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Abstract: Sustainable efficient energy is the key factor of any sustainable manufacturing system.
This study addresses a multi-item sustainable economic energy efficient reliable manufacturing
quantity (MSEEERMQ) model. The manufacturing system produces defective products during
long-runs, where those products may be reworked under the optimum effect of energy and carbon
footprint with some costs. As all products are not sold immediately, the holding cost increases based
on time. The management decides the system design variable to reduce energy consumption cost and
increase system reliability under some time-dependent holding costs, and the optimum energy such
that the maximum profit of the production model is obtained with a system reliability as a decision
variable. The inflation and time-value of money are considered to calculate the cost of the production
model under efficient energy. Using control theory, an Euler–Lagrange method is employed to obtain
the sustainable critical path, which gives the optimal solution of the model. There are two lemmas to
prove the global optimal solution of the model through the control theory. There is an illustrative
example to test the model. Under different conditions there are other two examples with graphical
representation and sensitivity analysis. Numerical studies reveal that maximum profit is obtained at
the optimal value of the decision variable.

Keywords: energy; sustainable manufacturing system; multi-item production; variable holding cost;
inflation; control theory

1. Introduction

In reality, optimization through control theory is a critical challenge for any researcher for any
production model under optimum energy. An economic energy efficient reliable manufacturing
quantity (EEERMQ) model is one of the challenging research areas (Cárdenas-Barrón et al. [1]). To make
a system reliable, the management system of any production industry sector under efficient energy
has to follow several steps towards the reliability of machinery systems and products. The sustainable
energy efficient economic reliable manufacturing quantity model (SEEERMQ) is the extended version
of the EEERMQ with the concept that the type of production quantity is always sustainable, i.e., for any
amount of order quantity from the buyer or retailer, the EEERMQ is almost similar in every production
system. Thus, to reach the optimum EEERMQ, the production system must be stable. It means that the
management needs 100% reliable products, which is achievable when the machinery system under
the optimum energy consumption works within their capacity. All labors work properly, support
of redundancy machines are available, no defective items are produced or if produced, all defective
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items are discarded from the system. To make reliable products, the industry has to choose one
option in between two possible options such as (i) invest more funds to make the system energy
efficient reliable or (ii) without investment, reduce the system failure rate under optimum energy
consumption. Sana [2] is the pioneer researcher in this field of study. He introduced the above
second condition, that without investment the failure rate can be reduced. He used the concept
of development cost of Mettas [3] but both of them did not think about efficient energy. Cao and
Schiniederjans [4] examined the cost of inventory and production cost in just-in-time production
systems but they considered constant production cost without any energy and carbon footprint
efficiency whereas the time-dependent variable production cost is more relevant for any sustainable
manufacturing system. Wang [5] developed a free-repair warranty policy for defective products
which come with an economic manufacturing system. Giri and Dohi [6] generated the basic economic
manufacturing model with a random breakdown and repair, where they considered that time for
repair corrective maintenance, and preventive maintenance was a random variable. They considered
a variable production rate, but none of them considered any concept of energy consumption or any
energy reduction policy. Sarkar et al. [7] extended the model of Giri and Dohi [6] with variable
safety stock but with constant production rate and perfect production system without any energy
and carbon footprint effect. Sarkar et al. [8] extended their own model with imperfect production
with constant production rate, but they did not consider any concept of sustainable energy issue.
Sarkar et al. [9] extended Sana’s [2] model with a stock-dependent demand pattern. They proved that
a stock-dependent demand pattern is the best when imperfect production is considered with constant
production rate but they did not think about the sustainability issue. Chiu et al. [10] obtained the best
replenishment policy of the economic manufacturing quantity model where defective products and
multiple shipments are considered. The production rate was considered in this case. They indicated
that just-in-time manufacturing systems can converge over basic economic manufacturing models
without any sustainable choice. Sarkar et al. [11] extended the basic economic manufacturing quantity
model with a time-dependent production rate, where inflation and time-value of money is considered
with constant holding cost. They found that holding cost is very sensitive to the EMQ model. That is
the reason for this proposed model to consider time-dependent holding cost. By introducing an
advertising cost, a selling-price-dependent demand and a variable holding cost, Sarkar [12] developed
an economic manufacturing quantity (EMQ) model with failure rate as a decision variable, but did
not think about efficient energy consumption. Sarkar et al. [13] extended the basic EMQ model
with time-dependent holding cost, variable demand and variable material cost, which depends on
failure rate i.e., less material cost indicates low standard material and high failure. Sarkar and
Saren [14] extended Wang’s [5] model with inspection errors and warranty costs, but they considered
a constant production rate. Omair et al. [15] explained a sustainable production system which can
give profits. Jaber et al. [16] first proved that the basic production model is more effective than a
just-in-time manufacturing system where entropy cost, specifically energy, effects and worker’s stress
are added. They proved that just-in-time manufacturing systems can produce more waste than the
basic manufacturing model if the shipment is more frequent. They considered this for both EMQ and
JIT models, which where effective to reduce holding inventory and others. Ahmed and Sarkar [17]
proved that a sustainable production system can be obtained if the production system can be made
under triple bottom line approach (like economic, environmental, and social) but they did not consider
any effect of energy. Tiwari et al. [18] discussed the sustainable inventory in a basic inventory model,
but no one till now has considered the production of multi-products with time-dependent production
rate under sustainable manufacturing systems. This model fulfils the gap of multi-product in a
SERMQ model where the holding costs are time-dependent and the model is solved using control
theory. Recently, Sarkar and Sarkar [19] developed a smart production system with the effect of energy,
but the main issue remains the same; using a traditional production system, how can an industry
can make a sustainable energy efficient production system? There are several studies (Kluczek [20]
and Harris et al. [21], Dehning et al. [22]) considering how smart production solved the issues of
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efficient energy and all other issues like waste management (Khalil et al. [23], Nižetić et al. [24], Biel
and Glock [25]), but not all industries can adopt the smart production system. Therefore, how those
industries can solve their issues with efficient energy effects under the traditional manufacturing
system is addrssed in this study. Table 1 shows the comparison among different studies in this field
of study.

Table 1. Comparison between the contributions of different authors.

Author (s) Type of Product Energy Efficient (EE) Product Unit Production Energy
Model Type and Reliable (R) Category Cost

Mettas (2000) EPQ P&I R Single Variable NA
Cao and

Schiniederjans (2004) EPQ P NA Single Constant NA
Wang (2004) EPQ P&I NA Single Constant NA

Giri and Dohi (2005) EMQ P R Single Constant NA
Sana (2010) EMQ P&I R Single Variable NA

Sarkar et al. (2010) EMQ P R Single Variable NA
Chiu et al. (2011) EMQ P&I NA Single Constant NA

Sarkar (2012) EMQ P&I R Single Variable NA
Cárdenas-

Barrón et al. (2013)
Sarkar and

Saren (2016) EPQ P&I NA Single Constant NA
Jaber et al. (2017) SEPQ P NA Single Constant Energy

Omair et al. (2017) EPQ P NA Single Constant NA
Ahmed and

Sarkar (2018) SEPQ P NA Single Constant NA
Tiwari et al. (2018) EMQ P NA Single Constant NA

This Model MSEEEMQ P&I EE&R Multiple Variable Energy

P, I, and NA indicate perfect products, imperfect products, and not applicable, respectively.

From Table 1, it can be concluded that there is a big research gap in multi-item sustainable
economic energy efficient reliable manufacturing quantity models in the direction of the effect of
energy. There are several studies, but no one has considered the effect of energy. Many existing models
considered a constant unit production rate, but in reality it generally depends on the rate of production.
In this direction, almost all models developed for single products; this model includes some issues
that can contribute to obtain sustainable processes. This proposed research fulfills the research gap.

2. Problem Definition, Notation, and Assumptions

This section consists of problem definition, notation, and assumptions of the model.

2.1. Problem Definition

The aim of the model is to obtain the optimal design variable for a multi-item economic energy
efficient reliable manufacturing quantity model with maximum profit. The production system is
being made sustainable with the help of system reliability and efficient use of energy. A basic
manufacturing system is considered for this purpose. The effect of energy is considered within each
sector of the production system. As for long-time holding, the holding cost is never constant. Thus,
a time-dependent holding cost under the effect of inflation and time-value of money is considered
to calculate the profit. The defective products are produced with a random rate. Hence, excess
energy consumptions are there for reworking those defective products into perfect products. To make
a sustainable energy efficient production system, the carbon footprint is taken into consideration.
The demand pattern should be time-dependent and selling-price-dependent which can give more
profit than the unrealistic constant demand. The profit is maximized for the sustainable manufacturing
system with the help of the Euler–Lagrange theory under the use of optimal energy.
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2.2. Notation

The notation of this model is given in Table 2.

Table 2. Notation for index, variables and parameters.

Index

i number of products i = 1, 2, . . . , n

Decision variables
η failure rate of the manufacturing system of product i

Parameters

A development cost without the energy and carbon footprint cost ($/unit)
A
′

energy and carbon footprint cost for developing product ($/unit)
B cost related with system technology and reliability
Ci inspection cost without energy consumption cost of product i, ($/unit)
C
′

i energy and carbon footprint cost for inspection of product i, ($/unit)
Cdi

reworking cost of product i without the energy and carbon footprint cost ($/unit)
C
′

di
energy and carbon footprint cost for reworking of product i ($/unit)

Cpi manufacturing cost without energy and carbon footprint cost of product i ($/unit)
C
′
pi

energy and carbon footprint cost for manufacturing product i ($/unit)
C0i material cost of product i, ($/unit)
C
′
0i

material cost for energy of product i, ($/unit)
k scaling parameter of design variable
pi selling-price product i ($/unit)
pmax maximum value of selling price ($/unit)
pmin minimum value of selling price ($/unit)
Qi lot size of product i, (unit)
T length of production cycle (year)
τ inflation rate and time-value of money
α tool/die cost without energy and carbon footprint cost ($/unit)
ηmax maximum value of failure rate
ηmin minimum value of failure rate

Expressions

Chi
holding cost with energy effect of product i
($/unit/unit time), Chi

= (Ch1i
+ C

′

h1i
) + (Ch2i

+ C
′

h2i
)t

Di demand for product i, Di = aebt +
pmax − pi
pi − pmin

Si(t) time-dependent production rate under the optimum energy effect
for product i

Ω1 total profit under the effect of energy and carbon footprint per cycle ($/cycle)
Ω2 total profit under the effect of energy as well as carbon footprint, inflation,

and time-value of money ($/cycle)
Ω3 final total profit per cycle of the MSEEEMQ ($/cycle)

Those above mentioned notation is utilized for the proposed model.

2.3. Assumptions

The following assumptions are considered to develop this model.

1. This model considers a sustainable economic energy efficient reliable manufacturing quantity
model (SEEERMQ) for a multi-item in an imperfect production system.

2. During a long-run production process, the system moves to an out-of-control state from an in-control
state and it starts to produce some defective items. The production of defective items is a very
small percentage of production rate as the industry manager always maintains a reliable system.
For maintaining the brand image of a company, a whole-lot-inspection policy is utilized to sperate
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the defective items. The defective items are reworked under optimum energy consumption with
a fixed cost to make them as new (Sarkar [26], Sarkar et al. [27], San-Jośe et al. [28]).

3. For the reliable energy efficient production system, the management of the industry has two
choices; invest more funds to increase the system reliability under optimum energy or maintain
the whole system in such a way that the failure rate with the optimum energy can be reduced.
Therefore, the system design variable for η is defined as follows:

η =
Numbers of failures

Total number of working hours
, (1)

i.e., less number of failure indicates a more reliable system. The industry managers use this
opportunity to make the system reliable by reducing the failure rate of the production system to
make a sustainable EMQ (Sarkar [29], Shin et al. [30], Cárdenas-Barrón et al. [31]).

4. As this is a multi-item energy efficient production system, the holding cost is different for different
items depending on time linearly. The demand of a multi-item is assumed as time and selling-price
dependent (Manente et al. [32], Govindan et al. [33], Sarkar et al. [34]).

5. The development cost under optimum energy is considered as a function of a system design
variable and the corresponding unit production cost of the system under the optimum energy
consumption is dependent on the development cost, material cost, and tool/die cost. All costs are
related to optimum energy consumption (Sarkar et al. [35], Govindan et al. [36]).

6. The inflation and time-value of money are considered to obtain profits. The time horizon is
considered as finite and the initial inventory, as well as the final inventory, are zero at the initial
and final boundary points.

3. Optimization Problem Development

This section contains a mathematical model, solution of the optimization problem and verification
of the optimality conditions.

3.1. Mathematical Model

To make a multi-item sustainable economic energy efficient reliable manufacturing quantity
(MSEEERMQ) model, it is essential to make the manufacturing system sustainable and reliable under
efficient energy system. For making sustainable manufacturing system, it should pass through an
effective energy and a reduced carbon footprint environment, the optimum profit, and the best
social effect whereas for making a reliable manufacturing system, i the manufacturing system should
consistently produce quality items without any defective products. Hence, the combination of these
two systems gives a sustainable economic energy efficient reliable manufacturing system. Therefore,
the aim of the model is three-fold: make the manufacturing system energy efficient sustainable,
continue with system reliability, and obtain the optimum profit. For making a sustainable energy
efficient manufacturing system, a basic economic manufacturing quantity model is taken where the
manufacturing cost is dependent on system development cost under the energy and carbon footprint
consideration and production rate. The development cost (DC) under the efficient energy and carbon
footprint of the manufacturing system is as follows:

DC = A + A
′
+ Be

k(ηmax−η)
(η−ηmin) , (2)

where η is the system design variable, which is an indicator of system reliability. The development
cost is the summation of initial development cost, energy and carbon footprint cost, and reliability
related cost.

Using this development cost per product, the unit production cost (UPC) under the optimum
energy and carbon footprint can be found as the summation of material cost, energy and carbon
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footprint cost, development cost per product, and tool/die cost, where Si(t) is the time-dependent
production rate.

UPC = C0i + C
′
0i
+

A + A
′
+ Be

k(ηmax−η)
(η−ηmin)

Si(t)
+ αSi(t). (3)

Therefore, the total production cost (TPC) under the effective energy per cycle is given by

TPC =
∫ T

0
Si(t)UPCdt

=
∫ T

0

[
COi + C

′
0i
+

A + A
′
+ Be

k(ηmax−η)
(η−ηmin)

Si(t)
+ αSi(t)

]
Si(t)dt. (4)

Therefore, for the sustainable energy efficient manufacturing system, the governing differential
equation of inventory can be written as

dQi(t)
dt

= Si(t)− Di(t), (5)

where the rate of change of the production quantity is equal to the difference between time-dependent
production rate and time-dependent demand.

Therefore, the production rate Si(t) can be found from Equation (5) as

Si(t) =
dQi(t)

dt
+ Di(t). (6)

As the product is holding for a long time by using the optimum energy carbon footprint, it is
found from the old data, that the holding cost is linearly varying with time. The holding cost (HC)
under the efficient energy and carbon footprint of the manufacturing system is given as follows:

HC =
∫ T

0

[
Ch1i

+ C
′
h1i

+ Ch2i
t + C

′
h2i

t
]
Qidt, (7)

where Ch1i
is the constant holding cost per unit time and C′h1i

is the constant energy and carbon

footprint cost due to holding cost; Ch2i
and C′h2i

are similar cost but varies with time.

Due to maintaining the brand image of the manufacturing company, they arrange a full-lot
inspection policy for all lots of produced products under optimum energy. Therefore, the inspection
cost (IC) of the whole produced lot (Qi), under the optimal energy and carbon footprint utilized,
is given by

IC =
∫ T

0
(Ci + C

′
i)Qidt. (8)

To make more profit, from the previous data, it is found that the demand is dependent on time
and selling price both, that is, if the time is increased then the demand is increasing exponentially,
whereas if price is decreasing, then demand is increasing. Therefore, the demand is taken as

Di(t, pi) = aebt +
pmax − pi
pi − pmin

, (9)

where a and b are the scaling and shape parameters for exponentially time-dependent demand„
respectively. pi is the selling price with its maximum as pmax and minimum as pmin.

During the production system, the manufacturing system moves to an out-of-control state from
an in-control state and the defective items are produced in a rate ξeηt, where ξ is a scaling parameter.
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Hence, the total defective items during time t is ξeηtSi(t). The reworking cost (RC) of those defective
items with the minimum energy consumption and reduced carbon footprint is given by

RC =
∫ T

0
(Cdi

+ C
′
di
)ξeηtSi(t)dt, (10)

where the rework cost and energy as well as carbon footprint cost per product is Cdi
and C′di

under the
time dependent production rate Si(t).

The profit of the whole MSEEERMQ under the effective energy and carbon footprint cost is

Ω1(η) =
∫ T

0

[pi −

(C0i + C
′
0i
) +

(A + A
′
) + Be

k(ηmax−η)
(η−ηmin)

Si(t)
+ αSi(t)

 Si(t)

−
(
(Ch1i

+ C
′
h1i
) + (Ch2i

+ C
′
h2i
)t
)

Qi − (Cdi
+ C

′
di
)eηtξSi(t)− (Ci + C

′
i)Qi

]
dt. (11)

The first term of the equation,
∫ T

0 piSi(t)dt, is the revenue of the MSEEERMQ system. The second

term,
∫ T

0

(C0i + C
′
0i
) + (A + A

′
) + Be

k(ηmax−η)
(η−ηmin)

Si(t)
+ αSi(t)

 Si(t)dt consists of material cost, development

cost, tool/die cost along with the corresponding energy and carbon footprint costs. The third term is the
constant and variable holding costs and its energy and carbon footprint costs.

∫ T
0 (Cdi

+ C
′
di
)eηtξSi(t)dt

is the reworking cost along with its energy and carbon footprint cost. The last term is the inspection
cost and its energy consumption cost.

Based on the previous data, it is found that the inflation rate and time-value of money are
most important effective function for every cost (see for reference Govindan et al. [37]). Therefore,
under inflation and time-value of money, the total profit can be calculated using Equations (6), (9)
and (11)

Ω2(η) = Revenue under inflation−material cost with energy and carbon footprint

cost under inflation−rework cost for defective product with energy

and carbon footprint cost under inflation

− tool/die cost with energy and carbon footprint cost under inflation

− holding cost with energy and carbon footprint cost under inflation

− inspection cost with energy and carbon footprint cost under inflation

− development cost with energy and carbon footprint cost under inflation

=
∫ T

0
e−τt

[(
Q̇i + aebt +

pmax − pi
pi − pmin

)(
pi − (C0i + C

′
0i
)

−(Cdi
+ C

′
di
)eηtξ

)
− α

(
Q̇i + aebt +

pmax − pi
pi − pmin

)2

−Qi(Ch1i
+ Ch2i

t + Ci + C′i)− A− Be
k(ηmax−η)
(η−ηmin)

]
dt

=
∫ T

0
F(Qi, Q̇i, t)dt, (12)
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where

F(Qi, Q̇i, t) = e−τt
[(

Q̇i + aebt +
pmax − pi
pi − pmin

)(
(pi + p

′
i)− (C0i + C

′
0i
)

−(Cdi
+ C

′
di
)eηtξ

)
− α

(
Q̇i + aebt +

pmax − pi
pi − pmin

)2

−Qi(Ch1i
+ Ch2i

t + Ci + C′i)− A− Be
k(ηmax−η)
(η−ηmin)

]
. (13)

To make the model sustainable, energy and carbon footprint cost are considered within the model.
Hence, the final profit of the multi-item sustainable economic energy efficient reliable manufacturing
quantity model under carbon footprint and energy consumption is given by

Ω3(η) =
∫ T

0
e−τt

[(
Q̇i + aebt +

pmax − pi
pi − pmin

)(
pi −

(
Coi + C

′
oi

)
−
(

Cdi
+ C

′
di

)
eηtξ

)
− α

(
Q̇i + aebt +

pmax − pi
pi − pmin

)2
−Qi

(
Ch1i

+ C
′
h1i

+ Cn2i
t + C

′
h2i

t + Ci + C
′
i

)
− (A + A

′
)− Be

k(ηmax−η)
(η−ηmin)

]
dt. (14)

3.2. Solution for Optimization Problem

For the maximum profit, the simplified form of the profit can be written as

Ω3(η) = Y4 +

{
m1m2(η + τ

2α )

(η − τ)2 +
m2X4

τ(η − τ)

}
(e(η−τ)T − 1)− m2τN

n
(eηT − 1)

−
{

m2a(τ + b
2α )

(b− τ)(b− τ + η)
+

m2ab
b− τ + η

}
(e(b−τ+η)T − 1)

−
m2

2(η + τ
2α )

(η − τ)(2η − τ)
(e(2η−τ)T − 1)− α

[
m2

2(η + τ
2α )

2

(η − τ)2(2η − τ)
(e(2η−τ)T − 1)

+
2m2m3(η + τ

2α )

(η − τ)
(b + η − τ)(e(b+η−τ)T − 1)−

2m2x4(η + τ
2α )

τ(η − τ)2 (e(η−τ)T − 1)

]

−
m7m2(η + τ

2α )

η(η − τ)
(e(η−τ)T − 1)−

m8m2(η + τ
2α )

η(η − τ)

{
Te(η−τ)T

η − τ

− 1
(η − τ)2 (e

(η−τ)T − 1)

}
+

Be
k(ηmax−η)

η−ηmax

τ
(e−τT − 1), (15)

(please see Appendix A for detailed calculations).
For using the necessary condition, differentiating the profit equation one can write

dΩ3(η)

dη
= F1(η) + F2(η) + F3(η) + F4(η) + F5g(η), (16)

(please see Appendix B for values of F1(η), F2(η), F3(η), F4(η) and F5g(η)).
The existence of the maximum value of the profit function under the effect of optimum energy

through a lemma.

Lemma 1. The profit of the whole multi-item sustainable economic energy efficient reliable manufacturing
quantity model has its maximum value during the time interval [0, T].
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Proof. To calculate the optimal path with optimum energy consumption and proper carbon footprint,
one can assume two curves Cg and Cl , where the profit of the whole multi-item sustainable economic
energy efficient reliable manufacturing quantity will be the maximum through the curve Cg and Cl is
any other curve. Now, as for Cg, the profit under carbon footprint and optimum energy is maximum,
thus, one can consider the curve Cg can be defined by

Qi(t) = Qiγ(t); t ∈ [0, T], (17)

and the curve Cl can be defined as

Qi(t) = Qi l(t) = Qiγ(t) + lu(t); t ∈ [0, T], (18)

where u(t) is any differentiable function with respect to time t and l is very small quantity. Hence,
the profit of the whole multi-item sustainable economic energy efficient reliable manufacturing quantity
model under carbon footprint and optimum energy can be found by

Ω3(l) =
∫ T

0
vldt, where vl = v(Qiγ(t) + lu(t), Q̇iγ(t) + lu̇(t), t). (19)

From, the necessary condition of the classical optimization, it can be found that the rate of change
of profit under carbon footprint and optimum energy with respect to l is zero as follows:

dΩ3(l)
dl

∣∣∣∣
l=0

= 0. (20)

Therefore, from Equation (19), one can find that

dΩ3(l)
dl

=
∫ T

0

{
u(t)

∂vl
∂Qi

+ u̇(t)
∂vl

∂Q̇i

}
dt

=

[
u(t)

∂vl

∂Q̇i

]T

0
+
∫ T

0
u(t)

{
∂vl
∂Qi
− d

dt

( ∂vl

∂Q̇i

)}
dt

=
∫ T

0
u(t)

{
∂vl
∂Qi
− d

dt

( ∂vl

∂Q̇i

)}
dt. (21)

As Qi(t) is fixed at both end points during [0, T], hence the arbitrary function u(t) must be zero at

the end points. Hence, equating dΩ3(l)
dl

∣∣∣∣
l=0

= 0 gives

∂vl
∂Qi
− d

dt

( ∂vl

∂Q̇i

)
= 0. (22)

This Equation [22] represents the necessary conditions of the profit of the whole multi-item
sustainable economic energy efficient reliable manufacturing quantity model. Therefore, differentiating
dΩ3(l)

dl with respect to l, one can find

d2Ω3(l)
dl2 =

∫ T

0

{
u(t)2 ∂2vl

∂Qi
2 + 2u(t)u̇(t)

∂2vl

∂QiQ̇i
+ {u̇i}2 ∂2vl

∂Q̇i
2

}
dt. (23)
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Therefore, to calculate the optimal curve, differentiating v partially with respect to Qi(t) and
Q̇i(t), one can find

∂v
∂Qi

= e−τt
[
Ch1i

+ C′h1i
+ Ch2i

+ C′h2i
+ Ci + C′i

]
, (24)

∂2v
∂Q2

i
= 0, (25)

∂v
∂Q̇i

= e−τt

[(
pi − C0i − C′0i

− Cdi
eηtξ − C′di

eηtξ
)

− 2α

(
Q̇i + aebt +

pmax − pi
pi − pmin

)]
, (26)

∂2v

∂Q̇i
2 = −2αe−τt, (27)

∂2v
∂Qi∂Q̇i

= 0. (28)

Now, at the point l = 0, one can obtain

d2Ω3(l)
dl2

∣∣∣∣
l=0

=
∫ T

0

{
u(t)2 ∂2vl

∂Qi
2 + 2u(t)u̇(t)

∂2vl

∂QiQ̇i
+ {u̇i}2 ∂2vl

∂Q̇i
2

}
dt

=
∫ T

0
−2αe−τt{u̇i}2dt < 0. (29)

Hence, this proves sufficient conditions for the whole profit of multi-item sustainable economic
energy efficient reliable manufacturing quantity model under carbon footprint and optimum energy
has a global maximum value within the interval [0, T]. This completes the proof.

For obtaining the optimum curve, from Euler-Lagrange equation, one can write

d
dt

( ∂v
∂Q̇i

)
− ∂v

∂Qi
= 0 (30)

⇒ d
dt

[
e−τt

[(
pi − C0i − C′0i

− Cdi
eηtξ − C′di

eηtξ
)
− 2α

(
Q̇i + aebt +

pmax − pi
pi − pmin

)] ]
− e−τt

[
Ch1i

+ C′h1i
+ Ch2i

+ C′h2i
+ Ci + C′i

]
= 0

⇒ Q̈i − τQ̇i = X3 + X4, (31)

(the values of X3 and X4 are given in Appendix A).
By solving the Equation (31) it can be obtained

Qi(t) = Mi + Nieτt +
a
(

τ + b
2α

)
ebt

b(b− τ)
+

(Cdi
+ C

′
di
)ξeηt (η + τ

2α

)
η(η − τ)

− t
τ

X4. (32)
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Using Qi(0) = 0 and Qi(T) = 0, it can be obtained

Mi =
1

(1− eτT)

[
TX4

τ
+

a
(

τ + b
2α

)
(eτT − ebT)

b(b− τ)
+

(Cdi
+ C

′
di
)ξ(eτT − eηT)

(
η + τ

2α

)
η(η − τ)

]
(33)

and Ni =
1

(eτT − 1)

[
TX4

τ
+

a
(

τ + b
2α

)
(1− ebT)

b(b− τ)
+

(Cdi
+ C

′
di
)ξ(1− eηT)

(
η + τ

2α

)
η(η − τ)

]
. (34)

Hence, the rate of changes of inventory and production rate can be found as

Q̇i(t) =
n

∑
i=1

τNieτt +
a
(

τ + b
2α

)
ebt

(b− τ)
+

(Cdi
+ C

′
di
)ξeηt (η + τ

2α

)
(η − τ)

− X4

τ

 (35)

and Ṡi(t) =
n

∑
i=1

Q̇(t) +
n

∑
i=1

Di

=
n

∑
i=1

τNieτt +
a
(

τ + b
2α

)
ebt

(b− τ)
+

(Cdi
+ C

′
di
)ξeηt (η + τ

2α

)
(η − τ)

− X4

τ

+aebt +
pmax − pi
pi − pmin

]
. (36)

Hence, using Equation (36), the profit becomes

Ω3(η) =
n

∑
i=1

∫ T

0
e−τtX8dt− X7(1− e−τT)

τ
. (37)

The verification of the global optimality under the optimum energy can be done by Lemma 2.

3.3. Verification of Optimality Condition

The verification of optimality is proved by Lemma 2.

Lemma 2. If the first order derivative of profit of multi-item sustainable economic energy efficient reliable
manufacturing quantity model is less than zero at η = ηmax then dΩ3(η)

dη must have a solution within

[ηmin, ηmax]; otherwise dΩ3(η)
dη = 0 may or may not have an optimum solution within [ηmin, ηmax].

The maximum value of the profit of multi-item sustainable economic energy efficient reliable manufacturing

quantity model exists if d2Ω3(η)
dη2 < 0 at the optimum value of η∗.

Proof. For calculation of the maximum profit of multi-item sustainable economic energy efficient
reliable manufacturing quantity model, differentiating Ω3(η) with respect to η two times.

Simplifying and differentiating with respect to η, one can have

dΩ3(η)

dη
=

k(1− e−τt)

τ
Be

k(ηmax−η)
(η−ηmin)

(ηmax − ηmin)

(η − ηmin)
, (38)

which can be further differentiated with respect to η, it can be found

d2Ω3(η)

dη2 = − k(1− e−τt)

τ
Be

k(ηmax−η)
(η−ηmin)

(ηmax − ηmin)

(η − ηmin)2

[
1 +

k(ηmax − η)

(η − ηmin)

]
< 0. (39)
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As limη→ηmin
dΩ3(η)

dη → ∞, hence dΩ3(η)
dη must have at least one solution provided dΩ3(ηmax)

dη < 0

is satisfied; otherwise dΩ3(η)
dη = 0 may or may not have any optimum solution within [ηmin, ηmax].

As d2Ω3(η)
dη2 < 0, hence Ω3(η

∗) has the maximum value at η = η∗ within [ηmin, ηmax]. This completes
the proof.

4. Numerical Experiment

This section shows the numerical examples and sensitivity analysis of the key parameters of
the study.

4.1. Numerical Example

There are three numerical examples described below.

Example 1. For numerical experiment, the data is taken from an existing paper (Sana, [2]). For this experiment,
Mathematica 10 is utilized as an optimization tool, where the computer is Intel CORE i5, 4 GB RAM.
The illustrative example is given as follows:

A MSEEERMQ model is considered for a numerical study, where the demand pattern Di = 150e2t +
pmax−pi
pi−pmin

and cycle length (T) is 0.33 years. The management decides the maximum value of products as $350 per
product and the minimum value $10 per product, whereas the optimum prices are decided by the management as
$50 and $40 for two products, respectively. To hold these products for small timing in manufacturing house the
constant holding costs are as $0.8 and $1.2 per unit product per year and the variable holding costs are $1.5 and
$1.1 per unit product per year whereas the corresponding constant energy and carbon footprint costs are $0.2
and $0.3 per unit product per year as well as the variable energy consumption and carbon footprint costs are
$0.5 and $0.4 per unit product per year. To develop two products, the basic raw material costs (C01 and C02)
are $2.5 per unit and $3 per unit, respectively. The corresponding energy and carbon footprint costs to transfer
those raw material into the material before using in production system are (C′01

and C′02
) are $0.5 per unit and $1

per unit, respectively. The fixed development costs (A1 and A2) for two products are $4.5 and $5.5 per product„
respectively and the corresponding energy and carbon footprint cost is (A′1 and A′2) $0.5 for each product whereas
the tool/die cost (α) is $0.1 per unit. The scaling parameter for the design variable (k) is 0.5. The cost parameter
(βi) for the system design change is $3.5 and $3 per product whereas the probability of the maximum value of
the failure rate is 0.9 and the probability of the minimum value of the failure rate is 0.1. The defective rate of
production is ξeηt, where the scaling parameter ξ = 0.1. The inspection costs for two products (C1 and C2) are
$0.5 and $0.4 per product. To repair those defective products, a rework cost (Cdi

) is utilized. Thus, the rework
costs (Cd1 and Cd2) for two products are $3.8 and $0.7 per unit and energy consumption and carbon footprint
costs (C′d1

and C′d2
) are $0.2 and $0.3. For the calculation of profit, the inflation rate (τ) is considered 1% (0.01).

The global maximum profit can be found at η = 0.104 and the maximum profit is Ω3(η) = $2745.22/cycle.
It means that within a cycle, the number of failures is less, which is obtained for the proposed model under energy
consumption and carbon footprint with the maximum profit $2745.22 per cycle.

Example 2. Within the data of Example 1, the value of the cycle length T = 0.33 time unit is changed to a
T = 0.25 time unit; all other parameter value are the same. The optimum result is found as the maximum
profit $2043.22 per cycle and the reliability design variable η = 0.17, which means the production system is less
reliable than Example 1 and less profitable. Therefore, it can be concluded that the management should maintain
less cycle length to maintain the reliable sustainable production system.

Example 3. If the inflation rate (τ) increases from 1% to 2% and all other data is the same as Example 1,
then the global maximum profit Ω3(η) = $2668.75 per cycle and the failure rate (η) = 0.21. It means that with
the increasing value of the inflation rate, the profit is reduced and the production system’s reliability is reduced
as the failure rate increases.
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4.2. Sensitivity Analysis

The sensitivity analysis of key parameters of Example 1 are considered and major findings can
be concluded from the sensitivity analysis Table 3. Only some chosen parameters are written here
as changes in the rest of the parameters are found negligible with a high percentage. Thus, the most
sensitive parameters are taken for sensitive analysis.

Table 3. Sensitivity analysis for expected total cost.

Parameters Changes (in %) Ω3(η) (%) Parameters Changes (in %) Ω3(η) (%)

−50% +0.003 −50% +0.006
−25% +0.002 −25% +0.003

Ch11
+25% −0.002 C1 +25% −0.003
+50% −0.003 +50% −0.008

−50% +0.006 −50% 0.01
−25% +0.003 −25% +0.006

Ch12
+25% −0.003 C2 +25% −0.007
+50% −0.006 +50% −0.01

−50% −0.04 −50% −63.09
−25% −0.02 −25% −30.11

Ch21
+25% +0.02 P1 +25% +29.48
+50% +0.04 +50% +58.65

−50% −0.03 −50% −55.79
−25% −0.01 −25% −25.21

Ch22
+25% +0.01 P2 +25% +31.66
+50% +0.03 +50% +51.66

−50% +3.59 −50% +4.87
−25% +1.79 −25% +2.43

C01 +25% −0.86 C02 +25% −2.43
+50% −2.92 +50% −4.87

1. With the increase of constant holding cost, the profit for both items decrease. The changes of profit
are almost the same for both positive and negative changes of constant holding. Thus, it can be
said that constant holding costs are less sensitive for both the items. If the energy and carbon
footprint cost are increasing (which is related to the constant holding cost), the profit is decreasing
too as there is no way to reduce this extra cost. Therefore, the management should take care of the
amount of energy consumption even though it is less sensitive but important.

2. In case of the time-dependent holding cost, the profit is directly proportional to the cost and the
corresponding energy and carbon footprint cost for both products. Thus, it can be concluded
that the time-dependent holding costs show a reverse impact of constant holding cost on profit.
To maintain the sustainable issue, this energy consumption and carbon footprint cost with respect
to time should be maintained properly.

3. The positive changes of material costs have a negative effect on profit for both single and double
items. The decreasing percentage of material cost is more effective than positive changes for
single items. For both items, the percentage change of both negative and positive changes are the
same. It is quite natural that the raw material’s price increasing value gives less profit, but there
is a consumption of energy and carbon footprint cost related to the preparation of raw material
before production. If high quality raw material is utilized and the price is increased, there is
a change for the reduction of energy consumption and carbon footprint for good quality raw
material. Therefore, although the raw material prices increase, the profit will not be reduced by a
huge amount.

4. Selling prices of two products have a huge impact on profit for both the items. The negative
changes of selling prices are more sensitive than positive changes for both items. It can be found



Energies 2019, 12, 2857 14 of 19

that selling-price is most sensitive in this study. The analysis of the major key parameters are
given and more analyses are not given as those are less sensitive compared to these parameters.

5. Conclusions

The study obtained a sustainable economic energy efficient reliable manufacturing system with
maximum profit by using a control theory approach. The manufacturing system gave the lower
amount of defective items, as the management took the reliable manufacturing system by controlling
a system failure rate under the efficient use of optimum energy and carbon footprint. The demand
of products for the manufacturing system was dependent on the selling-price of items. The profit is
maximized globally and analytically under the efficient utilization of energy and carbon footprint at
the optimum level of the failure rate, which is an indicator of system reliability. It was found that if the
business production cycle was reduced, the profit was reduced but the failure rate increased, which
was an indicator of a non-reliable production system through the energy consumption being obviously
reduced compared to the increasing consumption due to an increased failure rate. Another major
corelation was found between the inflation rate and system failure rate; the increased inflation rate gave
a less reliable production system. From the sensitivity analysis, it was found that the selling-price and
material cost are the most sensitive parameters compared to others. Therefore, the industry managers
have to be more careful to choose perfect material and optimum selling-price to obtain a sustainable
manufacturing system such that the optimum energy and carbon footprint are needed. The model
considered that the time horizon was finite and that there is no shortage within the system even
through defective production was there. This is the limitation of this model. Therefore, an immediate
extension of this model can be considered by assuming the shortage within the model when the energy
consumption and carbon footprint may take an important role. Another extension of this model can
be considered as production disruption, inclusion of corrective and preventive maintenance for a
multi-item production system with effectiveness of renewable and non-renewable energy. If the real
data is available from an industry, then through data mining techniques, this model can be extended
again for further study regarding the effect of energy in a sustainable production system. As this is
a multi-item production model, the space and budget constraints can immediately be incorporated
within the model, and the Kharush–Kuhn–Tucker method can be applied for optimization, which is
another immediate extension of the problem.
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Appendix A

Ω3(η) = Y1 +

{
m1m2(η + τ

2α )

(η − τ)2 +
m2X4

τ(η − τ)

}
(e(η−τ)T − 1)− m2τNi

n
(eηT − 1)

−
{

m2a(τ + b
2α )

(b− τ)(b− τ + η)
+

m2ab
b− τ + η

}
(e(b−τ+η)T − 1)

−
m2

2(η + τ
2α )

(η − τ)(2η − τ)
(e(2η−τ)T − 1)− α

[
Y2 +

m2
2(η + τ

2α )
2

(η − τ)2(2η − τ)
(e(2η−τ)T − 1)

+
2m2m3(η + τ

2α )

(η − τ)
(b + η − τ)(e(b+η−τ)T − 1)−

2m2x4(η + τ
2α )

τ(η − τ)2 (e(η−τ)T − 1)

]

+Y3 −
m7m2(η + τ

2α )

η(η − τ)
(e(η−τ)T − 1)−

m8m2(η + τ
2α )

η(η − τ)

{
Te(η−τ)T

η − τ

− 1
(η − τ)2 (e

(η−τ)T − 1)

}
+

[
(A + A

′
) + Be

k(ηmax−η)
η−ηmin

]
τ

(e−τT − 1)

where

X1 =

[ (
pi − C0i − C

′
0i
− Cdi

eηtξ − C
′
di

eηtξ
)
− 2α

(
Q̇i + aebt +

pmax − pi
pi − pmin

)]
X2 =

[
Ch1i

+ C
′
h1i

+ Ch2i
+ C

′
h2i

+ Ci + C
′
i

]
X3 = aebt

(
τ +

b
2α

)
+ (Cdi

− C
′
di
)ξeηt

(
η +

τ

2α

)
X4 = − 1

2α

[
Ch1i

+ C
′
h1i

+ Ch2i
+ C

′
h2i

+ Ci + C
′
i − 2ατ

(
pmax − pi
pi − pmin

)
+ τ(pi − C0i − C

′
0i
)

]
X5 =

(
pi − (C0i + C′0i

)− (Cdi
+ C′di

)ξ
)

X6 = (Ch1i
+ C′h1i

+ Ch2i
t + C′h2i

t + Ci + C′i)

X7 = (A + A′) + Be
k(ηmax−η)
(η−ηmin)

X8 =
[

Niet + 2X4 + aebt
( b

2α
+ τ

)
(b + 1) + aebt +

pmax − pi
pi − pmin

]
X5

− α
(

Niet + 2X4 + aebt
( b

2α
+ τ

)
(b + 1) + aebt +

pmax − pi
pi − pmin

)2

−
[

Mi + Niet + 2X4t + aebt
( b

2α
+ τ

)
(b + 1)

]
X6,
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m1 = (pi − (Coi + C
′
oi
)),

m2 = (Cdi
+ C

′
di
)ξ,

m3 =
a(τ + b

2α )

(b− τ)
,

m4 =
pmax − pi
pi − pmin

,

m5 =
a(τ + b

2α )e
bt

b(b− τ)
,

m7 = Ch1i
+ C

′
h1i

+ Ci + C
′
i ,

m8 = Ch2i
+ C

′
h2i

,

and

Y4 = Y1 − αY2 + Y3 +
(A + A

′
)

τ
(eτT − 1),

Y1 = m1τNiT + m1
a(T + b

2α )

(b− τ)2 (e(b−τ)T − 1) +
m1x4

τ2 (e−τT − 1)

+
m1ab
(b− τ)

(e(b−τ)T − 1)− m1m4

τ
(e−τT − 1) +

m2m4

τ
(e−τT − 1)

Y2 = τN2
i (e

τT−1) +
(m2

3 + a2b2)

(2b− τ)
(e(2b−τ)T − 1)−

(x2
4 + τ2m2

4)

τ3 (e−τT − 1

+
2(τ2Nim3 − x4ab + τm4ab)

τ(b− τ)
)(e(b−τ)T) + 2m4τNiT

Y3 = m7[
Mi
τ

(e−τT − 1)− x4

τ
{Te−τT

τ
+

1
τ2 (e

−τT − 1)} − NiT −
m5

b− τ
(e(b−τ)T − 1)]

+m8[Mi{
T
τ
(e−τT − 1)}+ NiT2

2
+ m5{

T
(b− τ)

e(b−τ)T − 1
(b− τ)2 (e

(b−τ)T − 1)}

+
x4

τ
{T2

τ
e−τT +

2
T
(

Te−τt

τ
+

1
T2 (e

−τT − 1))}]
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Appendix B

F1(η) =
Tm1m2(η + τ

2α )

(η − τ)2 e(η−τ)T +
Tm2x4e(η−τ)T

τ(η − τ)
− m2τNi

η2 (eηT − 1)

+
m1m2

(η − τ)2 (e
(η−τ)T − 1)−

2m1m2(η + τ
2α )

(η − τ)3 (e(η−τ)T − 1)

− m2x4

τ(η − τ)2 (e
(η−τ)T − 1)− TNiτm2

η
eηT

+
m2a(τ + b

2α )

(b− τ)(b− τ − η)2 (e
−(b−τ−η)T − 1)

F2(η) =
m2ab(e(b−τ+η) − 1)

(b− τ + η)2 −
aTm2(τ + b

2α )

(b− τ)(b− τ + η)
e(b−τ+η)T − m2abTe(b−τ+η)T

(b− τ + η)

−
2Tm2

2(η + τ
2α )

(η − τ)(2η − τ)
e(2η−τ)T −

m2
2

(η − τ)2(2η − τ)2 (e
(2η−τ)T − 1)

+
m2

2(η + τ
2α )(4η − 3τ)

(η − τ)2(2η − τ)2 (e(2η−τ)T − 1)−
2αm2

2(η2 +
τ

2α )(e
(2η−τ) − 1)

(η − τ)2(2η − τ)

F3(η) =
2αm2

2(η + τ
1α )

2(3η − 2τ)

(η − τ)3(2η − τ)2 (e(2η−τ)T − 1)−
2αm2

2T(η + τ
2α )

2

(η − τ)2(2η − τ)
(e(2η−τ) − 1)

− 2αm2m3

(η − τ)2(b + η − τ)
(e(b+η−τ)T − 1) +

2αm2m3(η + τ
2α )(b + 2η − 2τ)

(η − τ)2(b + η − τ)2

−2αTm2m3e(b+η−τ)T

(η − τ)(b + η − τ)
+

2αm2x4

τ
(e(η−τ)T − 1)−

2αm2x4(η + τ
2α )

τ(η − τ)2 (e(η−τ) − 1)

F4(η) =
2αm2x4T(η + τ

2α )

τ(η − τ)2 e(η−τ)T − m2m1

η(η − τ)2 (e
(η−τ)T − 1)

+
m2m7(η + τ

2α )(2η − τ)

η2(η − τ)2 (e(η−τ)T − 1)−
m2m7T(η + τ

2α )

η(η − τ)
e(η−τ)T

F5(η) = −( m2m8

η(η − τ)
−

m2m8(η + τ
2α )(2η − τ)

η2(η − τ)2 ){Te(η−τ)T

(η − τ)
− 1

(η − τ)2 (e
(η−τ)T − 1)}

−
m2m8(η + τ

2α )

(η − τ)
{T2e(η−τ)T

(η − τ)
− Te(η−τ)T

(η − τ)2 −
Te(η−τ)T

(η − τ)4 +
2(e(η−τ)T)− 1

(η − τ)3

− (B + B́)
τ

(e−τT − 1)
K(ηmax − ηmin)

(η − ηmin)2
K(ηmax − η)

(η − ηmin)
}
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