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Abstract: A hybrid AC/DC microgrid is established with the aim of exploiting numerous types
of renewable energy to meet the needs of different loads. The microgrid is decomposed by AC
DC sub-grids which are connected by an interlink converter (IC). To maintain the security and
reliability of the microgrid, an automatic controller for the interlink converter is needed. In this
paper, we propose a Linear Matrix Inequalities (LMI)-based current control method for the interlink
converter. As the main features here, the interlink converter permits bidirectional power exchange
between both sub-grids when a power–demand imbalance occurs in one sub-grid regardless of the
converter system parameters. Simulations with various filter parameters are performed using the
Matlab/Simulink software to validate the effectiveness of the proposed controller. In comparison
with the existing Linear Quadratic Regulator (LQR)-based current control, the proposed method is
more robust against unknown system parameters and high load perturbation.

Keywords: bidirectional AC-DC converter; current control; hybrid microgrid; interlink converter; LQR

1. Introduction

As the technology changes and the consumption increases, the need for new efficient energy
generation rises. Microgrid holds a potential concept for more reliable and clean energy supply.
A microgrid is a set of interconnected small-scale power sources so-called distributed generators (DG),
loads and energy storage devices that work together as a controlled load or generator. The DG can
be wind farms, hydroelectric power, power-voltaic or fuel cell system [1,2]. A flywheel, capacitor,
or battery is the type of energy storage systems. A utility grid connects to the microgrid in parallel
under normal situation. Then, when a fault occurs in the utility grid, microgrid disconnects from the
utility grid and changes its operating mode in stand-alone mode.

Conventionally, a microgrid is a group of traditional AC energy sources supplying AC loads.
Integrating it into the main grid is relatively easy and requires less complicated structure. However,
some renewable energies such as fuel cells and solar systems are DC inherently, and some consumer
loads such as light and home appliances use DC power. To integrate DC loads and DC sources in
the microgrid, a double inversion is needed: from DC to AC at the system and AC to DC at the load,
which can cause power losses. Thus, implementing DC microgrid could be a solution to lessen the
energy losses. Furthermore, a hybrid AC/DC microgrid is developed to fully exploit the AC and DC
power sources [2]. A hybrid AC/DC microgrid consists of two sub-grids based on their current flow
type: AC and DC sub-grids. Local AC loads and AC sources are integrated into one AC sub-grid,
while DC sub-grid is composed of the DC loads and DC sources.

Generally, microgrid runs in two operating modes: grid connected and stand-alone. Microgrid
must be able to maintain the voltage and frequency stability in both modes and the switching time [3,4].
When microgrid is in grid-connected mode, frequency stability is guaranteed by the utility grid as
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it performs as the primary source in the AC sub-grid. Hence, the remaining problem is the voltage
stability in both sub-grids. However, when the utility grid disconnects from the microgrid, the problem
gets more challenging as an abrupt change in the load will disrupt power supply–demand balance,
which significantly influences the voltage and frequency stability. In addition, high penetration of
renewable generation systems with unpredictable output power fluctuations may produce higher
frequency/voltage deviation in stand-alone microgrid operation.

A large number of DGs is incorporated at the distribution level with power electronic converter
interfaces. In a hybrid AC/DC microgrid, an additional converter exists in the interconnection
of AC and DC sub-grids, which is commonly referred to as the interlink converter (IC). The IC
allows a bidirectional energy exchange between them. When the local sources could not fulfill the
demand, or there exists a surplus power in a sub-grid, necessary power is exchanged to manage the
power supply–demand balance. In this regard, the IC control could be a key to maintain the power
supply–demand balance in a hybrid AC/DC microgrid [5,6].

Generally, bidirectional AC-DC converter controller consists of an outer- and an inner-loop control.
The outer control produces the reference value used for the inner-loop control. It is mainly a droop
control method based on frequency and voltage deviation. Meanwhile, the inner-loop control can
be a voltage/current controller and is traditionally performed by a proportional-integral (PI) control.
Commonly, PI control does not consider the proper model of the system to describe the system behavior.
It is well-known that a PI control can lead to a startup overshoot due to the integral term. Hence, to take
into account the system behavior, several studies investigate the design procedures to determine the
gain for PI controller; for example, a Smith predictor PI is employed in a single-phase bidirectional
AC-DC converter for battery charger [7]. Implementing this technique for an IC voltage/current
controller requires a more complicated design procedure since the system is a multivariable system.
Thus, numerous control strategies propose a model-based voltage/current controller for an IC. In [8],
by employing an adaptive hysteresis control method, the switching loss of the traditional hysteresis
control is reduced. Furthermore, a model predictive control (MPC) is proposed to optimize the control
input [9]. However, those methods yield a variable switching frequency. Furthermore, to include the
switching state in the optimization cost function, a finite state MPC is proposed in [10]. This method
requires high sampling frequency.

In the interlink converter, a low-pass filter is implemented with the purpose of reducing the
voltage and current distortion as a result of its high frequency switching. The simplest low-pass
filter can be decomposed by a resistor–capacitor (RC) or resistor–inductor (RL) circuit. The filter
parameters are essential for the design procedure. In such model-based control schemes [8–10], it is
assumed that the parameters in the model are known. However, due to manufacturing and thermal
effects, the inductors, resistors, and capacitors can be different from the designed values. Even though
the simulation result shows that the scheme in [10] is robust against uncertain filter parameters, the
uncertain filter parameters are not considered in the control design. Thus, the robustness is limited.
Nonlinear controller based on backstepping method is studied in [11]. This method considers the load
perturbation as a disturbance, but does not include the filter parameters uncertainty. In the literature,
there are only a few results in which the filter parameters uncertainty is included in the current/voltage
control design for IC. For example, in [12], a robust control method based on H infinity is employed to
track the current reference while considering the perturbation on parameters uncertainty. However,
it requires high analytical skill to design the performance weight function. Sliding mode control
method is proposed by [13] to consider the uncertain system parameter. However, the discontinue
control input can cause chattering and is sensitive to noise. In [14], integral fuzzy logic is applied
in DC/DC converter. The method adopts a small-signal model which is unable to achieve global
stabilization.

This paper proposes a Linear Matrix Inequalities (LMI)-based Linear Quadratic Regulator (LQR)
method to consider the performance with uncertain filter parameters. LMI-based robust control has
been investigated for problems such as a UPS [15], and a grid-connected converter [16]. However,
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to the best of our knowledge, there is no significant work done on robust control of interlink converter
using an LMI-based approach. In our previous work [17], LQR for current control of the IC is devised.
In comparison with the PI control, the LQR-based current control shows superior performance in high
loading condition. LQR is computed by solving the Riccati equation under the assumption that the
parameters in the model are known, which corresponds to minimizing the quadratic cost with infinite
horizon [18]. However, if uncertain parameters are taken into account to reflect the real situation, it
is not possible to minimize the cost with infinite horizon. Towards this end, this paper computes a
feedback control by minimizing the upper bound of the cost with the infinite horizon at every sampling
instant. The control design procedure is formulated using LMI which provides computational efficiency.
The resulting controller is suboptimal in the sense that the controller minimizes the upper bound of the
infinite horizon cost. Furthermore, it results in robust performance of the IC since model uncertainties
are taken into account in the middle of the cost minimization. From simulation results, it turns out
that the proposed control indeed improves the robustness of the controller in high load variation.

2. Conventional Control of Microgrid

Figure 1 shows a hybrid AC/DC microgrid structure consisting of an AC and a DC sub-grid.
Both have their local loads and sources and are coupled with an interlinking converter (IC). In
grid-connected mode, the AC bus is connected to a utility grid through a transformer. A battery
is connected to DC bus through a bidirectional DC/DC converter. In a hybrid microgrid, when a
supply–demand imbalance occurs in one grid, and then necessary power need to be injected from
the other grid. A control strategy for interlink converter (IC) aims to impose a proper power flowing
through the IC. Figure 2 shows a typical control strategy for IC. The controller consists of a reference
generator and current control. The reference generator is composed of a droop control and generates
i∗od and i∗oq for the current controller. Furthermore, a pulse-width modulator (PWM) produces the
corresponding gating signals for the IC. In this section, the conventional IC control method is presented.Utility Grid AC LoadDC Load IC DGSBESS PV DGSPVBESS :Distributed Generator Set:Photovoltaic:Battery Energy Storage System

Figure 1. Hybrid AC/DC Microgrid.Current Control PWMReference Generator
Figure 2. Block diagram of IC controller.
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2.1. Reference Generator

As shown in Figure 2, the reference generator produces reference values for the IC current control.
In this control loop, a droop control based on frequency and voltage deviations is implemented. Before
explaining about the droop control for a hybrid microgrid, the droop control for individual AC and
DC microgrid is discussed first.

2.1.1. AC Microgrid

The common technique to satisfy the power sharing between several distributed generators (DG)
in AC microgrid is by employing AC droop control. The droop is given by

fi = f0 −mac,iPi, (1)

Vac,i = Vac,0 − nac,iQi, (2)

where fi and Vac,i are the frequency and voltage reference, respectively; f0 and Vac,0 are the frequency
and voltage at no load, respectively; and Pi and Qi are the generated active and reactive power of
the ith distributed generator (DG), respectively. Figure 3 represents the P-f and Q-V droop control
given by Equations (1) and (2). In the steady state, frequency and voltage of the distributed generators
converge to the value presented by the dashed line shown in Figure 3 [5].

Figure 3. AC microgrid characteristic.

2.1.2. DC Microgrid

Similar to AC microgrid, a droop control is also used in DC microgrid, which is expressed by:

Vdc,i = Vdc,0 − ndc,iPi, (3)

where Vdc,i and Vdc,0 are the output voltage reference and voltage at no load, respectively, and ndc is
droop characteristic of DC power source.

2.1.3. Hybrid Microgrid

Inspired by the droop control in each i-th DG, the IC controller augments the droop control owned
by both grids. Note that the active power is related to the frequency deviation in AC microgrid, and
it is corresponds to the voltage deviation in DC microgrid. Intuitively, comparing both values will
indicate which microgrid has more severe active power imbalance. Per unit values is used to augment
both values as they have different base unit. The following is the droop control for a hybrid microgrid

P∗ic = mac ∗ ∆ fpu − ndc ∗ ∆Vdc,pu (4)

where ∆ fpu and ∆Vdc,pu are the nominal value of frequency and DC voltage deviation in per unit,
respectively, while mac and ndc denote the droop coefficient for AC grid and DC grid, respectively.
To consider the characteristic of frequency and DC voltage deviation, their nominal values are
defined as:
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∆ fpu = 0.5( fmax− fmin)− f
0.5( fmax− fmin)

,

∆Vdc,pu =
0.5(Vdc,max−Vdc,min)−Vdc

0.5(Vdc,max−Vdc,min)
,

(5)

Since reactive power does not exist in DC grid, the reactive power exchange is calculated based
on the AC voltage deviation ∆Vac,pu:

Q∗ic = nac ∗ ∆Vac,pu, (6)

where

∆Vac,pu =
0.5 (Vac,max −Vac,min)−Vac

0.5 (Vac,max −Vac,min)
,

Furthermore, the current references i∗od, i∗oq are given by:

i∗od =
2P∗ic

3Vac,d
i∗oq = −

2Q∗ic
3Vac,q

.

where Vac,d and Vac,d are the AC voltage in d (direct) and q (quadrature) frame, respectively.

2.2. Current Control

Figure 4 presents the circuit in the IC. An RL filter is connected to the IC to overcome the harmonics
of current output. Applying a Kirchoff’s voltage law at the point of common coupling (PCC) , the three
phase voltage at AC side can be written as

voabc = viabc + R f iabc + L f
diabc

dt

Applying dq-transformation yields:

i̇od = − R f
L f

iod + ωioq +
1

L f
vid − 1

L f
vod

i̇oq = − R f
L f

ioq −ωiod +
1

L f
viq − 1

L f
voq.

(7)

Conventionally, the controller generates the control input for v∗id and v∗iq by separating Equation (7)
into two SISO systems, then formulating two PI controllers, as shown in Figure 5. The controller
assumes that the inverter bridge produces the required voltage, i.e., v∗id = vid and v∗id = vid, and that
the rotating frequency ω is constant.DC Grid AC GridGridUtility IC Control

Figure 4. RL filter is used in the IC.



Energies 2018, 11, 1382 6 of 15

PI

PI

Figure 5. Conventional current control based on PI controller.

3. Problem Formulation

In this paper, rather than using a PI control for IC current control, model-based current control is
proposed. Several studies have designed a model-based IC current control [12,17]. In those controllers,
the filter connected through the IC, as shown in Figure 1, plays an important role in modeling the IC.
However, due to manufacturing error on inductor L f and temperature effect on resistor R f , there might
be uncertainty in the model parameters used for the controller design. In this paper, a model-based
control for the IC is proposed such that it is robust against uncertain filter parameters.

First, let us consider the dynamic in Equation (7), which can be rewritten as a multivariable
continuous-time state space model:

ẋ =

 − R f
L f

ω

−ω − R f
L f


︸ ︷︷ ︸

Ac

x +

[ 1
L f

0

0 1
L f

]
︸ ︷︷ ︸

Bc

(u + d) (8)

where x =
[
iod ioq

]T is the state vector, u =
[
v∗id v∗iq

]T
is the control variable and d =

[
−vod − voq

]T
is the disturbance. Both the state x and disturbance d are assumed to be measurable. With the uncertain
model in mind, this paper aims to design a robust controller such that the state variable x converges
to the state references x∗ generated by the aforementioned reference generator. In this paper, it is
assumed that the filter parameters are uncertain but lie in known intervals. In other words, parameters
R f and L f in matrices Ac and Bc are uncertain but satisfy:

L f ,min ≤ L f ≤ L f ,max

R f ,min ≤ R f ≤ R f ,max.

Denote (Ac,i, Bc,i) as the pair of the state-space matrices in Equation (8) correspond to the four
possible combination of the extreme values of L f and R f :



Energies 2018, 11, 1382 7 of 15

(Ac,1, Bc,1) =

 − R f ,max
L f ,max

ω

−ω − R f ,max
L f ,max

 ,

[ 1
L f ,max

0

0 1
L f ,max

] ,

(Ac,2, Bc,2) =

 − R f ,min
L f ,min

ω

−ω − R f ,min
L f ,min

 ,

[ 1
L f ,min

0

0 1
L f ,min

,

] ,

(Ac,3, Bc,3) =

 − R f ,min
L f ,max

ω

−ω − R f ,min
L f ,max

 ,

[ 1
L f ,max

0

0 1
L f ,max

] ,

(Ac,4, Bc,4) =

 − R f ,max
L f ,min

ω

−ω − R f ,max
L f ,min

 ,

[ 1
L f ,min

0

0 1
L f ,min

] .

(9)

By assuming that the system matrix pair (Ãc, B̃c) belongs to a convex set made by those models
in Equation (9), the uncertainty model allows the uncertain R f and L f . For further explanation of
polytopic uncertain model, please refer to [19]. Hence, supposing that vo,dq in Equation (8) is constant
during the sampling period Ts, the model Equation (8) can be discretized as

x(k + 1) = Ãdx(k) + B̃d(u(k) + d(k)), (10)

where (Ãd, B̃d) ∈ Ωd = {∑np
i=1 ηi(Ad,i, Bd,i), ∑

np
i=1 ηi = 1}, and

Ad,i := eAc,iTs , Bd,i :=
∫ 0

Ts
eAc,itBc,idt,

and k denotes the sampling time. Note that by, referring to Equation (9), the number of uncertain
models are four np = 4.

The controller aims to eliminate the current error: ed,q = i∗0d,0q − i0d,0q despite model uncertainties.
The model in Equation (10) is then augmented with an additional state variable xI which stands

for integral of the current error. Defining new state variable z(k) =
[

x(k) xI

]T
, the resulting

augmented model is written as:

z(k + 1) = Ãz(k) + B̃(u(k) + d(k)), (11)

where (Ã, B̃) ∈ Ωa = {∑
np
i=1 ηi(Ai, Bi), ∑

np
i=1 ηi = 1}, and

Ai =

[
Ad,i 0
−Cd I

]
, Bi =

[
Bd,i
0

]
,

where Cd = I. Recall that the state x and disturbance d are measurable. Thus, to design the control
u(k) such that the current converges to the reference, any state feedback control law can be employed
as follows

u(k) = Kz(k)− d(k). (12)

In a certain model system, the gain K can be designed by any design method, e.g., pole-placement
or classical LQR. To achieve robust performance despite the uncertain parameters, a robust control
is designed such that it minimizes the upper bound of LQR cost with infinite horizon using LMI,
which is presented in the next section.
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4. Proposed Method

In this paper, the method depicted in Figure 6 is proposed. A modified method [5] is adopted
to generate current references for the LMI-based LQR current control. In the outer-loop control, a PI
controller is implemented for maintaining ∆ fpu = ∆Vdc,pu and ∆Vac,pu = 0. The droop gain mac and ndc
correspond to frequency deviation and DC voltage deviation, respectively, and are tuned to produce a
proper power exchange driven by the IC current iod, ioq.PIPI LMI-based LQR PWM

Figure 6. Proposed interlink converter (IC) controller.

LMI-Based LQR Gain

In LQR problem, if the system model is exact, the LQR gain K in Equation (12) is calculated such
that it minimizes the quadratic performance index:

min
uk

J∞ =
∞

∑
k=0

[
zT

k Qzk + uT
k Ruk

]
. (13)

Note that this problem aims to optimize the quadratic performance index over the whole time
span. Thus, it is called the infinite horizon optimal control problem. For details, see [20]. However,
uncertainties in the model make it difficult to solve the optimization problem. To tackle this problem,
the feedback gain K is computed such that it minimizes the upper bound of J∞ at every sampling
time. To this end, a convex optimization problem is formulated using LMI described in the following
theorem [19].

Theorem 1. If there exist matrices L > 0 and Y > 0, which is the optimal solution of the following
optimization problem:

min
Y,L,γ

γ, (14)

subject to

 Mi 0 0
0 γ zT

0
0 z0 Y

 ≥ 0 (15)

where

Mi =


Y LT (AiY + BiL)T Y
L R−1 0 0

(AiY + BiL) 0 Y 0
Y 0 0 Q−1

 , (16)

then the state feedback gain K = LY−1 ensures that the closed-loop system of the system in Equation (10) with
the control input u(k) in Equation (12) is robustly stable.
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For the ease of reading, the proof is presented in Appendix A, and a similar proof can be found
in [19]. Note that the proposed method requires the selection of LQR parameters Q and R. By adopting
the Bryson’s rule [21], the diagonal element of matrix Q = [qii] can be defined by:

qii =
1

maximum acceptable value of zi
.

Meanwhile, the matrix R can be formulated as R = ρI where ρ is chosen by considering it as the
weight of control input u in the cost function in Equation (13).

5. Simulation Result

In this section, the proposed method is verified in a hybrid microgrid using computer simulation.
The system parameters are depicted in Table 1. The proposed IC control is tested to investigate
its performance against power supply–demand imbalance in each of two sub-grids and uncertain
parameters. In this paper, an LMI-based LQR method is implemented to make the current flowing
through the IC equivalent with the desired value. To investigate the robustness of the proposed
method, a random filter parameters R f = R0 ± 30%, L f = L0 ± 30% is tested. The LQR parameters are
selected as Q = diag [0.1, 0.1, 17, 17] and R = 0.1I.

Table 1. Simulation parameters.

Parameters Value

AC Frequency 60 Hz
AC Voltage (rms) 226 V
DC Bus Voltage 500 V
IC Power Rating 70 kW

Filter Inductance L f 5 [0.7 1.3] mH
Filter Resistance R f 0.1 [0.7 1.3] Ω
DC link Capacitance 10,000 µF

Sampling Time 20 µs

In the first case, it is assumed that power supply–demand imbalance occurs in AC sub-grid.
The AC power rating is 60 kW, and the DC sub-grid has a battery with 60% state-of-charge (SOC).
A utility grid is connected to the system for first 1.3 s before the operating mode is shifted to a
stand-alone operation mode. The IC rating is assumed to be 50 kW. Figure 7a,b shows the active and
reactive power flow in both sub-grids. The AC and DC loads are a constant 70 kW/20 KVAR and
20 kW, respectively. In grid-connected mode, the utility grid can satisfy the power demand in AC grid.
As shown in Figure 7c, the battery and the power source in DC grid can fulfill the demand in DC grid.
Thus, there is no exchanged power between the grids. However, when the utility grid is disconnected
to the system, the AC power source could not fulfill the AC load. Hence, 35 kW and 5 kVAR power are
transferred from the DC. The positive sign in the power IC represents the power exchange direction
from DC to AC side.

Figure 8a,b shows the DC voltage and frequency response due to the changing mode.
In stand-alone mode, the imbalance occurs in AC grid, leading to decreased AC frequency. Then,
the IC control prompts the DC grid to supply active power to AC grid. As a result, the frequency
deviation is maintained above 58 Hz in transient and is restored to its nominal value in the steady
state. In addition, Figure 8a shows that the DC voltage deviation happens when the power exchange
from DC grid is increased.
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(a) (b)

(c)
Figure 7. Power flow for the first case: (a) AC active power; (b) reactive power; and (c) DC active power.

(a) (b)

Figure 8. Response for the first case: (a) DC Voltage; and (b) AC Frequency.

The second case investigates the system when DC power source has low energy capacity. Figure 9
shows the active-load power in both sub-grids. First, the microgrid is operated in a grid-connected
mode with a constant 20 kW load in each sub-grid. Besides, the battery has low SOC (Figure 10).
Figure 11 shows the resulting active power in this case. Due to the DC power source’s inability to
fulfill the demand in DC grid, the utility grid acts as the main power supply for AC and DC loads.
About 21 kW power is transferred from AC grid for the first 1.3 s. Thus, the battery charges slightly
when the utility grid is connected to the system. As shown in Figure 12, frequency decreased as the
operation mode is changed into a stand-alone mode. Thus, it causes DC voltage deviation. Since the
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utility grid is no longer connected to the system, the battery is discharged. In addition, the AC power
sources increase its generated power to manage the power supply–demand balance in AC grid by
giving a 20 kW power to the DC grid. Frequency and DC voltage are restored to their nominal value
in the steady state.
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Figure 9. Load variation in the second case simulation.
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0 2 4 6 8 10 12

Time (s)

-80

-60

-40

-20

0

20

40

60

80

A
c
ti
v
e
 P

o
w

e
r 

(k
W

)

P Exchange

AC Power Sources

DC Power Sources

Figure 11. Resulting active power flow for the second case.
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(a) (b)

Figure 12. Response for the second case: (a) frequency; and (b) DC Voltage.

Furthermore, at t = 7 s, the AC load is decreased to 10 kW (Figure 9). Hence, a surplus power
exists in AC sub-grid and the frequency increases from its nominal value. To restore the frequency to
its nominal value, the power exchange from AC to DC grid is increased to 3 kW. As shown in Figure 10,
the remaining power in DC grid is used to charge the battery. From the first and the second case,
it is verified that the proposed method works well when the imbalance occurs when in AC or DC side.
Moreover, the proposed method successfully manages the balance supply–demand power when the
load is changed.

Next, the proposed control performance is compared to the existing current control, LQR
method [17]. Similar to the the previous simulations, unknown filter parameters are used in the hybrid
AC/DC microgrid. Suppose that 50% step load is added in AC sub-grid and causes the frequency
deviation. The responses from both controllers are given in Figure 13. As shown in Figure 13c, the both
controllers successfully restore the frequency to its nominal value and have equivalent performance.
However, comparing the current output in Figure 13a,b, the LQR method shows increasing circulating
current at t = 13 s. Meanwhile, the proposed method shows a consistent performance. This result
is unexpected since, in [17], the LQR method demonstrated a good resulting current under a high
load perturbation. However, in that case, the filter parameters are known by the controller. Thus, it is
verified that the proposed method enhances the robustness of the current control against unknown
system parameters.

(a) Current value id (b) Current value iq

Figure 13. Cont.
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(c) AC frequency

Figure 13. Simulation results using LQR and LMI-based LQR methods in high load variation.
Despite the resulting frequency of both methods are equivalent, however, in terms of current output,
the LMI-based LQR is more robust compared to the LQR method.

6. Conclusions

In this paper, a hybrid AC/DC microgrid is studied. An interlink converter (IC) interfaces the AC
and DC sub-grids and allows a bidirectional power exchange between them. Thus, an IC controller is
required to generate a proper power exchange and maintain the AC frequency and terminal voltages
in grid-connected and stand-alone operating modes. An RC or RL filter is connected to the IC to
eliminate the harmonics of voltage and current output. Due to manufacturing and temperature effect,
those values might be changed from their designed values and can be unknown by the controller. This
paper investigates an IC controller to tackle this problem. By implementing a Linear Matrix Inequalities
(LMI)-based current control for the IC, the IC can successfully manage the power–demand balance in
AC and DC sub-grids under numerous unknown filter parameters. In addition, the simulation result
indicates that the proposed method has better performance by maintaining the current output during
high load variation, compared to the existing Linear Quadratic Regulator-based method.
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Appendix A. Proof of Theorem 1

The LMI in Theorem 1 is comprised of two parts: robust stability and robust performance.
Consider a quadratic Lyapunov equation V(zk) = zT

k Pzk where P := Y−1. The system in Equation (11)
with a state feedback control is stable if and only if

V(zk+1)−V(zk) ≤ −Ψk. (A1)

where Ψk = zT
k Qzk + uT

k Ruk with Q ≥ 0 and R > 0, thus Ψk > 0. Let us fix K, then for any P > 0, the
inequality in Equation (A1) can be rewritten as

zT
k+1Pzk+1 − zT

k Pzk ≤ −
(

zT
k Qzk + (Kzk)

T R(Kzk)
)

↔ (Ã + BK)T P(Ã + BK)− P + (Q + KT RK) ≤ 0.
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Then, this is equivalent to its Schur complement inequality:
P KT (Ã + BK)T I
K R−1 0 0

(Ã + BK) 0 0 0
I 0 0 Q−1

 ≥ 0. (A2)

Since P is positive definite, by multiplying from left the first inequality with P−1, and then
multiplying it from right by Equation (A2) with diag(P−1, I, I, I), we obtain:


Y LT (ÃY + B̃L)T Y
L R−1 0 0

(ÃY + B̃L) 0 Y 0
Y 0 0 Q−1

 ≥ 0, (A3)

The inequality in Equation (A3) is satisfied if only if Mi ≥ 0 holds for all i. In a result,
the closed-loop system with K is robustly stable.

Furthermore, to consider robust performance, consider the sum of Lyapunov difference in
Equation (A1):

∞

∑
k=0

(V(zk+1)−V(zk)) ≤
∞

∑
k=1
−Ψk,

which is equivalent to

V(∞)−V(0) ≤ −J∞,

where J∞ denotes the optimal cost over the infinite horizon. Since the control input is stabilizing,
it holds V(∞) = 0. Hence, it follows J∞ ≤ V(0), which implies V(0) is an unper bound of the LQR
cost. Denoting γ as the upper bound of V(0), we can obtain

J∞ ≤ V(0) = zT
k Pzk ≤ γ ↔

[
γ zT

k
zk P−1

]
≥ 0 (A4)

which corresponds to the second part of the LMI in Theorem 1. In view of the optimization problem in
Theorem 1, the controller tries to minimize γ. Hence, the proposed control in Equation (14) robustly
stabilizes the uncertain system and is suboptimal since it minimizes the upper bound of J∞.
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