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Abstract: This paper presents a review of 71 research papers related to a distance-based clustering 
(DBC) technique for efficiently assessing reservoir uncertainty. The key to DBC is to select a few 
models that can represent hundreds of possible reservoir models. DBC is defined as a combination 
of four technical processes: distance definition, distance matrix construction, dimensional reduction, 
and clustering. In this paper, we review the algorithms employed in each step. For distance 
calculation, Minkowski distance is recommended with even order due to sign problem. In the case 
of clustering, K-means algorithm has been commonly used. DBC has been applied to various 
reservoir types from channel to unconventional reservoirs. DBC is effective for unconventional 
resources and enhanced oil recovery projects that have a significant advantage of reducing the 
number of reservoir simulations. Recently, DBC studies have been performed with deep learning 
algorithms for feature extraction to define a distance and for effective clustering. 

Keywords: distance-based clustering; reservoir uncertainty assessment; distance; dimension 
reduction; clustering 

 

1. Introduction 

Reservoir uncertainty assessment is an essential process in petroleum exploration and 
production for the following reasons: long operation term, invisible underground reservoir, lack of 
geological interpretation, limited available data, oil price fluctuation, extensive early investment costs, 
and so on. The objective of uncertainty assessment is to predict future production rates and estimate 
a reserve. A variety of reservoir assessment techniques exist depending on the project phase and 
available data: analogy, volumetric method, material balance method, reservoir simulation, and 
decline curve analysis. Despite the advantages and disadvantages of each technique, reservoir 
simulation is commonly employed for uncertainty assessment because various field development 
plans can be compared and commercial software is well developed based on physical theories.  

Building a static reservoir model should precede reservoir simulation. To construct a reliable 
model, information on a reservoir can be directly or indirectly obtained by various paths. For example, 
the porosity obtained from core and logging data at a drilling location can be referred to as direct (or 
hard) static data. The acoustic impedance volume from a 3D seismic model comprises indirect (or 
soft) static data. Geostatistical techniques create a 3D static model by integrating all available static 
data. Kriging algorithms can create a single static model for given data and spatial correlation. This 
deterministic approach cannot properly estimate the uncertainty of a static model. Sequential 
simulations such as sequential Gaussian simulation can build many reservoir models with equivalent 
probabilities because they apply the concept of random path for visiting an unsimulated grid and 
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assign values from cumulative distribution function. These reservoir models are very different 
because the direct information is very limited to the reservoir scale. 

Reservoir simulation for a single reservoir model can predict productions over time, as 
represented by the gray line in Figure 1a. However, the result of this deterministic approach may 
differ from the actual production (the red line in Figure 1a) and cannot manage the uncertainty of a 
static model. Therefore, reservoir simulations are performed for numerous reservoir models created 
by a stochastic approach and the prediction results are represented by a band of the gray lines in 
Figure 1b. Then, the reservoir uncertainty can be evaluated, and the representative values can be 
determined by P50 (the median) or the mean of the gray lines (the blue line in Figure 1b).  

  
(a) (b) 

Figure 1. Example of deterministic and stochastic approaches for assessment of reservoir uncertainty: 
(a) watercut from a single reservoir model (gray line) differs from the true production (red line); and 
(b) watercuts from one hundred reservoir models compose a band of prediction (gray lines) and cover 
the true production (modified from [1]). 

The best way to assess the uncertainty is to perform reservoir simulation for all possible reservoir 
models. However, this approach is not desirable in terms of the simulation cost. The key to the 
assessment of reservoir uncertainty using distance-based clustering (DBC) techniques is to classify 
similar models as the same group. Then, we can select few representative models for each group. If 
we classify 800 models into ten groups and select two models for each group, 20 models are selected 
among all 800 possible models. The way to evaluate uncertainty using few representative models is 
the same as using hundreds of models. Figure 2 shows cumulative distribution function for field oil 
production at 1800 days. All 800 models have 800 field oil production values (the grey line) and 20 
representative models have 20 field oil production values (the red line). Regardless of the number of 
models, uncertainty, e.g. P10, P50, and P90 or upper and lower boundaries, can be estimated. DBC 
enables us to replace the reservoir uncertainty obtained from hundreds or thousands of reservoir 
models with the uncertainty from a few representative models.  

 
Figure 2. Example of reservoir uncertainty analysis with all models and with representative models 
(modified from [2]). 
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The typical procedure of DBC consists of four steps: determination of a distance, construction of 
a matrix, dimensional reduction, and clustering (Figure 3). Distance definition is the most important 
step in DBC to determine the criteria for the (dis)similarity between two reservoir models (Figure 3a). 
Two types of distance exist: static criteria and dynamic criteria. Static distance utilizes a reservoir 
model itself, and dynamic distance requires additional reservoir simulation to obtain its 
performances. After features are defined by a distance concept, distance functions are implemented 
to quantify the dissimilarity between the features from two models. Here, the term of feature means 
main information and distinct characteristics of each reservoir model. For example, feature can be 
extracted by several domain transformation techniques (refer to Section 2.1). Because each pair of 
reservoir models has a distance value, the symmetric distance matrix N୫୭ୢୣ୪ × N୫୭ୢୣ୪  can be 
obtained (Figure 3b). The distance matrix is converted to coordinates in a predetermined metric space 
by dimensional reduction algorithms to visualize the infinite dimension of the distance matrix as low 
dimension or extract only the core information (Figure 3c). Then, clustering algorithms are applied 
for points in the metric space, and each model is clustered into a specific group (Figure 3d). The 
representative model for each group is usually chosen by the nearest model from the center of the 
group members. 

 
Figure 3. Conventional workflow of DBC (modified from [3]): (a) dissimilarity between two static 
models is calculated by the Hausdorff distance based on the location of sand facies (yellow); (b) 
distance matrix consists of Hausdorff distances of model pairs; (c) relative distances are converted to 
coordinates by multidimensional scaling; and (d) clustering algorithms are applied to group similar 
models and obtain a representative model for each cluster. 

The purpose of DBC can be changed depending on the availability of production data. If 
dynamic data are not available, the goal of DBC is to efficiently assess the reservoir uncertainty 
instead of reservoir simulation for hundreds of equivalent reservoir models. Therefore, DBC selects 
a few representative models among all reservoir models. Because the representative models are 
selected reasonably, their uncertainty can reproduce properly the uncertainty of all models (Figure 
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2). No additional information is required for DBC. If dynamic data are available, the purpose of DBC 
is to efficiently reduce reservoir uncertainty without complex inverse modeling algorithms. Therefore, 
DBC attempts to select a few qualified reservoir models, whose reservoir performances are similar to 
that of observed dynamic data, among all reservoir models. For further history matching, the 
qualified models can be coupled with data assimilation algorithms such as randomized maximum 
likelihood, Markov chain Monte Carlo, and ensemble Kalman filter.  

The basic concept of DBC is the same but the algorithms in each step vary. Due to the scalability 
of DBC, various algorithms are introduced to the DBC’s four steps. This paper explains state-of-the-
art DBC with features for various techniques. For better understanding, we summarized previous 
studies according to each step of DBC, as shown in Figure 4. The purpose of this review is to 
consistently analyze the scattered studies, to identify the limitations, and to suggest future study. We 
expect that this review paper helps to understand the DBC process and the current research trends 
on applying DBC in petroleum engineering. 

The contents are described as followed. After the distance definition is addressed in Section 2.1, 
distance equations are explained in Section 2.2. Dimensional reduction methods are reviewed in 
Section 2.3. Three clustering algorithms and kernel transformation are discussed in Sections 3.1–3.3. 
In Section 4.1, application of DBC in real fields and unconventional cases is demonstrated, and, in 
Section 4.2, a synthetic case is used to compare DBC algorithms. Current DBC research is summarized, 
and future research trends for DBC are suggested in Section 5. Figure 4 shows the structure of the 
DBC procedures reviewed in this paper.  

 
Figure 4. Classification of typical algorithms for the four procedures in DBC. 

2. Distance and Dimensional Reduction 

2.1. Distance 

If two different facies models exist, the reservoir behaviors seem to differ (refer to Figure 5). 
However, evaluating quantitatively the dissimilarity between the models is another problem. To 
calculate a distance, a criterion for each model, which is referred to as a feature, is required. A feature 
can be anything if it can distinguish characteristics among different models. Previous studies have 
defined various distance concepts to determine dissimilarity. They can be categorized as follows: 
• Static distance 
• Dynamic distance 
• Combined distance 

Static distance calculates a dissimilarity using reservoir property and does not require forward 
reservoir simulation. If any tracer or proxy simulation is used to define a distance, it is classified into 
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a dynamic distance. Figure 5 shows an example of both static distances and dynamic distances in a 
25 by 25 grid system with a single production well at the center (Figure 5a). For a simple static 
distance, facies codes, 1 for sand and 0 for shale, for all grids become a feature (Figure 5b). If we run 
a reservoir simulation for both models, monthly oil productions become dynamic distance. In Figure 
5c, each model has 5 oil production rates at 100, 200, 300, 400, and 500 days. We can easily calculate 
summation of error between the vectors of dynamic responses from each model. 

 
(a) 

 
(b) 

 
(c) 

Figure 5. Examples of distance definition (modified from [3]): (a) two facies models have a total of 625 
grids and a single production well, P1; (b) facies indexes for each grid are used as the static distance; 
and (c) oil production rates for different time steps are used as the dynamic distance. 

For static distance, when hundreds of reservoir models have been constructed, the reservoir 
properties can be compared by a grid rather than reservoir simulation for each model. While building 
static models, reservoir properties, such as permeability, facies, porosity, and water saturation, are 
assigned for each grid. Permeability is the most common reservoir property for distance definition 
[4–7]. It is highly correlated with future production because it is an important parameter that affects 
flow rate in Darcy’s law. Facies for each grid also have been applied for the criterion in many previous 
researches [8–11]. Facies can substantially affect the reservoir responses because parameters for a 
reservoir simulation, such as the relative permeability function and saturation function, are assigned 
according to the facies. However, these parameters have difficulty understanding spatial 
characteristics because they represent values in a grid. 

The variogram analysis among models can confirm the relationship between the static distance 
and the interested reservoir performance [2,11]. The conner point grid system is used to compare the 
dissimilarity of structure models [12]. In an oil sands reservoir, a feature vector is defined by the shale 
length and the relative distance from the injection well because these parameters are important to 
determine steam chamber and future production [13]. 

Recently, multiple reservoir properties have been integrated to define static distance [14]. Facies, 
porosity, permeability, and water saturation for each grid are compared together using a special 
distance function. As more reservoir information is integrated, it may be easier to define a feature 
among several models. However, it can be economically and technically expensive. Therefore, some 
researchers suggested the average of the reservoir properties as a distance to reduce the dimension 
of features. Gross et al. [15] used the mean value of porosity of all grids instead of using the values of 
porosity of all grids themselves. That is, the information of the number of grids is reduced to one 
average porosity value. For example, if a 100 × 100 × 10 grid system exist, porosity information for 
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each model consists of 100,000 values. Rather than all information, they adapt the average of 100,000 
values for the feature of porosity. The researchers employed the average porosity, permeability, 
water saturation, and gas-in-place for a feature vector. Patel et al. [16] defined dissimilarity using 
statistical, fractional, and volumetric measures. They determined effective grid blocks, which can 
affect fluid flows, and calculated effective average properties for permeability, porosity, and 
irreducible-water saturation. They set a threshold value for each parameter and assigned 0 or 1 to 
grid blocks to comprehend whether they are effective. In addition, they measured volumetric 
properties such as net pore volume and original oil-in-place. These studies demonstrated that a 
distance can be defined by various types of static measures, which are highly related to reservoir 
flows and characteristics. 

Several geostatistical algorithms adopted distance concepts to distinguish a subset of patterns 
from a training image [17–20]. They compared each grid to compute the dissimilarity of patterns. 
Although they applied the same criterion, i.e., index for each grid, to measure the dissimilarity of 
models, the result of DBC can differ due to various distance functions and clustering algorithms (refer 
to Section 2.2). Therefore, DBC requires overall considerations of the whole process for a successful 
application. Researchers should think that which function or algorithm is the most suitable for the 
input data used. 

However, distance calculations using the static model cause the following limitations. First, the 
larger is the grid size, the longer is the calculation time. Second, the reliability of the dissimilarity 
decreases due to unnecessary information. For example, when we are concerned with the production 
of injected water or polymer at the production well, the reservoir properties between the injection 
well and the production well are key information. In other words, properties at distant grids may be 
unnecessary information. To resolve these limitations, a concept of feature extraction has been 
applied for static models to obtain core information. Some researchers applied domain 
transformation techniques, such as discrete Fourier transform (DFT), principal component analysis 
(PCA), and discrete cosine transform (DCT). Main information on channelized facies models was 
successfully extracted by DFT [21]. After a facies image is converted into the frequency domain by 
using DFT, the boundary of the image can be detected in low-frequency areas (refer to [21]). In the 
case of oil sands, a transformed connected hydrocarbon volume image was converted to the 
frequency domain by DFT to measure the dissimilarity of shale barriers [22,23]. PCA, which is a 
dimensional reduction technique, was applied to extract the main feature from permeability fields 
[24–26]. PCA is useful to manage high-dimensional data by obtaining the principal components of 
the data distribution. Because PCA can extract overall patterns in the permeability distribution, 
applying PCA to channel reservoirs or other types, which have distinct facies patterns, is 
recommended.  

DCT is also used to extract the main information of a static model in a history matching area 
[27–35]. After original data are transformed to coefficients of discrete cosine functions, the coefficients 
are arranged in descending order of frequencies of cosine functions. Low-frequency coefficients are 
employed to extract essential information, such as the pattern and connectivity of a reservoir model, 
especially a channelized reservoir. Therefore, the number of coefficients should be chosen depending 
on its technical purpose. 

Because the previously mentioned static distances do not require a forward simulation of a static 
model, definition of a distance is considerably faster than definition of dynamic distances. However, 
dynamic distances can provide more reliable DBC results since it is directly connected with the 
reservoir performance [36,37]. Many researchers utilized time-series production data, such as oil 
production rate, cumulative oil production, bottomhole pressure (BHP), and gas-oil ratio (GOR), as 
criteria of dissimilarity [7,15,38,39]. These data are easily obtained by commercial reservoir 
simulators. For example, saturation or pressure changes for each grid, which are calculated by 
reservoir simulation, are compared to calculate dissimilarity [36]. These dynamic data represent 
reservoir performances directly but full reservoir simulation is a burden when the reservoir is a large 
scale and hundreds of models exist. 
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Many studies have employed proxy or tracer simulations to reduce the simulation cost of 
forward simulation. The results of streamline simulation, such as generalized travel time, streamline 
density map, and oil production rates, are fast and reliable to replace conventional reservoir 
simulation [6,40–44]. A proxy model, which is built to predict specific reservoir performances, has 
been used to predict pseudo dynamic data, such as the water breakthrough time and monthly steam 
injection rate [45,46].  

Some researchers used both static and dynamic features together. Average reservoir properties, 
such as porosity, permeability, and gas-in-place, and the sequence of dynamic data, such as the time-
series pressure and production rate at the well location, are used to define the distance between 
reservoir models [15,47]. 

2.2. Distance Matrix 

As previously discussed, various parameters are available to define a distance needed to 
determine the similarity between reservoir models. Likewise, many methods are available to 
calculate a distance based on static and dynamic features. Table 1 lists a group of formulas to compute 
the difference between two feature vectors. Because these methods are popular and known 
mathematical forms, we refer them as “basic methods”. These methods are used to measure the 
dissimilarity of data in an extensive range of research areas, which manage complex and numerous 
datasets, including reservoir engineering. The Euclidean distance is one of the most popular formulas 
because it is simple and straightforward [6,15,20,26,37,41,48–51]. It is a straight-line length between 
two data in Euclidean space. The Euclidean distance can be estimated in any 𝑛 dimensional space; 
thus, it is applicable to various types of data. However, it has a difficulty in understanding the overall 
pattern of datasets. The city-block distance is a summation of the absolute value of data misfit and is 
also referred to as the Manhattan distance or Taxicab geometry [18,19].  

Table 1. Mathematical formulas of a dissimilarity distance. 

Distance Mathematical Form 

Euclidean ൜෍ (𝑥௜ − 𝑦௜)ଶ௡௜ୀଵ ൠଵ/ଶ
 

Minkowski (order 𝑚) ൜෍ (𝑥௜ − 𝑦௜)௠௡௜ୀଵ ൠଵ/௠
 

City-block ෍ |𝑥௜ − 𝑦௜|௡௜ୀଵ  

Chebyshev max௜ |𝑥௜ − 𝑦௜| 
The Minkowski distance is a generalized form of the Euclidean distance, whose order in the 

equation is 2. In the formula, the order 𝑚 is set by any positive integer. However, an even number 
is recommended due to the sign problem. Figure 6 is an example of the Minkowski distance 
calculations with different orders: 2, 3, 4, 5, 8, and 16. A dataset consists of 12 simple channel reservoir 
models with different channel directions: 0 (green), 45 (blue), 90 (orange), and 135 (red) degrees. The 
models with the same channel directions have smaller distance values than the other reservoir 
models. The Minkowski distance is measured for the six orders based on facies information, i.e., static 
distance, for a pair of the 12 models. We denote the models as points in a 2D plane using 
multidimensional scaling (MDS). 

We draw the reservoir models in different colors according to their channel direction. A large 
difference in the clustering results exists between odd and even numbers for the order, although the 
distance definition and clustering algorithm are equivalent. In the chart, for the orders 3 and 5, the 
models are not reasonably grouped according to their properties. Dots in the same color should have 
short distances but they are mixed with other colored dots due to distortion of the sign effect during 
calculation. Conversely, the models are properly grouped when using with even numbers for the 
order. As the order is increased, the clustering results are almost similar among the graphs, with the 
exception of the scale. 
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(a) (b) 

Figure 6. Example of Minkowski distance calculation applied to 12 channel reservoir models: (a) 12 
channelized reservoir models generated from four training images with different channel directions; 
and (b) clustering result for each order (the same dot colors represent the same group). 

The Chebyshev distance is another special case of the Minkowski distance, in which the order 
goes to positive infinity. The Chebyshev distance calculates dissimilarity using only the maximum 
difference among the data entries. Although calculation of the Chebyshev distance is simple, it may 
yield a biased value when an outlier exists in the data. 

Table 2 shows distances from three different datasets, Xଵ, Xଶ, and Xଷ, to Y by using various 
types of formula. As listed in Table 2, Xଶ and Xଷ are similar except for one value, i.e., an outlier at 
the first element in Xଶ. The Chebyshev distance could be very different between Xଶ − Y case and Xଶ − Y case due to the outlier in Xଶ. It is only affected by the largest outlier due to its mathematical 
form. Because the Euclidean, Minkowski, and City-block distances have similar equation, their 
calculated values show similar trends. 

Table 2. Calculation for various distances of datasets X and Y. 

Data Xଵ = ൞10678 ൢ Y = ൞1234ൢ Xଶ = ൞10321 ൢ Y = ൞1234ൢ Xଷ = ൞4321ൢ Y = ൞1234ൢ 

D
is

ta
nc

e,
 𝒅 𝐗 𝐢𝐘 

(𝐢=𝟏,
𝟐,𝟑) Euclidean 11.36 9.59 4.47 

Minkowski (order 4) 9.25 9.03 3.58 
City-Block 21 14 8 
Chebyshev 9 9 3 
Hausdorff 6 6 0 

These calculation formulas, which we refer to as the basic methods, measure the dissimilarity 
by comparing grid by grid. However, when we want to examine the patterns in the data (e.g., 
permeability distribution patterns), these basic methods may not be useful. For this reason, some 
researchers applied other distance calculation methods for effective pattern recognition. One of these 
methods is the Hausdorff distance, which measures the distance between two datasets and enables 
many-to-many correspondence [3,8–12]. Given the two point sets A and B, the Hausdorff distance 
calculates the distance H(A, B) using Equations (1) and (2).  H(A, B) = max൫h(A, B), h(B, A)൯ (1) h(A, B) = max௔∈୅min௕∈୆‖𝑎 − 𝑏‖ (2) 

where ‖ ∙ ‖ is a vector norm. Because the Hausdorff distance calculates the dissimilarity of the data 
in a group, the distance between Xଷ and Y in Table 2 is 0. The two point sets are identical despite 
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different sequence. When there is an outlier as the first element of Xଶ, the distance is highly affected. 
However, only the largest value could affect the distance calculation, Xଵ − Y case and Xଶ − Y case 
have the same Hausdorff distance as 6. The Hausdorff distance is useful when the dataset can be 
transformed into a binary set. In sandstone channel reservoirs, the models can be assumed to have 
two facies of sand and shale. Therefore, use of the Hausdorff distance is effective for analyzing 
channel reservoirs. 

Pattern detection is very important in history matching analysis in channel reservoirs because 
oil and gas tend to flow along high permeability zones, especially sand channels. Lee and Choe (2016) 
[4] emphasized the importance of detecting permeability patterns and proposed a newly defined 
distance based on a correlation equation. However, it has a limitation of applicability in other 
reservoir models. Researchers tried to suggest new ideas of distance calculation, which can be applied 
in wide usage by changing the distance definition or combining statistical algorithms such as PCA or 
DCT. 

Other distance calculation formulas have been employed in previous studies [14,36,39,42,52]. 
For example, Patel et al. [16] employed the Kantorovich distance to compare the probability 
distributions of the reservoir models. Their objective is to determine the reduced number of 
ensembles, which has the minimum difference with the original ensemble. Jin et al. [40] measured 
the distance by counting the number of grid blocks that are passed by streamlines to understand the 
flow patterns. An efficient distance matrix calculation is a very important process in DBC, because 
hundreds of reservoir models and hundreds of thousands of grid blocks may be employed for the 
analysis. 

2.3. Dimensional Reduction 

A single reservoir model consists of numerous grid blocks. Each grid block has unique reservoir 
properties, such as permeability, porosity, saturation, and pressure. Therefore, the reservoir data are 
usually managed in a very high-dimensional space. However, high-dimensional data reduce the 
calculation efficiency, and analyzing their characteristics is difficult. These limitations explain why 
dimensionality reduction is required for uncertainty quantification and history matching studies. 

One of the most useful methods to reduce the dimension is MDS, which is a statistical method 
for projecting data from high spaces to low spaces. When a distance matrix is constructed for 𝑝 
datasets, the matrix size is 𝑝 by 𝑝. Because determining the relations within this information is 
difficult, we project the data onto a 2D plane. Figure 7 shows the MDS result on the 2D plane when 𝑝 = 3. In Figure 7, the entries of the 3 by 3 distance matrix represent the dissimilarity between each 
data pair. We can easily calculate how to input the data onto the 2D space according to their distances. 
After fixing the two data points 𝑑ଵ and 𝑑ଶ in the plane, the (x,y) coordinates of the data point 𝑑ଷ 
is obtained by Equations (3) and (4). 𝑥ଶ + (𝑦 − 3)ଶ = 6ଶ (3) 𝑥ଶ + 𝑦ଶ = 4ଶ (4) 

 
Figure 7. Example of MDS for the three datasets. 
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If more than three datasets exist, an exact solution in 2D space does not exist but we numerically 
approximate the position. Since MDS is a simple but very powerful algorithm to manage the data, 
many studies used MDS to reduce the data dimension [2–4,6–9,14,15,18,20,21,26,36–40,43–45,51,53]. 
MDS can maintain the distance information while reducing the dimension in a lower space. We can 
reduce the dimensionality in any lower space but 2D space is the most common because critical issues 
do not exist to reduce to 2D and it is more suitable for data visualization than 3D. 

PCA is also popular for managing high-dimensional data. PCA calculates the principal 
directions of data distribution from eigenvalues and eigenvectors. A covariance matrix of the data 
should be decomposed using eigen-decomposition or singular value decomposition. The eigenvalue 
indicates the degree of principal directions that correspond to its eigenvector. Because all 
eigenvectors are orthogonal, we can construct n-D spaces by choosing n-eigenvectors. Compared 
with MDS, which is only used to reduce the data dimension based on the distance information, PCA 
can analyze data characteristics and reduce their dimension. Therefore, PCA is extensively employed 
in various research areas, such as face cognition, seismic interpretation, and reservoir engineering, 
which require very complex calculations in high dimensions [5,24,25,42,49,50,52,54,55]. 

Kang and Choe [5,25] and Kang et al. [24] reduced the dimension into 2D space using PCA. Jung 
et al. [26] used PCA to extract the general trends of eigenvalues for efficient analyses. Because PCA 
is helpful for representing the data according to their main properties, it can be employed to present 
the data in 2D views [22,23]. There are some rules of thumb to decide the number of reduced principal 
components (PCs) in PCA: (1) Keep cumulative proportion of PCs at least 0.8, (2) Keep only PCs with 
above-average variance, (3) Keep PCs before the elbow in scree plot. Because the suitable number of 
PCs depends on input data or research purpose, sensitivity analysis on PCs is recommended. 

Autoencoder (AE) is a data compression method based on machine learning in an unsupervised 
manner [2,33,56]. Figure 8 presents AE and stacked autoencoder (SAE) with an application example 
for a channelized reservoir. A neural network of AE is trained to show the same data in both input 
layer and output layer (Figure 8a). An original reservoir model is applied to the input layer and it 
goes through encoding. Encoded data are decoded to obtain a constructed reservoir. The neural 
network is modified considering discrepancy between the constructed reservoir model and the 
original model so that AE is learned to encode and decode. Encoding means extracting features from 
the input data and decoding is reconstruction of the compressed data. The number of hidden layer 
node is typically less than the number of node in input and output layers, AE can be used for 
dimension reduction.  

Like other dimensional reduction methods, loss of information is inevitable during a dimension 
reduction. It is expected to mitigate critical data loss by sequential AEs rather than one AE for data 
compression. In Figure 8c, SAE is combination of the two AEs in Figure 8a,b. It consists of two 
encodings and two decodings. The inner pair of encoding and decoding are same with Figure 8b and 
the outer pair of encoding and decoding are came from Figure 8a. Instead of direct compression from 
m to hଶ, data dimension is gradually decreased to prevent from missing essential information in 
Figure 8c (m , orange circle  hଵ , dark blue diamond  hଶ , purple square). If the dimension 
reduction was conducted from m to hଵ right away, there could be critical data loss.  
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Figure 8. Schematic diagram of autoencoder and stacked autoencoder with a channelized reservoir 
model [33]. 

DCT has similar characteristics to DFT (discrete Fourier transform) [21] and PCA because it can 
extract principal properties and reduce data dimension. Especially, the basic principle of DCT and 
DFT is very similar. However, the difference between DCT and DFT is the type of their basis functions. 
In the case of DFT, given data are presented into coefficients of complex exponential functions. On 
the other hand, DCT utilizes cosine functions and reconstructs the given data into real-valued 
coefficients. When the size of the data is 𝑁, the DCT function 𝑣௞ is described in Equations (5) and 
(6). 𝑣௞ = 𝛼௞ ∑ 𝑢௞𝑐𝑜𝑠 ቄగ(ଶ௡ାଵ)௞ଶே ቅேିଵ௡ୀ଴ , 0 ൑ 𝑘 ൑ 𝑁 − 1 (5) 

𝛼௞ = ቊඥ2/𝑁 𝑘 = 0ඥ1/𝑁 1 ൑ 𝑘 ൑ 𝑁 − 1 (6) 

𝑢௞ = ∑ 𝛼௞𝑣௞𝑐𝑜𝑠 ቄగ(ଶ௡ାଵ)௞ଶே ቅேିଵ௞ୀ଴ , 0 ൑ 𝑛 ൑ 𝑁 − 1 (7) 

where 𝑢௞ is the original dataset. In addition, the coefficients can be transformed by an inverse DCT 
function (refer to Equation (7)) to the original data space. DCT coefficients have different information 
about the original data according to their frequencies. Coefficients with low frequencies have overall 
characteristics, while DCT functions with high frequencies represent detailed information. The 
selection of a subset of DCT coefficients depends on the objective of the research. For example, to 
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characterize channel reservoirs, several papers applied DCT to permeability data to extract only the 
main channel trends in the ensemble models with low frequencies’ coefficients [27–32,34,35]. The 
channel trends in reservoirs can be described with only a small number of coefficients. How many 
coefficients should be kept depends on the input data used. Therefore, similar to PCA, sensitivity 
analysis on DCT coefficients can improve simulation efficiency. The dimension of the subset 
coefficients is reduced, which enables DCT to efficiently manage high-dimensional data. 

3. Clustering Algorithms 

Clustering algorithms, which are based on unsupervised learning theory, are powerful grouping 
techniques for statistical data analysis [57,58]. They assign a set of data points into a number of groups 
and segregate groups with similar features. Data points in the same group have similar properties or 
features, while data points in different groups are highly dissimilar. However, since no labels are 
assigned to data, clustering algorithms cannot determine which features are employed for training 
and grouping the data points. In addition, we often need an iterative implement of an algorithm for 
knowledge discovery or multiobjective optimization. Although numerous clustering algorithms exist 
for data mining, we present three clustering algorithms that are popular in petroleum engineering: 
K-means clustering, K-medoids clustering, and the self-organizing map (SOM). 

3.1. K-means Clustering 

K-means clustering is one of the simplest unsupervised learning algorithms [59]. The word 
“unsupervised” means the data are trained without knowing the known dataset. The method groups 
data based on their dissimilarities according to the distance [60]. The method applies the number of 
clusters 𝑘 as the input parameter and partitions a set of 𝑛 objects into 𝑘 clusters. Each cluster has a 
centroid, and the algorithm minimizes the defined distance between centroids and data points. A 
mathematics expression of the algorithm can be presented by Equation (8). min௕,௪ ∑ ∑ 𝑤௜௝𝐷௜(𝑏௝)௞௝ୀଵ௡௜ୀଵ , ∑ 𝑤௜௝௞௝ୀଵ = 1 (8) 

where 𝑤௜௝ is a binary variable, which is 1 in the case in which the 𝑖th object belongs to the 𝑗th cluster 
or 0 in the opposite case. 𝐷௜௝ is the distance between the 𝑖th object and the centroid of the 𝑗th cluster 𝑏௝. 

However, finding a global minimum of Equation (8) is difficult because the binary variable 𝑤௜௝ 
should be jointly optimized. If we want to find a global minimum, we should check all possible 
combinations of clusters, which has a considerably high computational cost. To solve this problem, 
the K-means algorithm repeats two procedures by fixing either 𝑤௜௝ or 𝑏௝ [8]. The algorithm consists 
of the following steps [61]: 

 
K-means clustering has been extensively applied to group reservoir models in petroleum 

engineering [13,16,45,48]. Since reservoir models usually have high dimensionality, some researchers 
have attempted to perform the algorithm on the featured plane using feature extraction methods, 
such as PCA and singular value decomposition [5,24,25]. MDS can also be utilized for dimensionality 
reduction of reservoir models on a 2D plane but distances between reservoir models should be 
predefined [3,4,6–9,21,38,53]. 

Although K-means clustering is fast and efficient, it cannot capture nonlinear complex patterns 
(Figure 9a). Kernel transformation converts data into a higher-dimensional feature space to create a 

SELECT 𝑘 points as the initial group centroids 𝑐ଵ, 𝑐ଶ, ⋯, 𝑐௞ 

REPEAT 

  Make 𝑘 clusters by assigning data points to the closest centroid 

  Recalculate the centroid of each cluster by the mean of the data in the cluster 

UNTIL the centroids do not change 
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more linear problem [18]. Therefore, a linear clustering technique, such as K-means clustering, can 
be effectively applied in the feature space (Figure 9b). When linear algorithms are applied in an 
infinite feature space, the kernel trick enables us to calculate distance in the feature space as a kernel 
function in the original space [62]. We do not know the coordinates in the feature space to calculate 
the distance. During K-means clustering, we have to know two types of distance: distance between 
two points and the distance between a point and a centroid. These distances are obtained by 
Equations (9) and (10). Equation (11) shows a popular kernel function—Gaussian radial basis 
function—and the band width σ can be set to 10–20% of the distance between points [63]. Note that Φ stands for nonlinear function, which converts given data from the original space into higher 
feature space [42]. κ means kernel function and is used to calculate the distance in the feature space 
easily. In addition, x and z indicate given data. ‖Φ(x) − Φ(z)‖ଶ = 2 − 2κ(x, z) (9) 

‖Φ(z) − Φഥ‖ଶ = κ(z, z) + 1lଶ ෍ κ൫x୧, x୨൯୪
୧,୨ୀଵ − 2l ෍ κ(z, x୧),     Φഥ =୪

୧ୀଵ
1l ෍ Φ(x୧)୪

୧,୨ୀଵ  (10) 

κ(x, z) = exp ቆ− ‖x − z‖ଶ2σଶ ቇ (11) 

  
(a) (b) 

Figure 9. Example of K-means clustering and kernel K-means clustering: (a) spherical shape results 
from K-means clustering; and (b) nonlinear results from kernel K-means clustering. 

K-means clustering can be also utilized to define a novel clustering algorithm of spectral 
clustering algorithm (SCA). SCA defines a low-dimensional data space by selection of particular 
eigenvectors of a matrix called normalized affinity matrix, which is estimation of spatial correlation 
for reservoir property in each grid based on Gaussian distribution [50]. Figure 10 describes detail 
procedures of the SCA with an example application on a channelized reservoir model (Figure 10a). 
SCA builds a Gaussian affinity matrix between each pixel of the image (Figure 10b) and normalizes 
the matrix (Figure 10c). SCA calculates eigenvectors from the normalized matrix and selects vectors 
associated with the largest vectors as frequently as the number of clusters (Figure 10d). The 
eigenvectors are renormalized by the norm-2 of each row, and each row is regarded as each point of 
the reservoir model. After K-means clustering is applied for 5625 points in Figure 10e, the reservoir 
realization can be divided into discrete areas (Figure 10f). SCA has been utilized for many 
engineering areas because it is always an issue to differentiate interested physical spaces. Mouysset 
et al. [50] applied SCA to discretize target area that is heated by a specific heat point. Simon et al. [49] 
utilized SCA for categorization of an ecosystem model of the North Atlantic and Arctic Oceans. Using 
this SCA principle, a given image is divided into several discrete categories while retaining their 
geometrical features [49]. SCA is useful to understand continuously distributed natural variables 
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such as ecological behaviors or rock type with clear boundaries so that we can make a decision in a 
Boolean way.  

 
Figure 10. Example application of SCA in a channelized reservoir model: (a) a reservoir model 
realization in facies index domain; (b) construction of the affinity matrix using Gaussian relationship; 
(c) normalization of the affinity matrix; (d) eigenvectors from the normalized affinity matrix; (e) 
normalization of the eigenvectors; and (f) categorization of the reservoir model using k-means 
clustering. 

3.2. K-medoids Clustering 

K-medoids clustering is similar to the K-means algorithm. Equation (8) can also explain the K-
medoids algorithm. The only difference between them is the selection of centroids of clusters. In 
contrast to K-means clustering, centroids of K-medoids clustering primarily consist of centrally 
located points of clusters. Even if only one difference exists between the two methods, K-medoids 
clustering has advantages and disadvantages compared with K-means clustering. 

First, K-medoids algorithm is substantially more robust. Since K-medoids algorithm selects 
centroids as the medians of each cluster, it is more protective from outliers. K-means algorithm, 
however, can be weak from outliers because it computes mean values to decide centroids. Second, K-
medoids clustering is much more expensive, which is the main drawback compared with K-means 
algorithm. Since K-medoids clustering involves computing all pairwise distances to determine the 
centroids, its large O-notation is O(𝑛ଶ × 𝑘 × 𝑁), whereas K-means runs in O(𝑛 × 𝑘 × 𝑁), where 𝑁 is 
the number of iterations of the algorithms. Even if the K-means algorithm is more popular in 
petroleum engineering research area due to its calculation efficiency, K-medoids algorithm has 
actively been employed for grouping models [43,64]. The detailed steps of the algorithm are listed as 
follows [61]: 
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3.3. Self-Organizing Map 

The SOM is a type of competitive neural network that produces a low-dimensional (usually 2D) 
representation of the input data. The objects, which have similar properties in high dimension, can 
be classified into the same node in low dimension. As shown in Figure 11, a neural network of SOM 
consists of two layers, input layer and competitive layer. The network is trained to conserve the 
dissimilarity between objects even in low dimension. 

 
Figure 11. A network of SOM. 

where 𝑥௜  and 𝑜௝  are the 𝑖 th input node and the 𝑗 th competitive node (i.e., winning node), 
respectively. 𝑊௜௝ represents the weights that correspond to the 𝑥௜, and the 𝑜௝. For this architecture, 
we can compute the distance between the input data 𝑥 and the competitive node 𝑜௝ using Equation 
(12).  𝐷௝ = ෍(𝑥௜ − 𝑊௜௝)ଶௗ

௜ୀଵ  (12) 

where 𝐷௝ is the distance between an input data and the 𝑗th winning node. Even if the sum of square 
errors is generally used to calculate the dissimilarity, other distance measures can be employed. After 
calculating all the distances, we can decide a winning node, which has a minimum distance value. 
Then, we only update the weights of a winning node by Equation (13). 𝑊௜௝∗ᇱ =  𝑊௜௝∗ + 𝛼(𝑥௜ − 𝑊௜௝∗) (13) 

SELECT 𝑘 points as the initial group medoids 𝑚ଵ, 𝑚ଶ, ⋯, 𝑚௞ 

REPEAT 

  Make 𝑘 clusters by assigning data points to the closest medoid 

  Calculate total distance 𝑇𝐷௜ between the medoid and non-medoid data 

  FOR each medoid 𝑚௜ DO 

   Select the non-medoid 𝑚௡௘௪ to calculate new total distance 𝑇𝐷௡௘௪ 

   IF 𝑇𝐷௡௘௪ < 𝑇𝐷௜ 
    Change 𝑚௜ to 𝑚௡௘௪ 

   END IF 

  END FOR 

UNTIL the medoids do not change 
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where subscript 𝑗∗ means the winning node. 𝑊௜௝∗ and 𝑊௜௝∗ᇱ  are the weights between the 𝑥௜ and 
the winning node, 𝑜௝∗ before update and after update, respectively. 𝛼 is a learning rate. 

Since every input object can be classified into a competitive node, it is a kind of clustering 
algorithm [17,22,65]. Even if various input data can be grouped into the same winning node, the 
distances between data and the winning node should differ. Using the distances, we can present 
whole data into low-dimensional space. Consequently, the SOM is a method of dimensionality 
reduction. 

All clustering techniques, including K-means, K-medoids, and SOM, have difficulty in 
determining the appropriate number of clusters. Recently, there are various novel methods to 
automatically set the number of clusters: silhouette index, elbow criterion, cluster validity index, and 
Calinski–Harabasz index [20,39,46,47,66]. 

4. Applications 

4.1. Unconventional Resources and Real Fields 

With a decade of development, DBC has been verified not only for synthetic cases but also for 
real fields and benchmark fields. There are many applications of DBC in unconventional resources, 
such as oil sands, and in enhanced oil recovery (EOR) screening. DBC can be effectively applied to 
these areas because more time is required to implement a reservoir simulation for oil sands and EOR 
cases. For these cases, predicting reliable reservoir performances is difficult due to the complexity 
and uncertainty in a production mechanism. Especially, the combined case, EOR for unconventional 
resources, requires more considerations such as molecular diffusion, nanopore effect, and adsorption 
effect [67]. In the case of oil sands, uncertainty in shale barriers, which have a considerable impact on 
oil production, has been investigated. In the case of EOR, DBC is used to construct a proposal system 
for a suitable EOR method. 

Reservoir simulation cost for unconventional resources is higher than conventional resources 
due to a complex production mechanism, e.g., thermal method for oil sands, hydraulic fracturing for 
shale, and a depressure method for coalbed methane. The difficulties in predicting shale production 
are well explained in [68–70]. As shown in the above papers, production mechanisms between 
conventional and unconventional resources are quite different in the case of physical-based forward 
simulation. However, there is no problem for DBC to apply to unconventional resources considering 
the four steps in DBC because DBC starts with extraction of feature of reservoir models, not complex 
reservoir model itself. It is a key issue to set a distance definition properly for target unconventional 
resources, e.g., the location of shale barrier for oil sands. In this condition, reducing the number of 
reservoir simulations by DBC will be more effective in unconventional resources than conventional 
resources. 

The production of oil sands via steam-assisted gravity drainage is highly correlated to the 
extension of a steam chamber. The steam injected through the upper injection well lowers the 
viscosity of bitumen. Interbedded shale acts as a barrier to steam expansion and adversely affects 
productivity. Therefore, features related to shale barriers can be employed to measure the 
dissimilarity between two oil sands reservoirs. Connected hydrocarbon volume is applied in not only 
DBC but also ranking methods [22,23,71]. Figure 12a shows the concept of connected hydrocarbon 
volume (grey area). The black and white colors indicate sand and shale facies and the red circle means 
steam injection well. Connected hydrocarbon volume can be defined by the straight line from the 
injection well until it meets the shale facies. The grey area can be expressed as a polar coordinate 
system, in which the steam spreads from a well location (Figure 12b). The polar coordinate system 
has the effect of weighting on shale barrier near the wells. Key information, which was extracted via 
DFT, was defined as the distance (Figure 12c). This study, however, assumed that steam could not 
detour the shale barriers and would extend to a 180 degree radius. To overcome this limitation, the 
steam is spread within a 90 degree radius and bypassed in the form of a triangle when it encounters 
shale barrier [13]. These techniques used static distances that do not require dynamic simulation. 
Another study defined dynamic distance by streamline simulation. The distance between the models 
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is defined by setting the streamline map as a feature. Although additional simulation time is required, 
it is minimized by streamline simulation. Simulating steam expansion more realistically than the 
previous methods is advantageous [38]. 

Recently, some researchers have attempted to define a feature for oil sands according to well 
production data from full reservoir simulations [39,46]. Information for a well pair, oil production 
rates for a production well and the steam injection rate for the injection well were employed to 
calculate the dissimilarities for a thousand of 2D synthetic models [39]. They employed MDS two 
times to exclude redundant models among the 1000 models for effective clustering. Other researchers 
developed a proxy model by an artificial neural network to determine the location of the shale barrier 
by history matching [46]. The model can predict oil production according to the location of a shale 
barrier in oil sands reservoirs. To verify the performance of the proposed method, DBC is used to 
characterize the models. Eight hundred oil sands reservoirs are classified into two categories based 
on the presence of shale barriers between the injection well and the production well. Steam injection 
rate was defined as a feature vector and K-means clustering was directly applied to a 10-dimensional 
metric space without distance calculation and dimension reduction procedures. However, these two 
studies are applied only to 2D synthetic oil sands fields. 

 
 

(a) (b) 

 
(c) 

Figure 12. Feature extraction using connected hydrocarbon volume (the grey area) concept in oil 
sands reservoirs (modified from [23]): (a) straight lines from the injection well (the red circle) until 
they meet shale facies (the white area); (b) the sight map is converted into a polar coordinate system, 
which has an x-axis and y-axis that is represented as the angle and the length, respectively; and (c) 
few parameters in the frequency domain by DFT are used for a feature. 

Some researchers have attempted to extend their idea to 3D synthetic cases before applying to 
benchmark or real fields but the number of grids and generality remain limited [9,14,36]. Benchmark 
fields, such as PUNQ-S3 field, can be used to test a novel method to obtain field applicability [6,24,25]. 
The grid system of PUNQ-S3 consists of 19 by 28 by 5, and the first, third, and fifth layers have similar 
high permeability tendencies in the southeast direction. Six production wells and oil production rates, 
BHP, GOR, and watercut are observed for each well. Because GOR is the most sensitive parameter 
among the dynamic responses, it was employed for a distance criterion [7]. After the Minkowski 
distance was applied to GOR, MDS and K-means clustering are utilized. In the same paper, horizontal 
permeability was also tested to define a dissimilarity as static distance. Permeabilities in a total of 
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1761 active grids became a feature vector and the same procedure—the Minkowski, MDS, and K-
means clustering—was utilized. The only difference was the distance definition for PUNQ-S3 model: 
6 GORs and 1761 permeabilities. Other cases applied the concept of feature extraction for PUNQ-S3 
[24,25]. Two features were extracted by PCA, and 400 models were marked in 2D metric space. K-
means clustering was directly applied without a dimension reduction technique. This DBC showed 
better sampling performance than random sampling. Although it takes times for DBC, simulation 
results are more reliable and time-efficient. 

DBC has been verified via the following real field cases. An offshore turbidite reservoir in West 
Africa was utilized for uncertainty quantification by dynamic distances [37]. The field model consists 
of 78 by 59 by 116, which is more than 100,000 active grids, 28 wells, 20 production wells and 8 
injection wells. Due to the geological uncertainty in the facies concept and the proportion, a total of 
72 possible models were generated by 12 training images and three scenarios of facies ratios (two 
realizations for 36 combinations). After a streamline simulation was implemented for the whole 
models, cumulative oil and water productions were applied for the dissimilarity calculation. Late 
responses were utilized instead of the early production data because the dissimilarity between the 
two models is easily characterized after the water breakthrough. A 72 by 72 distance matrix was 
converted into 2D coordinates, and kernel K-means was applied to select seven representative models. 
After implementing numerical simulation, uncertainty range, e.g. P10, P50, and P90, for cumulative 
oil production from the representative models successfully mimic the uncertainty from the 72 models. 
This flow-based distance secured greater accuracy over the static distance, which provides more 
generality solutions than the dynamic distance [37].  

DBC is useful for determining field development plan considering the uncertainty in the 
reservoir model. Gross et al. [15] applied DBC to an offshore gas field, which has two major anticline 
structures. The first structure has been already developed with five production wells since 2001 and 
they want to extend the field boundary to the second structure. They used DBC to handle the 
uncertainty in linkage of the two anticlines to determine field development plan. The eight 
representative models are selected among 925 possible models by DBC [15]. The eight models are 
tested for 28 candidates of field development instead of the 925 models. In this paper, three distance 
concepts were tested: static distance only, dynamic distance only, and combination of static and 
dynamic distances. For static distance, 12 average static properties for three regions were employed: 
porosity, permeability, water saturation, and gas-in-place. After comparing the normalized feature 
vector from each model by the Euclidean distance, MDS and K-means clustering are applied in order. 
For dynamic distance, 11 variables for five wells were applied: BHP, flow rate for each well, and 
cumulative gas production. The dimension of the dynamic feature vector is considerably higher than 
11 due to several time steps. In this case, kernel transformation was applied for better K-means 
clustering results. A weighted distance of the two distances was tested for the combined case. In this 
paper, more weighting is given for the static distance than the dynamic distance due to the early stage 
of the field development. Conditions for a reservoir simulation used to obtain dynamic distance can 
be changed according to the development schedule. 

Because the EOR process requires a complex reservoir simulation that is related to chemical or 
thermal behaviors in a reservoir, a proxy model and DBC are more powerful solution for uncertainty 
quantification. In the case of polymer flooding, a 2D synthetic case [45] and 3D real field case [43] 
were investigated. For the synthetic case, two dynamic features of recovery factor and water 
breakthrough were used to distinguish 600 channelized models [45]. To reduce the simulation cost 
of flow-based distance, the recovery factor and water breakthrough are calculated by a material 
balance and a proxy model, respectively. Although it is a complex EOR problem, the same DBC 
procedure of the water flooding case can be applied to this problem because the connectivity of 
injection and production wells is important for reservoir behavior. For the real field case, DBC is 
employed to determine the location of a polymer injection well [43]. After a polymer pilot is 
successfully applied for the 8 TH reservoir in Matzen Field in the Vienna basin, the second injection 
well is planned for the extension of the pilot. Eight hundred reservoir models, which has 658,560 
active cells with four facies, are generated with various variogram models to consider the geological 
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uncertainty. Using streamline simulation, the tracer concentration at the production wells, which is 
highly correlated to the connectivity between the injection well and the production well, is obtained. 
After applying MDS and K-medoids clustering, 70 selected models among the 800 models are used 
to predict future performances by full reservoir simulation. 

In the case of low salinity water flooding, a chemical module should be carefully selected by 
screening depending on the reservoir and fluid properties. The criterion of EOR screening is usually 
determined by previous EOR projects. Some researchers have classified the conditions of EOR 
projects to develop a decision-making system for a proper EOR method [47,52]. In [47], after 151 EOR 
projects were reviewed, the following nine variables were applied for a feature vector: four rock 
properties (permeability, porosity, reservoir depth, and thickness) and five fluid properties (oil 
saturation, gravity, temperature, viscosity, and pressure). Without a dimension reduction technique, 
a fuzzy C-means clustering algorithm was used to minimize the impact on outliers. The number of 
clusters was determined to be three by a cluster validity index. If a new EOR project is examined, it 
can propose a proper EOR method according to the closest group. 

Siena et al. [52] also considered various reservoir properties for discrimination criteria: density, 
viscosity, porosity, permeability, depth, and temperature. They reduced the dimensionality of the 
parameter space by PCA and measured the similarity between EOR projects. Additionally, they 
utilized a Bayesian-clustering algorithm to assess the analogy between a preprocessed dataset and 
the target data based on the reservoir parameters. The proposed method showed the applicability for 
planning and assessing the EOR projects when it is applied to the real field operated by Eni. 

4.2. Comparisons of a Synthetic Case 

As discussed above, many methods are available to measure the dissimilarity using different 
reservoir properties and mathematical formulas. Considering reservoir characteristics such as 
lithology or fluid phases, a suitable distance definition should be established for successful clustering 
analysis. Although determining the best distance calculation is challenging, we perform a 
comparison of the clustering results on a synthetic channel reservoir. The results may be helpful as a 
guideline to choose a proper distance. 

Figure 13 shows DBC results using the four distance equations in Table 1. The 12 models in 
Figure 6a are reused. The models have different channel directions, and each model has two different 
rock facies: sand and shale. We expect the reservoir models to be properly categorized when we 
utilize proper clustering methods. We consider whether different reservoir models are represented 
far from one another onto a 2D plane. The channel directions are perpendicular to each other between 
Group 1 and Group 3 and between Group 2 and Group 4. Therefore, Groups 1 and 3 (or Groups 2 
and 4) are supposed to be indicated with a far distance from each other. 

Figure 13a provides reliable clustering results from the definition of the Euclidean distance. The 
same result is obtained when the order is equal to 2 in Figure 6b. The dots on Figure 13a are 
distributed in an anticlockwise direction from the red dots to the green dots, while the channel 
direction changes clockwise. This finding indicates that the consistency of clustering corresponds to 
a channel direction with the Euclidean distance. Figure 13b uses the City-block distance instead of 
the Euclidean distance. As shown in Figure 13b, the overall clustering trend is similar to the Euclidean 
result, although the City-block distance values may differ from the Euclidean distance. Note that 
Figure 13b has a larger scale than Figure 13a due to different distance calculations. Although we 
employ a few models, the two distances can produce different results, especially complex real models. 

The Chebyshev distance is utilized in Figure 13c, and the clustering result is not reasonable 
compared with the previous two results. Although the clustering trend has some patterns, the models 
are mixed up and overlapped because the Chebyshev primarily reflects the max difference and 
disregards other information. The Hausdorff distance presents a better clustering result than the 
Chebyshev distance (Figure 13d). The distribution of the dots differs from those of the Euclidean and 
City-block distances due to different distance definitions. The green and red dots are overlapped in 
Figure 13a,b, but they are classified in Figure 13d. 
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Figure 13. DBC with the four distance equations: (a) Euclidean; (b) City-block; (c) Chebyshev; and (d) 
Hausdorff. 

5. Conclusions 

This paper reviews DBC algorithms and demonstrates their applications in various reservoirs 
for uncertainty assessment. The distance can be defined by any reservoir information if it explains 
the reservoir characteristics and production performances. Many papers have proposed new ideas 
about matrix construction and clustering techniques for an efficient analysis. However, most of these 
algorithms are not new and they have been employed in other research areas. Therefore, adopting 
ideas and technical schemes from other studies is recommended for efficient assessment of reservoir 
uncertainty by DBC due to its scalability. 

DBC is a combination of the four technical processes: distance definition, distance matrix 
construction, dimensional reduction, and clustering. It is important that overall concerns on these 
four steps should be considered together to propose a new idea of DBC scheme. Researchers should 
construct DBC process, considering characteristics and limitation of algorithms. For example, the 
Hausdorff distance can be used only in binary data. If there are some outliers in input data, K-means 
clustering is not a suitable option. Instead, K-medoids clustering or other schemes would be a better 
choice. 

For future DBC studies, machine learning is expected to be promising. Because the distance 
definition is critical to the result of DBC, machine learning methods such as K-singular values 
decomposition and AE can be applied to extract features. Deep learning such as a convolutional 
neural network is useful to learn essential information from complicated data. In addition, machine 
learning algorithm such as support vector machine can be used to group the similar models in the 
metric space instead of clustering techniques. There are several clustering schemes that can be 
applied in reservoir engineering study such as agglomerative hierarchical clustering, expectation-
maximization clustering using Gaussian mixture models, fuzzy clustering, and density-based spatial 
clustering of application with noise. Because these methods are useful to classify the data, they are 
expected to be used for distance-based analysis. In the case of neural network algorithms, features in 
input layers are determined by PCA analysis and clustering algorithms are employed for training 
data set to build a reliable neural network for each cluster separately. Related to pattern detection, 
convolution neural network can be used to extract feature and compare reservoir models. Therefore, 
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we need to consider a variety of applications of machine learning methods to improve reliability of 
DBC. In addition, DBC can be applied to other research areas related to managing high dimensional 
data such as face recognition, pattern search, and sales marketing. 

Since the applicability of the synthetic fields has been verified by previous researches, field 
applications seem to be more important in future research. For unconventional resources, uncertainty 
assessments of stimulated reservoir volume for shale resources and uncertainty assessments of shale 
barriers in oil sands can be important research topics. In addition, DBC can be coupled with various 
techniques, such as feature extraction, distance calculation function, dimension reduction and kernel 
transformation, and clustering algorithm. Therefore, it is important to use an optimal DBC by 
considering the characteristics of each technique and model parameters in each technique. 
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