .

The parameters f; and t,,, in Equation (147) correspond to the average number of neutrons per

fission and fission cross sections, and are therefore denoted as f; = vfj and fy, = a;g(":.z , respectively.
j shmy
Noting that
M 1 ’
9L Y Niw(voy)f
, 0 m=1i=1 i ,
2 8 8j ) 8
o{0=r)| i ooy | 8t Sewde oN 148
3f]8fm2 aag”fz B ao_gﬂfz  Vljlmy gjg, g‘ng/ Ly My 7 ( )
f Amy f Amy
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and inserting the results obtained in Equations (148), (23) and (24) into Equation (147), yields the
following simplified expression for Equation (147):

(1) G
PL gm (1).g
(3sz9fm2 )(f:v,f:o ) 6111'”2 Ogjgm N Ty My fV Ve, () E‘l e ")
m &m G . m G 2), 149
NGy i,,;fvdv[ui ) L g 0 el >g§1xgu§,,1§<r>], (14)

for ]:]O'f+1r/]gf+]V/m2—1,,]0f

The contributions stemming from Equation (177) in [5], in conjunction with the relations gtzt

S atm
%E 3 fmz = g?’ take on the following particular form:

@) G
P L _ (1),8 ( ) g I8
(a;,-af,,,Z) I favi dQ[ (1, Q)5 (r, ) + ) (r, Q)8 7, ) | 22, (150)

(f=v,f=0¢)
f01’ j:]gf+1,...,]0f+fv;m2 = 1/-"1](7f-

Inserting the results obtained in Equation (37) into Equation (150), yields the following simplified
expression for Equation (150):

2L ) - N, def a0 (2),gmz( Q) (1)’g’"2( Q)+ (Z)rgmz( Q) 3'”2( Q) (151)
3f:0fm, (F=vf=oy) = Ny iy Jy OV Jay Uy i r, Q)Y 7, iy | r, Q) s (r, Q) |,

Collecting the partial contributions obtained in Equations (149) and(151), yields the following
final expression:

(o) - B
b2 )(f=v,f=ap) 1N ) (v, f=0p)

G
= i Ojmy iy Jy ) 21 X8 5(()1)'g(r)
g:
! mp Y g 0 " (152)
N 2V [U5520) £ 02 0) 4957200 £ xoulisco >}

e i =1
Nt Jy 4V 40 [“J'g’”z (r O (r, Q) + ) 05, a)
for j= Jof+ L. Jor+ma=1,...,]sf

8.2. Alternative Path: Computing the Second-Order Sensitivities *L(e) / dosdv

The equations needed for deriving the expression of the 2nd-order sensitivities 9’L(x)/do rdv are
obtained by particularizing Equations (160) and (179) in [5] to the PERP benchmark. The expression
obtained by particularizing Equation (179) in [5] to the PERP benchmark, takes on the following form:

@ 82[(1/):) ]
PL _ , , y
(afjafmz )(f:of,f Z fv av [, dQypMe(r, ) Z f A0 @8 (1, Q) 8- L
G
)rg [(sz) ’ 1) ’
dv |, dQu, " (r, Q) —-— A0 8 w8 (r, Q)
+g§1 fV Ln ”1,] (7’ ) afmz g/Z:1 LTL X l;b (7’ ) (153)

G G o 9 (vzp)*
+ Zl fv dVLn aQ uglzj)’g(r,ﬂ) Zlﬁm aqy 8 (r, Q) )XgLTIZ]’
§= =

for j:1/'--/](7f;m2:]af"i'l/-'-/laf_"lv-
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In Equation (153), the 2nd-level adjoint functions ul ])’g (r,Q1), and ug].)’g (rQ),j=1.... ]
g=1,...,G, are the solutions of the 2nd-Level Adjoint Sen51t1V1ty System (2nd-LASS) presented in
Equations (18)—(21) in Section 2.2.

The parameters f; and t,,, in Equation (153) correspond to the fission cross sections and the average

number of neutrons per fission, and are therefore denoted as f; = oY and Sy, = vg , respectively.

fi
Noting that,
82 ZNlm(vof)
, 8 m=1i=1
2 8 4
J [(sz) ] f’ij a[égfg’ijfmf"ij] s s s N 154
ofi0fm 81/1&"2 N 81/?"12 — Tljimy 7818 8mp 8 iy My 1 (154)
mz ﬂ‘lz

and inserting the results obtained in Equations (120), (121) and (154) into Equation (153), yields the
following simplified expression for Equation (153):

1) G
‘92—L 8my g (1),g
(aff‘;fmz )(f_dfrf_v) o jima 6g/g’”2 iy My fV dV(P (r) Z‘ X 5O (r)
+N1”’2 My i":z fv dV[ 1]03”12 Z Xg 50 )8 ( ) +(pgmz( ) Z Xguz ])0 ( )

for j=1..Jopmr=Jsr+1,.. Iof+fv-

(155)

The contributions stemming from Equation (160) in [5], in conjunction with the relations
ot
at(?;} # =5 fag}‘ , yield the following particular form for these contributions:
my OJj joTmy

2 G g
2L _ ()
(8sz9fmz )(f—ﬂf ) Z_: Jrdv i 40 Yy (n Q) =55

g 156
+Z deVLnngbz ’g(” Q) Z L dﬂl@g (r, Q" )x8 [afmz ], (156)

fOT’ ]71,...,]gf,m2 ]af+1/---/]af+]v/

where the 2nd-level adjoint functions gbl]’g(r Q), and ¢(2])’g(r 0),j=1,... Jop; §=1,...,G, are the
solutions of the 2nd-Level Adjoint Sensitivity System (2nd-LASS) presented in Equations (33), (35), (39)
and (40) in Section 2.2.

Inserting the results obtained in Equations (120) and (121) into Equation (156) and performing the
respective angular integrations yields the following simplified expression for Equation (156):

@) G
2L 58m (2),8m, 1 (1).8 Sy ().
(Hfjafmz )(f:Jf,f: ) Nlmz My flm fV avie 1]0 (r)g,zzl Xg Eo ( ) * qa ( )gzl Xgéz'j;o (r) ’ (157)
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Collecting the partial contributions obtained in Equations (155) and (157), yields the following
final expression:

(7382 o = Bl
(9sz9fmz (f_gff ) i—1 ¢9f]3fn12 (f:O.f,f:.V)

8my G g l ,
61]1n!26g]gn12 1m2 My fV dV(P ( ) Z]X é ( )

8=
- Sy G - 158
Ny g0 fvdv[ b0 a8 0 + a0 >z AU (159)

+ETE () zlxg’ag”'ﬂ )+ ol (r) z NES ()|,
g/:
fOT’ ] = 1,...,]Uf;m2 = ]Jf+1l"'1]6f+]V‘

8.3. Numerical Results for 9*L(at)/ dvdoy

The second-order absolute sensitivities, 9°L () /dvdo t, of the leakage response with respect
to the average number of neutrons per fission and fission cross sections for all isotopes of the
PERP benchmark have been computed using Equation (152), and have been independently verified
by computing 9°L(«)/do fdv using Equation (158). For this case, computing 9°L(«)/dvdo s using
Equation (152) is as efficient as computing 0°L(«) /do F0v using Equation (158) since either path requires
120 forward and adjoint PARTISN computations to obtain all the needed 2nd-level adjoint functions.

The matrix (&ZL/ij(?fmz) fvfma; =Jof+1,...,Jof + Jvima = 1,..., ] 5 of 2nd-order absolute

sensitivities has dimensions |, X ]af( 60 x 60), since Jof = Jv = GXNy = 60. For convenient
comparisons, the numerical results presented in this section are presented in unit-less values of

the relative sensitivities that correspond to (82L /0 fj8 fmz) v f=a; =Jor+ 1. Jof + Jusmy =

s iz which are denoted as S(Z)(Vf , O?k) and are defined as follows:

’

8.8

2 190
s<2>(3 g )é L R k=12 g = 1,...,30. (159)
fk (9vgz9a L
fk
The numerical results obtained for the matrix S(z)( /0% k), k=12 g,¢ =1,...,30 have been

partitioned into N¢ x N = 4 submatrices, each of dimensions G x G(= 30 x 30). The summary of the
main features of each submatrix is presented in Table 25.

Table 25. Summary presentation of the matrix S<2)(V§, G?k), k=12 g ¢ =1,..,30

Isotopes k=1 **Pu) k=2 (*°Pu)
2)(. 8 g @), 8 g
, 239 s )(Vf=1’gf/k:1) S (Vizl'gf'kzz)
i=1(*"Pu) 28 elements with absolute Max. value = 1.04 x 1071
values > 1.0 atg=12,¢' =12
2)(.8 g 2)(,,8 g
. p0 s )(Vizz'af,k:1) ! )(Vi:Z’Uf,k:Z)
i=2(""Pu) Max. value = 1.05 x 10! Max. value = 6.86 x 10~2
atg:12,g'=12 atg=12,g’=12

The 2nd-order mixed sensitivities °L(e) /dvdo s are mostly positive. Among the J, X J,f (=

60 x 60) elements in the matrix 5(2)( 3 ?k) k=12, g,¢ =1,...,30, 3557 out of 3600 elements

have positive values, and most of them are very small; however, 28 out of these 3600 elements
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have large relative sensitivities, with values greater than 1.0, as noted inTable 25. All of these larger

sensitivities reside in the sub-matrix $(2 )( Y ad Fre 1) and relate to the fission parameters for isotope

239Py. The overall maximum relative sensitivity is sl )( %2, o f 1) = 3.225. Additional details about the

sub-matrix S(z)( g iy oS ) are provided in the following section. The results in Table 25 also indicate

fkl

that all of the mixed 2nd-order relative sensitivities involving the fission parameters (either vl ', 0

f 1) of isotope 240Py have absolute values smaller than 1.0. Moreover, as shown in this table, the
elements with the maximum absolute value in each of the respectlve submatrices all involve the fission
;?:12 i=1,2o0r Gfk ,k = 1,2) of isotopes 239Py and 40Pu.

The numerical results for the elements of the submatrix S(z)(vlg:l,a? k:l) =

parameters for the 12th energy group (i.e., v

(&ZL / avg 80 Fhe 1)( ‘lg 10%11 / L), 3,8 =1,...,30, of 2nd-order mixed relative sensitivities of the
leakage response with respect to the average number of neutrons per fission and fission cross sections
of isotope ?*Pu, indicate that the majority (899 out of 900) of the elements of this submatrix have
positive 2nd-order relative sensitivities; only 1 element is negative. Table 26 presents the 28 elements

(in bold) of s(@ ( Y o e 1) 3,8 =1,...,30 which have values greater than 1.0. The largest value

among these sensitivities is attained by the relative 2nd-order mixed sensitivity 5(2)( Vio0g 1) = 3.225.

Table 26. Components of s )( fk 1) 8,8 =1,...,30 having values greater than 1.0.

Groups ¢ =6 7 8 9 10 11 12 13 14
g=6 0.188 0.210 0.175 0.210 0.218 0.203 0.314 0.218 0.140

7 0.207 1.587 0.779 0.936 0.973 0.904 1.401 0.971 0.625
8 0.179 0.801 1.227 0.804 0.836 0.776 1.203 0.834 0.537
9 0.217 0.974 0.807 1.649 1.015 0.943 1.462 1.013 0.652
10 0.228 1.023 0.850 1.018 1.767 0.990 1.534 1.063 0.684
11 0.212 0.953 0.793 0.952 0.986 1.577 1.430 0.991 0.638
12 0.328 1.470 1.223 1.469 1.527 1.414 3.225 1.530 0.985
13 0.229 1.025 0.853 1.024 1.064 0.989 1.528 1.777 0.688
14 0.150 0.671 0.558 0.670 0.697 0.647 1.002 0.691 0.910
15 0.087 0.388 0.323 0.388 0.403 0.374 0.579 0.400 0.255

9. Quantification of Uncertainties in the PERP Leakage Response Due to Uncertainties in Fission
Cross Sections

Correlations between the group-averaged microscopic fission cross sections or correlations
between these cross sections and other cross sections are not available for the PERP benchmark.
When such correlations are unavailable, the maximum entropy principle (see, e.g., [9]) indicates that
neglecting them minimizes the inadvertent introduction of spurious information into the computations
of the various moments of the response’s distribution in parameter space. The formulas for computing
the expected value, variance and skewness of the response distribution by taking into account the
2nd-order response sensitivities together with the standard deviations of the group-averaged fission
microscopic cross sections parameter correlations are as follows:

1. The expected value, [E(L)], of the leakage response L(«) has the following expression:

[E(L)]; = L(e®) + [EL)] P, (160)
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where the subscript “f” indicates contributions solely from the group-averaged uncorrelated fission
microscopic cross sections, and where the term [E(L)]j(rz’u), which provides the 2nd-order contributions,

is given by the following expression:

2 u) _ L ( ) _ _
[ 2 E E 80g 80 .|, G=30, I=6 (161)

g=1i=1 fi

¢ denotes the standard deviation associated with the imprecisely

In Equation (161), the quantity s ¥

known model parameter 0? -

2. Taking into account contributions solely from the group-averaged uncorrelated and
normally-distributed microscopic fission cross sections (which will be indicated by using the superscript

“(U,N)” in the following equations), the expression for computing the variance, denoted as [Var(L)]}u’N),
of the PERP leakage response has the following form:
[Var(L)]J((u’N) — [var (L)] j}f”’N) + [var (L)}ff“fN), (162)
where the first-order contribution term, [var (L)}J(,l’u'N), to the variance [Var(L)]j(,u’N) is defined as
auN) . v v | L(a) ’ ¢\
[var (L)) £ Y)Y, ~3 (s f,l,) , G=30, =6, (163)
g=1i=1 i
while the second-order contribution term, [var (L)]J(}’U'N), to the variance [Var(L)]}((u’N) is defined as
2
G LI » 2
2 UN) » IL() (g — —
[var (L 2 Z Z[&ag o7 ( f/l,) , G=30, [=6. (164)
= = 1
3. Taking into account contributions solely from the group-averaged uncorrelated
normally-distributed fission microscopic cross sections, the third-order moment, [yg(L)]J(IU’N), of
the leakage response for the PERP benchmark takes on the following form:
[z (L)) 3i i L) | FLw) ( )4 G=30, [=6 (165)
= S , = , = 0.
Hotms =11 &Of 80?18%1

As Equation (165) indicates, if the 2nd-order sensitivities were unavailable, the third moment

[us(L)] (ULN) vould vanish and the response distribution would by default be assumed to be Gaussian.

f

4. The skewness, )1 (L)}J(CU'N), due to the variances of microscopic fission cross sections in the
leakage response, L, is defined as follows:

3/2
@I = (@) var (@) ) (166)

The effects of the first- and, respectively, second-order sensitivities on the response’s expected
value, variance and skewness can be quantified by considering typical values for the standard deviations
for the uncorrelated group-averaged isotopic fission cross sections, using these values together with
the respective sensitivities computed in Section 2 in Equations (161)-(166). The results thus obtained
are presented in Table 27, considering uniform parameter standard deviations of 1%, 5%, and 10%,
respectively. These results indicate that the effects of both the 1st- and 2nd-order sensitivities on the
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expected response value, standard deviation and skewness are small, which is not surprising in view
of the small values for the 1st- and 2nd-order sensitivities already presented in Tables 2 and 3.

Table 27. Comparison of Response Moments Induced by Various Relative Standard Deviations

Assumed for the Parameters ¢% , i =1,2; g =1,...,30.

i
Relative Standard Deviation 10% 5% 1%

[E(L)]](,z’u) 3.7191 x 10* 9.2976 x 103 3.7191 x 102

L(a®) 1.7648 x 10° 1.7648 x 10° 1.7648 x 10°

[E(L)]; = L(a) + [E(L)]f’”) 1.8020 x 10° 1.7741 x 10° 1.7652 x 106

[var (L )}J(} ALN) 95932101 23983 x 1010 9.5932 x 108

[var (L )}/(3 ALN) 5.4830 x 108 3.4269 x 107 5.4830 x 10*

[Var(L)]J([u’N ) = [var (L )¢ (LUN) 4 [var (L)]ff’“’N ) 9.6480x 1010 2.4017 x 1010 9.5938 x 108

[y3(L)]j§”'N 35136 x 1015 2.1960 x 1014 35136 x 1011

@I = @) /{[Var(L)}}U’N >}3/2 0.1172 58999x 102 1.1824x 102

The relative effects of uncertainties in the fission cross sections can be compared to the
corresponding effects stemming from the total and, respectively, scattering cross sections, by considering
standard deviations of 10% for all of these cross sections and by comparing the corresponding results
shown in Table 27 with the corresponding results presented in Table 25 of Part I [1] and Table 19 of Part
I1[2]. This comparison reveals that the following relations hold:

[EL)*Y = -1.3473x 10* < [E(L )}j(f'“) — 37191 x 10* < [E(L)]*") = 45980 x 10°,

LU,N)

[var (L)]{"MN) = 12379 x 1010 < [var (L)] MY = 95932 x 100 < [var (L)) ""N) = 3.4196 x 1012,

f

var (L)]?) = 4.3207 x 107 < [var (L)}J([Z) — 54830 x 108 < [var (L)]®) = 2.8789 x 10'3,

’[Vl (L)) N )‘ = 3.5595 x 1073 < [y (L))"

f

The above relations indicate that the contributions to the leakage response moments stemming
from the group-averaged uncorrelated microscopic fission cross sections are much smaller than the
corresponding contributions stemming from the group-averaged uncorrelated microscopic total cross
sections but are much greater than the corresponding contributions stemming from the group-averaged
uncorrelated microscopic scattering cross sections.

It is important to note that the results presented in Table 27 consider only the standard deviations
of the group-averaged microscopic fission cross sections, since correlations between these parameters
are unavailable. On the other hand, the results presented in Section 3 indicated that the largest values
are displayed by several mixed 2nd-order sensitivities of the leakage response with respect to the total
and fission cross sections, which are by several times larger than the values of the unmixed sensitivities.
Recall that the following sensitivities have absolute values larger than 1.0: (a) 11 elements of the

U,N)

— 01172 < [y1(1)){"N) = 0.3407.

matrix S(z)( ? 197, 1) g8 ,h=1,...,30, presented in Table 4, in which only one of them is included

in the above computations; (b) 35 elements of the matrix 5(2)( f O ) 2,8 ,h=1,...,30, presented

in Table 5; (c) 1 elements of the matrix s >( 0%1/0 ) 3,8, h=1,...,30, as listed in Table 5; (d) 48
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elements of the matrix S >( f 10 ) 3,8 =1,...,30, presented in Table 5. However, the effects of

these sensitivities on the uncertamtles in the response distribution can be taken into account only if the
corresponding correlations among the various model parameters were available.

10. Uncertainties in the PERP Leakage Response Stemming from Uncertainties in the Average
Number of Neutrons per Fission

The correlations between the average number of neutrons per fission are unknown, so these
parameters will be assumed to be uncorrelated, since this assumption is the least biased, according
to the maximum entropy principle [9] in avoiding the introduction of spurious information in the
uncertainty quantification computations. Similar to those formulas presented in Section 9, upto
2nd-order response sensitivities, the expected value, [E(L)],, of the leakage response L(«) has the
following expression:

[E(L)], = L() + [EL)]PY, (167)

// ”

where the subscript “v” and superscript “U” indicate contributions solely from the group-averaged
uncorrelated parameters underlying the average number of neutrons per fission, and where the term [E (L)]ﬁz’u),

which provides the 2nd-order contributions, is given by the following expression:

PL(x
G=30, I=6. 168
[E(L))” zgzllzavgav (168)

In Equation (168), the quantity Sﬁ,i denotes the standard deviation associated with the imprecisely
known model parameter v‘ig .

Considering contributions solely from the group-averaged uncorrelated parameters underlying
the average number of neutrons per fission, the expression for computing the variance, denoted as

[var(L)]l(/u’N), of the PERP leakage response has the following form:
[var(L)]{*N) = [var (L))" + [var (L)) >4, (169)

In Equation (169), the term [var (L)]l(/l’u’N) denotes the first-order contributions to the variance
[Var(L)]f/u’N) and is defined as follows:

1UN R & o
[var (L —Z::;

2
l sg. , G=30, =6, (170)

while the second-order contribution term, [var (L)]1(/2’U’N) to the variance [var(L)]f,u’N) is defined
as follows:

, G=30, [=6. 171)

Again, taking into account contributions solely from the group-averaged uncorrelated parameters
underlying the average number of neutrons per fission, the third-order moment, [u3 (L)]l(/u’N), of the
leakage response for the PERP benchmark takes on the following form:

G I
s = 32 Z
— 5

As Equation (172) indicates, if the 2nd-order sensitivities were unavailable, the third moment

81/g 81/

} L (o )(s ), c=30, I=6. (172)

[y?,(L)]f/u/N) would vanish and the response distribution would need, by default, to be assumed to
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be Gaussian. The skewness, [y1(L )](UN) of the leakage response, L, which indicates the degree of
the distribution’s asymmetry with respect to its mean, due to the variances of the average number of
neutrons per fission, is defined as follows:

@I = [ @)Y /{var @) EN) (173)

Table 28 shows the results computed using Equations (167)—(173) together with the 1st- and
2nd-order respective sensitivity values presented in Section 5.3, for uniform parameter standard
deviations of 1%, 5%, and 10% of vlg ,i=1,2, g=1,...,30, respectively.

Table 28. Comparison of Response Moments Induced by Various Relative Standard Deviations
Assumed for the Parameters v ,i=1,2,¢=1,...,30.

Relative Standard Deviation 10% 5% 1%
[E(L))2W 1.0659 x 10° 2.6647 x 10* 1.0659 x 102
(o) 1.7648 x 10° 1.7648 x 10 1.7648 x 10°
[E(L)], = L((xo) + [E(L)|*WD 1.8714 x 10° 1.7915 x 100 1.7659 x 10°
[var (L)) (4N 1.8649 x 1011 4.6623 x 1010 1.8649 x 10°
[var (L)]#4N) 2.9566 x 10° 1.8479 % 108 2.9566 x 10°
war(L))MN) = [var (L)Y + fvar (L)) 4N 1.8945 x 1011 4.6807 x 1010 1.8652 x 10°
[us(L)]UN) 1.5540 x 1016 9.7125 x 1014 1.5540 x 1012
D (L)) = [ua(L)) ) /{[var(L)]guM}m 0.1885 95909x102 19291 x 102

The relative effects on the leakage response of uncertainties in the average number of neutrons per
fission can be compared to the corresponding effects stemming from the fission and total cross sections.
A final comparison, with corresponding conclusions, will be made after all of the 2nd-order sensitivities
of the PERP leakage response to the PERP benchmark’s underlying nuclear data are obtained. Thus,
comparing the results shown in Table 28 for standard deviations of 10% with the corresponding results
presented in Table 27 for the fission cross sections and Table 25 of Part I [1] for the total cross sections
reveals that:

[E(L)]J(f'u> — 37191 x 10* < [E(L)]"Y) = 1.0659 x 10° < [E(L)]*") = 4.5980 x 106,

[var (L) "HN) = 95932 x 1010 < [var (L)] M) = 1.8649 x 10" < [var (L))""N) = 3.4196 x 1012,

f
[var (L)]%?) = 5.4830 x 108 < [var (L)]*"N) = 2.9566 x 10° < [var (L)]\>""N)

p =2.8789 %103,

(UN) _

(@) = 01172 < [ (L)) N = 0.1885 < [y (L)Y = 0.3407.

f

The above comparisons indicate that the contributions to the leakage response moments stemming
from the group-averaged uncorrelated parameters underlying the average number of neutrons per
fission are much smaller than the corresponding contributions stemming from the group-averaged
uncorrelated microscopic total cross sections but are bigger than the corresponding contributions
stemming from the group-averaged uncorrelated microscopic fission cross sections. Again, it is
important to note that the results presented in Table 28 consider only the standard deviations of the
uncorrelated parameters underlying the average number of neutrons per fission, since correlations
between these parameters are unavailable. On the other hand, the results presented in Sections 5-7
indicated that the largest values are displayed by several mixed 2nd-order sensitivities of the leakage



Energies 2019, 12, 4100 56 of 68

response with respect to v and o}, and with respect to v and oy, which are much larger than the values
of the unmixed sensitivities. Recall that the following sensitivities have absolute values larger than

1.0: (a) 52 elements of the matrix s (vf, v‘fl ), 3,8 ,h=1,...,30, as summarized in Table 15; only 6 of

these are included in the computations leading to the results shown in Table 28; (b) 72 elements of the

matrix S(?) (v‘f ,0 t,,l ), 3,8, h=1,...,30, presented in Table 17; (c) 7 elements of the matrix s@ (v‘f , af; ),

3,8 =1,...,30 as listed in Table 18; (d) 99 elements of the matrix S(Z)(vf, 05,6), g9 =1,..30

presented in Tables 19 and 20; (e) 1 element of the matrix s(2) (vg, Uf;), 3,8 =1,...,30 presented in

’

Section 6.3.4; and (f) 28 elements of the matrix S(z)(vle, af; k:l)’ g, 8 =1,...,30 presented in Table 26.
However, the effect of these large sensitivities on the uncertainties in the response distribution cannot
be considered presently because the corresponding correlations among the various model parameters

are not available.

11. Conclusions

This work has presented results for the first-order sensitivities, JL(e) /do s, and the second-order
sensitivities 0*L(a) /do fdo ¢ of the PERP total leakage response with respect to the group-averaged
microscopic fission cross sections, and the mixed second-order sensitivities 9°L(cx)/ dogdoy and
PL(x)/do 700 of the leakage response with respect to the group-averaged microscopic fission/total
cross sections and corresponding fission and scattering cross sections. In addition, this work has
also presented results for dL(cx) /dv and 9°L () /dvadv, i.e., the first- and, respectively, second-order
sensitivities of the PERP total leakage response with respect to the parameters underlying the
benchmark’s average number of neutrons per fission, as well as results for the mixed second-order
sensitivities for 9°L( o) /dvdoy, °L()/dvdos, and I*L(x)/dvdc 1z

For the sensitivities with respect to the fission cross sections, the following conclusions can be
drawn from the results reported in this work:

1.  TheIst-order relative sensitivities of the PERP leakage response with respect to the group-averaged
microscopic fission cross sections for the two fissionable PERP isotopes are positive, as shown in
Tables 2 and 3, signifying that an increase in o i i=1,2;, ¢g=1,...,30 will cause an increase
in the PERP leakage response L (i.e., more neutrons will leak out of the sphere). The 2nd-order
unmixed relative sensitivities of the PERP leakage response with respect to the group-averaged
microscopic fission cross sections are positive for the energy groups g = 7, ..., 15, but are negative
for the other energy groups;

2. Comparing the results for the 1st-order relative sensitivities to those obtained for the 2nd-order
unmixed relative sensitivities for isotope 1 (¥%Pu) indicates that the values of the 2nd-order
sensitivities are close to, and generally smaller than, the corresponding values of the 1st-order
sensitivities for the same energy group, except for the 12th energy group, where the 2nd-order
relative sensitivity is larger. For isotope 2 (***Pu), the values for both the 1st- and 2nd-order
relative sensitivities are very small, and the values of the 2nd-order unmixed relative sensitivities
are at least an order of magnitude smaller than the corresponding values of the 1st-order ones.
The largest values of the 1st-order and 2nd-order relative sensitivities are always related to the
12th energy group for both isotopes 23?Pu and ?4°Py;

3. The Ist-order relative sensitivities with respect to the fission cross sections are up to 50% smaller
than the corresponding values with respect to the total cross sections, and are approximately one
order of magnitude larger than the corresponding 1st-order relative sensitivities with respect
to the Oth-order scattering cross sections for isotope 22Pu. Likewise, the absolute values of the
2nd-order unmixed relative sensitivities with respect to the fission cross sections are 50-90%
smaller than the corresponding values with respect to total cross sections but are approximately
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one to two orders of magnitudes larger than the 2nd-order sensitivities corresponding to the
Oth-order scattering cross sections for 23Puy;
4. The 2nd-order mixed sensitivities 9*L(cx) /do (9 ¢ are mostly positive. Among the Jo¢ X Jof (=

60 x 60) elements in the matrix S(z)( J% fk)’ ik=1,2¢4 =1,...,30, 11 elements have

relative sensitivities greater than 1.0. All of these 11 large sensitivities belong to the submatrix

S(z)(ofi v U?l ), and involve the 12th energy group of the fission cross sections of isotope 2*Pu; the

largest of these sensitivities is 5(2)( 1.348. The values of the mixed 2nd-order relative

fl’“fl)

sensitivities involving the fission cross sections of isotope 24°Pu are all smaller than 1.0;
5. The 2nd-order mixed sensitivities 9°L(cx) /do rdor are mostly negative. Among the J,¢ X Jot (=

60 x 180) elements of the matrix s(2 )( f Y g ) i=12k=1,...,6;3,8 =1,...,30, 84 elements

belonging to the submatrices s (0?1, a‘i’t,l ), s(2) (ajgf 10 ) and S )( o

greater than 1.0. These 84 large sensitivities involve the fission cross sections of isotope ?*Pu,
and the total cross sections of isotopes 2*Pu, C and 1H. The largest (negative) relative sensitivity

10 ) have absolute values

is 52 )( o 030) —13.92. The mixed 2nd-order relative sensitivities involving the fission cross

sections of the isotope 24’Pu or the total cross sections of isotopes 2*'Pu, 69Ga and 71Ga have
absolute values smaller than 1.0;

6. The J;r X Jos (= 60 % 21,600) dimensional matrix s )( 0% 0 g,_)h) comprises more elements
having positive (rather than negative) values when involving even-orders (I = 0,2) scattering
cross sections, and vice-versa when involving odd-orders (I = 1,3) scattering cross sections.
Overall, however, the total number of positive elements in this matrix is comparable to that

of negative elements in the sensitivity matrix. As shown in Tables 8-11, in each submatrix of

(2)( fz af,,l;h),l =0,...,3%i=1,2k=1,...,6; g, ¢, h=1,...,30, the largest absolute values
of the 2nd-order relative sensitivities corresponding to even-order scattering parameters are all

positive, while those corresponding to odd-orders scattering parameters are all negative;

7. The absolute values of all the J;¢ X Jos (= 60 x 21,600) elements of the matrix S(Z)( f; ., ‘Sg l;)h)
are less than 1.0, and the vast majority of them are very small; also, the higher the order
of scattering cross sections, the smaller the absolute values of these sensitivities. Also, it is

observed that the largest absolute value of the 2nd-order relative sensitivities in each submatrix

of s )( 0% ,ogl;’h) 1=0,...,3i=12k=1,...,6; g,¢',h = 1,...,30, generally involve the

fission cross sections for the 12th energy group of isotopes 23?Pu or?*Py, and the self-scattering
cross sections in the 12th or 7th energy group for all isotopes. The largest sensitivity comprised

in S(z)( Jg; ’Ogl:h) is (2 )( fr 112, 01%_’(1)21) = 3.03%x1071 i.e., the 2nd-order mixed sensitivity of
the PERP leakage response with respect to the 12th energy group of the fission and Oth-order
self-scattering cross sections of isotope ?*Pu;

8.  The alternative paths for computing the mixed 2nd-order sensitivities, which are due to the
symmetry of these sensitivities, provide multiple reciprocal “solution verifications” possibilities,
ensuring that the respective computations were performed correctly. However, one of the
alternative paths is much more efficient computationally than the other. For example, computing
PL(x)/do fdoy is around 3 times more efficient than computing alternatively the symmetric
sensitivities 9°L(«)/do1dos. Also, computing 9°L(«)/do sdo; is about 60 times more efficient
than computing alternatively the sensitivities d°L(«)/dosdo;

9.  Many mixed 2nd-order sensitivities of the leakage response to the group-averaged fission and total
microscopic cross sections are significantly larger than the unmixed 2nd-order sensitivities of the
leakage response with respect to the group-averaged fission microscopic cross sections. Therefore,
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it would be very important to obtain correlations among the various model parameter, since the
correlations among the respective fission and total cross sections could provide significantly larger
contributions to the response moments than the standard deviations of the fission cross sections.

For the sensitivities with respect to the parameters underlying the average number of neutrons

per fission, the following conclusions can be drawn from the results reported in this work:

10.

11.

12.

13.

14.

15.

The 1st-order relative sensitivities of JL(e)/dv for the two fissionable PERP isotopes are positive,
as shown in Tables 13 and 14, signifying that an increase in vf ,1=1,2; g¢=1,...,30 will cause
an increase in the PERP leakage response L. The 2nd-order unmixed relative sensitivities of the
leakage response with respect to the average number of neutrons per fission are also positive;
Comparing the results for the 1st-order relative sensitivities of dL(«)/dv to those 2nd-order
unmixed relative sensitivities for isotope 1 (¥°Pu) indicate that, for energy groups g =7,...,14,
the values of the 2nd-order unmixed sensitivities are significantly larger than the corresponding
values of the 1st-order sensitivities for the same energy group, and they are smaller for other energy
groups. For isotope 2 (3*°Pu), the values for both the 1st- and 2nd-order relative sensitivities are
all very small, and the values of the 2nd-order unmixed relative sensitivities are at least an order
of magnitude smaller than the corresponding values of the 1st-order ones. The largest values of
the 1st-order and 2nd-order unmixed relative sensitivities are always related to the 12th energy
group of the parameters underlying the average number of neutrons per fission for both isotopes
239Pu and 2Py;

The 1st-order relative sensitivities of JL(«x)/dv are comparable to the corresponding values
with respect to the total cross sections for energy groups g = 7,...,12, but for energy groups
g =13,...,22, they are considerably smaller. On the other hand, the 1st-order relative sensitivities
of dL(ex)/dv are 30% to 50% larger than the corresponding values to JL(«)/day for 2*Pu.
Likewise, the values of the 2nd-order unmixed relative sensitivities with respect to the average
number of neutrons per fission are significantly smaller than the corresponding values with
respect to total cross sections, but larger than the corresponding values with respect to fission
cross sections;

The 2nd-order mixed sensitivities 9°L( ) /dvdv are all positive. Among the J,, X ], = (60 X 60)

elements in the matrix S(z)(vl?g, vil ), ik =12 g¢ =1,...,30, 52 elements have relative

171
and involve the parameters underlying the average number of neutrons per fission of isotope
239Py, The largest of these sensitivities is $(2) (V%z, v%z) = 2.963. The values of the mixed 2nd-order
relative sensitivities involving the parameters underlying the average number of neutrons per
fission of isotope 24°Pu are all smaller than 1.0;

sensitivities greater than 1.0. All of these 52 large sensitivities belong to the submatrix s (vg v ),

The 2nd-order mixed sensitivities 9°L()/dvdo; are mostly negative. Among the [, X Jot (=

10,800) elements of the matrix S(z)(vf, a‘f;(), i=1,2k=1,...,6; 3,8 =1,...,30, there are 179

elements belonging to the submatrices s(2) (Vf ,a‘f,,l ), s(2) (Vf, ofls) and S(z)(v‘l‘Z , af;) which have
absolute values greater than 1.0; 178 of these large sensitivities involve the parameters underlying
the average number of neutrons per fission of isotope 23Pu, and the total cross sections of isotopes
299Py, C and 1H. The largest (negative) relative sensitivity is 5(2)<v%2, of’,%) = —19.29. In addition,
the mixed 2nd-order relative sensitivities involving isotopes 24°Pu, 69Ga and 71Ga generally have

absolute values smaller than 1.0;

The ], X Jss (= 60 % 21,600) dimensional matrix S(z)(vlg , of;;h) comprises more elements having

positive (rather than negative) values for even-orders (I = 0, 2) scattering cross sections and
vice-versa when involving odd-orders (I = 1, 3) scattering cross sections. Overall, however, this
matrix contains about as many positive elements as negative ones. As shown in Tables 21-24,
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in each submatrix of S(z)(vlg,afl;)h), 1=0....3i=12k=1,..6 g5 h=1,..30,
the largest absolute values of the 2nd-order relative sensitivities corresponding to even-order
scattering parameters are all positive, while those corresponding to odd-orders scattering

parameters are all negative;

16. The absolute values of all the [, X J,5 (= 60 x 21,600) elements of the matrix s (v? , asg,l;h) are
less than 1.0, and the vast majority of them are very small; also, the higher the order of scattering

cross sections, the smaller the absolute values of these sensitivities. Furthermore, it is observed
that in each submatrix of S(2)(v§,o§l;h), 1=0,...3i=12k=1,...,6; g,¢ ,h=1,...,30
the largest 2nd-order relative sensitivities generally involve vf for the 12th energy group of
isotopes 2Pu or?4’Pu, and the self-scattering cross sections in the 12th or 7th energy group for all
isotopes. The largest 2nd-order sensitivity comprised in s (v;g , af,,l;h) is §(2) (v“lg =2 oﬁ;’}szl) =
4.65x107;

17.  The 2nd-order mixed sensitivities 9°L(cx) /dvdo ¢ are mostly positive. Among the J, X J,f (=

8 58
i’Cfk)
relative sensitivities greater than 1.0. All of these 28 large sensitivities belong to the submatrix

60 x 60) elements in the matrix s (V k=12 g =1,..,30, 28 elements have

S(z)(vig:l,aj% =1 ), and relate to the average number of neutrons per fission of isotope 2*Pu.

The largest of these sensitivities is S (2)(1/%2, 0}21) = 3.225. The values of the mixed 2nd-order

relative sensitivities involving isotope 24°Pu are all smaller than 1.0;

18. Many mixed 2nd-order relative sensitivities in the matrices S(z)(vf,vf ), S(Z)(Vf, o‘fk) and

S(Z)(vig, o?lk) are significantly larger than the unmixed 2nd-order sensitivities of the leakage

response with respect to the parameters underlying the average number of neutrons per fission.
Therefore, it would be very important to obtain correlations among the average number of
neutrons per fission, total and fission cross sections, so that significantly larger contributions from
those mixed sensitivities to the response moments can be accounted for.

Subsequent works [10,11] will report the values and effects of the 1st-order and 2nd-order
sensitivities of the PERP’s leakage response with respect to the group-averaged source parameters,
fission spectrum, and isotopic number densities, along with the overall conclusions and implications
of this pioneering and uniquely comprehensive 2nd-order sensitivity analysis and uncertainty
quantification of the PERP reactor physics benchmark.
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Appendix A. Definitions of PERP Model Parameters

As presented in Part I [1], the components of the vector of 1st-order sensitivities of the leakage
response with respect to the model parameters, denoted as S («), was defined as follows:

. |9L(a) JL(a) JL(a) JL(a) JL(«) JL(x) JL(«x) ¥
| dor " dos " doyp’ v’ dp ' dq ' ON |’

s («) (A1)

The symmetric matrix of 2nd-order sensitivities of the leakage response with respect to the model
parameters, denoted as s (a), was defined as follows:

[ °L(«)
(90',590'[
PL(x) L)
0500 00500
PL(a)  PL(x) PL(x)
dosdor dogdos  Jojdog
2) . PL(x) L) PL(x) L) . . .
S () =| 9vio, vdos Ivdo;  Ivov : (A2)
?L( ) %L( ) PL(x)  ?L(x) *L(x)

dpdoy dpdos dpdoy dpdv dpdp

L) L) PL(ax) L) *L(x) L)
dqdo dqdos Jdqdoy dqov dqdp dJqdq
?L( ) ?L( ) PL(x) L) PL(«x) PL(x) L)
dNdo; dNdo INdo ¢ JINdv JdNdp dNdq INON

* * * * * *

* * * * *

* * * *

* *

*

As defined in Equation (1), the vector o = [O't ;0 08V, P q; N]Jr denotes the “vector of imprecisely
known model parameters”, with vector-components oy, 05, o V. P q and N, comprising the various
model parameters for the microscopic total cross sections, scattering cross sections, fission cross sections,
average number of neutrons per fission, fission spectra, sources, and isotopic number densities, which
have been described in Part I [1]. For easy referencing, the definitions of these model parameters will
be recalled in the remainder of this Appendix.

The total cross section Ztg for energy group g, ¢ =1,...,G, is computed for the PERP benchmark
using the following expression:

M=2 1 1 G
g _ g . v8§ _ 8 _ |8 g g—g _
5= ) T T = Y Niwoh, = ) Nigo$ +05,+ ) o878 | m=12, (A3)
m=1 i i g'=1

8
f

group microscopic fission and neutron capture cross sections for group g, g = 1,...,G. Other nuclear
reactions are negligible in the PERP benchmark. As discussed in Part I [1], the total cross section
Zf - Z‘f (t) will depend on the vector of parameters t, which is defined as follows:

where m denotes the materials in the PERP benchmark; o ; and of ; denote, respectively, the tabulated

A + A + A
tz[tl,...,t]t] :[tl,...,t]gt,’l’ll,...,n]n] Z[(Tt;N]+, Jt = Jor + Jn, (A4)
where N
A A +
N = [nl,. . .,Tl]n] = [N1/1,Nz/l,N3,1,N4I1,N5,2,N6,2} , Jn=6, (A5)
t +
A a1 2 G 8 1 G
o = [tl,...,t]gt] = [Gt,izl’gt,izl""’Gt,izl""’Gt,i""’ot,izl’ . "’Gt,izl] , (A6)

i=1,...,1=6¢g=1,...,G=30; Jot =IXG.

In Equations (A4)—(A6), the dagger denotes “transposition,” af, ; denotes the microscopic total
cross section for isotope i and energy group g, N; ,, denotes the respective isotopic number density, and
Ju denotes the total number of isotopic number densities in the model. Thus, the vector t comprises a
total of J; = Jor + Ju = 30 X 6 + 6 = 186 imprecisely known “model parameters” as its components.
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The scattering transfer cross section Zf,_)g (Y — Q) from energy group ¢, ¢ =1,...,G into
energy group §, § = 1,...,G, is computed using the finite Legendre polynomial expansion of order
ISCT = 3:

= M= N
W -s0)= Y zg Sy - 0),

= e' scres . (A7)
LA - 0)= Y Ny ¥ (241) o P -Q), m=1,2,
i=1 1=0 "

where of 178 denotes the I-th order Legendre-expanded microscopic scattering cross section from
energy group g’ into energy group g for isotope i. In view of Equation (A7), the scattering cross
section ¥ ¥ (Q — Q) — Xf 7¥(s; ' — Q) depends on the vector of parameters s, which is defined

as follows:
A LA +
s = [sl,...,s]s] 2 [51,...,5155;111, N, ] [os; N, Js = Jos + Ju, (A8)

O VPN N o o i O o Oy S oL B0 U
1=0,...,ISCT; i=1,....,I, §¢ =1,...,G; Jos = (GXG) xIx (ISCT+1).

The expressions in Equations (A7) and (A3) indicate that the zeroth order (i.e., I = 0) scattering
cross sections must be considered separately from the higher order (i.e., [ > 1) scattering cross sections,
since the former contribute to the total cross sections, while the latter do not. Therefore, the total number
of zeroth-order scattering cross section comprise in o5 is denoted as [ —o, Where J;5;—0 = GX G X [;
and the total number of higher order (i.e., | > 1) scattering cross sections comprised in o5 is denoted as
Jos,>1, Where [ 151 = G X G XIXISCT, with [51=0 + J55,1>1 = Jos- Thus, the vector s comprises a total
of Jos + Jn =30%x30 % 6 X (3+ 1) + 6 = 21606 imprecisely known components (“model parameters”).

The transport code PARTISN [4] computes the quantity (VZ f)g using directly the quantities (vo)3

fr
which are provided in data files for each isotope i, and energy group g, as follows

M=2
=) =) (=) () ZNlmvaf (A10)

m=1

In view of Equation (A10), the quantity (VZ f)g - (VZ f)g (£, ) depends on the vector of parameters
f, which is defined as follows:

A + A 1‘
£2[firee flpi Bt oos Bt fioginrtro fi] 2 [0 VNl Jp = Jop+To+Tn (ALD)

where

.}.
1 2 G 8 1 G S
oy = [fz 1’ofi 1"'"Gf,i:l""’Of,i"'"of,isz""’Of,i:Nf] _[fl""’f]tff] ’ (A12)
i=1,. Nfr =1,...,G ]ngGXNf,

;
a1 2 e g 1

v < [vizl’vizl"'"vizl""’vi”"’Vi:Nf""’ Z Nf] [f](,f+1, : /f]ngv] , (A13)

i:1,...,Nf; gzl,...,G; ]VIGXNf,

and where 0]8(,1. denotes the microscopic fission cross section for isotope i and energy group g, vlig denotes
the average number of neutrons per fission for isotope i and energy group g, and Ny denotes the
total number of fissionable isotopes. For the purposes of sensitivity analysis, the quantity vf , can
be obtained by using the relation 15, = (v G)?i/ G?i' where the isotopic fission cross sections o

fi fi

available in data files for computing reaction rates.

are
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The quantity x¢ in Equation (3) quantifies the material fission spectrum in energy group g, and is
defined in PARTISN [4] as follows:

Z X f‘ (Vof> /fg G
e ;o with Y xE =1, (A14)
f G g’ g/
L Nim X (Vaf)i f;

i=1 g'=1

’

Xgé

where the quantity )(Zig denotes the isotopic fission spectrum in energy group g, while the quantity fig
denotes the corresponding spectrum weighting function.

Appendix B.

The sensitivities presented in this work have been computed by specializing the general expressions
derived by Cacuci [5] to the PERP benchmark. For easy reference, the equations from Ref. [5] used in
this work are reproduced in the following:

Equation (149) in [5]:
AW ()M (r, Q) £ —Q-VYE(r, Q) + );f(tg; r) (V8 (r, Q)
B LA (s 0 o ) g0 (6, Q) —vES(En) § [ aer e (pe )y ). (A1)
&' =14rn 8'=l4n
Equation (150) in [5]:
IR, @; IX8(t;
( (P Zfdvf dQ W8 (r, Q)8 (1, Q)%, i=1,...] (A16)
j
Equation (152) in [5]:
BR(oc,(p;lb , [(sz)g’ (fir)] , , N
—aF = Z deLndﬂlp S(r, QY) Z L aqQ’ a—fj)(g_)g(p;r)(pg (r,Q),j=1,...,]5 (Al7)
Equations (156) and (157) in [5]:
8
ADS ()8 (r,0) =) (d1,0), g=1,...,G, (A18)
d
Y2 (x;,0) = 0,1, € IV, Q-n > 0. (A19)
Equation (158) in [5]:
G 2
PR _ , I EE(tr0)
by = _ggl [ v f, dQps (x, Q)g8 (r, 0) 55
IZ8 (tr,Q) (A20)

G
- Z'1 fde” aq [I’bfj)’g(r’nm(l)’g(r’n) + ¢§/2j)/g(r,ﬂ)(p8(r,ﬂ)] atm,z, ’
g:
for j=1,...,Jpmy=1,..., ]
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Equation (159) in [5]:

PR _ ’ 95878 (s;1,0-0)
Ty = Zfdvﬁmdmpl] (rQ fdn g (r, () 22— (50020

asmz

G
, ’ ’ N 1, Q) — 0 A21
+ZldeLndQ¢2’j (1, Q) lemdﬂ of (1, ) 2S00 5;;2 ), (A21)
8= Q=

for j=1,...,Jpmy=1,...,]s.

Equation (160) in [5]:

G ) G D N o (vZs)® (£1)
2= v 05 £ [ ares (s 1)

G
)8 o (vzs)* (£ r> o o (A22)
+g§1f AV [ 400, % (02) B Z f4 40y 88 (p;r)p V8 (502),
fOI’ ]: 1L,..., ] my= 1,,]f
Equations (164)—(166) in [5]:
X8 (t; )
L)y 28, 0) = —gt(e ) WD o g —1,G, (A23)
]
x8(tr) .
AV (e 0) = Vs G Gy e g, (A24)

j

P2, 0) =0, 0 <09 ¥ (1,0) =0, 00> 01 € IV; j=1,...,J; g =1,...,G.  (A25)

Equat1on (167) in [5]:
9> _ (2 ) I8 (tr, Q)
95,'95.12 - Z‘ deL dﬂ[ (e, Q)8 (r, Q) + 0, f(r, Q)i (r, Q>]t’9fT’ (A26)
fOT'j—l ]S/ WI2—1 ]t-
Equation (169) in [5]:

G
_JPR (2)g [(VEf) ] /e ’ ’
3,0y _gglfdvﬁ;ndﬂ 61 (r,ﬂ)f—mz L f4 dqy 828 (p; 1)y (V8 (1,0

\: G ’ ’ , vZ (1) A27
* Z‘1 deL“ 40 Gg?]?’g(r,ﬂ) 21 Ln dQ’(Pg (r’Q )Xg _)g(P} T)[(+12], ( )
8= gr=

for j=1,....]s my=1,...,Jf.

Equations (173) through (175) in [5]:

G §=8(c.. O

oz (51, 5 Q) .

L8(a)0® 8 (r,0) = ) fdﬂ’ O )(pg (), j=1...,Js8=1,...,G, (A28)
] =1 4Am &S]

e ), & I N osd 8 (sra-0) o
A(l)é(ch)@zJ_ 8(r, Q) = ,2:1 Lo Y& (r, 0 )3—5],, i=1....Js¢=1,...,G, (A29)

2), )
GE/J?g(rS,Q)—O Q- n<0,6£]) (1,9 =0,Q-n>01€dV;j=1,...,.J;¢=1,...,G.  (A30)
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Equation (177) in [5]:
P , , 2.8 %8 (b1, Q)
= z [V [, a0 )y (5, 0) 4l S e )| B,
for ]:1,...,]f, my=1,..., ]
Equation (178) in [5]:
G , b 95578 (55,0507
W% = z Jav |, dou (r,Q)g,Z::andQ ple (r, ) =R
, o ey ZE S (s A32
+1 fav Lﬂdmg; 00) ¥ [ a0 (o) Z G, (432
8= 8=
for jzl,...,]f;mzzl,...,]s.
Equation (179) in [5]:

[(vZf) (£ r)]

G G
22 _ , ’ 9 ’ ! — .
—afja}zmz = g§1 deLn dQ 1‘[}(1) g(r,Q) Z L dQ (pg (I‘, Q )Xg g(p, ) Qf]afmz

G v
+ 21 [av |, do uf].)'g (r,Q)% z Ln Ay x8~8 (p; 1) (V8 (x, ')
g=

G G /7 ’
+ ZldeLn aQ ug)’g(r,ﬂ) 21L” QY o8 (r, Y )x8 8 (p; r)
g: g/:

for j=1,...

8[ vZf (f r)]

y —

/]
r]f;mZ = 1//]f

Equations (183)-(185) in [5]:

3[(v):f)gl (f;r)]

G ’ J .
Lg(oco)uglzj)’g(r,ﬂ) = Zlﬁm Ay 8 (r, V) x8 _’8(p0;r)a—f]_,] =1....]pg=1...,G
g/:

ADS(o)ul) S (r, ) = M X i d0rys () xS (p%1), j=1,.... ] g=1,...,G,

2,j

2,j

Nomenclature
Symbols

A

ar, by

B

ES

[E(L)]a

[E(L)) Y
FF

fj/ fmz
G

I
Jn
Iy
Iq
]af
Jos

w28 (x,0) =0, Q- n>0u() (5,0)=0,Qn<0recdV;j=1,..J58=1..,G

adjoint operator

parameters used in Watt’s fission spectra approximation for isotope k

forward operator

boundary of energy group g

expected value of the leakage response taking into account contributions from the
uncorrelated parameters «, where o can be t, s, f, v, respectively

2nd-order contributions to the expected value [E(L)], due to uncorrelated parameters
of a, where @ can be t, s, f, v, respectively

fraction of isotope k decays that are spontaneous fission events

parameters in vector o indexed by j and my

total number of energy groups

total number of isotopes

total number of parameters in vector N

total number of parameters in vector p

total number of parameters in vector q

total number of parameters in vector o

total number of parameters in vector o

(A33)

(A34)

(A35)

(A36)
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](Tt
Ji
Jv

[var(L)] )

fvar (L))

[var (L))

Vectors and Matrices

fod

oy

t

s

f

Ot

O

oy

v

N

p

q

s

s

Greek Symbols

b @)Y

1)

014 (r,0), 00 (r, )
o
1]0 ( ) 2]0 ( )

Ak

s (L)
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total number of parameters in vector o
total number of parameters in vector t
total number of parameters in vector v
variable for the order of Legendre-expansion of the microscopic scattering cross
sections, ! =1,...,ISCT

total neutron leakage from the PERP sphere

total number of materials

total number of fissionable isotopes

atom number density for isotope i and material m

Legendre and associated Legendre polynomials appropriate for the geometry under
consideration

source term in group g

spatial variable

external radius of the PERP benchmark

outer surface of the PERP sphere

standard deviation associated with the model parameter ¢

fi

standard deviation associated with the model parameter vf

parameters in vector o, indexed by j and m;

parameters in vector o; indexed by j and m;y

2nd-level adjoint functions in group g at point r in direction ) associated with the
fission parameter indexed by j (e.g., f;)

zeroth order 2nd-level adjoint flux moments in group gatpointr,

2) 5 )
U (0) 2 [, dap(@u (), P = [, d0p@u (0
" (1=1,...,ISCT) order 2nd level adjoint flux moments in group g atpointr,

2 2)
ui])l L“dnpl wu ()g(r’n)' ué;z 2 [, dOP(p)u; () $(r, Q)

variance of the leakage response taking into account contnbutlons solely from the
uncorrelated and normally-distributed parameters o, where a can be ¢, s, f, v,
respectively

(UN)
(D)la
(UN)

first-order contributions to the variance [var

second-order contributions to the variance [var(L)],

vector of imprecisely known model parameters, « = [o‘t 50505V, P4 N]Jr
nominal values of the parameters in the vector «

vector of imprecisely known total parameters, t £ [oy; N]Jr

vector of imprecisely known scatter parameters, s £ [0;; Nr

vector of imprecisely known fission parameters, f = [0‘ Y Nr
vector of imprecisely known total cross sections

vector of imprecisely known scattering cross sections

vector of imprecisely known fission cross sections

vector of imprecisely known parameters underlying the average number of neutrons
per fission

vector of imprecisely known atom number densities

vector of imprecisely known fission spectrum parameters
vector of imprecisely known source parameters

vector of first-order relative sensitivities of the leakage response
matrix of first-order relative sensitivities of the leakage response

the skewness due to the variances of parameters « in the leakage response, where «
canbe t,s, f,v, respectively

Kronecker-delta functionals

2nd-level adjoint functions in group g at point r in direction € associated with the
scattering cross section parameter indexed by j (e.g., s))

zeroth order 2nd-level adjoint flux moments in group g at point r,

O (r) £ [, 40075 (r,0) and ©)5(r) = [ 0075 (r,0)
decay constant for 1sotope k

third-order moment of the leakage response with contributions solely from the
uncorrelated and normally-distributed parameters o, where a can be ¢, s, f, v,

respectively
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)(g (r)
(1),8(]/ Q)

980,00, 035 (r,0)

Q, o

Subscripts, Superscripts
f

8¢

8jr &my
i

ij/ imz

Abbreviations
15t — LASS
2m _ ASAM
2m _ 1 ASS
ISCT

PERP
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number of neutrons produced per fission by isotope i and energy group g

the spontaneous emission of an average neutrons of an isotope k

zeroth order of adjoint flux moment in group g at point r

I"(1=1,...,ISCT) order adjoint flux moment in group g at point 7,
M5y 2 [ aaP(Q)yVs(r,Q), 1=1,...,ISCT

zeroth order moments for Egzjbg r) Ln aQ 1;152],)’8 (r,Q) and

2]0 Lndmpz)g(r Q)

(1= 1 .,ISCT) order 2nd-level adjoint flux moments in group g at point 7,
(2).8 <2> 8 @ )8
6111 -Ll” dQP[ ) (1’ Q) E2]1 .L}n dQP )lzbz,]‘ (Y,Q)

cross sections
microscopic fission cross section in group g of isotope i
the I"" order Legendre-expanded microscopic scattering cross section from energy
group ¢’ into energy group g for isotope i
microscopic total cross section in group g of isotope i
macroscopic total cross section for energy group g
macroscopic fission cross section for energy group g
macroscopic scattering transfer cross section from energy group g7 into energy group g
forward angular flux in group g at point 7 in direction O
zeroth order of forward flux moment in group g at point r
" (1=1,...,ISCT) order forward flux moment in group g at point r,
)2 [, dQP(u)@s(r,Q), 1=1,...,ISCT
material fission spectrum in energy group g
adjoint angular flux in group g at point r in direction Q)
2nd-level adjoint functions in group g at point 7 in direction () associated with the total
cross section parameter indexed by j (e.g., t;)
directional variable

fission

energy group variable g,¢’ =1,...,G

energy group associated with parameter indexed by j (e.g., f;, tj and s;) or m (e.g., fim,,
tm, and sp,)

index variable for isotopes, i = 1,...,I

isotope associated with the parameter indexed by j (e.g., fj, t; and s;) or m; (e.g., fin,,
ty, and Sp,)

index variable for parameters

index variable for isotopes, k =1,...,I

order of Legendre expansion

order of Legendre expansion associated with the microscopic scattering cross section
parameters indexed by j (e.g., s;) or mz (e.g., Sm,)

number of neutrons produced per fission

index variable for materials, m = 1,...,M

index variable for parameters

material associated with parameter indexed by j (e.g., fj, tj and s;) s;) or mz (e.g., fim,,
tm, and Sp,)

total

scatter

first-order contributions from uncorrelated and normally-distributed parameters
2nd-order contributions from uncorrelated parameters

2nd-order contributions from uncorrelated and normally-distributed parameters
uncorrelated and normally-distributed parameters

1st-Level adjoint sensitivity system

second-order adjoint sensitivity analysis methodology
2nd-Level adjoint sensitivity system

order of the finite expansion in Legendre polynomial
polyethylene-reflected plutonium
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