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Abstract: This paper aims at minimizing the total energy consumption of multi-train in an urban rail
transit (URT) system by optimizing and updating speed profiles considering regenerative braking
power losses on the catenary. To make full use of regenerative energy and decrease traction energy
consumption simultaneously, energy-efficient control strategies of multi-train and a corresponding
solution method are proposed. The running process of multi-train is divided into several sections
based on passenger stations. Speed profiles of each train in each section are collaboratively optimized
by searching only one transition point from the optimized single-train speed profile, which can be
worked out by searching the switching point of coasting mode, and the optimized multi-train speed
profiles are updated based on departure orders of trains. Moreover, an electrical network model is
established to analyze energy flows, and dynamic losses of recovered regenerative energy on the line
can be calculated. Besides, an improved optimization strategy of multi-train, which contains seven
motion phases, is presented for steep slope. Simulation results based on Guangzhou Metro Line 8
verify the effectiveness of the proposed methods. Total energy consumption of optimized multi-train
can be decreased by 6.95% compared with multi-train adopted single-train optimal control strategy,
and the energy-saving rate of 21.08% can be achieved compared with the measured data by drivers
under same trip time. In addition, the influence of departure interval on total energy consumption is
analyzed and the optimal departure interval can be obtained.

Keywords: URT; multi-train optimization; steep slope; electrical network model; regenerative energy
dynamic losses

1. Introduction

Urban rail transit (URT) has achieved rapid development recent years owing to its punctuality,
convenience, and comfortability. Meanwhile, energy consumption is also growing fast. Taking the
Guangzhou URT as an example, the power consumption reached up to 1323 million kWh in 2017.
About 40–50% of the energy is consumed by train traction system. The amount of regenerative
energy accounts for more than 30% of the traction energy consumption; however, around 40% of
the regenerative energy is not used. Therefore, the reduction of traction energy and improvement of
braking energy recuperation are promising techniques to improve energy efficiency for the URT, which
makes a lot of sense for green transportation and sustainable development [1].

Research on energy-saving optimization began early with single train, the purpose of which was
to minimize traction energy consumption by optimizing the speed profile under the fixed time and
operation constraints. The solution methods can be divided into three kinds—analytical method,
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numerical method, and intelligent algorithm. Analytical methods are based on the Pontryagin
maximum principle [2–8], through which the optimal control strategy of single-train that contains
four motion phases (namely, maximum traction (MT), cruising (CR), coasting (CO), and maximum
braking (MB) by sequence) is proved theoretically, and the corresponding speed profile can usually
be calculated by searching two transition points, namely the transition speed from MT mode to
CR mode and the transition position from CR mode to CO mode. The numerical method may be
used to calculate the optimal speed profile directly when the optimization problems are converted
into the standard form of the corresponding model, such as dynamic programming (DP) [9,10],
sequential quadratic programming (SQP) [11,12], and mixed-integer linear programming (MILP) [13].
The intelligent algorithm simulates natural processes and has strong adaptability to complex objective
functions [14–16].

Optimization of single train does not consider the specific utilization way of regenerative energy,
and the optimization of the multi-train cooperative operation is an effective way to increase the
utilization of regenerative energy [17,18], which can be divided into scheduling and control of
trains [19,20]. The former focuses on optimizing the timetable and the latter focuses on optimizing
energy-efficient driving strategies for multi-train. Albrecht [21] formulated an optimization algorithm
that can reduce the peak power consumption by 29%. Alcaraz et al. [22] established a power flow
model of the electrical network and designed a mathematical programming model to synchronize the
braking trains and traction trains. Lin et al. [23] optimized train dwell time using genetic algorithms.
Genetic algorithm (GA) was used to optimize the train scheduling [24,25]. A DP-based algorithm was
developed for the solution of the itinerary planning [26]. However, the optimization of the timetable is
limited by fixed control strategy. Optimization of the timetable and driving strategy were combined by
Su et al. [27] to generate the globally optimal operation schedule. Optimizing the speed profile of trains
with a planned timetable can further increase the energy-saving effect. Tang optimized the control
strategy of the tracking train using dynamic programming (DP) and quadratic programming (QP),
respectively [28]. However, the model was complex, which makes it difficult to use for multiple trains.
Goodwin et al. [29] used the GA to obtain the suboptimal condition transition points of multiple trains,
but the calculation efficiency of GA was not high. Liu [30,31] discussed the two-trains and three-trains
systems in turn and proposed that the optimal control strategy of the tracking train adopts four modes
or five modes of movements, and the optimized solution can be obtained by a heuristic algorithm.
However, the speed profile was not updated in all sections of the multi-train system. Sun et al. [32]
formulated that the braking process can be predicted to supply the regenerative energy to neighboring
traction trains by perturbance analysis. Lu et al. [33] accurately predicted the energy consumption and
regenerative braking energy of heavy-haul trains on large long slopes by establishing a single-particle
model of train dynamics. Actually, the energy-saving effect brought by active braking to generate
regenerative energy [32,33] is not ideal, which was proved by the authors of [28].

In conclusion, most studies separate the optimization of single-train and multi-train. The optimal
control strategy of single train with MT, CR, CO, and MB may not be optimal in a multi-train
system [34], considering the utilization of regenerative energy. Besides, cooperative train optimization
in a steep slope situation and dynamic losses of recovered regenerative energy on the catenary are
rarely considered; especially, the latter is influenced by the line resistances and current, which depend
on the positions of trains and vary with time, and may greatly influence the total energy of multi-train.

In this paper, energy-saving optimization of single-train and multi-train systems are combined.
An energy-saving control strategy of multi-train and corresponding solution methods are proposed in
the foundation of the optimal control strategy of single train to simultaneously reduce the traction
energy and increase the utilization of regenerative energy. The running process of multi-train is divided
into several sections based on passenger stations. The speed profile of each train in each section is
collaboratively optimized by searching only one transition point from the optimized speed profile
of single-train, which can be worked out by searching the switching point of coasting mode, and
the optimized speed profiles of multi-train are updated based on departure orders, which greatly
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simplifies the complex problem and makes the calculation process efficient. In order to make full use of
the line potential energy of steep slope and further reduce the total energy consumption, an improved
optimization strategy of multi-train, which contains seven motion phases, is formulated. Moreover,
an electrical network model is built to evaluate the loss of recovered regenerative energy, and the
change of line resistance and current over time can be clearly observed. Finally, the optimization of
control strategy and timetable are combined, the total energy of different departure interval is analyzed,
and the optimal departure interval is obtained. Simulation results based on Guangzhou Metro Line 8
are shown to verify the effectiveness of proposed optimization methods.

The remainder of this paper is structured as follows. In Section 2, the energy-saving models of
single-train and multi-train systems are established, as well as the electrical network model. Section 3
proposes the optimization method for the two systems and combines them, and the solving procedures
are outlined. In addition, an improved energy-saving control strategy of steep slope is formulated,
which can further increase the energy-saving rate. The effectiveness of the proposed methods is verified
with a simulation based on Guangzhou Metro Line 8 in Section 4, and the energy consumption of the
multi-train system at different departure intervals is compared. Section 5 concludes this paper.

2. System Modelling

2.1. Modelling of Single-Train

The motion process of a train can be described as follows:

dt
ds

=
1
v

, (1)

dv
ds

=
µtFt(v) − µbFb(v) −W(v) −G(s)

(1 + ρ)Mv
, (2)

where s is the position of the train; v(s) and t(s) are the corresponding speed and trip time, respectively;
M is the total mass of the train and ρ is the weighted average rotary mass coefficient, µt and µb are the
coefficient of the traction force and braking force, respectively; and Ft(v) and Fb(v) are the maximum
traction force and maximum braking force, respectively, corresponding to the speed v(s). W(v) is the
basis running resistance, as shown in Equation (3), in which a, b, and c are constant for a specific
vehicle type. G(s) is the additional resistance, as shown in Equation (4), where g is the gravitational
acceleration, i is the angle of a slope, r is the radius of the curve, and A is a constant [35]. Actually, the
first term on the right side of Equation (4) denotes the resistance caused by gradient, which is positive
for uphill and negative for downhill, and the second term denotes the resistance caused by curve.

W(v) = a + bv + cv2 (3)

G(s) = Mg sin i + Mg
A
r

(4)

To minimize the traction energy consumption of single-train, the objective function of energy
consumption is modeled as

minJ =
N∑

k=1

µkFk(v)
ηt

∆s, (5)

where J is the energy consumption consumed by the traction system and ηt denotes the conversion
efficiency of the traction system. The distance of the section is S; ∆s denotes the simulation step interval,
which values 1 m in this paper; and the simulation count N can be obtained by N = S/∆s. Fk is the
maximum traction force at simulation step k, and µk is the corresponding coefficient. In addition, the
path constraint of the speed limit is shown in Equation (6) and the continuous control variables are
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shown in Equation (7), which means any force between 0 to the maximum traction/braking force can
be taken.

0 ≤ v(s) ≤ V(s) (6)

µt,µb ∈ [0, 1]

µtµb = 0
(7)

The boundary conditions are
v(0) = 0,

v(S) = 0,

t(S) − t(0) = T,

(8)

where V(s) is the speed limit at position s, and T is the planned trip time for the section.

2.2. Modelling of Multi-Train

Two trains running in the same direction and electrical substation are selected for example in this
paper, shown in Figure 1. The front train denotes Train A and the latter is Train B, the length of the two
sections are L1 and L2, respectively, S1, S2, and S3 are the positions of the three stations by sequence.
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In the optimization of multiple train, the utilization way of regenerative energy is taken into
consideration and the model for minimizing total energy consumption of the multi-train system is
formulated as below:

minJmulti =
N∑

k=1

µAkFAk

ηt
∆s +

N∑
k=1

µBkFBk

ηt
∆s−

M∑
i=1

ηtPi∆t, (9)

Pi =


PAi PAi > 0, PBi < 0, |PAi| < |PBi|

|PBi| PAi > 0, PBi < 0, |PAi| > |PBi|

|PAi| PAi < 0, PBi > 0, |PAi| < |PBi|

PBi PAi < 0, PBi > 0, |PAi| > |PBi|

, (10)

where Jmulti denotes the total energy consumption of multi-train system. On the right side of Equation (9),
the first two terms are the traction energy consumption of Train A and Train B, respectively, which can
refer to Equation (5), and the simulation count N here can be obtained by N = (L1 + L2)/∆s. The third
term is the regenerative energy consumed by the multi-train system, which can be calculated by
comparing the power of two trains at each moment of the regenerative energy absorption process.
As the times corresponding to each simulation distance step of two trains in the absorption process are
usually not equal, the functions of power and time are linearly interpolated. What needs to be explained
here is that, when the train at station, the corresponding power is assumed to be 0. ∆t denotes the
interpolate interval, which has a value of 0.1 s, and the interpolate count M = (TA + tstop + TB + ∆T)/∆t,
where TA and TB are the planned trip time of two sections and tstop denotes the dwell time of Station
B. Assume that Train A departures from Station A at time 0, with departure interval values of ∆T,
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the corresponding departure time of Train B is ∆T. Therefore, the actual absorbed power Pi can be
obtained by Equation (10).

In this model, speed profiles of each train are cooperative optimized, which means no matter
which train produces regenerative energy, the other train is intended to absorb it as far as possible by
adopting traction mode. Therefore, speed profiles of both trains in each section are optimized and
updated during their running processes, and the flow of the regenerative energy of the multi-train
system throughout the optimization process consists of three main stages, as shown in Figure 2.
The first stage is the braking phase of Train A in the first section, the second stage is the braking phase
of Train B in the first section, and the third stage is the braking phase of Train A in the second section.
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2.3. Modelling of Electrical Network

The regenerative energy will be lost during the transmission process of the catenary, which is a
factor that cannot be ignored. Therefore, an electrical network model is established and the equivalent
circuit [36,37] is shown in Figure 3.

Energies 2019, 12, x FOR PEER REVIEW 5 of 25 

 

absorption process. As the times corresponding to each simulation distance step of two trains in the 
absorption process are usually not equal, the functions of power and time are linearly interpolated. 
What needs to be explained here is that, when the train at station, the corresponding power is 
assumed to be 0. Δt denotes the interpolate interval, which has a value of 0.1 s, and the interpolate 
count M = (TA + tstop + TB + ΔT)/Δt, where TA and TB are the planned trip time of two sections and tstop 
denotes the dwell time of Station B. Assume that Train A departures from Station A at time 0, with 
departure interval values of ΔT, the corresponding departure time of Train B is ΔT. Therefore, the 
actual absorbed power Pi can be obtained by Equation (10). 

In this model, speed profiles of each train are cooperative optimized, which means no matter 
which train produces regenerative energy, the other train is intended to absorb it as far as possible 
by adopting traction mode. Therefore, speed profiles of both trains in each section are optimized and 
updated during their running processes, and the flow of the regenerative energy of the multi-train 
system throughout the optimization process consists of three main stages, as shown in Figure 2. The 
first stage is the braking phase of Train A in the first section, the second stage is the braking phase of 
Train B in the first section, and the third stage is the braking phase of Train A in the second section. 

Train B Train A

Station A Station B Station C

Train ATrain B

Train B Train A

Running direction

Traction Network

 
Figure 2. Power flows of regenerative energy. 

2.3. Modelling of Electrical Network 

The regenerative energy will be lost during the transmission process of the catenary, which is a 
factor that cannot be ignored. Therefore, an electrical network model is established and the equivalent 
circuit [36,37] is shown in Figure 3. 

R1

+_ +_

R2 R3

R0 R0

I1 I2 I3

V0 V0

|s2-s1|
L1+L2+l1+l2

V1 V2

Ia Ib

 
Figure 3. Equivalent circuit of the electrical network. 

The traction substation is modeled as a DC voltage source V0 and a lumped resistance R0. Power 
sources Ia and Ib are used to represent the braking train and the tracking train, respectively. The 

Figure 3. Equivalent circuit of the electrical network.

The traction substation is modeled as a DC voltage source V0 and a lumped resistance R0.
Power sources Ia and Ib are used to represent the braking train and the tracking train, respectively.
The catenary is regarded as a distributed parameter resistance model. The equivalent resistances R1, R2,
and R3 are decided by the position of two trains and can be calculated by Equation (11). The traction
substation power P0 and the terminal power of catenary of two trains P1, P2 can be calculated by
Equation (12).

R1 = δ(l1 + s1) R2 = δ|s2 − s1| R3 = δ(L1 + L2 + l2 − s2), (11)
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P0 = V0(I1 + I3) = V0

(
V0 −V1

R0 + R1
+

V0 −V2

R0 + R3

)
,

P1 = V1(I2 − I1) = V1

(
V1 −V2

R2
−

V0 −V1

R0 + R1

)
,

P2 = V2(I2 + I3) = V2

(
V1 −V2

R2
+

V0 −V2

R0 + R3

)
,

(12)

where δ is the resistivity of the catenary, and s1 and s2 are the position of the braking train and the
tracking train, respectively. L1 and L2 are the distance of two sections. l1 and l2 are the distance between
the traction substation and Station A or Station C, respectively. V1 and V2 denote the voltage of
catenary at the position s1 and s2, respectively. I1 and I3 are the current supplied by traction substations,
and I2 is the current from the braking train to the tracking train during the absorption process.

Then, the total lost regenerative energy Jloss during the transmission process of the catenary can be
obtained by Equation (13). As the equivalent resistance changes with the position of two trains, the
function of position and time was linearly interpolated before calculating I2 and R2. ∆t and M here can
refer to Equation (9).

Jloss =
M∑

i=1

I2
2R2∆t (13)

With the consideration of dynamic losses of regenerative energy, the objective function of
minimizing total energy of the multi-train system presented in Equation (9) is transferred to
Equation (14), which is more in line with the practical situation.

minJtotal = Jmulti + Jloss (14)

3. Optimization Method

On the basis of the models established before, the optimization method and solving procedure of
single-train and multi-train are proposed in this section, and the two parts are combined to work out
the energy-saving speed profiles of multi-train, as shown in Figure 4.
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3.1. Optimization of Single-Train

As the section length is usually short in the URT, the optimal control strategy of single train
consists of three motion phases: MT phase, CO phase, and MB phase by sequence [5]. The key point
to get the optimal speed profile is to find the transition speed v* from the MT mode to the CO mode,
as shown in Figure 5. Actually, the MT phase from speed 0 to speed limit V can be easily worked
out, and for each transition speed of the MT phase, there exists a unique three motion phases speed
profile in order to meet the requirement of distance, and the corresponding trip time is also obtained.
Therefore, v* can be worked out when the trip time equals to the planned trip time T, as well as the
optimal speed profile.
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3.2. Optimization of Multi-Train

Aiming to minimize the total energy consumption of multi-train system, a cooperative optimization
method is proposed in this part, as well as the corresponding solution algorithm. Normally, optimization
of multi-train can be realized based on the optimization of single-train, and the multi-train system
adopts the same single-train optimal control strategy (single-train optimal operation mode) at the
beginning, as shown in Figure 6.
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According to the departure orders of trains, the entire running process of multi-train system can
be divided into Subsection I–IV based on passenger stations, as shown in Figure 6. It is easy to observe
that there exist situations in which regenerative energy cannot be recovered, where a multi-train joint
optimization method needs to be proposed to make better use of regenerative energy. Subsection I
still adopts the optimal control strategy of single train, as it has no regenerative energy to recover.
Therefore, optimization for multi-train system starts from Subsection II and goes backwards.

Taking the optimization of Subsection II, for example, during which period only Subsection I
produces regenerative energy and its speed profile has been determined. Hence, the MT phase is
added to Subsection II at the MB phase of Subsection I, in order to absorb the regenerative energy
generated by Subsection I, as shown in Figure 7a.
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[0, vb] when tb < tN, vb is the speed corresponding to time tb in the three motion phases curve presented 
here. As the simulation step is distance Δs, the position set X of the SR is shown in Equation (15), as 
well as the corresponding time set T and speed set V. 

Figure 7. Optimization of Subsection II: (a) not reach speed limit in overlap phase (OP); (b) reach speed
limit in OP.

Where V is the speed limit; t1 and t2 are the transition time of the three motion phases curve in
Subsection I; t1

s and t1
e are the starting time and ending time, respectively, of the regenerative energy

absorption process; and interval [t1
s , t1

e ] is called as overlap phase (OP) of Subsection II. Therefore,
the optimal control strategy of multi-train consists of five motion phases: [∆T, t1

s ] contains the MT
phase and CO phase, the MT phase in OP, and [t1

e , TA + ∆T] is made up with the CO phase and MB
phase. Actually, MT is not the unique operation mode in the OP; CR phase will exist when the train
accelerates to V, as shown in Figure 7b.

In order to calculate the corresponding optimal speed profile, an optimization algorithm is
proposed, and the key is to find just one point, which is the transition speed v* from the MT phase to
CO phase, as shown in Figure 8.
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Where (xa, xb, xc, xd) are the transition points of the five motion phases operation curve, the
corresponding times of which are (ta, tb, tc, td), obviously, tb = t1

s , tc = t1
e . (xN, vN) is the transition point

of single-train optimized speed profile, which is the input for multi-train speed profiles optimization,
and the searching range (SR) of v* is [0, vN], which belongs to the MT phase. However, the SR becomes
[0, vb] when tb < tN, vb is the speed corresponding to time tb in the three motion phases curve presented
here. As the simulation step is distance ∆s, the position set X of the SR is shown in Equation (15), as
well as the corresponding time set T and speed set V.

X =
[
S1, x1, x2, · · · , xk, · · · , xN−1, xN

]
,

T =
[
∆T, t1, t2, · · · , tk, · · · , tN−1, tN

]
,

V =
[
0, v1, v2, · · · , vk, · · · , vN−1, vN

]
,

(15)
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where xk+1
− xk = x1

− S1 = ∆s, k ∈ [1, N − 1].
On the basis of the set of SR mentioned above, once the transition point vk is determined, the

corresponding position xa and time ta are known too. As [tb, tc] is the OP, which is known, and the
operation mode of the second phase is CO, xb can be calculated. Also, xc can be obtained in the same
way with the MT mode in OP. Until now, the rest of the distance and trip time of the section are
(L1 − xc) and (TA − tc), respectively. Hence, the calculation of xd is simple. It is required to coast from
xc, and inverse calculation starts from L1 with MB mode at the same time. When the speeds of both
processes intersect, the five motion phases operation curve is completed and xd, td, and te are obtained
simultaneously. Then, a time precision δt = 1 s is defined, and the solution result is saved when te

meets Equation (16).
|TA − te| ≤ δt (16)

The constraints of both distance and trip time are satisfied for all saved results, which are feasible
solutions of the proposed optimal control strategy. Then, the model formulated in Equation (14) is used
to calculate the total energy consumption of the multi-train system, and v* is solved out by comparing
the energy consumption of all feasible solutions, and the optimal speed profile can be obtained at the
same time.

When the optimization of Subsection II is done, energy consumption of the system of Subsection I
and Subsection II has been minimized. The speed profile of Subsection II is also updated, which means
the braking phase of Subsection II has been updated too. Therefore, the speed profile of the first two
subsections has been determined, and the speed profile of Subsection III is optimized in the same way
as shown in Figure 9, as well as Subsection IV.
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Figure 9. Optimization of Subsection III.

Actually, the proposed optimization method of multi-train system is suitable for more than two
sections, with the optimization going backward until Subsection X (the last subsection) is optimized.
The flow chart of the algorithm proposed above is shown in Figure 10.
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Figure 10. Flow chart of the optimization algorithm.

It is important to note that the optimal control strategy of multi-train is not always five motion
phases, which means the MT phase cannot be added into the operation curve in some circumstances,
and the specific situation depends on the relationship among trip time, departure interval, and dwell
time. Besides, even though the optimal speed profile of a subsection is five motion phases, its OP is not
always the entire MB phase of the previous subsection. Taking the optimization of Subsection II as an
example, the possible situations are listed in Table 1. t* in Case 1 is the transition time from MT to MB,
and the detailed calculation method is illustrated in Figure 11.

Table 1. Possible situations of optimal control strategy and overlap phase (OP).

Case Situation Motion Phases OP

1 TA > t2 + ∆T 4 [t2, t*]
2 t1 + ∆T < TA < t2 + ∆T & t2 > ∆T 5 [t2, TA]
3 t1 + ∆T < TA < t2 + ∆T & t2 < ∆T 3 [∆T, t1 + ∆T]
4 ∆T < TA < t1 + ∆T & t2 > ∆T 3 [t2, TA]
5 ∆T < TA < t1 + ∆T & t2 < ∆T 3 [∆T, TA]
6 TA < ∆T 3 NULL

In single-train optimization, the CO phase usually accounts for the most part of the three motion
phases. Hence, when departure interval is less than planned trip time (namely TA > ∆T), TA∈[t1 + ∆T,
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t2 + ∆T] is satisfied for most circumstances, under which it is almost impossible for t2 to be smaller
than ∆T. On the basis of the above analysis, Case 2 is the most likely situation and Case 3 basically will
not appear. Therefore, the five motion phases control strategy is suitable for most circumstances, and it
is valuable for the optimization of multi-train.
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In summary, the optimal control strategy takes five motion phases only in Case 2, regenerative
energy still can be recovered in the overlapping part of traction trains and braking trains in Case 3–5,
and there is no regenerative energy absorption in Case 6. However, the MT phase can also be added
in Case 1, according to proposed optimal control strategy, MT mode starts form t2 and ends when
intersecting the MB phase, which can be obtained by inverse calculation from (TA + ∆T) to the speed
limit. Therefore, the forth motion phase (namely CO) will not exist in Case 1, and there are four motion
phases in Case 1, as shown in Figure 11a. Besides, t* is not a constant in Case 1, which depends on the
intersecting time of the MT phase and MB phase. However, there may exist the CR phase in the OP if
the speed reaches the speed limit before it intersects the MB phase, as shown in Figure 11b.

Actually, the starting speed of the OP is usually high when the departure interval is small, which
means the demanded traction power in the OP is higher than the generated electrical braking power;
hence, the energy-saving effect may not be significant for the optimization in Case 1.

3.3. Optimization for Steep Slope

According to the proposed optimal control strategy of multi-train, the MT phase is added to
the OP and the train adopts the CR mode in the remaining time of the OP when it accelerates to V.
However, the partial braking (PB) mode may appear at V in the OP instead of the partial traction (PT)
mode if there exists a steep slope, under which circumstance not only the power of the train is negative
that cannot absorb regenerative energy, but also the gravitational potential energy of the steep slope
is wasted.

On the basis of the analysis above, the energy-saving operation curve of multi-train system can be
improved for a steep slope and the energy-saving rate can be further increased theoretically. In order to
work out the optimal speed profile, a novel optimization method is formulated as shown in Figure 12.
The basic idea is to let the train coast if there exists a steep slope in the OP. Although the CO mode
cannot absorb the regenerative energy, it uses the gravitational potential energy.
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Therefore, there exist three motion phases in the OP, which are the MT phase, CO phase, and CR
phase by sequence. The key point is to find the transition point Q from the CO phase to CR phase, and
the searching range is the CR phase of a steep slope, namely MN. Once Q is determined, the inverse
calculation starts from Q with the CO and MT mode by sequence, and v’ can be worked out because tQ
and t2

s are known. Then, v* can be obtained in the same way. Therefore, each Q corresponds to a unique
speed profile in order to satisfy the constraint of distance and trip time. It can be easily observed that
when Q is closer to N, the corresponding v’ and v* are higher (for a v-t curve, area of the speed profile is
constant under fixed distance). Assume that the position of M and N are xm and xn, hence, the amount
of searching point Q and corresponding feasible solutions are (m – n + 1). The optimal speed profile
can be obtained by comparing the energy consumption of feasible solutions.

4. Simulation

4.1. Single-Train

(a) Related Parameters

Taking the section between Chigang Station and Kecun Station of Guangzhou Metro Line 8 as the
test line, the total length and planned trip time are 1.489 km and 96 s, respectively. The line conditions
are shown in Table 2.

Table 2. Line Conditions.

Start Position (m) End Position (m) Gradient (%�) Speed Limit (km/h)

3732.0 3794.0 −3 80
3794.0 4075.4 −3 65
4075.4 4163.0 −3 80
4163.0 4199.0 −3 75
4199.0 4360.6 −4 75
4360.6 4489.0 −4 80
4489.0 5099.0 9.64 80
5099.0 5221.0 3 80

In addition, the metro vehicle of Guangzhou Metro Line 8 is A-Type produced by CRRC
Corporation Limited, which has the best passenger capacity. The vehicle marshalling type is 4M2T
(A-B-C-C-B-A) and is shown as follows:

In Figure 13, A is a trailer with driver’s room, B is a motor train with pantograph, and C is a motor
train, which weigh 37.3 t, 40.6 t, and 40.6 t, respectively. In AW2 case, the total mass of a train is 339.6 t.
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According to the official product data sheet, the weighted average rotary mass coefficient ρ and
the conversion efficiency of traction system ηt are given as

ρ = 0.08,ηt = 90%. (17)

The basis running resistance corresponding to the speed v(s) is

W(v) = 8.907 + 1.334× 10−3v2. (18)

The characteristic curve of basis running resistance and the maximum traction/braking force
corresponding to the speed v(s) are shown in Figure 14:
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(b) Result

On the basis of the proposed method, the test line mentioned above is taken for simulation and a
transition speed of 76.7 km/h is worked out. The optimal operation curve and real operation curve
are shown in Figure 15. The measured data of the real operation process are collected by the onboard
device of Guangzhou Metro Line 8, and the sampling interval of speed and traction/braking force is 1 s.
Besides, the total energy consumption of real running process Jreal can be obtained as follows:

Jreal =
N∑

i=1

Pti∆t, (19)

Pti = Ftivi, (20)

where Pti is the traction power of train; ∆t is the sampling interval; N is the sample count that can be
obtained by N = T/∆t; and Fti and vi are the traction force and speed of train, respectively.
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Figure 15. Optimal operation curve and real operation curve.

The comparison of energy consumption between optimal operation and real operation is shown
in Table 3. The total traction energy consumption of optimal operation mode is 24.23 kWh, and a
14.08% energy-saving rate can be obtained compared with the energy consumption of real operation.

Table 3. Comparison of energy consumption.

Operation Mode Energy Consumption (kWh)

Optimal Operation 24.23
Real Operation 28.20

4.2. Multi-Train

(a) Related Parameters

The three successive stations of the test line are Wanshengwei Station, Pazhou Station, and
Xingangdong Station by sequence of Guangzhou Metro Line 8. The line conditions are shown in
Table 4 and the operation parameters are shown in Table 5.

Table 4. Line Conditions.

Start Position (m) End Position (m) Gradient (%�) Speed Limit (km/h)

−1428 −1300 −3 80
−1300 −650 −5 80
−650 0 5.029 80

0 235 2 80
235 610 3 80
610 780 −24 80
780 1030 9.352 80

1030 1398 3 80
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Table 5. Operation Parameters.

Parameters Value Parameters Value

S1 (m) −1428 L1 (m) 1832
S2 (m) 404 L2 (m) 994
S3 (m) 1398 ∆s (m) 1
TA (s) 115 ∆t (s) 0.1
TB (s) 77 ∆T (s) 65

tstop (s) 30 V0 (V) 1650
R0 (Ω) 0.054 δ (Ω/km) 0.03

(b) Result for the Flat Route

Simulation on flat route is conducted to demonstrate the effectiveness of the proposed method.
The single-train optimal operation curve of the multi-train system is shown in Figure 16. The transition
speed from MT to CO of the two trains in the two sections are 77.9 km/h and 64.6 km/h, respectively.
It can be observed from power curves of two trains that the regenerative energy cannot be effectively
absorbed for the single-train optimal operation mode. Besides, corresponding results with dynamic
losses of recovered regenerative energy on the catenary are also shown, from which the resistance R2

and the power losses between two trains of the catenary can be clearly observed.
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traction; MB, maximum braking; CO, coasting.

The energy-saving operation curve is worked out by multi-train joint optimization and is shown in
Figure 17, as well as the results of regenerative energy dynamic losses. Subsection I has no regenerative
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energy to absorb and Subsection IV belongs to Case 5; both need not to be optimized, and the v* of
Subsection II–III are 47.7 km/h and 13.1 km/h, respectively. The power curve shows that regenerative
energy is effectively absorbed. The energy consumption of two operation modes is shown in Table 6.
Although multi-train joint optimization increases the traction energy, it makes better use of regenerative
energy and decreases the system energy, and the total energy consumption of Figures 16 and 17 is
65.0306 kWh and 61.7688 kWh, respectively. The energy-saving rate brought by multi-train joint
optimization is 5.02% in this case.
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Figure 17. Optimal operation curve of multi–train system on flat route. PT, partial traction.

Table 6. Comparison of energy consumption on a flat route.

Operation
Mode

Traction Energy
(kWh)

Recovered Regenerative
Energy (kWh)

Lost Regenerative
Energy (kWh)

Total Energy
(kWh)

Figure 16 69.4219 4.4222 0.0309 65.0306
Figure 17 81.2183 19.5612 0.1118 61.7688

(c) Result for the Practical Route

The effectiveness of the proposed solution method was verified on the flat route. Now, the gradient
listed in Table 4 is taken into consideration, and the single-train optimal operation curve of multi-train
system and corresponding results with dynamic losses of recovered regenerative energy are shown
in Figure 18. The speed in the CO phase fluctuates as the gradient changes, and regenerative energy
still cannot be effectively absorbed. On the practical route, the transition speed from MT to CO of the
two sections are 76.8 km/h and 61.2km/h, respectively. The detailed energy consumption is shown in
Table 7.
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Table 7. Detailed energy consumption of single-train optimal operation mode.

Subsection Traction Energy
(kWh)

Recovered Regenerative
Energy (kWh)

Lost Regenerative
Energy (kWh)

Total Energy
(kWh)

I 19.3669 0.0000 0.0000 19.3669
II 19.3669 0.0000 0.0000 19.3669
III 12.9795 0.4709 0.0034 12.5120
IV 12.9795 2.1228 0.0131 10.8698

Total 64.6928 2.5937 0.0165 62.1156

The energy-saving operation curve on a practical route is obtained by multi-train joint optimization
and shown in Figure 19. Same as the situation on the flat route, Subsection I and Subsection IV need
not be optimized. The v* of Subsection II–III are 53.4 km/h and 16.9 km/h, respectively. The power
curves of two trains show that the energy-saving control strategy of multi-train system has a good
absorption effect for the regenerative energy. Besides, the resistance R2 and the power losses are also
shown. The power losses curve increases to the peak and then decreases in each OP; actually, the peak
represents the maximum absorption capacity for regenerative energy, namely when the traction power
and the braking power are equal. The electrical line resistance R2 depends on the train positions and
varies with time, as the distance of the two trains varies with time. The detailed energy consumption is
shown in Table 8.



Energies 2019, 12, 3573 18 of 25

Energies 2019, 12, x FOR PEER REVIEW 18 of 25 

 

 
Figure 19. Optimal operation curve of the multi–train system on a practical route. 

Table 8. Detailed energy consumption of multi-train optimal operation mode 

Subsection Traction 
Energy (kWh) 

Recovered Regenerative 
Energy (kWh) 

Lost Regenerative 
Energy (kWh) 

Total Energy 
(kWh) 

Ⅰ 19.3669 0.0000 0.0000 19.3669 
Ⅱ 21.5283 5.0768 0.0403 16.4918 
Ⅲ 21.3106 6.9397 0.0363 14.4072 
Ⅳ 12.5800 2.2773 0.0146 10.3173 

Total 74.7859 14.2938 0.0912 60.5832 

However, the influence of considering the dynamic losses of regenerative energy on the optimal 
operation curve of multi-train needs to be evaluated, and the difference of optimal speed profile 
between with and without the regenerative energy transmission losses is shown in Figure 20, in 
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Table 8. Detailed energy consumption of multi-train optimal operation mode

Subsection Traction Energy
(kWh)

Recovered Regenerative
Energy (kWh)

Lost Regenerative
Energy (kWh)

Total Energy
(kWh)

I 19.3669 0.0000 0.0000 19.3669
II 21.5283 5.0768 0.0403 16.4918
III 21.3106 6.9397 0.0363 14.4072
IV 12.5800 2.2773 0.0146 10.3173

Total 74.7859 14.2938 0.0912 60.5832

However, the influence of considering the dynamic losses of regenerative energy on the optimal
operation curve of multi-train needs to be evaluated, and the difference of optimal speed profile
between with and without the regenerative energy transmission losses is shown in Figure 20, in which
it is easy to observe that speed profiles of Subsections I, II, and IV remain unchanged. However, the
v* of Subsection III changes from 18.0 km/h to 16.9 km/h after considering the regenerative energy
transmission losses.
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Figure 21. Real operation curve and corresponding gradient of the test line. 

Figure 20. Difference of optimal speed profile between with and without the regenerative energy
transmission losses.

The speed profile of the real running process and gradient is shown in Figure 21. Energy
consumption can be obtained by Equations (19) and (20), which is 41.67 kWh. Assume that the
departure interval also takes ∆T, the corresponding P-t curve of multi-train system with real operation
mode is shown in Figure 22, as well as the result of dynamic losses of recovered regenerative energy
on the catenary.
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Figure 22. Results with regenerative energy dynamic losses of real operation mode.
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On this basis, absorbed regenerative energy of the real running process can be worked out by
the third item of Equations (9) and (10), which is 10.33 kWh. The lost regenerative energy during
the transmission process on the catenary is 0.2275 kWh. Therefore, total energy consumption of the
multi-train system with the real operation mode is 73.2375 kWh. The result shows that the energy-saving
rates of the optimal operation mode are 2.47% and 17.28% compared with the single-train optimal
operation mode and real operation mode, respectively.

(d) Energy-Saving Effect Promotion for Steep Slope

It can be observed from Tables 7 and 8 that the energy consumption of Subsection II and IV is
reduced, but is increased for Subsection III. The speed profile and corresponding power curve of
Subsection III are shown in Figure 23. Obviously, PB mode appears at V in the OP, the start and
end positions of this area are 675 m and 780 m, respectively. It can be known from Table 4 that the
corresponding gradient is −24. Not only the power of Train A in this area is negative and cannot
absorb the regenerative energy, but the line potential energy is also wasted.
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Figure 23. Speed profile and corresponding power curve of Subsection III.

The optimal operation curve is worked out by the optimization method of a steep slope and is
shown in Figure 24, as well as the results with dynamic losses. The v* and v’ of Subsection III are
17.8 km/h and 16.4 km/h, which were 16.9 km/h and 15.5 km/h before improvement, respectively.
In addition, there were three operation modes in the OP (namely MT, PB, and PT), and the transition
speeds of three phases were the speed limit. After improvement, the OP is made of MT, CO, and PT,
and the PB mode disappears. The transition speed from MT to CO is 76.1 km/h, then the train coasts
to the speed limit using the line potential energy. Actually, the corresponding Q is N, namely the
transition position from CO to PT is the end of steep slope. Therefore, the optimal control strategy of
multi-train for a steep slope contains seven motion phases (namely, MT, CO, MT, CO, PT, CO, and MB
by sequence).

The detailed energy consumption of each subsection is shown in Table 9, and the total energy
consumption of Subsection III decreases by 2.73 kWh, among which the traction energy decreases by
1.73 kWh and the absorbed regenerative energy increases by 1.00 kWh. The former confirmed the
concept of the leaving slope speed proposed by Jin and Wang [38], namely when the train reaches the
speed limit at the end of a steep slope, it can make full use of the line potential energy and minimize
the traction energy. As for the latter, the power of Train A corresponding speed v’ increases because v’
increases, which means the absorbed power increases at the beginning part of the OP. Therefore, both
conditions are met simultaneously, optimization for steep slope improves the utilization of regenerative
energy while making full use of the line potential energy.



Energies 2019, 12, 3573 21 of 25

Energies 2019, 12, x FOR PEER REVIEW 21 of 25 

 

 

Figure 24. Optimal operation curve of the multi–train system for a steep slope. 

The detailed energy consumption of each subsection is shown in Table 9, and the total energy 
consumption of Subsection Ⅲ decreases by 2.73 kWh, among which the traction energy decreases by 
1.73 kWh and the absorbed regenerative energy increases by 1.00 kWh. The former confirmed the 
concept of the leaving slope speed proposed by Jin and Wang [38], namely when the train reaches 
the speed limit at the end of a steep slope, it can make full use of the line potential energy and 
minimize the traction energy. As for the latter, the power of Train A corresponding speed v’ increases 
because v’ increases, which means the absorbed power increases at the beginning part of the OP. 
Therefore, both conditions are met simultaneously, optimization for steep slope improves the 
utilization of regenerative energy while making full use of the line potential energy. 

Table 9. Detailed energy consumption after improvement for a steep slope. 

Subsection Traction 
Energy (kWh) 

Recovered Regenerative 
Energy (kWh) 

Lost Regenerative 
Energy (kWh) 

Total Energy 
(kWh) 

Ⅰ 19.3669 0.0000 0.0000 19.3669 
Ⅱ 21.5283 5.0768 0.0403 16.4918 
Ⅲ 19.5833 7.9442 0.0368 11.6760 
Ⅳ 12.5800 2.3317 0.0151 10.2634 

Total 73.0586 15.3528 0.0923 57.7981 

Figure 24. Optimal operation curve of the multi–train system for a steep slope.

Table 9. Detailed energy consumption after improvement for a steep slope.

Subsection Traction Energy
(kWh)

Recovered Regenerative
Energy (kWh)

Lost Regenerative
Energy (kWh)

Total Energy
(kWh)

I 19.3669 0.0000 0.0000 19.3669
II 21.5283 5.0768 0.0403 16.4918
III 19.5833 7.9442 0.0368 11.6760
IV 12.5800 2.3317 0.0151 10.2634

Total 73.0586 15.3528 0.0923 57.7981

The result verifies the effectiveness of the proposed optimization method for a steep slope,
which brings ideal energy-saving effect and the total energy consumption of the multi-train system is
57.7981 kWh. The comparison of total energy consumption between four operation modes is shown in
Table 10. The energy-saving rate after improvement for steep slope can reach up to 4.60%, 6.95%, and
21.08%, respectively, compared with the unimproved operation mode, single-train optimal operation
mode, and real operation mode by sequence.

Table 10. Total energy consumption of four operation modes.

Operation Mode Total Energy (kWh)

After Improvement 57.7981
Before Improvement 60.5832

Single-train Optimal Operation 62.1156
Real Operation 73.2375
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(e) Different Departure Intervals

The departure interval of the previous simulation is 65 s; however, the total energy consumption
and the regenerative energy utilization rate are different for different departure intervals. The
relationship of which with the two operation modes is shown in Figure 25.
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It can be observed that for the single-train optimal operation mode, because the speed profile of
each subsection is changeless, the MB phases are changeless, namely the total regenerative energy is a
constant, hence, minimum total energy consumption corresponding to maximum regenerative energy
utilization rate, and the corresponding departure interval is 50 s, as shown in Figure 25b. However,
the rule is not applicable for the multi-train optimal operation mode, because the speed profile of
each subsection changes after joint optimization, which means the MB phases change and the total
regenerative energy is not a constant. As shown in Figure 25a, the departure interval of the minimum
total energy consumption is 50 s, but the departure interval of the maximum regenerative energy
utilization rate is 60 s.

Besides, in the calculation of regenerative energy utilization rate, some studies that only optimize
the tracking train just count the regenerative energy of the former train into total regenerative energy.
In this paper, the braking phases of all subsections are taken into consideration even though the
regenerative energy generated by the last subsection has no other trains to recover, otherwise the
utilization rate will be much higher.

5. Conclusions

In this paper, an energy-efficient control method of the multi-train system is proposed in the
foundation of the single-train optimal control strategy. Speed profiles of multi-train are collaborative
optimized and updated based on departure orders of trains. In addition, an improved optimization
strategy of multi-train that contains seven motion phases is formulated for a steep slope, which can
make full use of the line potential energy and further reduce the system total energy consumption.
Moreover, an electrical network model is established to evaluate the regenerative energy losses on the
line, making the optimization results more realistic and convincing. The numerical simulation results
indicate that the energy-saving rates can be up to 6.95% and 21.08%, respectively, by multi-train joint
optimization compared with single-train optimal operation mode and measured data. All proposed
solution methods in this paper only need to find one transition point, and the effectiveness is verified
based on Guangzhou Metro Line 8. The complex problem of multi-train cooperative optimization is
greatly simplified and the calculation process is efficient.

In addition, total energy consumption of different departure intervals is analyzed, as well as the
corresponding regenerative energy utilization rate. A conclusion can be obtained that the departure
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interval of minimum total energy and maximum regenerative energy utilization rate are not same
as for the multi-train optimal operation mode. However, the target of multi-train optimization is to
minimize the system total energy consumption; the optimal departure interval of two operation modes
is 50 s.

The combination of two parts above can work out the optimal departure interval of a multi-train
system and the corresponding energy-saving speed profile, which is meaningful for practical
engineering application. Moreover, the electrical network model presented in this paper is limited to
dual trains on single track. The evaluation of lost regenerative energy in the situation with two trains
on dual tracks deserves to be studied, which will guide our next-step research.
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The following abbreviations are used in this manuscript:

URT Urban rail transit
OP Overlap phase
MT Maximum traction
CR Cruising
CO Coasting
MB Maximum braking
PT Partial traction
PB Partial braking
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