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Abstract: To investigate solar leakage and effects of the geometry of linear dielectric compound
parabolic concentrator with a restricted exit angle (DCPC-θa/θe) on the performance of DCPC-θa/θe

-based photovoltaic systems (DCPV-θa/θe), a three-dimensional radiation transfer model based on
solar geometry and vector algebra is suggested. Analysis shows that the annual radiation loss due to
leakage is sensitive to the geometry of DCPCs and tilt-angle adjustment strategy, and the optimal
θe,opt for minimizing annual leakage is the one that makes the incidence angle of solar rays on the
plane wall equal to the critical incidence angle for total internal reflection at solar-noon in solstices
and days when tilt-angle adjustment from site latitude is made for DCPV with the aperture’s tilt-angle
being yearly fixed, and adjusted two and four times, respectively. It is found that annual radiation
leakage is considerable small, for DCPVs with θe < θe,opt, almost all leaked radiation comes from sky
diffuse radiation, whereas for θe = 90◦, most of leakage is attributed to direct sunlight. As compared
to similar non-concentrating solar cells, more radiation arrives annually on solar cells of DCPV-θa/θe

at small angles thanks to refraction of radiation on the aperture, hence, under same operation
conditions, the annual average photovoltaic efficiency of solar cells for concentrated radiation is even
higher. Analysis also shows that the power increase of DCPVs, being much less than the geometric
concentration of DCPCs (Ct), is mainly attributable to optical loss due to absorption of solar rays
on the way to the solar cells, and the power loss due to leakage of radiation is not significant. From
the point of annual electricity generation, for full DCPVs with a given θa, DCPV-θa/90 are favorable,
and for truncated DCPVs with given θa and Ct, DCPVs with θe < 90 are favorable; whereas from the
point of contribution per unit volume of dielectric to the annual electricity generation, the situation
is reversed.

Keywords: linear dielectric compound parabolic concentrator; three-dimensional radiation transfer;
solar leakage; performance investigation

1. Introduction

Concerns about energy and the environment are daily ubiquitous topics worldwide, however
at present the rising energy demand is in opposition to environmental protection as most of energy
comes from fossil fuels. Therefore, aggressive energy production reforms are necessary, and one of best
solutions is the use of renewable energy. Among renewable energy sources, electricity generated by
photovoltaic techniques has attracted much attention, but the application is still limited due to its high
cost in comparison to conventional electricity generation. The cost of electricity from a photovoltaic
system can be reduced by tracking the Sun [1,2] or concentrating solar radiation onto solar cells [3,4].
In practical applications, photovoltaic system equipped with continuous Sun-tracking devices often
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suffer from mechanical failures, and the use of cheap stationary optics for concentrating solar radiation
on solar cells are commonly considered as one of best solutions to reduce the cost of electricity from
PV systems. Low concentrator photovoltaic systems (CPVs), sharing advantages of simpler structures,
easy control and no need for Sun-tracking, were widely tested in recent years [3]. CPVs also offer broad
prospects for the integration of PV systems into buildings. Mallick and Eames performed a series
of experimental studies on asymmetric compound parabolic concentrator (CPC)-based photovoltaic
systems for building façade integration of PV systems [5–7], and found that, compared with similar
non-concentrating PV panels, the use of an asymmetric reflective CPC (2.01×) increased the maximum
power point of photovoltaic modules by 62%, and can reduce the cost of electricity from PV systems
by up to 40%. Brogren et al. [8] tested a CPC (3×)-based Cu(In,Ga)Se2 PV module, and a 1.9-fold
power increase was measured. Yousef et al. [9] tested a CPV (2.4×) with a polished stainless-steel
reflector and found that, as compared to similar solar panels, the electricity from the CPV with and
without cooling of solar cells was increased by 52% and 33%, respectively. These works indicated that
reflective CPCs can increase the power output, but the increase factor was much less than the geometric
concentration due to optical losses resulting from imperfect reflection of the solar rays on their way
to the solar cells [10] and electrical losses resulting from higher cell temperatures, inhomogeneous
irradiation and increased incidence angles on the solar cells [11–13]. The inhomogeneous irradiation
on solar cells usually creates hotspots, leading to current mismatch and tending to reduce their
power output and durability [14]. To overcome the shortcoming of uneven irradiation on solar cells,
Hatwaambo et al. [15,16] tested a CPC with rolling marks on reflectors and found that it can increase
the fill factor of CPVs, but it leads to a decrease in collectible radiation due to diffuse reflection [17].
To simplify the manufacture and make the solar flux on solar cells more uniform, Tang et al. proposed
the compound plane concentrators (CPC-A) concept as an alternative to CPCs, and found that an
optimized CPC-A annually collects almost identical radiation to that of a CPC [18]. Experimental
studies by Baig et al. showed that inhomogeneous irradiation resulted in about 0.5% drop of solar
cell efficiency of a linear dielectric CPC-based PV system [19], and Yu experimentally found that the
power output of solar cells is highly sensitive to the incidence angle of solar rays on the cells (θin)
when θin > 60◦ but weakly so to the solar flux distribution [20]. An experimental study by Bahaidarah
et al. showed that a glazed PV/T system would greatly reduce the power output and the unglazed
system was advisable for greater electricity output [21]. A comparative experiment by Bahaidarah
et al. showed that, as compared to similar PV panels, using polished stainless steel as the reflectors
of CPC (2.3×) increased the power output by 39% and 23% in the cases of cooling and non-cooling,
respectively [22]. These results demonstrated that cooling the solar cells of CPVs is required to enhance
the photovoltaic performance of CPVs and the heat can be extracted for other applications [23–25].
To reduce optical losses due to imperfect reflections, a lens-walled CPC was proposed by Su and Li et al.
and their analysis showed that it shares higher optical efficiency, wider acceptance angle and more
homogeneous irradiation in comparison to reflective CPCs [26,27]. To enhance solar absorption, CPCs
with a restricted exit angle (CPC-θa/θe) were first suggested by Rabl and Winston [28]. A theoretical
study by Yu et al. showed that the use of CPC-θa/θe makes more radiation arrive on solar cells at
small angles, thus improving the photovoltaic performance of CPVs [29]. Comparative experiments by
Yu et al. showed that the power output from a CPV-20/65 setup was slightly higher as compared to a
CPV-20/90 one [20].

As compared to reflective CPCs, dielectric internally reflecting compound parabolic concentrators
(DCPCs) share advantages of wider acceptance angles and higher optical efficiency. The earlier
work of Winston indicated that, for a given source, the use of dielectric with a refractive index n
increases the geometric concentration of linear CPCs by a factor of n [30]. Previous work of the authors
shows that, given the minimum daily hours for concentrating direct radiation, the use of dielectric
increase the maximum geometric concentration of DCPC by a factor larger than n [31]. Experiments by
Muhammad-Sukki et al. demonstrated that, as compared to a similar PV panel, a DCPC (4.9×)-based
photovoltaic system increased the maximum power point by a factor of 4.2 [32]. Ray tracing analysis
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by Sellami and Mallick showed that a crossed DCPC (3.6×) has a maximum optical efficiency of
95% [33]. Baig et al. tested a building-integrated concentrating photovoltaic (BICPV) system (6×),
and a maximum temperature of 319 K was observed on the solar cell surface under normal incidence,
and a 3.4 power increase ratio was measured [34]. A study by Zacharopoulos indicated that a linear
DCPC, made of low-iron glass, had an optical efficiency over 90% for a wide range of incidence
angles and over 40% even for incidence angles outside its acceptance angle, furthermore, most of
radiation arrived on solar cells at the angle of less than 40◦ [35]. Brunotte and Hen tested a crossed
DCPC-23.45/60 as the second stage of a primary parabolic trough for use with solar cells, and an
optical efficiency of up to 89% and 80% was measured [36,37]. Ray tracing analysis and experiments
by Pei et al. indicated that a fraction of the radiation incident on the walls of a DCPC can’t undergo
internal reflection, even within the acceptance angle [38]. Ray tracing analysis by Baig et al. indicated
that metalizing the external walls of a linear DCPC (2.8×)-based PV system increased the average
power output by 16% [19], and experiments showed that adding the reflective film only resulted in
about 0.5% drop of the maximum power output due to the effect of non-uniformity [39]. However,
the use of reflective film on the external walls of DCPC would result in an extra optical loss due to
imperfect reflections. To avoid solar leakage, a DCPC with a restricted exit angle (DCPC-θa/θe) is
advisable [31]. However, for DCPC-θa/θe, the radiation irradiating on upper parabolic walls at angle
larger than θa would redirect to the opposite plane walls and then probably leak to air.

Linear CPCs are usually mounted towards to the equator and oriented in the east-west direction
for efficient radiation collection, and a two-dimensional radiation transfer model can reasonably predict
the optical performance of reflective CPCs [13,40,41] and is thus widely employed [42–44]. However,
for linear DCPCs, the projected angles of incident and refractive rays at the air-dielectric aperture are
usually not subject to the Snell’s law relationship [31,45], furthermore, whether solar rays incident on
internal walls of DCPCs are totally internally reflected onto the absorber is uniquely determined by
their real incidence angle, and absorption of solar rays on way to the absorber is dependent on the
path length. This means that any 2-D radiation transfer model can’t reasonably predict the optical
performance of a DCPC. Three-dimensional ray trace analysis can be conveniently used to investigate
the angular dependence of DCPCs [35], but not practical for investigating the long-term performance
of DCPCs due to a large number of ray-tracing analysis necessary to find transversal and longitudinal
angular dependences of the optical efficiency at any time on all days of a year. In addition, DCPC
optical loss due to leakage is almost impossible to measure directly or quantitatively estimate by
ray tracing analysis. Hence, it is necessary to develop a mathematical procedure for investigating
the solar leakage and performance of DCPCs based on three-dimensional radiation transfer within
the DCPC. In the previous work of authors, the DCPC design is addressed [31], but the effects of
DCPC geometry on the performance of DCPC-based photovoltaic systems were not investigated.
In this work, a three-dimensional radiation transfer model drawing inspiration from previous works
of authors [13,31] is suggested, and optical loss due to leakage from walls and the effects of the DCPC
geometry on the DCPV performance are studied.

2. Three-Dimensional Radiation Transfer Model

2.1. Equation of Linear DCPC’s Walls

The wall of a DCPC-θa/θe consists of an upper parabola and lower plane. The right parabolic
wall in the coordinate system shown in Figure 1 is expressed by [46]:

z =
a(sin θe + sin θa) sin ϕ

1− cos(ϕ + θa)
− 0.5a

x =
a(sin θe + sin θa) cos ϕ

1− cos(ϕ + θa)

(θt ≤ ϕ ≤ θe) (1)
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where a is the width of DCPCs’ base to which solar cells are attached, ϕ is the polar angle; the θe is the
maximum exit angle of DCPC-θa/θe for refractive radiation within its acceptance angle (θa), and θe is
the edge-ray angle after truncation. The plane wall of DCPC-θa/θe is expressed by:

x = c tan γpl(z− 0.5a) (0.5a ≤ z ≤ zD) (2)

where γpl = 0.5(θe − θa), is the tilt angle of plane wall relative to x-axis [29]. The cross-section area of
linear DCPCs is given by:

Ac = (zD + 0.5a)xD + 2
∫ θe

θt
zdx (3)

where xD and zD are x- and z-coordinates of lower point D of the parabolic wall, respectively.
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Figure 1. Geometry of DCPC-θa/θe.

2.2. Vectors of Incident and Refractive Rays

The linear DCPCs investigated in this work are mounted in an east-west direction and tilted at β

from the horizon. For convenience of analysis, a coordinate system with x-axis normal to the aperture,
y-axis pointing to the east and z-axis pointing to northern sky dome is employed (see Figure 2).
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Figure 2. Vectors of incident and refractive rays.

The unit vector of incident ray from Earth to the Sun is expressed by [2,31]:

ns= (nx , ny , nz) (4)
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where: 
nx = cos δ cos ω cos(λ− β) + sin δ sin(λ− β)

ny = − cos δ sin ω

nz = − cos δ cos ω sin(λ− β) + sin δ cos(λ− β)

(5)

where λ is the site latitude, ω the solar hour angle, and δ the declination of the Sun. The unit vector of
refractive rays from Earth to the “virtual Sun” seen within the dielectric is expressed by [31]:

nr= (nx1 , ny1 , nz1) (6)

where: 
nx1 = cos θr =

√
1− (1− n2

x)/n2

ny1 = ny/n
nz1 = nz/n

(7)

The projected angle of a refractive ray on the cross-section of DCPCs (see Figure 3) is given by:

tan θp= |nz1/nx1| (8)

Energies 2018, 11, 2454  5 of 33 

 

where: 

cos cos cos( ) sin sin( )
cos sin
cos cos sin( ) sin cos( )

x

y

z

n

n

n

δ ω λ β δ λ β
δ ω
δ ω λ β δ λ β

= − + −
 = −
 = − − + −

 (5) 

where λ  is the site latitude, ω  the solar hour angle, and δ  the declination of the Sun. The unit 
vector of refractive rays from Earth to the “virtual Sun” seen within the dielectric is expressed by [31]: 

rn =( 1xn , 1yn , 1zn ) (6) 

where: 

2 2
1

1

1

cos 1 (1 ) /
/
/

x r x

y y

z z

n n n

n n n

n n n

θ = = − −
 =
 =

 (7) 

The projected angle of a refractive ray on the cross-section of DCPCs (see Figure 3) is given by: 

tan pθ = 1 1/z xn n  (8) 

 

Figure 3. Incident angle of solar rays on the internal wall of DCPCs. 

The incidence angle of solar rays at point M of the right parabolic wall of DCPCs (see Figure 3) 
is given by: 

cos ,i Mθ = r Mn n•  (9) 

where Mn =(sin Mγ , 0, −cos Mγ ) is the unit vector of normal to parabolic wall at point M, and the tilt-
angle of the line tangent to parabolic wall at point M relative to x-axis is obtained by Equation (1) as: 

tan Mγ = /dz dx =(cos aθ  − cos Mϕ )/(sin aθ  + sin Mϕ ) (10) 

Substituting Equation (6) into Equation (9) one obtains: 

cos ,i Mθ = 1 1sin cosx M z Mn nγ γ−  (11) 

For symmetric DCPCs, the optical and photovoltaic performance for radiation sn = ( xn , yn , 

zn± ) are identical. Hence, to simplify our analysis, in this work it is assumed that the radiation is 

 

 

M 

F E 

A B 

 

  

Figure 3. Incident angle of solar rays on the internal wall of DCPCs.

The incidence angle of solar rays at point M of the right parabolic wall of DCPCs (see Figure 3) is
given by:

cos θi,M= nr·nM (9)

where nM = (sinγM, 0, −cosγM) is the unit vector of normal to parabolic wall at point M, and the
tilt-angle of the line tangent to parabolic wall at point M relative to x-axis is obtained by Equation (1) as:

tan γM= dz/dx= (cos θa − cos ϕM)/(sin θa + sin ϕM) (10)

Substituting Equation (6) into Equation (9) one obtains:

cos θi,M= nx1 sin γM − nz1 cos γM (11)

For symmetric DCPCs, the optical and photovoltaic performance for radiation ns = (nx, ny, ±nz)
are identical. Hence, to simplify our analysis, in this work it is assumed that the radiation is always
incident towards onto right wall of DCPVs, i.e., ns = (nx, ny, −|nz|), therefore, radiation irradiating on
the left wall will be totally internally reflected onto solar cells for n > 1.4 as indicated in the previous
work of the authors [31].
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2.3. Transmittance of Solar Rays at Air-Dielectric Aperture

As solar rays are incident on the aperture of DCPVs, a fraction of radiation is directly reflected
back to air, and the reflectivity for non-polarized and slightly polarized sunlight is subjected to Fresnel’s
Law as [40]:

ρap = 0.5[
tan2(θap − θr)

tan2(θap + θr)
+

sin2(θap − θr)

sin2(θap + θr)
] (12)

where θap, the incident angle of solar ray on the aperture, is given by cosθap = nx. For θap = 0,
ρap = 0.5(n− 1)2/(n + 1)2. The transmittance of solar rays at the aperture of DCPVs is given by
τ = 1 − ρap.

2.4. Optical and Photovoltaic Performance of Linear DCPVs

For DCPV-θa/θe, all refractive radiation within θa arrives on solar cells at angle (θin) less than θe,
whereas for radiation incident at θp > θa, a fraction of radiation incident on plane wall and upper
parabolic wall arrives on solar cells at θin > θe [20,46]. Therefore, the radiation on solar cells of DCPVs
at any time of a day includes six components: radiation directly irradiating on solar cells (I1), incident
on right/left plane wall and arriving on solar cells (I2/I3), incident on right/left parabolic wall and
arriving on solar cells (I4/I5), incident on right upper parabola at θp > θa and arriving on solar cells
(I6). Therefore, the optical efficiency of DCPVs is given by:

f= (I1 + I2 + I3 + I4 + I5 + I6)/Iap= f1+ f2+ f3+ f4+ f5+ f6 (13)

where Iap is the radiation on the aperture; f1, f2, f3, f4, f5, f6 are the energy fraction of radiation on
solar cells contributed by I1, I2, I3, I4, I5 and I6, respectively. Similarly, the photovoltaic efficiency of
DCPVs is expressed by:

η= (P1 + P2 + P3 + P4 + P5 + P6)/Iap= η1+η2+η3+η4+η5+η6 (14)

where Pi (i = 1, 2, 3, 4, 5, 6) is the power generation contributed by Ii, and the ηi is the photovoltaic
efficiency of DCPVs contributed by Pi.

2.4.1. Calculation of f1 and η1

As shown in Figure 4, the energy fraction of radiation directly irradiating on solar cells is given by:

f1= ττa,1∆z1/aCt (15)

where ∆z1/aCt is the fraction of radiation directly irradiating on solar cells and given by [13]:

∆z1/aCt=


1/Ct (θp ≤ γ f )

0.5(1 + Ct)(1− tan θp/ tan θt)/Ct (γ f < θp ≤ θt)

0 else
(16)

where γ f is subjected to tan γ f = (Ct − 1) tanθt/(Ct + 1), τa,1 = exp(−kL1) is the transmittance of solar
ray on way from the aperture to solar cells, the k is the extinction coefficient of dielectric, and L1 is the
path length of solar ray from the aperture to solar cells and given by:

L1 = h/ cos θr (17)

where h = 0.5a(1 + Ct)/tanθt is the height of DCPVs. The photovoltaic efficiency of DCPVs due to the
contribution of P1 is given by:

η1= ττa,1ηpv(θin,1)∆z1/aCt= f1ηpv(θin,1) (18)
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where θin,1 = θr is the incident angle of solar rays on solar cells, ηpv(θin,1) is the photovoltaic efficiency
of solar cells as a function of θin,1. Under given operation conditions, the photovoltaic conversion
efficiency of solar cells is mainly affected by cell temperature, solar incidence angle and solar flux
distribution over cells [19,20,47]. In order to investigate effects of geometry of DCPVs on the
photovoltaic performance, it is assumed that, DCPVs and similar PV panels operate at the same
temperature, effects of solar flux distribution on ηpv of DCPV with different geometry are identical,
and angular dependence of ηpv is subjected to the correlation suggested by Yu [20] as:

ηpv=

{
15.5494 + 0.02325θin − 0.00301θ2

in + 9.4685× 10−5θ3
in − 1.134× 10−6θ4

in (0 ≤ θin ≤ 65o)

41.52− 0.4782θin (65o < θin < 90o)
(19)
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2.4.2. Calculation of f2 and η2

For DCPVs, θa is usually small even for 1T-DCPVs [31], thus DCPV is commonly subjected to
θa < 2θe − 0.5π, and for such DCPCs, radiation incident on the plane walls will arrive on solar cells after
one reflection [29]. It is known from the imaging principle of plane mirrors that solar rays directing
to the image of solar cells formed by the plane mirror will arrive solar cells after reflections [48].
As shown in Figure 5, BA′ is the image of solar cells formed by right plane wall, therefore radiation
incident on the entire plane wall (see Figure 5a), lower part BM (see in Figure 5b) and middle part
MN (see Figure 5c) of the plane wall will be reflected onto solar cells for θp ≤ θa, θa < θp ≤ θt and
θt < θp < θp,c1, respectively; whereas for θp ≥ φap, BA′ is fully shaded by left wall, thus no radiation
arrives on the solar cells (see Figure 5d). Therefore, one has:

f2= ττa,2∆z2ρ(θi,pl)/aCt (20)

η2= ττa,2ηpv(θin,2)∆z2ρ(θi,pl)/aCt= f2ηpv(θin,2) (21)

where θi,pl is the incident angle of solar rays on the plane wall and calculated based on Equation (11)
by setting γM = γpl ; and ρ(θi,pl), the reflectivity of solar rays on right plane wall, is 1 for θi,pl ≥ θc,
the critical incident angle for total internal reflection, otherwise calculated based on Fresnel’s law as
Equation (12).
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Figure 5. Fraction of refractive radiation incident on right plane wall and arriving on solar cells.
(a): θp ≤ θa, (b): θa < θp ≤ θt, (c): θa < θp ≤ θt; (d) θp > Min(φap, 0.5π − ψ).

∆z2 in Equation (20) is given by [13,29]:

∆z2=


zD − 0.5a + xD tan θp θp ≤ θa

a(cos ψ− sin ψ tan θp) θa < θp ≤ θt

(h + a sin ψ)(tan φap − tan θp) θt < θp ≤ θp,c1

0 θp > θp,c1

(22)

where ψ = 2γpl ; θp,c1 = Min(φap, 0.5π − ψ) is a critical angle, for radiation incident at θp > θp,c1, radiation
irradiating on right plane wall will not arrive on solar cells. The φap (see Figure 5d) is given by:

tan φap= a(0.5Ct + 0.5 + cos ψ)/(h + a sin ψ) (23)

As shown in Figure 5a, incident angle of solar rays on solar cells can be simply calculated based
on vector nr and vector of the normal to image BA′ as:

cos θin,2= nr·(cos ψ, 0, sin ψ) = nx1 cos ψ+nz1 sin ψ (24)

As seen from Figure 5, the path length of solar ray from the aperture to solar cells is different for
different solar rays, thus τa = exp(−kL) is different. However, the kL is small for DCPVs with small size
of solar cells, and in this case τa ≈1 − kL, implying that τa is approximately a linear function of path
length L, therefore, τa,2 = exp(−kL2) in Equation (21) can be estimated based on average path length of
all solar rays as follows.

For θp ≤ θa



Energies 2018, 11, 2454 9 of 30

As shown in Figure 5a, radiation incident on the entire plane wall is reflected onto solar cells in
this case. Hence the average path length L2 is given by:

L2 = (l1 +l3+l2)/2 = (h/ cos θr−0.5xD/ cos θr+0.5xD / cos θin,2) (25)

For θa < θp ≤ θt

In this case, the radiation incident on the lower part (BM) of plane wall is reflected onto solar cells
as shown in Figure 5b. The position of M is subject to the following equation:{

(0.5a + a cos ψ− z)/(x + a sin ψ) = tan θp

(z− 0.5a)/x = tan γpl
(26)

which leads to:
xM = a

(
cos ψ − tan θp sin ψ)/

(
tan θp + sin γpl

)
(27)

Therefore, one has l1 = (h − xM)/cosθr; l2 = h/cosθr; l3 = xM/cosθin,2, thus:

L2 = (l1 + l2 + l3)/2 = (2h/ cos θr − xM/ cos θr + xM / cos θin,2)/2 (28)

For θt < θp < θp,c1

As seen from Figure 5c, radiation incident on middle part (MN) of the plane wall is reflected onto
solar cells. Similar to find xM, one has:

xN =
(
h tan θp − 0.5a − 0.5aCt

(
tan θp + sin γpl

)
(29)

Thus one has:

L2 = (l1 + l2 + l3 + l4)/2 = (2h/ cos θr− xM/ cos θr+ xM/ cos θin,2+ xN / cos θin,2)/2 (30)

As shown in Figure 6, solar rays irradiating the plane wall or the lower parabolic wall are leaked
as θi,pl < θc, and the energy fraction of radiation loss due to partial internal reflection is given by:

fL,1= ττa,2∆z2

(
1− ρ(θi,pl)

)
/aCt (31a)

The photovoltaic efficiency loss of DCPVs due to radiation leakage is calculated by:

ηL,1= fL,1ηpv(θin,2) (31b)Energies 2018, 11, 2454  10 of 33 
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Figure 6. (Left) leakage of radiation irradiating on lower walls of DCPV-θa/θe for θp ≤ θa;
(Right) leakage of radiation irradiating on upper parabolic walls for θp > θa.
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2.4.3. Calculation of f3 and η3

As seen from Figure 7, the left plane wall is fully and partially irradiated for θp ≤ γ f d and
γ f d < θp < γ f , respectively.
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Figure 7. Irradiation situation of left plane wall as θp ≤ γ f d.

The energy fraction of radiation irradiating on left plane wall and arriving on solar cells is as
follows (ρ = 1 in this case as aforementioned):

f3 = ∆z3ττa,3/aCt (32)

∆z3=


zD − 0.5a− xD tan θp θp ≤ γ f d
0.5(Ct − 1)a− h tan θp γ f d < θp < γ f
0 θp ≥ γ f

(33)

tan γ f d = (0.5aCt − zD)/(h− xD) (34)

As shown in Figure 7, the solar incident angle, θin,3, is given by:

cos θin,3 = nr·nAB′ = nx1 cos ψ−nz1 sin ψ (35)

where nAB′ = (cosψ, 0, −sinψ) is the vector of normal to image AB′. The average path length of solar
rays from the aperture to solar cells for calculating τa,3 = exp(−kL3) is given by:

L3 =

{
(h− 0.5xD)/ cos θr + 0.5xD/ cos θin,3 (θp ≤ γ f d)

(h− 0.5xM)/ cos θr + 0.5xM/ cos θin,3 (γ f d < θp < γ f )
(36)

xM=
[
0.5a(Ct − 1) − htanθp ]/

(
tan γpl − tan θp

)
(37)

Similarly, one has:
η3 = f3ηpv(θin,3) (38)

2.4.4. Method for calculating f4 and η4

To find the radiation irradiating on the right parabolic wall at θp ≤ θa and arriving on solar cells
(I4), the finite element method is employed. As shown in Figure 8, solar rays incident on a finite
element around M at θp ≤ θa will arrive on solar cells after more than one reflection. The reflectivity of
solar ray at M is dependent on its incident angle θi,M, but the reflectivity of solar ray at point N for
next reflection is 1 [31]. Hence, radiation on solar cells from finite element around M is given by:

∆I4 = ττa,4δz4ρ(θi,M) (39)
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The δz4 in the above expression is given by:

δz4= − (dz+dx tan θp
)

(40)

The power output due to contribution of ∆I4 is as:

∆P4 = ∆I4ηpv(θin,4)ττa,4δz4ρ(θi,M)ηpv(θin,4) (41)

As shown in Figure 8, path length L4 of solar ray depends on vector rM, and rM is given by [13,41]:

rM= −nr+2(nr ·nM)nM= (−nx1 cos 2γM−nz1sin 2γM, −ny1, −nx1sin 2γM+2nz1 cos 2γM) (42)

The point N, where rM hits, is determined by projected angle (θp,M) of rM and ϕM of point M.
The θp,M is given by:

θp,M = θp+2γM (43)

The position of point M relative to D and B (see Figure 8) can be represented by the tilt-angles of
lines MD and MB as:

tan γMD= (zM−zD)/(xM −xD) (44)

tan γMB= (zM −0.5a)/xM (45)
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Figure 8. The way to solar cells for radiation incident on point M of right parabola at θp ≤ θa.

For θp,M ≥ γMB
As shown in Figure 8, rM directly hits on solar cells when θp,M ≥ γMB, and path length L4 in this

case is given by:
L4 = (h− xM )/ cos θr+xM/ cos θr,M (46)

and θin,4 = θr,M. The exit angle of rM is given by:

cos θr,M = −rM·(1, 0, 0) = nx1cos 2γM + nz1sin 2γM (47)

For γMD ≤ θp,M < γMB
In this case, rM hits on the plane wall (see Figure 8) first and then redirects onto solar cells.

The vector (rN) of solar ray reflecting from N and solar incident angle (θin,4) are subject to:
rN = −iN + 2(iN ·npl)npl
iN = −rM
cos θin,4 = −rN ·(1, 0, 0)

(48)
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where npl = (sinγpl , 0, −cosγpl) is the unit vector of normal to right plane wall, thus one obtains:

cos θin,4 = nx1cos 2
(

γpl−γM)− nz1sin 2
(

γpl −γM) (49)

The position of point N is subject to:{
tan θp,M = (zM − zN)/(xM − xN)

tan γpl = (zN − 0.5a)/xN
(50)

Thus one obtains:

xN= (zM−0.5a − xMtan θp,M)/
(

tan γpl − tan θp,M
)

(51)

The path length of solar ray in this case is calculated by:

L4 = (h − xM )/ cos θr+(xM−xN)/ cos θr,M+xN/ cos θin,4 (52)

For θp,M < γMD
In this case, rM hits on lower parabolic wall (MD). The ϕN of point N is determined by:

tan θp,M= (xM − xN )/(zM − zN) (53)

Given ϕM, xM and zM are calculated by Equation (1), then ϕN is obtained by substituting
Equation (1) into Equation (53) for zN and xN , and the tilt-angle (γN) of the line tangent to the parabola
at point N can be obtained based on Equation (10) by setting ϕM = ϕN . Previous studies showed
that the fraction of radiation that arrives on the solar cells of CPV after more than three reflections
is considerably small, and the two-reflection model can accurately predict the optical performance
of CPV [10,13], thus any further reflections of solar rays reflecting from N is not considered in this
work. Hence, the exit angle of rN is regarded as the incident angle of solar rays on solar cells and can
be calculated based on Equation (49) by replacing γpl with rN , and the path length of solar ray (L4) can
be estimated based on Equation (52) and ϕN obtained here.

The total radiation that incident on right parabolic wall and arriving on solar cells of DCPVs, I4,
can be calculated by integrating ∆I4 from ϕ = θt to θe, thus f4 and η4 are calculated as follows:

f4 = −
∫ ϕ=θe

ϕ=θt
(dz + dx tan θp)ττa,4ρ(θi,M)/aCt (54)

η4 = −
∫ φ=θe

φ=θt
(dz + dx tan θp)ττa,4ρ(θi,M)ηpv(θin,4)/aCt (55)

The energy fraction of radiation loss due to leakage from parabolic wall is given by:

fL,2 = −
∫ φ=θe

φ=θt
(dz + dx tan θp)ττa,4(1− ρ(θi,M))/aCt (56a)

The photovoltaic efficiency loss of DCPVs due to radiation leakage is calculated by:

ηL,2 = −
∫ ϕ=θe

ϕ=θt
(dz + dx tan θp)ττa,4(1− ρ(θi,M))ηpv(θin,4)/aCt (56b)

It is noted that f4, fL,2, η4 and ηL,2 are zero for θp > θa because no radiation reflecting from right
parabolic wall arrives on solar cells when θp > θa.
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2.4.5. Calculation of f5 and η5

As shown in Figure 9, the left parabolic wall is fully irradiated for θp ≤ γap, and partially irradiated
as γap < θp < γ f d (γap is the tilt-angle of the line tangent to parabolic wall at upper ends and calculated
based Equation (10) by setting ϕM = θt). For γap < θp,M < γ f d, the lower left parabolic wall (VC) is
irradiated, and ϕV of point V is determined by:

tan θp= (0.5Ct − zV )/(h− xV) (57)
Energies 2018, 11, 2454  14 of 33 

 

 

Figure 9. Irradiation situation of left parabolic wall when apγ < pθ < fdγ . 

It is noted that Vϕ = tθ  for pθ ≤ apγ . For symmetric DCPVs, the optical and photovoltaic 
performance are identical for radiation incident at ± pθ . Therefore, 5f and 5η  can be calculated 

based on the method to find 4f  and 4η  by setting pθ = − pθ , 1zn = 1zn  and ,( )i Mρ θ  = 1 as follows: 

5f = ,5( tan ) /e

V
p a tdz dx aC

ϕ θ

ϕ ϕ
θ ττ

=

=
− −  (58) 

5η = ,5 ,5( tan ) ( ) /e

V
p a pv in tdz dx aC

ϕ θ

ϕ ϕ
θ ττ η θ

=

=
− −  (59) 

It is noted that no solar leakage takes place for this case, and 5f , 5η  are zero for pθ ≥ fdγ  

because the left parabolic wall is completely shaded by itself for pθ ≥ fdγ .  

2.4.6 Calculation of 6f  and 6η  

As shown in Figure 10, solar rays striking at upper end (F) of right parabolic wall at pθ = , 2p cθ  
just redirect to the end ( 'B ) of solar cells’ image first then redirect to end (B) of solar cells. Thus, 
refractive rays irradiating on the upper right parabola (FK) at aθ < pθ < , 2p cθ  will arrive on solar cells 
after two reflections. The critical angle , 2p cθ is subject to: 

, 2p cθ = apφ −2 apγ  (60) 

The Kϕ  of critical point K is subject to: 

,

,

2
tan (cos cos ) / (sin sin )
tan ( 0.5 cos )( sin )

p K K p

K a K a K

p K K Kz a a x a

θ γ θ
γ θ φ θ φ
θ ψ ψ

 = +
 = − +
 = + + +

 (61) 

 

V 

D C 

F E 

A B 

 

Figure 9. Irradiation situation of left parabolic wall when γap < θp < γ f d.

It is noted that ϕV = θt for θp ≤ γap. For symmetric DCPVs, the optical and photovoltaic
performance are identical for radiation incident at ± θp. Therefore, f5 and η5 can be calculated
based on the method to find f4 and η4 by setting θp = − θp, nz1 = |nz1| and ρ(θi,M) = 1 as follows:

f5 = −
∫ ϕ=θe

ϕ=ϕV

(dz− dx tan θp)ττa,5/aCt (58)

η5 = −
∫ ϕ=θe

ϕ=ϕV

(dz− dx tan θp)ττa,5ηpv(θin,5)/aCt (59)

It is noted that no solar leakage takes place for this case, and f5, η5 are zero for θp ≥ γ f d because
the left parabolic wall is completely shaded by itself for θp ≥ γ f d.

2.4.6. Calculation of f6 and η6

As shown in Figure 10, solar rays striking at upper end (F) of right parabolic wall at θp = θp,c2 just
redirect to the end (B′) of solar cells’ image first then redirect to end (B) of solar cells. Thus, refractive
rays irradiating on the upper right parabola (FK) at θa < θp < θp,c2 will arrive on solar cells after two
reflections. The critical angle θp,c2 is subject to:

θp,c2 = φap−2γap (60)

The ϕK of critical point K is subject to:
θp,K = 2γK + θp

tan γK = (cos θa − cos φK)/(sin θa + sin φK)

tan θp,K = (zK + 0.5a + a cos ψ)(xK + a sin ψ)

(61)
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Figure 10. Critical angle θp,c2 and critical point K for θp > θa.

As shown in Figure 11, coordinates of point N, where rM hits, are subject to:{
tan θp,M = (zM − zN)/(xM − xN)

tan γpl = (−0.5a− zN)/xN
(62)
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Figure 11. Way to solar cells for radiation incident on upper parabola wall at θa < θp < θp,c2.

Thus, one has:

xN = (xM tan θp,M − zM − 0.5a)/
(

tan γpl + tan θp,M
)

(63)

in which θp,M = θp + 2γM. The vector of normal to left plane wall is expressed by:

nlpl =
(

sin γpl , 0, cos γpl

)
(64)

The incidence angle of a solar ray on the left plane wall is as:

cos θi,N= −rM·nlpl= cos θr,Msin γpl+ (nx1 sin 2γM− nz1cos 2γM) cos γpl (65)

As shown in Figure 11, the incidence angle on solar cells, θin,6, is given by:

cos θin,6= −rM·nAB′ = nx1 cos(ψ+2γM) + nz1 sin(ψ+2γM) (66)
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The path length L6 for calculating τa,6 = exp(−kL6) is given by:

L6 = (h− xM )/ cos θr+(xM−xN)/ cos θr,M+xN/ cos θin,6 (67)

The energy of radiation incident on a finite element around M and arriving on solar cells after
two reflections is calculated by:

∆I6= − (dz+dxtan θp)ττa,6ρ(θi,M)ρ(θi,N) (68)

The electricity generated by ∆I6 is given by:

∆P6 = ∆I6ηpv(θin,6)= − (dz+dxtan θp)ττa,6ρ(θi,M)ρ(θi,N)ηpv(θin,6) (69)

where ρ(θi,M) and ρ(θi,N) are the reflectivity of solar rays at M and N, respectively, and determined by
their incidence angles. The total radiation, I6, can be estimated by integrating Equation (68) from ϕ =
θt to ϕK, thus f6 and η6 are calculated by:

f6 =

{
−
∫ ϕK

θt
(dz + dx tan θp)ττa,6ρ(θi,M)ρ(θi,N)/aCt (θa < θp < θp,c2)

0 else
(70)

η6=

{
−
∫ ϕK

θt
(dz + dx tan θp)ττa,6ρ(θi,M)ρ(θi,N)ηpv(θin,6)/aCt (θa < θp < θp,c2)

0 else
(71)

The energy fraction of radiation loss due to partial internal reflections (see Figure 6) is given by:

fL,3 =

{
−
∫ ϕK

θt
(dz + dx tan θp)ττa,6(1− ρ(θi,M)ρ(θi,N))/aCt (θa < θp < θp,c2)

0 else
(72a)

The photovoltaic efficiency loss due to solar leakage is calculated by:

ηL,3 =

{
−
∫ ϕK

θt
(dz + dx tan θp)ττa,6(1− ρ(θi,M)ρ(θi,N))ηpv(θin,6)/aCt (θa < θp < θp,c2)

0 else
(72b)

The analysis in the above shows that, given the geometry of DCPV-θa/θe, nr at any time of a day
can be determined, then f , fL = fL,1 + fL,2 + fL,3, η and ηL = ηL,1 + ηL,2 + ηL,3 are obtained.

3. Annual Optical and Photovoltaic Performance of DCPVs

It is assumed that the length of DCPV-θa/θe is infinite as compared to the width, and radiation
from the ground is not considered, thus, radiation received by unit area of solar cells at any time of a
day is calculated by:

I = Ct Ibg(θap)nx f+Iabs,d (73)

The electricity from a unit area of solar cells of DCPVs at any time is expressed by:

P = Ct Ibg(θap)nxη+Pd (74)

where Ib is the intensity of beam radiation; g(θap) is a control function, being 1 for cos θap > 0 otherwise
zero. The Iabs,d in Equation (73) is the sky diffuse radiation received by unit area of solar cells, and Pd
in Equation (74) is the electricity generated by Iabs,d. For isotropic sky diffuse radiation, they are
calculated by [13]:

Iabs,d=
2Ct Id

π

∫ π

φ0

dφ
∫ 0.5π

0
sin θ cos θ f dθ= Cd Id (75)
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Pd=
2Ct Id

π

∫ π

φ0

dφ
∫ 0.5π

0
sin θ cos θηdθ= Cd,p Id (76)

where:

Cd =
2Ct

π

∫ π

φ0

dφ
∫ 0.5π

0
sin θ cos θ f dθ (77)

Cd,p =
2Ct

π

∫ π

φ0

dφ
∫ 0.5π

0
sin θ cos θηdθ (78)

The φ0 is related to θ by [13]:{
φ0 = 0 (θ ≤ 0.5π − β)

tan φ0 = 1/(tan θ tan β) (0.5π − β < θ ≤ 0.5π)
(79)

Given β and geometry of DCPVs, Cd and Cd,p are constants. Hence, the daily radiation received
by unit area of solar cells of DCPVs is calculated by integrating Equation (73) over the daytime as:

Hday = Ct

∫ t0

−t0

Ibg(θap)nx f dt+Cd Hd (80)

The daily electricity from DCPVs is given by integrating Equation (74) over the daytime:

Pday = Ct

∫ t0

−t0

Ibg(θap)nxηdt+Cd,p Hd (81)

The daily radiation loss (Hday,L) and power loss (Pday,L) due to solar leakage can be calculated
based on Equations (80) and (81) by replacing f and η with fL and ηL, respectively. Daily radiation on
unit area of aperture or similar PV panels is expressed by:

Hday,0 =
∫ t0

−t0

Ibg(θap)nxdt+Cd0,p Hd (82)

Daily electricity from similar non-concentrating PV panels is given by:

Pday,0 =
∫ t0

−t0

Ibg(θap)nxηpv(θap)dt+Cd0,pHd (83)

Cd0 and Cd0,p can be calculated based on Equations (77) and (78) by setting f = 1 and η = ηpv(θap),
respectively. The Hd in above expressions is the daily sky diffuse radiation on the horizon, and t0 is the
sunset time on the horizon.

At any time of a day, the position of the sun in terms of ns can be determined, then f , fL, η and ηL
can be calculated. Therefore, given Hd and time variation of Ib in a day, Hday,0, Hday, Hday,L, Pday,0, Pday
and Pday,L can be numerically obtained, then summing them for all days of a year gives the annual
radiation on the aperture (S0), annual radiation collected by unit area of solar cells of DCPVs (Sa),
annual radiation loss due to leakage (SL), annual power output from similar PV panel (Po), annual
electricity from DCPV (Pa), and annual power loss due to leakage (PL). Sa(θx), the annual radiation
on solar cells at incidence angles larger than θx, can be simply calculated by setting Ii or ∆Ii = 0 in
relevant expressions when θin,i < θx. Compared to similar PV panel, the annual average solar gain and
power increase factors of DCPVs are given by:

Cs =
Sa

S0
=

Sa

S0Ct
Ct = faCt (84)

Cp =
Pa

P0
=

Pa

Sa
× Sa

S0Ct
× S0Ct

P0
= faηa/ηa,0= faCpvCt (85)
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where fa = Sa/S0Ct is the annual average optical efficiency of DCPVs, ηa = Pa/Sa and ηa,0 = P0/S0
are the annual average photovoltaic efficiency of solar cells for concentrating and non-concentrating
radiation, respectively. Hence Cpv = ηa/ηa,0 represents the electricity loss coefficient of DCPVs due to
increased the incidence angle of solar rays on solar cells after reflections from walls. It is known from
Equation (85) that faCpv is an indication to represent the overall performance of DCPVs, for a perfect
DCPV, the power increase factor Cp is equal to Ct, thus faCpv = 1, but in practice, Cp is much less than
Ct, hence faCpv much less than 1 due to optical loss and electricity loss. For DCPVs, there is no optical
loss due to reflections, and optical loss is attributed to solar absorption and leakage.

In this work, the monthly horizontal radiation averaged over many years in Beijing (λ = 39.95◦)
was used for calculations [49], and monthly average daily sky diffuse radiation on the horizon (Hd)
and the time variation of Ib in a day are estimated based on correlations proposed by Collares-Pereira
and Rabl [50]. DCPVs with n = 1.5, k = 4 m−1 and a = 3 mm are investigated except with a specific
indication. The sunset time on the horizon in a day is calculated based on declination of the Sun in
the day. The step of ϕ for calculating f and η is set to be 0.1◦, and step of θ and φ for calculating Cd
and Cd,p is taken to be 0.1◦; the time interval to calculate daily radiation collection and daily electricity
generation is set to be 1 min. The visual basic code programmed based on mathematical expressions
presented here is used for calculations. To fully investigate effects of geometry of DCPV-θa/θe on the
performance, DCPVs with the aperture’s tilt-angle being yearly fixed (1T-DCPVs), yearly adjusted two
times at two-tilts (2T-DCPVs) and yearly adjusted four times at three tilts (3T-DCPVs) are considered.
For 1T-DCPVs, β = λ; for 2T-DCPVs, β is set to be λ − 18◦ and λ + 18◦ in summers and winters,
respectively; whereas for 3T-DCPVs, β is set to be λ during the periods of 23 days around both
equinoxes, and adjusted to be λ − 22◦ and λ + 22◦ in summers and winters, respectively [31].

4. Results and Discussions

4.1. Radiation Leakage from Walls

Figure 12 presents the energy fraction of radiation lost due to leakage from the walls of
1T-DCPV-18/90 and 1T-DCPV-18/85 in solstices. It is seen that, for 1T-DCPV-18/90, a fraction of
radiation incident on the lower parabolic wall leaks during the time around solar-noon because the
minimum solar incident angle on the wall occurs at solar-noon [31]; whereas for 1T-DCPV-18/65,
leakage takes place from 15:40 to 16:30 because θa < θp < θp,c2 and radiation irradiating on the upper
parabolic wall redirects to the opposite plane wall first then leaks to air as shown in right of Figure 6.
This means that the use of DCPC-θa/θe with θe < 90 can reduce leakage of radiation within its acceptance
angle, but it results in a leakage for radiation outside its acceptance angle.
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Figure 12. Solar leakage loss of 1T-DCPV-18/90 (left) and 1T-DCPV-18/65 (right) in solstices.

Figure 13 shows effects of θe on annual leakage loss of 1T-DCPV-18/θe. It is seen that, with the
increase of θe, SL,3 decreases but SL,2 increases, and this is a result of the fact that, with the increase
of θe, less radiation irradiating on upper parabolic walls at θa < θp < θp,c2 leaks through the opposite
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plane wall, meanwhile more radiation irradiating on lower parabolic wall at θp < θa is leaked. It is also
seen from Figure 13 that, for full DCPVs (left), SL,1, annual leakage loss of radiation irradiating on
plane walls, is zero for θe < 77◦ and increases with θe for θe < 87◦ then decreases; whereas for truncated
DCPVs (right), it decreases with θe for θe < 83.6◦ then increases for 83.6◦ < θe < 87◦ and finally decrease.
This is because for full DCPVs, all beam and sky diffuse radiation irradiating on the plane walls is
totally internally reflected as θe < 77◦ and all leakage loss is attributed to the radiation irradiating on
upper parabolic walls at θa < θp < θp,c2 as shown in Figure 14; whereas for truncated DCPVs, a fraction
of sky diffuse radiation irradiating on plane walls is not totally internally reflected as θe < 77◦ although
direct sunlight irradiating on plane walls can be totally internally reflected for θe < 83.6◦ [31].
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Figure 13. Variations of annual leakage loss with θe for 1T-DCPV-18/θe.
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θa < θp < θp,c2.

The annual leakage loss of 1T-DCPV-18/θe, contributed by sky diffuse radiation (SL,d), is presented
in Figure 15 in terms of SL,d/SL. Obviously, almost all leakage loss comes from sky diffuse radiation
as θe < 83.6◦, whereas for θe = 90◦, about 75% of leakage loss is attributed to direct sunlight.
This implies that DCPC-18/θe with θe < 90◦ can avoid leakage loss of direct sunlight but can’t for sky
diffuse radiation.
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Figure 16 shows that, regardless of Ct, with the increase of θe, the annual leakage loss of
1T-DCPV-18/θe decreases when θe < 83.6◦ and then increases when θe > 83.6◦, and the optimal
θe for minimizing annual leakage loss is θe,opt = 83.6◦. Effects of θe on solar leakage and power loss
of 2T-DCPV-12/θe and 3T-DCPV-18/θe are presented in Figures 17 and 18. It is seen that the annual
leakage loss is sensitive to θe, the optimal θe of 2T-DCPV-12/θe for minimizing leakage loss is about
85◦, whereas for 3T-DCPV-18/θe, the optimal θe is 90◦. Figures 16–18 also show that the ratio of
annual leakage loss to the annual collectible radiation (Sa) is less than 0.7%, and the power loss of
DCPVs due to solar leakage is less than 0.15%. These indicate that the power loss due to solar leakage
is insignificant.
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Figure 16. Effects of θe on annual radiation and power losses of 1T-DCPV-18/θe due to leakage.
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Figure 17. As in Figure 16 but for 2T-DCPV-12/θe.
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Figure 18. As in Figure 16 but for 3T-DCPV-18/θe.

The previous work of the authors [31] indicates that, to make radiation within θa totally internally
reflected onto solar cells, θe should be set to such value making the incidence angle of solar rays
on the plane wall (θi,pl) larger than θc at solar-noon in solstices, equinoxes and days when tilt-angle
adjustment from site latitude is made for 1T, 2T- and 3T-DCPVs, namely, θe ≤ π + θa − 2θr,0 − 2θc.
However, with the decrease of θe, more radiation incident on the upper parabolic walls at θp > θa

will be lost by leaking from the opposite plane wall as aforementioned, therefore, the optimal θe for
minimizing annual leakage loss should be subject to:

θe,opt= π + θa − 2θr,0 − 2θc (86)

where θr,0 is the refractive angle of incident solar rays at solar-noon, and given by [31]:

sin θr,0=


0.3979/n 1T − DCPV
sin α/n 2T − DCPV

sin(α− δN+1)/n 3T − DCPV
(87)

where α is the tilt-angle adjustment from site latitude for 2T- and 3T-DCPVs, and δN=1 is the
declination of the Sun on days when tilt-angle adjustment from site latitude is made for 3T-DCPVs.
It must be noted that, θe,opt = 90◦ when π + θa − 2θr,0 − 2θc > 0.5π because θe ≤90◦. It is known
from Equations (86) and (87) that the optimal θe are 83.64◦, 84.62◦ and 90◦ for 1T-DCPV-18/θe,
2T-DCPV-12/θe (α = 18◦) and 3T-DCPV-18/θe (α = 22◦, N = 23, δN+1 = 9.07◦), respectively, in highly
agreement with those aforementioned.

4.2. Optical Performance of DCPVs

Time variations of optical efficiency of full 1T-DCPVs on the summer solstice are shown in
Figure 19, and it is seen that, for 1T-DCPV-18/90, the optical efficiency during the period about 2 h from
solar-noon is lower than those of DCPC-18/65 and DCPV-65/80. This is because for 1T-DCPV-18/θe

with n = 1.5, θe should be less than 83.6◦ to ensure direct sunlight totally internally reflected onto
solar cells at solar-noon during solstices [31]. It is also seen that f = 0 for DCPV-18/90 but not for
DCPV-18/65 and DCPV-18/80 after 15:40 (θp > 18◦ after 15:40), a result of fact that, for DCPV-θa/θe

with θe < 90◦, a fraction of radiation incident on the plane wall at θp > θa arrives on solar cells.
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Figure 19. Time variations of optical efficiency of full 1T-DCPVs in summer solstice. 

Figure 20 presents effects of eθ  on the annual average optical efficiency ( af ) and annual 

collectible radiation (in terms of Cs) of 1T-DCPV-18/ eθ . It is seen that, for full 1T-DCPV-18/ eθ , af  

decreases with the increase of eθ , a result of the fact that, with the increase of eθ , the height of 
DCPVs increases hence radiation loss due to solar absorption increases. Figure 20 also shows that, 

Figure 19. Time variations of optical efficiency of full 1T-DCPVs in summer solstice.

Figure 20 presents effects of θe on the annual average optical efficiency ( fa) and annual collectible
radiation (in terms of Cs) of 1T-DCPV-18/θe. It is seen that, for full 1T-DCPV-18/θe, fa decreases
with the increase of θe, a result of the fact that, with the increase of θe, the height of DCPVs increases
hence radiation loss due to solar absorption increases. Figure 20 also shows that, given Ct, for slightly
truncated DCPVs (i.e., with a large Ct), fa slightly increases with the increase of θe, whereas for highly
truncated DCPVs, it slightly decreases or almost remains unchanged. This is because, for DCPVs with
given θa and Ct, with the increase of θe, the height decreases thus optical efficiency for slightly truncated
DCPVs increases due to reduced solar absorption; whereas for highly truncated DCPVs, h is weakly
sensitive to θe, but in another hand, the edge-ray angle (θt) increases with θe, thus more radiation
incident on the parabolic walls at θa < θp < θt is rejected. It is seen from Figure 20 that, given θa and θe,
fa decreases with the increase of Ct due to increased solar absorption. It is also seen from Figure 20
(right) that, for truncated DCPVs with a given Ct, the variation trends of annual collectible radiation
in terms of Cs are identical to those of fa because Cs = faCt; whereas for full DCPVs, with increase of
θe, Cs increases due to increased geometric concentration although fa decreases. A similar situation
is also observed for 3T-DCPVs as shown in Figure 21, and it indicates that the annual solar gains
of full DCPVs are even lower than those of truncated DCPV due to high solar absorption of full
DCPVs. These results indicate that, with the increase of θe, the annual collectible radiation increases for
full and slightly truncated DCPVs, thus DCPV-θa/90 is favorable from the point of annual radiation
collection; whereas for highly truncated DCPVs with a given Ct, it is almost kept unchanged, thus,
to save dielectric material, DCPV-θa/90 are advisable.
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Figure 20. Effects of θe on the annual average optical efficiency (Left) and collectible radiation (Right)
of 1T-DCPV-18/θe.
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Figure 21. As in Figure 20 but for 3T-DCPV-10/θe.

Effects of tilt-angle adjustment strategy on the annual average optical efficiency of DCPV-18/θe is
presented in Figure 22, and shows that the fa of 2T- and 3T-DCPVs are almost identical but obviously
higher than those of 1T-DCPVs. This means that, periodical tilt-angle adjustment facilitates improving
the performance of DCPVs but more frequent adjustment is not advisable. Figure 23 shows effects
of solar cells’ size on the performance of DCPVs. As expected, increase the size of solar cells results
in decrease of fa due to increased path length of solar rays, but it has not effect on annual average
photovoltaic efficiency of solar cells (Cpv = ηa/ηa,0) because ηa is sensitive to angular distribution of
annual collectible radiation, and the angular distribution of Sa is not sensitive to solar cells’ size.
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Figure 22. Effects of tilt-angle adjustment strategy on the average annual optical efficiency of
DCPV-18/θe.

Energies 2018, 11, 2454  24 of 33 

 

Effects of tilt-angle adjustment strategy on the annual average optical efficiency of DCPV-18/ eθ
is presented in Figure 22, and shows that the fa of 2T- and 3T-DCPVs are almost identical but 
obviously higher than those of 1T-DCPVs. This means that, periodical tilt-angle adjustment facilitates 
improving the performance of DCPVs but more frequent adjustment is not advisable. Figure 23 
shows effects of solar cells’ size on the performance of DCPVs. As expected, increase the size of solar 
cells results in decrease of fa due to increased path length of solar rays, but it has not effect on annual 
average photovoltaic efficiency of solar cells (Cpv= aη / ,0aη ) because aη  is sensitive to angular 
distribution of annual collectible radiation, and the angular distribution of Sa is not sensitive to solar 
cells’ size. 

 

Figure 22. Effects of tilt-angle adjustment strategy on the average annual optical efficiency of DCPV-

18/ eθ . 

65 70 75 80 85 90
0.750

0.755

0.760

0.765

0.770

0.775

0.780

0.785

0.790

0.795

0.800

0.805

0.810

0.815

0.820

0.825

1T-DCPV-18/θ
e
, C

t
=2.5

 a=3mm
 a=4mm
 a=5mm

f a

θ
e

0.95

0.96

0.97

0.98

0.99

1.00

1.01

1.02

 C
pv

 C
pv

 for a=3,4,5mm

 

Figure 23. Effects of solar cells’ size on the performance of 1T-DCPV-18/ eθ . 
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Figure 23. Effects of solar cells’ size on the performance of 1T-DCPV-18/θe.

4.3. Photovoltaic Performance of DCPVs

Figure 24 presents effects of θe on the annual average photovoltaic efficiency of solar cells in terms
of Cpv. It is seen that Cpv is sensitive to the geometry of DCPV (θa,θe and Ct) and tilt-angle adjustment
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strategy, but not to the size of solar cells (see Figure 23) and the extinction coefficient of the dielectric
(k) because solar absorption has effects on solar gain but not on the angular distribution of solar gain.
As shown in Figure 24, regardless of whether full or truncated DCPVs are considered Cpv always
decreases with the increase of θe because, with the increase of θe, more radiation arrives on solar cells
at large angles [29], and given θe, Cpv increases with Ct as the incident angle (θin) of radiation reflecting
from upper parabolic walls is small. It is found from Figure 24 that Cpv is even higher than 1 for
θe < 90◦; whereas for DCPVs with θe = 90◦, Cpv is always less than 1 but higher than 0.935. This is
because, as compared to similar non-concentrating PV panel, for DCPVs with θe = 65◦, more radiation
annually arrives solar cells at θin < 60◦ thanks to refraction of incident rays at the aperture as seen
from Figure 25; whereas for DCPVs with θe = 90◦, more radiation arrives on solar cells at θin > 60◦.
These results indicate that, the electric loss of DCPVs due to increased incident angle on solar cells
after radiation concentration is considerably small, and the annual average photovoltaic efficiency (ηa)
of solar cells for radiation concentrated by DCPC-θa/θe with θe < 90◦ is even higher than that of similar
non-concentrating PV panel (ηa,0).
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Figure 24. Effects of θe on the annual average photovoltaic efficiency of solar cells.
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Figure 25. Angular distribution of annual collectible radiation on solar cells in terms of Sa(θx)/Sa.

Effects of geometry of DCPC on faCpv, the photovoltaic performance coefficient of DCPVs as
compared to similar non-concentrating PV panel, are presented in Figure 26. It shows that faCpv

always decreases with the increase of θe except for slightly truncated 3T-DCPV-10/θe (Ct = 5) where
faCpv slightly increase for θe < 69◦, and this implies that, the use of DCPC with a restricted exit angle
facilities improving performance of DCPVs, thus, DCPV-θa/θe with θe < 90◦ is favorable.
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Figure 26. Effects of θe on faCpv, the photovoltaic performance coefficient of DCPVs.
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Figure 27 presents effects of θe on annual power output of full DCPVs in terms of Cp, and it is
seen that, for full DCPVs with a given θa, the annual power output increases with the increase of θe

due to increased geometric concentration. As aforementioned, Cp = faCpvCt, therefore, for truncated
DCPVs with a given θa and Ct, Cp decreases with the increase of θe because faCpv decreases with θe.
This implies that, from the point of annual electricity generation, DCPV-θa/90 are favorable for full
DCPVs, but for truncated DCPVs with given θa and Ct, DCPVs with θe < 90◦ are favorable.

It is observed from Figure 27 that, the Cp of full 2T-and 3T-DCPV-18/θe are almost identical,
and compared to 1T-DCPC-18/θe, Cp of 2T- and 3T-DCPV-18/θe is about 7–8% and 8–9% higher,
respectively. This indicates that the periodical tilt-angle adjustment can improve performance of
DCPVs, but more frequent tilt-angle adjustment is not advisable.
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To evaluate the contribution per unit volume of dielectric material to the annual electricity
generation, the ratio of annual power output (Pa) to the volume of dielectric material used for
constructing DCPCs, Pa,v, is introduced. As shown in Figure 28, with the increase of θe, Pa,v decreases
for full DCPVs and increases for truncated DCPVs. This implies that, from the point of contribution
per unit volume dielectric to the annual electricity generation, DCPVs with θe < 90◦ are favorable for
full DCPVs, and for truncated DCPVs, DCPV-θa/90 are favorable. Results in Figure 28 also indicate
that, with the decrease of Ct, Pa,v increases greatly, a result of the fact that the contribution of upper
parabolic walls of DCPC to the radiation concentration is limited [51]. As an example, for DCPC-18/90,
when θt varies from θa (18◦) to 34◦, Ct slightly decreases from 3.24 to 2.8, but the cross-section area (Ac)
sharply decreases from 17.52 to 6.04, and Pa,v of 1T-DCPV-18/90 greatly increases from 3794.7MJ/m3

to 10324.3MJ/m3, increasing by a factor of 2.72 times. This indicates that, in practical applications,
truncated DCPVs should be employed to increase Pa,v and save dielectric material, thus DCPV-θa/90
are advisable.
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Figure 28. Effects of θe on contribution per unit volume of dielectric to annual power output of DCPVs.

5. Conclusions

To investigate the performance of DCPV-θa/θe, a detailed mathematical procedure is suggested
based on three-dimensional radiation transfer model and angular dependence of photovoltaic efficiency
of solar cells. This model allows one to reasonably predict the optical performance of DCPCs and
evaluate the effects of a DCPV’s geometry on its optical and photovoltaic performance, thus being
helpful for the design of DCPVs. Although the model can’t reasonably predict the photovoltaic
performance of DCPVs, this would not affect results of comparative study on performance of
DCPV with different geometry because all theoretical results are obtained under the assumption
that, except for incidence angle, the effects of all factors on the photovoltaic performance of DCPVs
are identical.

Analysis shows that, the use of DCPC with a restricted exit angle can avoid leakage of radiation
irradiating on the lower parabolic walls for θp ≤ θa, but it results in a leakage loss of radiation
irradiating on the upper parabolic walls at θp > θa first and then leaking from the opposite plane wall.
Calculations show that, the annual radiation leakage is sensitive to the geometry of DCPC and number
of periodical tilt-angle adjustments in a year, and the optimal θe.opt for minimizing annual leakage is
the one that makes the incidence angle of solar rays on the plane wall equal to θc at solar-noon on
solstices, equinoxes and days when a tilt-angle adjustment from site latitude is made for 1T, 2T- and
3T-DCPVs, respectively. It is found that annual radiation leakage is considerable small, for DCPVs
with θe < θe.opt, almost all leaked radiation comes from sky diffuse radiation, whereas for θe = 90◦,
most of leakage loss is attributed to direct sunlight.

Results show that, for full and slightly truncated DCPVs, the annual collectible radiation increase
with the increase of θe; whereas for highly truncated DCPVs with a given θa and Ct, it almost
remains unchanged.

Analysis and calculations indicate that the annual average photovoltaic efficiency of solar cells for
concentrated radiation is sensitive to the geometry of DCPV-θa/θe and tilt-angle adjustment strategy
in a year but not to solar cells’ size and extinction coefficient of the dielectric. As compared to similar
non-concentrating PV panels, more radiation annually arrives on solar cells of DCPV-θa/θe at small
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angles thanks to refraction of radiation on the aperture, hence, under same operation condition, the
annual average photovoltaic efficiency of solar cells is even higher.

Analysis also shows that, the power increase factor of DCPVs being much less than the geometric
concentration of DCPCs is mainly attributable to optical losses due to absorption of solar rays on their
way to solar cells, and power loss due to radiation leakage and increased incident angle of solar rays
on solar cells after concentration is not significant.

From the point of view of annual electricity generation, DCPV-θa/90 are favorable for full DCPVs
with a given θa, and for truncated DCPVs with a given θa and Ct, DCPVs with θe < 90◦ are favorable;
whereas from the point of contribution per unit volume of dielectric to the annual electricity generation,
the situation is reversed. In practical applications, truncated DCPVs are recommended to save dielectric
and reduce solar absorption of dielectric, thus DCPV-θa/90 are advisable.

To reduce power losses due to dielectric solar absorption, DCPCs are suitable for use to concentrate
radiation on small size of solar cells. To improve the performance of DCPVs, yearly adjusting tilt-angle
of DCPVs’ aperture two or four times is advisable, but more frequent adjustment is not advisable.
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Glossary

a width of solar cells in DCPVs (m)
Ac area of cross-section of DCVs (m2)
Ct geometric concentration of DCPVs (dimensionless)

Cpv
ratio of annual average photovoltaic efficiency of solar cells for concentrated radiation to that of
similar non-concentrating solar cells (dimensionless)

Cp annual power output increase factor of DCPVs as compared to similar PV panel (dimensionless)
Cs annual solar gain increase factor of DCPVs as compared to similar PV panel (dimensionless)
f optical efficiency of DCPVs (dimensionless)
fa annual average optical efficiency of DCPVs (dimensionless)
H daily radiation (J/m2)
h height of DCPVs (m)
I collectible radiation or radiation intensity (W/m2)
k extinction coefficient of dielectric material (1/m)
L path length of solar rays from the aperture to solar cells of DCPVs (m)
N Day number counting from equinoxes
n refractive index of dielectric (dimensionless)
nM unit vector of the normal to parabolic wall at point M
ns unit vector of incident solar rays
nr unit vector of refractive solar rays
rM unit vector of solar ray reflecting from M on parabolic wall
Pa annual power output from DCPVs (MJ/m2)
Pa,v annual power output per unit volume of dielectric from DCPVs (J/m3)
P0 annual power output from similar PV panel (MJ/m2)
Sa annual collectible radiation on solar cells of DCPVs (MJ/m2)
Sa(θx) annual collectible radiation on solar cells with θin ≥ θx(MJ/m2)
S0 annual collectible radiation on aperture of DCPVs or similar PV panel (MJ/m2)
SL annual radiation leakage of DCPVs (MJ/m2)
T solar time (s)
x, z x- and z-coordinates of any point on walls of DCPC (m)
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Greek letters

α:
tilt-angle adjustment of DCPVs’ aperture from site latitude (the unit of all angles is radians in
mathematical expressions and degrees in the text)

β tilt-angle of DCPVs’ aperture relative to horizon
δ declination of the Sun
δN+1 declination of the Sun in the days when tilt-angle adjustment is made for 3T-DCPVs
ϕ polar angle of any point on parabolic wall
η photovoltaic conversion efficiency of DCPVs
ηpv photovoltaic efficiency of solar cells (dimensionless)
γ tilt-angle of any line relative to x-axis
λ site latitude
θa acceptance half-angle of DCPCs
θc critical incident angle for total internal reflection at dielectric-air interface
θe maximum exit angle of DCPC-/for refractive radiation within
θap incident angle of solar rays on the aperture of DCPCs
θin incident angle of solar rays on solar cells
θi,M incident angle of solar ray at point M of parabolic wall of DCPCs
θr Refractive angle of incident solar rays on the aperture
θr,0: Refractive angle of incident solar rays at solar-noon
θr,M exit angle of solar ray reflecting from M
θp projected angle of refractive solar rays on the cross-section of DCPV
θt edge-ray angle of truncated DCPCs
ρ reflectivity of solar ray on walls of DCPCs (dimensionless)
ψ opening angle of V concentrator formed by two plane walls of DCPCs
τ transmittance of sola ray on the aperture (dimensionless)
τ transmittance of solar ray from aperture to solar cells due to solar absorption (dimensionless)
ω hour angle

Subscripts

abs absorber of DCPC
ap aperture
b beam radiation
c critical value
d sky diffuse radiation
i incident solar ray
L radiation loss due to leakage
r refractive ray;
pl plane wall
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