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Abstract: In simulation studies, the precision of fuel cell models has a vital role in the quality of
results. Unfortunately, due to the shortage of manufacturer data given in the datasheets, several
unknown parameters should be defined to establish the fuel cell model for further precise analysis.
This research addresses a novel application of the atom search optimization (ASO) algorithm to
generate these unknown parameters of the fuel cell model and in particular of the polymer exchange
membrane (PEM) type. The objective of this study is to establish an accurate model of the PEM fuel
cells, which will provide accurate results of modeling and simulation in a steady-state condition.
Simulations and further demonstrations were performed under MATLAB/SIMULINK. The viability
of the proposed models was appraised by comparing its simulation results with the experimental
results of number of commercial PEM fuel cells. In the same context, the obtained numerical results by
the proposed ASO-based method were compared to other challenging optimization methods-based
results. Finally, parametric tests were made which indicated the robustness of the ASO results as
well. It can be stated here that ASO performs well and has a good capability to extract the unknown
parameters with lesser errors.

Keywords: fuel cells; parameter identifications; simulation and modeling; atom search optimizer

1. Introduction

Unlike conventional power sources, renewable energy sources as clean energy have received much
attention worldwide due to many key reasons, such as the depletion of fossil fuels, price inflations,
and other environmental issues. One of the fastest growing and promising renewable energy storage
apparatuses is the fuel cell, which can convert fuel chemical energy into electric energy via chemical
reactions [1-4]. Today, many assortments of fuel cells are commercialized, such as the polymer
exchange membrane (PEM) type for low-operating temperatures [3], and solid-oxide fuel cells for
high-operating temperatures [4,5]. PEM fuel cell stays as an incomparable alternative of importance;
specifically, in transportation applications, it plays a role in portable electronic implementations and
distributed generators. Moreover, its discriminate properties, such as no dissipated generation, high
power density, high efficiency, and low operating pressure and temperature, make PEM fuel cell
unequaled [3]. The standard efficiency of PEM fuel cell varies between 30% and 60% dependent on
loading condition, and the operating temperatures range from 30 °C to 100 °C [3-6].

Modeling is highly crucial for better comprehension, analysis, design, simulation, and
advancement of high efficiency fuel cells. However, the lack of data, number of obscure parameters,
and complication in modeling favor the utilization of optimization algorithms [3]. The majority of
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deterministic optimization algorithms have their respective limits, like sensitivity to initial values, and
fail to provide dependable results. To ameliorate the accuracy of the PEM fuel cells model parameter
estimation, many global optimization algorithms have been used. The results obtained using these
algorithms are better than those obtained using traditional methods [6].

Many researchers have endeavored to model PEM fuel cell characteristics using many heuristic
based optimization algorithms [7-18]—in particular, the salp swarm optimizer [7], adaptive ribonucleic
acid genetic algorithm (ARNA-GA) [8], genetic algorithm [9-11], particle swarm optimizer [12], Taguchi
method and genetic algorithm neural networks [13], bird mating optimization algorithm [14], seeker
optimizer [15], eclectic hybrid stochastic plan [16], adaptive differential evolution (ADE) algorithm [17],
and innovated global harmony search (IGHS) algorithm [18].

Other recent similar optimizers, such as biogeography accompanied by mutation (BBO-M) [19],
the simplified teaching-learning based optimizer (STLBO) [20], transmitted adapting differential
evolution (TRADE) algorithm [21], hybrid adapting differential evolution (HADE) algorithm [22],
nonlinear globally linearizing controller based on an estimator [23], multiverse optimizer (MVO) [24],
grasshopper optimization algorithm (GOA) [25], and grey wolf optimizer (GWO) [26], are applied to
define the model unknown parameters. In [27], a novel bio-inspired P systems-based optimization
algorithm (BIPOA) was introduced to generate the obscure parameters of PEM fuel cells models.

Recently, atom search optimization (ASO), which was developed in 2019, has been utilized in
hydro-geologic coefficient estimation [28] and dispersion parameter estimation [29]. In agreement
with the no-free lunch theorem, several optimization techniques should be assessed to solve specific
problems with attempts to get near/close to optimal solutions. Therefore, ASO is quoted in this current
research because its reported results are promising and prove that ASO is superior to other algorithms
in parameter estimation [28,29].

In this paper, ASO was used to generate the obscure parameters of two commercial PEM fuel
cells. Further validations and comparisons were made to indicate the performance of the proposed
ASO-based methodology. The crucial contributions of this research include execution of a novel
algorithm, namely ASO, to generate the obscure parameters of the PEM fuel cell model in comparison
to other competing methods recently reported in the literature, as well as proving the possibility of
benefiting from ASO to optimize several complicated problems in engineering.

The paper is organized as follows: Section 1 gives a brief introduction and survey in this regard.
Section 2 illustrates the mathematical modeling of PEM fuel cells. In Section 3, the adapted objective
function and constraints are revealed. The ASO procedures are explained in Section 4. Section 5
discusses the obtained results, along with necessary validations. Conclusions are drawn in Section 6.
Finally, acknowledgements, conflicts of interest, and authors’ contributions are presented.

2. Mathematical Modeling of PEM Fuel Cell

The model of a PEM fuel cell stack was intensively demonstrated in the literature. For a stack
consisting of n.eis series connected cells, the stack’s terminal voltage Vg, ck can be evaluated by the
following equation [9,25]:

Vistack = ncells'(E —Vact—Va - Vcon)- (1)

By assuming that the H; flow rate is controllable with regard to the loading condition, it can be
revealed that the utilization factor is constant and has a typical value of 95% [25]. Emax is the maximum
voltage that can be generated by the PEM fuel cell at a higher heating value of H,, which typically
equals 1.48 V/cell [25]. It is of value to emphasize that the theoretical voltage with respect to the lower
heating value is 1.23 V/cell (See (2)). The aforementioned variables indicated in (1) are stated as follows:

E — 1.299 — 0.85-103 (T, — 298.15) + 4.3085-105Ty, 1n(PH2 JPo, ) @)
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The power of the PEM fuel cell stack (Pg,ck) is stated as defined in (10):
Pstack = Vstack Ife- (10)

According to Equations (1) to (9), it is obvious that seven coefficients (&1, &p, &3, &4, Y, Re,and b)
need to be identified. These parameters are not predetermined in the manufacturer's datasheet. ASO
is utilized in optimizing the seven coefficients to own finest values inside their higher and lower limits.
Optimization is performed to ensure a precise modeling of PEM fuel cell under study and simulation.

3. Formulating the Objective Function and Constraints

Minimizing the sum of the squared error (SSE) between the computed voltage (Veom) and
measured voltage (Vmeas) is the objective function (OF) for the modeling of PEM fuel cell, as revealed
in (11).

M
OF = min (SSE) = min } " [Veom (k) = Vineas (k)]* (11)
k=1
The OF is subjected to constraints that are determined by the lower and upper limits of
(&1, &2, &3, &4, Y, Re,and b).
Minimizing the mean squared error (MSE) represents the OF in some previous studies. To compare
the obtained numerical results by ASO with other challenging optimization methods-based results,
MSE can be computed as depicted in (12):

SSE
MSE = —. 12
SE = 2> (12)

4. Atom Search Optimizer (ASO)

Atoms, basic building blocks of all materials, are moving continuously, and their motions are
governed by the classical mechanics [30]. Assume that force of interaction is F; and force of constraint
is Gj, and they are applied together on the atom i inside an atom arrangement. Subsequently, the



Energies 2019, 12, 1884 4 of 14

relationship between acceleration a; and mass m; of atom is derived by the second law of Newton’s
laws as shown in (13) [29,30]:
. F,+G;

- (13)

i

At iteration t, the atom i is exposed to interaction force by the atom j in the dimension d and is
written using the Lennard-Jones (L-J) potential as [29,30]:

Fl(t) = 24e(t) [( o(t) )13 ~ ( o(t) )7] T (t) (14)

o(t) [\r(t) rjj(t) rg(t) ’

r = 22l 2) - (2 ]

Figure 1 shows the interaction force of atoms against the spacing between atoms. The repulsion is
positive, and the attraction is negative; therefore, atoms would not be converging to a certain location.
Equation (15) cannot be utilized straightway in optimization, so it can be adapted as:

and:

Fj(0) = -n(0[2(h5(0)" - (s (0)] (16)

h; (t) = . 17)
) 13 (t)
4 T i T
3 o -
S |
= T
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1
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Figure 1. Atoms force against spacing between them [29].

The deepness function is used to set the attraction zone or the repulsion zone that is stated as [28]:

t—1\°

n(t) = oc(l - —) e T (18)

T

Figure 2 demonstrates F’ against 1 when h varies between 0.9 and 2. The attraction happens while

h is varying from 1.12 to 2, the repulsion happens while h is varying between 0.9 and 1.12, and the

equilibrium happens while h equals 1.12. Consequently, in ASO, to ameliorate the reconnaissance,

repulsion has a lower limit while F’ has a lesser value at which h = 1.1, and attraction has an upper
limit while F” has a bigger value at which h = 1.24; thus, h is stated as:
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Figure 2. Function F’ against n [28].
Consequently, u and g, are equal to 1.24 and 1.1, consecutively. g symbolizes the drift factor that

may transport the procedure from the reconnaissance to the profiteering, which is stated as:

g(t) = 0.1x sin(;—r x %) (22)
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Afterwards, total force applied on the atom i by other atoms is the summation of weighted
components in the d-th dimension that is depicted in (23):

d _ d
Fi(t) = E Ko randj.Fij (t). (23)
From the third law of Newton’'s laws:

F; = -F;

ji- (24)

Molecular dynamics put a geometric constraint that acts a serious task in the atom movement.
In ASO, assume that the best atom owns a covalence bond with each atom; therefore, a constraint force
is exerted on each atom by the best atom. Hence, the atom i constraint is modified as:

2
03(6) = [ (6) ~ Xeest (O ~ by 25)
Therefore, the force of constraint is stated as [29,30]:
G (1) = -A(H)VO (1) = —2A (1) (x¢ (1) = xd ., (1))- (26)
By replacement of 2A with A:
GH(t) = M) ()l () = (1)), 27)
The Lagrange multiplier is stated as:

20t)

Alt) = B.exp(—T (28)

Consequently, the atom i acceleration at iteration t (aiCl (t)) is stated as:

dm _ E@®
ad(t) = i

Q

d

P (t
d

mg (¢

rand [2>< (hij 0 ) 13_ (hij ® ) 7]
ZjeKbest m; (t) ’

N

+

3 _20t
:—oc(l—%) e T,

Ny

(29)

(xo-xiw) T ORU
IIxi (£) = (1) Il2 m; (t)

If the population of atoms is Np, the mass of atom i (m;(t)) is computed using (30)-(31):

__ Fitj(t) — Fitpest(t) )
Fitworst(t> - Fitbest(t> ’

N (1) = exp 0)

M; (t)
L M)

In case of minimization, Fityerst(t) and Fitpest(t) are the maximum and the minimum fitness values

m;(t) = (31)

of atoms at the iteration t, consecutively. Fit;(t) is the function fitness value of the atom i at the iteration
t. Fitworst (f) and Fitpes (£) are expressed in (32) and (33), respectively:

Fitworst(f) = maxie(1 2. Np) Fiti (t), (32)

Fitpest (t) = minjeq o, Ny Fiti(t). (33)
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For simplification, the velocity and the position of the atom i in the iteration t + 1 is signified as:

vi(t+1) = randfvd(t) +ad(t), (34)

xd(t+1) =x3(t) +vd(t+1). (35)

In the ASO algorithm, to ameliorate the reconnaissance in earlier iterations, every atom reacts
with atoms owning as many better values of fitness as possible. To ameliorate the profiteering in later
iterations, every atom reacts with atoms owning as few better values of fitness as possible. K piecemeal
decreases as the iterations elapse, and it is computed using the formula stated in (36):

K(t) = Np — (NP - 2) X \t/T. (36)

Figure 3 displays the forces in an atom arrangement. The atoms Aj, Ay, Az, and A4 have the best
values of fitness, so they are considered as the Kpegt. Each atom in the arrangement repels or attracts
each other. Each atom in the arrangement, excluding A; (Xpest), owns a force of constraint via the best
atom Aj.

‘ KBest

. Fer <«—— Attraction
62 N < — — Repulsion
+ = = = Constraint

Figure 3. Forces in an atom arrangement through Kpest when K =4 [29].

The computational procedure of the ASO algorithm is as follows:

Step 1: Randomly initialize a set of atoms X (solutions) and their velocity v, and set Fitpest = 00, t=1,i=1.

Step 2: Incrementt =t + 1.

Step 3: Incrementi=1+ 1.

Step 4: Calculate the fitness value Fit;.

Step 5: If Fit; > Fitpest, Set Fitpest = Fit; and Xpest = X-

Step 6: Calculate the mass m;(t) using Equations (30) and (31).

Step 7: Determine its K neighbors using Equation (36).

Step 8: Calculate the force of interaction F; and the force of constraint is G; using Equations (23) and (27),
respectively.

Step 9: Update the velocity and the position using Equations (34) and (35), respectively.

Step 10: If i < Np go to Step 3.

Step 11: If t < T, go to Step 2.

Step 12: Find the best solution so far, Xpest-

Step 13: Stop.
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5. Demonstrated Results, Discussions and Validations

In this section, ASO is utilized to estimate the PEM fuel cell model parameters
(&1, &2, &3, &4, Y, Re,b). In this study, two models of marketable PEM fuel cells are tested to
legalize the proposed ASO-based methodology in a steady-state condition. The lower and upper limits
of (&1, &, &3, &4,Y, R, b) exist in literature as follows [20,25,26]:

-1.1997 < &; < —0.8532
0.001 < &, < 0.005
3.6:107° < &3 <9.8107°
-2.6107* < &4 < -9.54-107° (37)
13<¥ <23
1074 < Rc < 81074
0.0136 <b < 0.5

The parameters’ bounds are the same in all test cases to ensure fair comparisons with other
challenging optimization methods.

Both RH. and RH, are 1. Both P and P, are 1 atm. The maximum iterations are 3000. ASO
parameters (Np, «, ) are determined by means of trial and error as other challenging heuristic-based
optimization methods as shown in Table 1. The finest values of obscure parameters are yielded after
executing ASO for some independent runs because of the high haphazardness of such algorithms.

Table 1. Atom search optimization (ASO) adapted controlling parameters.

ASO Parameters SR-12 Modular 250 W Stack
Np 25 10
o 40 50
B 0.2 0.2

5.1. Test Case 1

In this case, a model of SR-12 500 W modular PEM fuel cell was tested to regularize the performance
of ASO. The datasheet was taken from [17,18,21,25,26] as follows: n.ps = 48, A = 62.5 cm?,
1 = 0.025mm, Jp, = 0.672 A/cm?, Tge = 323K, Py, = 1.47628 atm, Py, = 0.2095 atm. Twenty
measurements in I-V characteristics of the fuel cell (M = 20) were utilized in optimization using ASO.

The finest estimated parameters of the PEM fuel cell model by ASO are displayed in Table 2.
The convergence tendency of the SSE diagram is illustrated in Figure 4, which indicates that SSE
obtained by ASO is 0.00203. MSE can be computed by (12) to result in (MSE = 0.0001015). These SSE and
MSE are the smallest values compared to other challenging optimization methods, as shown in Table 3.

Table 2. Estimated parameters by ASO for SR-12 modular.

Parameter & & &3 &y b ¢ Rc b
Optimized Value —-0.9217 0.0033  0.0001 -0.0001 13.7608  0.0001 0.1497

Table 3. SR-12 modular.

Algorithm ADE [17] IGHS [18] TRADE [21] ASO
MSE 0.11885 0.1039 0.247013 0.0001015
Algorithm GOA [25] GWO [26] ASO

SSE 0.0478 1.517 0.00203
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Dl[}

”}[} L

Best score of SSE

0 1000 ~ 2000 3000
[teration

Figure 4. Sum of the squared error (SSE) convergence for SR-12 modular.

The yielded finest results for I-V characteristics of SR-12 modular PEM fuel cell that were estimated
by ASO accompanying the experimentation data are displayed in Figure 5a. Closeness between the

experimental voltages and computed voltages by ASO-based methodology ensures precision of the
yielded optimized values of the obscure seven parameters.

r 1000

! + Measured | |
o —— Computed
2 35 1 2

Q 3 500

R 12

2571 a 0 Measured

— Computed
20 L ! 3 " F 0 M N T
0 10 20 30 40 0 10 20 30 40
Ifc (A) IfC (A)
(a) I-V characteristics (b) I-P characteristics

Figure 5. Characteristics of SR-12.

The power of the SR-12 modular PEM fuel cell stack was computed using (10) and utilized to
characterize the I-P relationship in Figure 5b accompanying the experimentation data. Closeness
between the experimental powers and computed powers resulted due to closeness between
corresponding voltages.

The I-V and I-P relationships of the SR-12 fuel cell stack needed to be characterized at different
operating pressures and temperatures to illustrate ASO functioning at different conditions. In Figure 6,
Py, /Po, are 1.5/1 atm and 3.5/1.5 atm, consecutively, at a fixed temperature of 323 K. It can be noticed
that increasing Py, /Po, results in increasing the output voltage and power of the fuel cell stack.

50 r 1000 7 7
\ —P,P,,=1/1.5atm o=
-==P /P =15/35atm ~
§ 40 b s 02 H2 %
3 ‘g 500
2301 o’ —P P -llsat
> 30 P, /Py,=1/1.5 atm
S .POZ/PHZII.SB.S atm
20 ' ' ' 0o 10 20 30 40
0 10 20 30 40 L (A
I (4) e (A)
(a) I-V characteristics at different pressures (b) I-P characteristics at different pressures

Figure 6. Characteristics of SR-12 at different pressures.
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Subsequently, the influence of temperature alterations is depicted in Figure 7, where Ty is 313 K
and 353 K, consecutively (under a fixed Py, /Po, of 1/1 atm). It is clear that increasing temperature
causes augmentation of the output voltage and power of the fuel cell stack.

T 800 ——
40t
_ 600t
S 35r S
< z
330 2400
@ 8
> 25 ’
——13985°CA13K 200} —13985°C313K
20 |- - -79.85°C/353 K - == 79.85°C353 K
O L
0 10 20 30 40 0 10 20 30 40
I (A) L. (4)
(a) I-V characteristics at different temperatures (b) I-P characteristics at different temperatures

Figure 7. Characteristics of SR-12 at different temperatures.
5.2. Test Case 2

In this case, the model of the 250 W PEM fuel cell stack was tested to assure regularity of
the performance of ASO. The datasheet was taken from [8,19,20,22,24,27] as follows: neps = 24,
A =27cm?,1=0.178 mm, J 0 = 0.86 A/cm?, Tg. = 338.15 K, Py, = 1 atm, and Pp, = 1 atm. Fifteen
measurements in I-V characteristics of the fuel cell (M = 15) were utilized in optimization using the
ASO-based proposed method.

The finest estimated parameters of the PEM fuel cell model by ASO are presented in Table 4.
The convergence leaning of SSE diagram is displayed in Figure 8, which illustrates that the SSE received
from ASO is 0.7346. This SSE is the lowest value compared to those of other challenging optimization
methods, as shown in Table 5. MSE can be computed by (12), resulting in MSE = 0.04897.

Table 4. Estimated parameters by the ASO for the 250 W stack.

Parameter & & &3 &y Y Rc b
Optimized Value -1.1132 0.0036  0.0001 -0.0002 22.1763  0.0001 0.0248

1010

Best score of SSE

0 1000 2000 3000
[teration

Figure 8. SSE convergence for the 250 W stack.

Table 5. 250 W PEM fuel cell stack.

Algorithm ARNA-GA [8] BBO-M[19] STLBO[20] HADE[22] MVO[24] BIPOA[27] ASO
SSE 8.1039 7.6165 7.6266 7.9908 3.5846 7.9416 0.7346
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The obtained finest results for the I-V characteristics of the 250 W PEM fuel cell stack that were
estimated by ASO accompanying the experimentation data are displayed in Figure 9a. Closeness
between the experimental voltages and computed voltages by ASO-based methodology ensures
precision of the got optimized values of the obscure seven parameters.

25 - 400
+  Measured
g 20l — Computed] | g 300
% %200}
- [+
215t 2
g 100} O Measured
—— Computed
10 R — =
0 5 10 15 20 25 0 5 10 15 20 25
I o (A) IfC (A)
(a) I-V characteristics (b) I-P characteristics

Figure 9. Characteristics of the 250 W stack.

The power of the 250 W PEM fuel cell stack is computed using (10) and utilized to characterize
the I-P relationship in Figure 9b accompanying the experimentation data. Nearness between the
experimental voltages and computed voltages causes nearness between corresponding powers.

To verify ASO functioning at different conditions, the I-V and I-P relationships of the 250 W fuel
cell stack needed to be characterized at different operating pressures and temperatures. In Figure 10,
Py, /Po, are 1.5/1.5 atm and 3/2.5 atm, consecutively, at a fixed temperature of 338 K. It can be observed
that increasing Py, /Po, causes an increase in the output voltage and power of the fuel cell stack.

» o [—p =l 0 1 | |
o7 /1> atm Pl
—~ ---P /P =1.573.5at -~
a 20-\\ 02 H2 am B 200+
% e
S g
2157 2100} -
> ~ ——P/P,=1/1.5atm
Jok . -- 'POQ/PH2:1'5/3'5 atm
0 0 5 10 15 20 25
L (A)
(a) I-V characteristics at different pressures (b) I-P characteristics at different pressures

Figure 10. Characteristics of the 250 W stack at different pressures.

Afterwards, the influence of the changing temperature is displayed in Figure 11, where Ty, is
313 K and 353 K, consecutively (under a fixed Py, /Po, of 1/1 atm). It is obvious that augmentation of
temperature results in increasing the output voltage and power of the fuel cell stack.

Finally, performance measures using parametric tests to testify the robustness of the ASO results
were made. Table 6 summarizes the ASO executions over 100 independent runs and associated
indicators in terms of Best, Worst, standard deviation (STD), Mean, and Variance of SSE values to
check the robustness and consistency. It can be said here that the smaller values of STD and variance
prove the robustness of the obtained results and indicate that the adapted ASO control parameters
were carefully selected.
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25 - - 300 r r . .
\ —39.85°C313K Ry
~ 20 " -— 0 —_
Z 79.85°C/353 K S 200f
g
’ 2100 n
> 10t A~ POQ/PH{I/LS atm
‘ . . . . . - = -P,Pp,=1.5/3.5 atm
0 5 10 15 20 25 0 5 10 15 20 25
I () L (A)
(a) I~V characteristics at different temperatures (b) I-P characteristics at different temperatures

Figure 11. Characteristics of the 250 W stack at different temperatures.

Table 6. ASO-adapted controlling parameters.

Factor SR-12 Modular 250 W Stack
Best value of SSE 0.00203 0.7346
Worst value of SSE 0.00304 1.0903
Mean value of SSE 0.00251 0.9156
STD value of SSE 2.94 x 1074 0.0945
Variance of SSE 8.71x 1078 0.0089
Average processing time per run (s) 25.50 20.10

6. Conclusions

ASO-based methodology has been introduced for estimating the PEM fuel cell model parameters
to assure precise modeling and simulation. The finest values of obscure parameters are generated
by the ASO, for two real commercial PEM fuel cell models. The computed results of two models are
compared with measured results to illustrate ASO proper functioning. Good fittings between the
measured and computed voltages were evidenced through various plots and insignificant values of
SSE. Comparisons between the obtained results by the ASO and other recent challenging optimization
method-based results indicate the viability and qualification of the proposed ASO-based methodology.
Finally, performance measures were made which reprove the good performance and robustness of the
ASO-realized results. Therefore, the authors can recommend ASO as a new optimization tool for other
engineering complicated problems, which really still needs further verifications.
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Nomenclature

E open circuit potential

Vact activation over-voltage apiece cell
Va ohmic voltage drop apiece cell

Veon concentration over-voltage apiece cell
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T¢. temperature of cell (K)

Po, and Py, partial pressures of Op and Hp(atm); correspondingly

Py,0 saturation pressure of HyO (atm)

RH. and RH,4 relative humidity of vapor at cathode and anode; correspondingly
Ii operating current (A) of the fuel cell

P and P, inlet pressures (atm) at cathode and anode; correspondingly

A area of membrane (cm?)

Co, concentration of Oy (mol/cm?)

&i(ief{l, 2, 3, 4}) experiential parameters

Rm and R¢ resistances () of membrane and connections; correspondingly
1 membrane’s thickness (cm)

Pm membrane’s resistivity ((-cm)

b4 adjustable coefficient

b parametric factor (V)

Jand Jnax actual and maximum density of current (A / cmz) ; respectively
M quantity of point measurements in I-V characteristics

k summation counter

€ potential hollow deepness

o distance where the potential is zero and considered as the length scale
r spacing among two atoms

n(t) deepness function

o weight of deepness

hmax and hypin

upper and lower bounds of h; consecutively

Xij vector among the atom i and the atom j

Kpest part of a larger group of K atoms

K the foremost atoms that have the best values of function fitness
T iterations” maximum number

rand; weight randomly exists among 1 and 0

Xpest (t) best atom position at the iteration t

b; pest length of fixed bond from the atom i to the best atom
A(t) Lagrange multiplier

B weight of multiplier

m;(t) mass of atom i at the iteration t
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