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Abstract: An observer-based sliding mode fault-tolerant controller is developed in this paper, which
is applied to an interconnected power system with a hybrid energy storage system (HESS). The model
of the interconnected power system with HESS is introduced first. An observer is then proposed
to estimate the unknown but bounded load disturbances and the actuator fault. The sliding mode
fault-tolerant controller is further designed based on the observer ensuring that the area control
error of the interconnected power system asymptotically converges to zero. The stability and
the convergence of the whole system are proven based on the Lyapunov stability theory. Finally,
the effectiveness of the proposed fault-control scheme is demonstrated through simulations.

Keywords: fault-tolerant control; observer design; multi-area interconnected power systems;
hybrid energy storage system

1. Introduction

Centralized power supply systems have some limitations since they require high power quality
and strong reliability. In the modern power grid, the power system network is composed of several
interconnected subsystems. Stable power system operations require that the total generation of each
interconnected area meets the whole load demands as well as the associated power system losses.
The control problem is known as load frequency control (LFC) [1–5].

Various approaches of LFC have been proposed since the 1970s, e.g., classical control [6],
adaptive control [7], robust control [8], sliding mode control [9], predictive control [10], and
artificial intelligence control [11]. At present, primary frequency modulation technology is mainly
used for load frequency stabilization of the power system, i.e., LFC is used to maintain the system
frequency at rated value. Specifically, power generation and the system load are matched by adjusting
the generator set such that the area control error (ACE) is zero. However, integrating photovoltaic
and wind power generation systems, electric-vehicle charging stations, and other new components
into the scaled power systems brings new issues such as harmonic pollution, voltage instability,
and non-linearity, is spite of the enhanced controllability and flexibility.

LFC of distributed hybrid energy storage systems can effectively improve the above-mentioned
situation [12–14]. It is mainly used to suppress the power fluctuations and reduce the violent oscillation
of the system and the peak-valley difference of the load power curve, thereby enhancing the power
quality of the power grid. Therefore, in order to ensure the active power balance of the power
system and eliminate a series of negative effects brought by fluctuating power, it is necessary to adopt
distributed hybrid energy storage equipment to adjust the fluctuating power. Several types of advanced
energy storage technologies can be considered for the energy storage of a multi-area interconnected
power system, e.g., lithium battery [15], electrochemical energy storage [16], superconducting magnetic
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energy storage [11–13], super capacitor energy storage [12,17], pumped-energy storage [18], flywheel
energy storage [19]. Developing the electric load microforecasting modules in the energy management
system provides a chance to optimally control the energy distribution in the power system [20].
However, any electronic component has a limited lifetime. When a large number of hybrid energy
storage devices connect a power system, the system complexity is increased, which may degrade the
reliability of the power system. It is crucial to avoid system faults in order to guarantee reliability.

Fault-tolerant control (FTC) plays an important role in controlling power systems. Abundant
results on FTC have been achieved in the last three decades [21–24]. It maintains the normal operation
of a power system, given that the system components partially fail. Thus FTC provides an approach to
improve the reliability of power systems.

A multi-area interconnected power system has the characteristics of many subsystem
interconnections. Because each subsystem has different dynamic characteristics, it is difficult to
design the fault-tolerant control scheme with a single system model. To solve this problem, the use
of interconnected system modeling is an effective method. At present, to ensure that interconnected
systems work as expected, a lot of work focuses on the off-line design of interconnected systems.
However, faults will suddenly change the behavior of the coupling mechanism of subsystems;
furthermore, fault-tolerant control strategies must be applied online, which brings great challenges
to theoretical research. Cyprus’ Polycarpou team has made a series of contributions in this
direction [25,26]. The main idea is to treat coupling terms as uncertainties of subsystems, and then
use robust fault-tolerant control method to design the controller to compensate for the effects of
coupling terms on subsystems, so as to realize the robustness of subsystems to coupling terms.
In [27], a distributed adaptive state feedback robust tracking control strategy is studied for linear
interconnected systems with actuator faults, coupling faults, and external disturbances. In [28],
a distributed fault-tolerant control strategy based on a fuzzy adaptive observer is proposed by studying
the nonlinear interconnected system with actuator faults and unknown functions. The authors of [23]
analyze the influence of all coupling mechanisms on the performance of the whole system from a
global perspective, establish the global fault-tolerant condition by using the small gain principle [29],
and design a distributed fault-tolerant control strategy that compensates the coupling terms through
the co-regulation of subsystems.

Motivated by the aforementioned investigation, an active fault-tolerant control scheme is proposed
for the multi-area interconnected power system under load disturbances and actuator faults. Initially,
the mathematical model of a power system with a hybrid energy storage system (HESS) using an
actuator and the mathematical model of an actuator fault is introduced. Secondly, the observer-based
sliding mode fault-tolerant controller is designed for a multi-area interconnected power system with
HESS by using a sliding mode approach and designed observer. Lastly, comparisons of the response to
step actuator fault, computational burden, and robustness are made between several existing control
methods. The results confirm the superiority of the proposed FTC technique.

The remainder of this paper is organized as follows. Section 2 presents the mathematical model of
a multi-area interconnected power system with HESS and actuator fault. Section 3 details the observer
and sliding mode fault-tolerant controller. Section 4 shows a simulation, with a comparison to several
control schemes. Section 5 presents some conclusions. The notations used in this paper are introduced
in Table 1.
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Table 1. Nomenclature used in the paper.

Parameters Description

Tij Tie-line power synchronization coefficient
Tpi Time constant of power system
Tgi Time constant of governor
Tti Time constant of turbine
Ki 1.00,0.00,0.00Control gain of PI controller in area i
∆Pdi Load disturbance

∆Ptiei
Tie-line deviation of power exchange between area i
and others

∆Xei Incremental variation of governor valve positon
∆Pci Power delivered by the HESS to area i
Kpi Power system gain
∆ fi Load frequency deviation of power system
βi Set value of frequency deviation
ACEi Control error of the i-th area.
Ri Speed regulation gain
KAFi Proportional feedback coefficient of frequency deviation
diag{· · · } A diagonal matrix
‖ · ‖ The euclidean norm
In N-dimensional unit matrix
HESS Hybrid energy storage system
LFC Load frequency control
FTC Fault-tolerant control
SMC Sliding model control
ACE Area control error

2. Problem Formulation

This section first formulates the mathematical model of the interconnected power system and then
describes the hybrid energy storage system and actuator fault modeling. Figure 1 shows the topology
map of a multi-area interconnected power system with HESS.

tie
P

tie
P

M

tie
P

tie
P

Figure 1. Schematic of a multi-area interconnected power system with a hybrid energy storage system
(HESS), where “G” represents the generator system, “L” represents the load, and “H” represents
the HESS.

2.1. Mathematical Modeling

A power system is known as a complex nonlinear dynamic system, which is always affected
by small load disturbances, leading to load frequency fluctuation. The objectives of the LFC are:
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(1) ensuring the frequency deviation of each area at a constant range against load changes and
system disturbances [1], (2) maintaining the tie-line power interchanges with neighboring areas at
a pre-specified value [30]. Generally speaking, the power system could be linearized around an
operating point to establish a dynamic system model for control purposes. The linearized model of
governor, steam turbine, and generator are expressed, respectively, as

Ggi =
1

Tgis + 1
, (1)

Gpi =
1

Ttis + 1
, (2)

Gpi =
Kpi

Tpis + 1
. (3)

The block diagram of the interconnected power system with HESS is illustrated in Figure 2.
The state space model of the controlled system can be represented as

∆ ḟi = −
1

TPi
∆ fi +

KPi
TPi

Pgi −
KPi
TPi

∆Ptie,i −
KPi
TPi

Pdi −
KPi
TPi

Pci, (4)

Ṗgi = −
1

TTi
Pgi +

1
TTi

Xei, (5)

Ẋei = −
( 1

Ri
+ KAFi)

TGi
∆ fi −

1
TGi

Xei −
1

TGi

∫
ACEi, (6)

˙∫
ACEi = ∆Ptiei +

Bi
Ri

∆ fi. (7)

i
iR

piGtiGgiG

AFiK

iK
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Figure 2. The transfer function model of the i-th area of the interconnected power system, where Ggi

represents the transfer function model of the governor, Gti represents the transfer function model of
the steam turbine, and Gpi represents the transfer function model of the generator.

The tie-line power flow between areas i and j can be described as

∆Ṗij
tie = 2π

(
Tij∆ fi − Tij∆ f j

)
,

∆Pij
tie = −∆Pji

tie ,

and the total tie-line power flow between area i and other areas can be calculated as
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∆Ṗtie,i = 2π
n

∑
j=1,j 6=i

∆Ṗij
tie

= 2π

(
n

∑
j=1,j 6=i

Tij∆ fi −
n

∑
j=1,j 6=i

Tij∆ f j

)
.

(8)

ACE is usually used to represent the mismatch between the power generation and the area load.
Hence, it is selected as the controlled variable in our control problem. The ACEi for area i can be
expressed as

ACEi = ∆Ptie,i + ϕi∆ fi, (9)

ϕi =
βi
Ri

, (10)

where ϕi denotes the frequency deviation constant. Without loss of generality, with a set of state
variables xi = [ ∆ fi Pgi Xei

∫
ACEi ∆Ptiei ]T , the control input ui = Pci, the load disturbance

input fi = Pdi, and the coupling term

hij(t) =
n

∑
j=1,j 6=i

(
Aijxj(t) + Bijuj(t)

)
,

and the partitioned model for subsystem i of a multi-area interconnected power system can be
described as following state space model

ẋi(t) = Aiixi(t) + Biiui(t) + Bii fi(t) + hij(t), (11)

yi(t) = Cixi(t). (12)

For the ease of the reader, Appendix A details the state-space representation of the multi-area
power system.

2.2. Hybrid Energy Storage System and Actuator Fault Modeling

The details of the HESS are shown in Figure 3. The control method of AC/DC converter stabilizes
the DC bus voltage and is connected to the HESS. According to the reference power signal, the control
method of DC/DC converters realizes the bidirectional power flow between the power grid and the
HESS. A given reference power signal enables bidirectional power flow between the grid and the
HESS [13]. Pci

∗ is the power command output by the active fault-tolerant controller designed in this
paper and then converted to the corresponding current command I∗ci by calculation. Then the PID
controller converts the received command for the DC/DC converter that controls the energy exchange
between the HESS and the power system.

For the purpose of designing a fault-tolerant controller, the actuator fault model is introduced in
this study. It is well known that the actuator may be affected by the following two types of fault:

Loss of efficiency fault—the aging of internal energy storage devices, battery capacity reduction,
slow charge, and discharge response, etc., resulting in a lower output power.

Bias fault—when the HESS is frequently charged and discharged, the supercapacitor generates
a huge discharge current, and meanwhile, the battery is easily overheated and other factors cause
damage to the device so that the energy storage system cannot fully respond to the control signal.

The fault of actuators may lead to severe vibration of power system, increase the peak and valley
difference of the load power curve, leading to frequency fluctuation of the power grid. In this paper,
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only the actuator faults occurring in the HESS are considered. Therefore, the actual control signal ui in
actuator fault case can be described as follows:

ui(t) = uci(t) + pi(t− T)[(ei − 1)uci(t) + u f i(t)]

= uci + u f i,
(13)

where uci is the normal control signal in the healthy actuator case of the i-th area, ei represents the
efficiency factor of each HESS, and u f i is the bias fault input that enters the actuators in an additive
form. Denote pi(t− T) as the occurrence of an actuator fault, which is described by

pi (t− ti) =

{
0 if t < ti
1 if t ≥ ti

.

+

-

Vdci

Battery

Super-

capacitor

Energy 

management 

unit

Energy 

management 

unit

ciP
ciI

ciV

ciI

cmiV

ciV

dciV

Figure 3. The basic structure of the HESS.

Through Equation (13), we synthesize the possible bias fault and efficiency loss fault of the
actuator into u f i. We can design the fault-tolerant controller by adopting the method of dealing with
additive faults. The system (11) and (12) with actuator fault can be written as follows:

ẋi (t) = Aiixi(t) + Biiuci(t) + Biidi(t) + hij(t), (14)

yi(t) = Cixi(t), (15)

where di(t) = u f i(t) + fi(t) represents the lumped disturbances involved in the system.
Before presenting the main results, two assumptions are introduced as follows.

Assumption 1. The coupling term of the multi-area power system hij satisfies
∥∥hij

∥∥ ≤ γ, where γ is a
positive scalar.

Assumption 2. The effects of the lumped disturbances di and its time derivative ḋi are bounded.

3. Main Results

In this section, an FTC scheme using a terminal sliding mode strategy is presented, which is able to
detect the occurrence of unknown composite disturbances and maintain system stability. The proposed
approach consists of an observer and a fault-tolerant controller, as discussed in the following. The block
diagram of the FTC is illustrated in Figure 4.
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ci
P

ci
PACE ACE

Figure 4. The schematic diagram of the proposed FTC design for the multi-area power system.;

3.1. Observer Design

An observer is designed for the multi-area interconnected power system with HESS in order
to estimate the lumped signals composed of the actuator faults and the bounded load disturbances.
The observer has the following form:

˙̂xi(t) = Hi (xi(t)− x̂i(t)) + Aiixi(t) + Biiuci(t) + Bii d̂i(t) + γ sgn (x̃i(t)) , (16)

˙̂di(t) = −d̂i(t)−
1
ρi

BT
ii x̃i(t), (17)

where x̂i is the estimated state, x̃i(t) = xi(t)− x̂i(t) is the estimation error, which can be regarded
as a sliding mode surface, and H = diag {λ1, λ2, λ3, λ4, λ5} > 0 is a positive matrix to be defined
in advance.

Subtracting (16) from (14), the observer error dynamic is obtained as

˙̃xi(t) = ẋi(t)− ˙̂xi(t)

= hij(t)− γ sgn(x̃i(t))− Hi (xi(t)− x̂i(t)) + Bii(di(t))− d̂i(t)

= hij(t)− γ sgn(x̃i(t))− Hi x̃i(t) + Bii d̃i(t),

(18)

where d̃i(t) = di(t)− d̂i(t) is the lumped disturbances error variable.
In terms of the above descriptions, the first main result of this study is given by the

following lemma.

Lemma 1. For the multi-area interconnected power system (14) and (15), if Assumptions 1 and 2 are satisfied,
by selecting a sufficient positive matrix H, then the error dynamic system (18) generated by observer (16) and
(17) is asymptotically stable.

Proof. First, consider a Lyapunov function of

V =
1
2

x̃i x̃T
i +

ρi
2

d̃2
i , (19)

where ρi is a positive scalar. Taking the time derivative of V along the trajectories of (18), we have

V̇ = x̃T
i ˙̃xi + ρi d̃i

˙̃di

= −x̃T
i Hi x̃i + x̃T

i
(
hij − γ sgn(x̃i)

)
+ x̃T

i BT
ii d̃i + ρi d̃i

˙̂di − ρi d̃i ḋi.
(20)
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Substituting (17) into (20), meanwhile, considering Assumption 1, we have the
following inequality:

V̇ ≤ −x̃T
i Hi x̃i + x̃T

i
(
hij − γ sgn(x̃i)

)
+

ρi
2

didi +
ρi
2

ḋi ḋi. (21)

In addition, based on Assumption 2, similar to the method used in [31], an appropriate positive
definite matrix H can be chosen to make the following formula

V̇ ≤ −x̃T
i Hi x̃i +

(∥∥hij
∥∥− γ

) ∥∥∥x̃T
i

∥∥∥+ ρi
2

d2
i +

ρi
2

ḋ2
i ≤ 0. (22)

Therefore, the estimation error of the observer goes to zero asymptotically. Namely, the designed
observer (17) could asymptotical estimate the lumped disturbances consisting of the actuator faults
and bounded load disturbances in the interconnected power system (14) and (15).

Remark 1. The error dynamic system of the observer in [32] can only be proven to be uniformly ultimately
bounded, but the asymptotic stability results can be achieved in this paper. Moreover, the prior knowledge of
fault/disturbance is not required.

Remark 2. Among the observer parameters, the most important ones are Hi and ρi. Increasing Hi can accelerate
the lumped disturbance error variable d̃i to zero more quickly, but too large an Hi value will also cause the
overshoot of the error system. Increasing the ρi can make the estimation value curve smooth but will enlarge
the lumped disturbance error variable d̃i [31]. Hence, it requires many serious adjustments to obtain the
better performance.

3.2. Fault-Tolerant Controller Design

To maneuver the frequency fluctuation problem of the multi-area interconnected power system
with the impacts caused by lumped disturbances, a fault-tolerant control method based on an observer
is developed to achieve the control objective limt→∞ yi(t) = ydi(t), and the tracking error is defined as
ei(t) = yi(t)− ydi(t). The fractional integral terminal sliding function is defined as [33]

si(t) = ei(t) + αiEi(t), (23)

Ėi(t) = eqi/pi
i (t), with Ei(0) = −ei(0)/αi. (24)

From the definition (23) and (24), the fractional integral terminal sliding function can be expressed
in the form

si(t) = ei(t) + αi

∫ t

0
eqi/pi

i (τ)dτ, and si(0) = 0. (25)

The time derivative of si(t) can be written as

ṡi(t) = ėi(t) + αie
qi/pi
i (t). (26)

In this study, the reaching law is selected as the following exponential form

ṡi = −kisi − εi sgn (si) , (27)

where ki > 0 and εi > 0 are two positive real scalars, and from the Equations (26) and (27), the FTC
can be designed as follows:

uci = B−1
ii

[
−Aiixi − Bii d̂i − hij + C−1

i

(
−kisi − εi sgn(si)− αie

qi/pi
i

)]
, (28)
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where αi > 0; pi and qi are odd integers satisfying pi > qi > 0; Ei(t) =
∫ t

0 eqi/pi
i (τ)dτ is the

integration of the qi/pi-fractional power of the tracking error ei with the initial value −ei(0)/αi.
Because pi > qi > 0, then eqi/pi

i will not be equal to infinity, and the controller is nonsingular [34].
Based on the above analysis, the main result of this paper can be described as the following theorem.

Theorem 1. For the multi-area interconnected power system (14) and (15), if Assumptions 1 and 2 are satisfied,
then the fault-tolerant control proposed in (28) guarantees that the tracking error converges to zero.

Proof. In order to perform the stability analysis for the faulty systems under FTC (28), a Lyapunov
function is chosen as

Vi =
1
2

s2
i . (29)

Taking the time derivative of V, one has

V̇i = si ṡi

= si

(
ėi + αeqi/pi

i

)
= si

[
Ci(Aiixi + Biiuci + Biidi + hij) + αeqi/pi

i

]
.

(30)

Substituting (28) into (30), the above equality is transformed into the following form

V̇i = si

{
Ci

[
Bii(d− d̂) + C−1

(
−kisi − εi sgn (si)− αie

qi/pi
i

)
+
]
+ αie

qi/pi
i

}
= si

[
CiBii d̃i − kisi − εi sgn (si)

]
.

(31)

It is noted that d̃i(t) = d̂i(t)− di(t) is the composite disturbances estimation error; by selecting
the appropriate observer, the estimation error d̃i could asymptotically converge to zero. Meanwhile,
εi can be chosen accordingly such that the following inequality holds:

V̇i ≤ −kis2 − εi |si| < 0. (32)

According to the Lyapunov stability theory, it can be concluded that the tracking error ei converges
to 0 as time goes to infinity.

Remark 3. Among the controller parameters, the most important ones are ki, εi, and αie
qi/pi
i . In the reaching

law (27), the convergence rate depends on ki, which can ensure that when the sliding mode surface is too large,
the state of the system can approach the sliding mode dynamics at a greater speed. The existence of −εi sgn(s)
makes the convergence rate εi, rather than zero, when si is close to zero. Therefore, in order to ensure the
fast convergence and reduce the chattering phenomenon, ki should be increased while εi should be reduced.
The convergent time of ei is related with αie

qi/pi
i , as shown in [33].

4. Simulations

To validate the proposed control method, a four-area interconnected power system with HESS is
considered in this section. The parameters of the observer and fault-tolerant controller are listed in
Table 2. The parameters of the four-area interconnected power system are shown in Table 3 [13].

In order to test the effectiveness of the proposed observer, we consider that disturbances including
the load fluctuations and the actuator faults occur in the four regions of the system. In Figure 5,
the estimations of disturbances are shown, which yield satisfying performance. Meanwhile, it is noticed
that the disturbances in a certain region can hardly affect the observers in other interconnected system
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due to the existence of the power tie-line connection. The comparison of the observer performance
under different parameters is shown in Figure 6.

The control performance of the proposed approach is further investigated; the control system is
subjected to a lumped disturbance of 0.02 p.u (1500 kW). Another 0.015 p.u (1125 kW) is considered at
time 50 s. The resultant control performance is given in Figures 7 and 8. It shows that the proposed
controller can effectively improve the robustness and stability of the control system. Meanwhile,
the four areas’ frequency deviations are below 0.01 Hz, and the output ACEi of the system are kept in
a narrow range compared with the methods reported in [5,13], where the adaptive neural network
constrained control (ANNCC) with HESS, in [13], and H∞ robust control with HESS, in [5] are studied.

Table 2. Parameters used in the proposed method in a four-area interconnected power system.

Parameters Values

Observer parameters

γ = 1

H1 = 40I5 H2 = 40I5 H3 = 40I5 H4 = 40I5

ρ1 = 80 ρ2 = 80 ρ3 = 80 ρ4 = 80

Controller parameters

p1 = 5 p2 = 5 p3 = 5 p4 = 5

q1 = 3 q2 = 3 q3 = 3 q4 = 3

k1 = 12 k2 = 12 k3 = 12 k4 = 12

α1 = 15 α2 = 15 α3 = 15 α4 = 15

ε1 = 0.01 ε2 = 0.01 ε3 = 0.01 ε4 = 0.01

Table 3. The parameters of the four-area interconnected power system.

Area i Tgi (s) Tti (s) Ri (Hz/p.u.Mw) Tij (s) Kpi (Hz/p.u.Mw) Tpi (s) βi (Hz/p.u.Mw) KAFi

1 0.08 0.3 2.4 0.0707 120 20 0.425 1.1

2 0.072 0.33 2.7 0.0707 112.5 25 0.425 1.1

3 0.07 0.35 2.5 0.0707 125 20 0.425 1.1

4 0.085 0.375 2 0.0707 115 15 0.425 1.1

According to the simulations, it is easy to see that the proposed approach outperforms the
traditional controller without HESS, ANNCC with HESS, and H∞ control method with HESS.
Moreover, the existence of HESS can effectively reduce the power oscillations.
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Figure 5. The four areas’ actual lumped disturbances and their estimation: (a) a lumped disturbance
increment of 0.01 p.u followed by a lumped disturbance rejection of 0.01 p.u; (b) a lumped disturbance
rejection of 0.02 p.u followed by a lumped disturbance increment of 0.02 p.u; (c) a sinusoidal lumped
disturbance; (d) non-disturbance.
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Figure 6. The comparisons of observer performance under different parameters.
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Figure 7. The ACEi (i = 1, 2, 3, 4) of each area subjected to a lumped disturbance of 0.02 p.u and
another 0.015 p.u at time 50 s, followed by comparison with the methods reported in [5,13]: (a) ACE1;
(b) ACE2; (c) ACE3; (d) ACE4. ANNCC—adaptive neural network constrained control
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Figure 8. The frequency deviation of a four-area interconnected power system subjected to a lumped
disturbance 0.02 p.u and another 0.015 p.u at time 50 s: (a) ∆ f1; (b) ∆ f2; (c) ∆ f3; (d) ∆ f4.

5. Conclusions

In this paper, an observer-based sliding mode fault-tolerant controller is proposed by considering
a slide-mode-based adaptive control strategy. In order to estimate the fault caused by external
load disturbances and actuator faults, an observer is constructed. The stability of the whole
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system is analyzed by the Lyapunov theory. It is shown that the closed-loop stability of multi-area
interconnected power systems can be guaranteed by the proposed approach. The simulations yield the
effectiveness of the proposed control scheme by comparing with other control methods. In addition,
the establishment of a non-linear model of the interconnected power system and considering the
system uncertainty, a more comprehensive actuator fault modeling could improve the technical and
economical performance of the power system.

In multi-area power systems, data delay and packet loss problems are inevitable for
long-distance data transmissions. Moreover, they is also susceptible to network attacks where wrong
data/information are injected [35]. In our future work, we will improve our proposed FTC scheme by
considering the system uncertainties and coupled sensor faults with time delays, which may extend
the current results to more general cases.
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Appendix A

The space-state matrices of the multi-area power system model defined in Equation (11) are
detailed here. The closed-loop system is defined by the following matrices

Aii =



− 1
TPi

KPi
TPi

0 0 −KPi
TPi

0 − 1
TTi

1
TTi

0 0

−
( 1

Ri
+KAFi)

TGi
0 − 1

TGi
− 1

TGi
0

Bi
Ri

0 0 0 1

2π
n
∑

j=1,i 6=j
Tij 0 0 0 0


, Bii =


−KPi

TPi

0
0
0
0

 , Ci =


βi
Ri

0
0
0
1



T

Aij =


0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

−2πTij 0 0 0 0

 , Bij =


0
0
0
0
0

 . (A1)
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