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Abstract: In this work, the ion flow field of a monopolar transmission line inside the corona cage
of a square cross-section is iteratively calculated concerning the effects of wind. The electric field
distribution is solved analytically using the charge simulation method (CSM). Meanwhile, the upwind
finite volume method (UFVM) with 2nd order accuracy is presented for the distribution of space
charge density. Additionally, a dual mesh grid is established in the calculation domain, the interlaced
geometric construction of the mesh assures a quick and effective convergence rate. In the final part,
a reduced-scaled experiment is designed to examine the feasibility and accuracy of this approach,
electric field and ion current density on the bottom side are measured by field mills and Wilson plates.
The data numerically computed fits well with that acquired by measurement.
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1. Introduction

In operating HVDC transmission lines of a power system, the phenomenon of corona discharge is
a leading cause of radiation interference (RI), noise interference (NI), and corona loss (CL) [1]. Thus,
investigation on the ion flow field distributed around the conductors receives considerable attention in
the design of HVDC transmission lines.

Commonly, one of the main obstacles in solving the ion flow field is the nonlinearity between the
electric field and space charge density. The vast majority of solutions calculate the electric field and
the space charge density iteratively and the iteration process ends once the criteria are met. In the
meantime, wind flow affects the distribution of the electric field around transmission lines to certain
degree as well. All the above-mentioned issues increase the difficulty of calculating the ion flow field.

In the past few decades, research on the ion flow field calculation has varied in terms of the
methods utilized to calculate the electric field and the space charge density in the domain of interest.

With regard to the electric field, Janischewskyj and Gela [2] introduced finite element method
(FEM) to solve the electric field numerically; afterwards, this method was frequently adopted and
well-developed. In 1983, Takuma et al. [3] applied CSM to calculate the nominal electric field without
space charge, while FEM was used to solve the electric field induced by space charges. Since then,
this approach has been broadly applied in electric field calculation [4,5]. CSM offers satisfactory accuracy,
whereas the calculation domain is restricted to an infinite field above the ground or axisymmetric
structure. Simultaneously, a drawback of FEM is that the accuracy of the electric field close to the
conductor surface is not as expected because of the steep gradient.

In regard to the calculation of space charge density, method of characteristics (MOC) is diffusely
utilized [6–10], space charge density is calculated along electric field lines with given initial charge
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density on the conductor surface. This approach relies on the Deustch’s assumption, which assumes
the space charge affects the amplitude of an electric field rather than its direction. Xiao calculated
the ion flow field around a cross-over transmission line in the 3D domain with the MOC method.
However, the effectiveness of this method is unsatisfactory if the influence of wind flow is under
consideration. Lu et al. [11] proposed an upwind FEM, which avoids non-physical instability of the
numerical calculation. Zhou et al. [12] induced upwind weighting function to FEM for the purpose of
eliminating the oscillations in simulation of charge conservation. Levin [13] established dual mesh
based on the triangulation grid in calculation domain; the new mesh is called donor cell and the space
charge density is hereby solved in accordance with Gauss’ Law. Then, upwind the FVM method were
used in several research projects [5,14–17] in which the numerical stability, effectiveness, and accuracy
of the solution process was improved substantially. Yang et al. [18] proposed an upstream meshless
method to solve the current continuity equation.

For the purpose of implementing an indoor experiment and control of environmental parameters,
a corona cage is designed in where the phenomenon of corona discharge initializes on a relatively
lower voltage level. Bian et al. [19] and Lekganyane et al. [20] investigated the ion flow field in a square
cross-section cage and compared the result with that of an indoor test line; Zhou et al. [8] presented a
comprehensive study on the ion flow field distribution in a cylindrical cage employing a mesh-based
method and MOC. However, there is paucity of published research concerning the effect of wind flow
on the corona discharge of corona cage.

However, solution of the ion flow field generally concerns the numerical stability, calculation
accuracy and the impact of wind flow. The referenced articles barely meet these requirements at the
same time. Therefore, it is necessary to develop a method that offers a quick, stable, and accurate
solution of ion flow field.

In this paper, the calculation domain is tessellated in the form of a dual mesh. Next, CSM is utilized
for a nominal electric field in the absence of space charges. Simultaneously, electric fields generated by
space charges is available if the space charges density is known, by this means, the accuracy of the
calculated field is guaranteed even on the conductor surface. The 2nd order upwind FVM is employed
to calculate the space charge density distribution. Eventually, the calculated result is validated with
that derived by experiments.

The importance and originality of this study consists of the nominal electric field in a square
cross-section being solved by means of proper placement of the simulation charges, the more accurate
solution of space charge density distribution involving the impact from wind flow, as well as the
applicability of this approach in presence of wind flow. The calculation process provides rapid
convergence rate as the analytically calculated electric field is less time-consuming compared to the
traditional method using FEM.

2. Mathematical Description

2.1. Governing Equations and Simplifying Assumption

Generally, the ion flow field in the ambient of conductor is governed by Poisson’s equation and
the current density conservation equation [3]:

∇E = − ρ−/ε0

∇ · J− = 0
J− = ρ−(bE + W)

(1)

where,

b is the ion mobility, 1.5 × 10−4, m2/V/s;
E is the electric field, V/m;
ρ is the negative space charge density, C/m3;
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J− is the negative ion current density vector, A/m2;
W is the wind velocity vector, m/s; and
ε0 is the permittivity of air equals 8.854 × 10−12, F/m.

Further, certain assumptions are proposed in advance in order to reduce the complexity of
calculation and acquire satisfactory precision:

(a) The thin ionization layer close to the conductor surface is neglected;
(b) The ion mobility remains unchanged throughout the solution process;
(c) Influence exerted by ion diffusion is ignored;
(d) Kaptzov’s assumption [21] which presumes the electric field on conductor surface remains

constant after the applied voltage reaches the onset value is adopted.

2.2. Boundary Conditions

Before proceeding to the solution process. Boundary conditions and initial conditions of the
calculation domain are listed in Table 1.

Table 1. Boundary conditions and initial conditions.

Distribution Variables Conductor Surface Cage Wall

Electric potential Vapp 0

Space-charge density ρs
∂ρ
∂n

Electric field Eon
∂E
∂n

where,

Vapp is the voltage supplied on the conductor, V;
ρs refers to the space charge density on the conductor surface, C/m3;
Eon is the onset electric field, V/m; and
Eon is assumed to be constant on the conductor surface according to Kaptzov’s assumption, the explicit
value is attained using Peek’s empirical formula [22]:

Eon = 30m(1 +

√
0.0906

r
) (2)

where,

m is the roughness factor set to 0.65; and
r is the radius of the conductor, m.

An appropriate guess of the initial value of the charge density on conductor surface determines
the accuracy of the result and diminishes the iteration process. The empirical formula introduced
in [23] is referred to in this paper:

ρs =
Eg

Ec

8ε0Vc(Vapp −Vc)

rHcon(5− 4Vc/Vapp)
(3)

where,

Eg is the ground level electric field under the conductor, V/m;
Ec is the nominal electric field on the conductor, V/m;
Vc is the onset voltage of the conductor, V;
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Vcon is the conductor voltage, V; and
Hcon is the height of the conductor, m.

Takuma [3] assumes that the initial charge density is evenly distributed on the conductor surface,
yet it is not suitable for the situation where the transmission line is placed inside corona with a square
cross-section cage. Because distances between the conductor surface to the cage wall are diverse,
which differs from the situation above the ground or in the coaxial cage. Hence, in this work, charge
density is set to be linearly dependent on Ec. To be specific, for each node on the conductor surface,
Ec is calculated by CSM, neglecting space charges. Thus, the initial charge density of this node is
achieved by substitute corresponding Ec into Equation (3).

3. Solution Process

The distributions of electric field and space charge density are solved iteratively, in this process,
the initial charge density on the conductor surface is updated in each iteration in case that the condition
of convergence is not satisfied. The detailed procedure is organized and illustrated in Figure 1.
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3.1. Discretization of Calculation Domain

The calculation is conducted in the 2D cross-section of the cage, and the calculation domain is
divided in form of dual mesh. Specifically, a Delaunay Triangular mesh is generated in the first place;
after that, polygon cells are constructed via connecting the barycenter and the midpoints of triangular
cell edges, which share common vertexes [24].

The meshing of the calculation domain is demonstrated in Figure 2. Meshing of the area in the
vicinity of the conductor surface and the cage wall are finer in the cause of the need of more accurate
calculation results. As a result of the grid independency test, the difference of the calculated result is
less than 1%, while the domain is tessellated into 1879 cells.
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Since the electric field is calculated analytically, the electric field in each single point can be
calculated defectively. Regarding to the space charge density, they are stored in the nodes of the
triangulation. The effectiveness of the solution process is ensured resulting from the interlaced
meshing scheme.

3.2. Calculation of Electric Field

The calculation of electric field composes of two parts: the nominal field and the field induced by
space charges.

Regarding the nominal field to be calculated by CSM, there are 40 simulation charges equally
distributed inside the conductor.

In contrast to the circumstance of outdoor lines above the ground, extra simulation charges are
placed outside the cage wall to maintain the zero potential of the grounded cage wall; as a result, as
demonstrated in Figure 3, there are 160 simulation charges equidistantly arranged with interval dc,
the perpendicular distance between the cage wall and simulation charges are two times of dc. Image
charges are placed symmetrically in the opposite sides of the ground. The match points are placed
right on the conductors and corona walls, respectively.

According to the principle of CSM, values of the simulation charges must ensure the potential on
the conductor surface and cage wall to be Vapp and zero. Thus, coefficient equations are listed below:{

Pcond ·Qcond + Pcage ·Qcage = Vapp

P′cond ·Qcond + P′cage ·Qcage = 0
(4)

where Qcond and Qcage are simulation charges of the conductor and cage, Pcond, Pcage are the potential
coefficients regarding the conductor surface, and P′cond, P′cage are the potential coefficients for the
cage wall.

The nominal electric field is therefore obtained by superposing the field caused by simulation
charges. The space charges-induced field can be calculated if the space charges are known. Accordingly,
the ion flow field is available as follows:

Em =
∑

i

Qi

4πε0


⇀
ri

r2
i

−

⇀
r′i
r′2i

+∑
j

∫
s j

ρ j

4πε0


⇀
r j

r2
j

−

⇀
r′j
r′2j

ds j (5)
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where,

sj is the area of the polygon cell, m3;
ri and rj are the distances between the observation point to the source, m;
r′i and r′j are the distances between the observation point to the image points, m;

Qi are the simulation charges consist of Qcond and Qcage, C; and
ρj is the charge density on triangulation nodes, C/m3.
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3.3. Calculation of Ion Current Density

FVM ensures the maximum principle of charge density on cell boundaries resulting in numerical
stability in the calculation process. Additionally, the upwind scheme satisfies the physical fact that the
migration of space charges is affected by upwind stream only [25]. Particularly, this method is feasible
for calculation in the presence of wind flow.

By substituting Equation (3) into Equation (2), following equation is obtained:

∇ · [ρ−(bE + W)] = 0 (6)

Afterwards, Equation (6) is converted to integral form:
x

s
ρ(bE + W)dl = 0 (7)

where,

s and l are the area and boundary of the cell.

Next, Equation (7) is rewritten in the form of linear equations in the light of Figure 4:∑n

n=1
ρVnLn = 0 (8)

where,
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Vn = bEn + Wn, En and Wn are the outward normal component of electric field and wind speed on cell
edges, and
Ln is the length of the ith cell; and
n presents the serial number of the edges.
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Finally, a system of linear equations is established and the distribution of charge density is
therefore achieved.

Normally, charge density is defined as the average value of adjacent nodes [15], or determined by
the upwind scheme. Nevertheless, these methods are only of 1st order accuracy which is insufficient
for engineering requirements.

With an aim to promote the accuracy of space charge density, a 2nd order upwind scheme is
utilized. Charge densities on the edges are solved directly. Apparently, the charge densities on cell
edges can be expressed according to the Taylor series expansion as Figure 4:{

ρi,n = ρi +∇ρi,n · di,n i f Vn · un > 0
ρi,n = ρn +∇ρn,i · dn,i i f Vn · un < 0

(9)

where,

ρi,n is the charge density on the edge, C/m3;
di,n is the vector direct from the ith node to the corresponding neighboring nodes; and
∇ρi,n and ∇ρn,i are the gradient of corresponding upwind node.

For the known charge densities on the ith node and its adjacent nodes, the following over
determined matrix equation can be established; thus, the gradient of charge density on the ith node
is obtained: ∣∣∣∣∣∣∣∣∣∣∣

∆x1 ∆y1

∆x2 ∆y2

. . . . . .
∆xn ∆yn

∣∣∣∣∣∣∣∣∣∣∣
An×2

×

∣∣∣∣∣∣∣
∂ρi
∂x
∂ρi
∂y

∣∣∣∣∣∣∣
X2×1

=

∣∣∣∣∣∣∣∣∣∣∣
ρi − ρ1

ρi − ρ2

. . .
ρi − ρn

∣∣∣∣∣∣∣∣∣∣∣
Bn×1

(10)

3.4. Terminal Criteria and Initial Charge Density

The iteration procedure will terminate while the following conditions are met.

Ec − E0

E0
< δE (11)
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1
N

N∑
i=1

∣∣∣ρm,i − ρm−1,i
∣∣∣∣∣∣ρm−1,i

∣∣∣ < δρ (12)

where,

δE and δρ are relative terminal criteria;
Ec is the electric field on conductor surface, V/m; and
ρm,i and ρm−1,i are consecutive space charge densities of the iteration process in ith cell, C/m3.

However, the initial charge densities on the conductor surface need to be modified in each
iteration so as to maintain the electric field on conductor surface as E0, the principle abides by the
following equation:

ρm−1 = ρm

(
1 + µ ·

Ec − E0

Ec + E0

)
(13)

where,

ρm−1, ρm are charge densities of two consecutive iteration on conductor surface, C/m3; and
µ is the acceleration factor equals to two.

Distributions of the space charge density of different wind speed are indicated in Figure 5.
The convergence rate of the calculation under −120 kV voltage supply and 10 m/s wind speed is shown
in Figure 6; the iteration process has a good convergence and ends after about 45 times of iteration.
It takes fewer than 10 min since the coefficient matrix of the electric field is prepared once and for all.
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4. Validation

4.1. Design of the Experiment

The corona cage is frequently used, which offers much more intensive field strength on relatively
low voltage level. The reduced size of experimental facility enables indoor experiments.

The dimension of the main section of the corona cage is 1500 × 800 × 800 (mm), there are two
guard sections size at 300 × 800 × 800 (mm) in order to eliminate the impact results from end effect [26].
The conductor of 10 mm radius is hung along the center of the cross-section, and the two ends of the
conductor are fixed on a steel frame with two composite insulators as a connection. The schematic
diagram and experimental equipment are indicated in Figures 7 and 8.
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Figure 8. (a) The general view of the corona cage; (b) The electric field mill; (c) The Wilson plate; (d) Flow
equalizing plate; (e) adjustable speed fan; (f) digital high precision anemometer; and (g) scope coder.

Seven Wilson plates and field mills are parallelly laid on the bottom side of the cage equidistantly
for the measurement of ion current density and electric field.

Yokogawa scope coder DL 850 is used to record sampling signals of the ion flow current collected
by Wilson plates, this equipment provides high sampling rate which is up to 100 Ms/s and enables
continuous synchronous measurement of multi-channel.
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The voltage was supported by a DC source with fluctuation less than 5%. The experiment was
conducted at standard air pressure in a high voltage laboratory. The relative humidity was 20% to 30%
and the temperature ranged from 10 ◦C to 15 ◦C.

An adjustable speed fan with four gears is placed next to the cage, facing one side of the cage,
and it provides lateral wind speed of 0–10 m/s. The impact of flow divergence is moderated by a
flow equalizing plate, the wind speed is measured by a digital high precision anemometer (AS-8336).
The desired wind speed is achieved by adjusting the gear and distance between the fan and the
equalizing plate. Since even distribution of the wind speed is the prerequisite of the experiment, wind
speed values of 16 points are measured in the cross-section of the cage. The measurement shows that
the standard deviation of wind speeds is less than 5%. The average measured result is demonstrated
in Figure 9.
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4.2. Discussion of Numerical and Measured Results

For the purpose of investigating the impact caused by varied supply voltage and wind speed,
the voltage applied on the conductor is adjusted to −80 kV, −100 kV, and −120 kV, the wind speed is
specified at 0 m/s, 5 m/s and 10 m/s. Both the numerically resolved and practically measured results
of the electric field and the ion current density on the bottom side of the cage are demonstrated in
Figure 10. It shows that the numerical result fits well with that is measured in experiment. As a result,
the method used in this work is qualified to evaluate the ion flow field in a corona cage.

The electric field and ion flow current reach their peaks right under the conductor and decrease
with the distance from the center point when the wind speed is zero. As the wind speed rises, the curve
shifts in the same direction with the wind flow. In comparison with the electric field, the degree
of the shift on the ion current density is larger because it is more affected by the movement of the
space charges.

In order to illustrate in a more intuitive manner, the cross-section of interest is bisected by vertical
center line which is illustrated in Figure 11, the section in where the wind flow and the electric field
move in opposite directions is defined as upwind; on the contrary, the other section is downwind.

In the upwind section, electric field and ion current density weakens because the wind flow
reduces the density of space charges. This effect decreases as approaching the conductor due to the
increasing electric field force.

For both electric field and ion current density, absolute values in the upwind section is slightly
lower than that in the downwind section. The absolute value declines along with the increasement of
wind speed. In addition, the degree of the impact results from wind speed mounts as the electric field
strength decreases. Additionally, the ion current density on lower voltage level is more sensitive to the
wind speed owing to weaker field strength.
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Figure 10. (a) Electric field on the bottom side under −80 kV supply voltage; (b) electric field on the
bottom side under −100 kV supply voltage; (c) electric field on the bottom side under −120 kV supply
voltage; (d) ion current density on the bottom side under 80 kV supply voltage; (e) ion current density
on the bottom side under 100 kV supply voltage; (f) ion current density on the bottom side under
120 kV supply voltage.
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In upwind and downwind section, the wind flow exerts contrarily influence on the electric field
and the ion flow current. To be explicit, increased wind speed weakens the electric field intensity
and ion current density in the upwind section. For the downwind section, the result is opposite.
The explanation is that the charge density in the upwind section is larger than that of the downwind
section which is rather obvious, as shown in Figure 5.

5. Conclusions

The method combining CSM and upwind FVM, which concerns the impact of wind flow,
is proposed in this paper, experiment is designed to examine the numeric results. The results indicate
that such a method provides a relatively accurate evaluation of the ion flow field under a corona
discharge conductor. For the merits of the presented method, the analytically calculated electric field
offers a more precise electric field in the vicinity of the conductor than that is solved in traditional
FEM; simultaneously, it reduces calculation time and enhances numerical stability to a large extent
by means of avoiding iterative calculation of two numeric methods. Moreover, 2nd-order UFVM
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improves the accuracy of space charge density and is competent for the conditions, including wind
impact. The solution process converges effectively and stably. The dependence of the ion flow field on
the wind is studied, which approves the influence of wind flow on the ion flow field.
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