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Abstract: With the rapid development of urban rail transit, the energy consumption of trains is
increasing dramatically. The shortage of electrical energy is becoming more and more serious. In this
paper, a novel method is proposed to better use regenerative braking energy for energy saving.
A ‘time slot and energy grid’ model is set up to analyze the utilization of regenerative energy among
trains. Based on this model, an energy efficient strategy that integrates train dispatch with train
control is designed. The running time of trains in sections, the dwell time of trains at stations and
the headway can be adjusted to find the global optimal solution for energy saving. The operational
data of Beijing Changping subway line and Beijing Yizhuang subway line are used in simulation to
illustrate the effectiveness of the proposed method in different scenarios. Simulation results show that
our approach can significantly improve the utilization of regenerative braking energy and minimize
the energy consumption in different scenarios when compared with the existing method.

Keywords: energy saving and efficiency; regenerative energy; train operations; urban transit

1. Introduction

There are many advantages in urban rail transit such as high speed, punctuality, saving land, etc.
It can effectively alleviate the traffic congestion problem of densely populated cities. However, the power
consumption of urban rail transportation is very huge. Taking the Beijing subway line No.1 as an example,
the gross energy consumption of the whole system is 147.51 million kWh in 2012, including 73.65 million
kWh energy used for the traction of trains [1].

China is one of the major emitters of CO2 in the world [2] and the energy consumption of urban
rail transit is very huge in China. Since the energy consumption of urban rail transit rises rapidly with
the growth of the operating mileage, there is an increasing demand in reducing its energy consumption
for sustainable development. The tractive energy of trains is the major component, accounts for more
than 50% of the total energy consumption [1,3]. Most of the research focuses on reducing the tractive
energy consumption while keeping trains running within the constraints of timetable.

The energy saving issue of urban rail transit has attracted the attention of many researchers in
recent years. The existing technologies include methods associated with power feeding network [4,5]
and approaches related to train regulation [3,6].

The possible techniques to improve the energy efficiency of the power feeding network are
reviewed in [4]. They are classified into four categories, which are increasing supply capacity
through deploying more supply positions, improving line receptivity for the absorption of regenerated
energy, reducing losses in the feeding circuit and reducing distance the feeding current travels.
Kondo [5] categorizes the existing energy saving technologies in the railway vehicle traction field into
two domains. One is the reduction of the loss in traction equipment through employing more energy
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efficient equipment or through improving traction control. The other is increasing the regenerative
energy by regenerative brake control or by applying energy storage devices.

Gonzalez-Gil et al. [6] present an overview of the technologies for recovery and management of
regenerative energy in urban rail transit, covering timetable optimization, onboard and wayside energy
storage system and reversible substations. In another paper [3], they give a comprehensive appraisal of
the main technologies currently available to minimize the energy consumption of urban rail transport,
includes regenerative braking, energy efficient driving, traction losses reduction, energy metering,
smart power management, and so on.

The existing energy saving methods related to train regulation can be subdivided into three
categories, the optimal train driving method, the energy efficient timetable method and the train
dispatch and control integrated method. The optimal train driving method minimizes the tractive
energy consumption of a train within the constraint of timetable through selecting the optimal
control strategy, which is determined by the number and positions of switches of the train’s working
conditions [7–15]. The energy efficient timetable method makes use of regenerative energy to reduce
the tractive energy consumption of trains. It synchronizes the acceleration and deceleration of
different trains in the same electrical section through an elaborately designed timetable [16–22].
Usually, the synchronization is realized through adjusting the headway and the dwell time of trains
at stations. The departing train can use the regenerative energy of the arriving train for traction.
To further improve the utilization of regenerative energy and reduce the tractive energy consumption,
a new kind of method has been researched deeply recently, which integrates train dispatch with train
control [23–27]. In addition to the headway and the dwell time of trains at stations, the integrated
method modifies the running time of trains in sections to synchronize the deceleration and acceleration
of trains and maximize the utilization of regenerative energy.

In this paper, we propose an energy efficient train dispatch and control integrated method.
A ‘time slot and energy grid’ model is proposed to analyze the utilization of regenerative energy among
multiple bidirectional running trains in the same electrical section. Based on the model, a unified energy
efficient integrated strategy is designed to improve the utilization of regenerative energy and reduce the
tractive energy consumption of trains. At last, the operational data of Beijing Changping subway line and
Beijing Yizhuang subway line are used in simulation to illustrate the performance of the proposed method
in long section and short section, respectively. According to the simulation results, it can be concluded that
the proposed method can obviously reduce the total tractive energy consumption in different scenarios
and have little impact on the operation of urban rail transit.

The rest of this paper is organized as follows. In Section 2, we review the literature on the
energy saving methods related to train regulation, the defects of each kind of methods are analyzed.
A ‘time slot and energy grid’ model is proposed to analyze the utilization of regenerative energy in
Section 3. Based on the model, the energy efficient train dispatch and control integrated method is
designed. In Section 4, the objective function and the optimization model are formulated. In Section 5,
the operational data of Beijing Changping and Beijing Yizhuang subway lines are used in simulation
to illustrate the effectiveness of the proposed method in different scenarios. Finally, our work is
concluded in Section 6.

2. Related Works

In this section, the research on energy saving methods related to train regulation is reviewed.
The defects of each kind of method are analyzed.

2.1. The Optimal Train Driving Method

The optimal train driving method searches for the optimal control strategy to minimize the
tractive energy consumption of the train within the constraints of timetable. Su et al. [7] propose a
numerical algorithm to avoid unnecessary switches between the acceleration and braking of a train
and reduce the tractive energy consumption during switches. Wong et al. [8,9] use a genetic algorithm
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(GA) in searching for the optimal number and locations of coasting points to minimize the energy
consumption. Chang et al. [10] generate a coasting control table for a train to decide the exact time to
start coasting and to resume motor control. Bocharnikov et al. [11] investigate the effects of coasting
strategy, acceleration and braking performance on the energy consumption and running time of a train.
They use GA and fuzzy set to seek the optimal solution to minimize the energy consumption within
the constraints of timetable. Ding et al. [12] adjust the number and positions of coasting points, and the
running time of a train in sections, within the constraint on the total running time, to minimize energy
consumption. Tian et al. [13] analyze the power flows from substations under different speed profiles,
optimize the driving strategy through evaluating the total energy consumption from substations.
Milroy et al. [14] analyze the experiences of excellent train drivers and search for the most energy
saving transition points of working conditions. Within a given journey time, Howlett et al. [15] use the
Pontryagin principle to determine the optimal switching points in the continuous control problem,
and use the Kuhn–Tucker equations to find the optimal switching times in the discrete control problem.

Although the optimal train driving method can find the control strategy to minimize the energy
consumption of a single train, it can not effectively reduce the total tractive energy consumption of all
the trains without considering the utilization of regenerative energy. The speed profile generated by the
optimal driving strategy may not be beneficial for the utilization of regenerative energy among trains.

2.2. The Energy Efficient Timetable Method

The energy efficient timetable method, illustrated in Figure 1, synchronizes the acceleration and
deceleration of different trains through an elaborately designed timetable to utilize regenerative energy
and minimize the tractive energy consumption of all the trains.
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Figure 1. Synchronizing the deceleration and acceleration of trains.

Gong et al. [16] obtain the optimal energy efficient timetable through modifying the dwell time
of trains. Furthermore, they propose adjusting the driving speed and coasting time of a disturbed
train to adapt the established timetable under disturbances. Yang et al. [17,18] use GA to maximize the
overlapping time between adjacent accelerating and decelerating trains and shorten the waiting time
of passengers through adjusting the headway and the dwell time of trains at stations. Pena et al. [19]
synchronize the brake and acceleration of trains in the same electrical section through controlling the
arriving and departing time of trains at stations, in order to maximize the utilization of regenerative
energy. Li et al. [20] apply a fuzzy multi-objective optimization approach to solve a train scheduling
model to minimize the energy consumption and carbon emission as well as the total waiting time of
passengers. Albrecht et al. [21] propose a method to reduce the power peak and energy consumption
for a given headway and synchronization time through controlling the running time of the train.
Nasri et al. [22] study the effects of headway and reserve time on energy consumption and propose a
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method to determine the optimal timetable for maximum usage of regenerative energy at stations. It is
proved that the simultaneous presence of braking and accelerating trains within the same electrical
section in the case of big headway is quite rare.

The energy efficient timetable method can use the regenerative energy to reduce the tractive energy
consumption. Usually, the optimal speed profile that minimizes the tractive energy consumption of a
train is adopted, which may not be beneficial to the utilization of regenerative energy. Although the
headway has a great impact on the energy consumption, it is not a flexible factor. Its upper limit deals
with the quality of transportation and the lower limit depends on technical and economic aspects [22].
Furthermore, the dwell time is adjusted together with the headway, which has a bigger impact on the
satisfaction of passengers than the adjustment of running time [21].

Some researchers set up models to analyze the synchronized time between accelerating and
braking trains [16–20] and calculate the regenerative energy consumption during the synchronized
time. The model to analyze the regenerative energy consumption among multiple bidirectional
running trains in different electrical sections is very complicated, which is the ideal case for the
utilization of regenerative energy. Many researchers make some simplifications, such as only
considering the utilization of regenerative energy among adjacent trains, to make the problem tractable.
Some researchers resort to commercial simulation tools to get the optimal timetable [19,21,22]. To solve
the problem of dimensionality, some simplifications are also made by researchers, such as dealing only
with trains that are relatively close together.

2.3. The Train Dispatch and Control Integrated Method

The train dispatch and control integrated method improves the usage of regenerative energy
through adjusting the headway, the dwell time of trains at stations and the speed profiles of trains in
sections, simultaneously. Through selecting different speed profiles, the running times of a train in
sections are adjusted.

Bu et al. [23] set up a model for the design of energy efficient timetable, which coordinates the
adjacent accelerating and decelerating trains through adjusting the headway, the tractive, cruising,
coasting, braking and dwell time of trains to improve the usage of regenerative energy and reduce
the tractive energy consumption. Su et al. [24] develop an analytical formulation to calculate the
optimal speed profile within the constraint of a given running time of each section. A numerical
algorithm is designed to distribute the total trip time among different sections and generate the
integrated timetable, which includes both timetable and speed profiles, to achieve energy efficient
operation. A numerical algorithm is put forward in [25] to calculate the optimal driving strategy
within a given trip time. A model to efficiently use the regenerative energy for energy saving is
formulated, which coordinates the control of trains through adjusting the departure time of trains at
stations.Chen et al. [26] propose an approach to mitigate the delay of trains and decrease the energy
consumption of trains simultaneously through adjusting the time table and speed profiles. As shown
in Figure 2, Chen et al. [27] propose a ‘two-time traction’ control strategy. A train traveling in long
sections can use the regenerated energy of braking trains for the 2nd traction. Since the utilization of
regenerative energy is not limited in the station area, the method has a better energy efficiency than
other integrated methods in the case of long section. In this paper, it is selected as the existing method
for performance comparison with the proposed method.

The integrated method introduces the factor of speed profile to improve the usage of regenerative
energy, and it has a better energy saving effect than the energy efficient timetable method. Due to the
introduction of speed profiles, the analytical model of the integrated method is even more complicated
than that of the energy efficient timetable method. In this paper, a simplified analytical model is set up
to reduce the time, resources and expertise required to design the optimal timetable. Both the energy
efficient timetable and the integrated method can benefit from the simple and efficient analytical model.
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Figure 2. The “two-time traction” control strategy.

3. The Proposed Energy Efficient Integrated Method

In this section, we first define some concepts. Then, we present the time slot and energy grid
model to analyze the usage of regenerative energy. After that, we give the energy efficient train
dispatch and control integrated method.

3.1. Definitions

Before introducing the energy saving methods, it is necessary to define the following concepts:

- Short section: a train can travel across a section within a given trip time though one time of traction;
- Long section: a train needs at least two times of traction to run through a section within a given

trip time;
- The tractive energy (TE): the energy needed for traction by all the trains on the line;
- The tractive energy consumption (TEC): the energy drawn from the substations for traction by

all the trains;
- The regenerative energy (RE): the regenerative energy generated by all the trains;
- The regenerative energy consumption (REC): the regenerative energy consumed by all the trains.

TE can be calculated as
TE = TEC + REC. (1)

3.2. The Time Slot and Energy Grid Model

A typical scenario of urban rail transit is illustrated in Figure 3, multiple bidirectional running
trains travel in different electrical sections of a line. The line is divided into k electrical sections, n trains
are running on the line. It has

n =
k

∑
i=1

(ni
u + ni

d),

where ni
u and ni

d are the number of trains within the ith electrical section in the up and down
directions, respectively.

Due to the limitations of the existing integrated method, trains can only use the regenerated energy
of the adjacent braking trains in the same direction and within the same electrical section. For example,
in Figure 3, the (m + 1)th train can only use the regenerative energy of the mth or the (m + 2)th train,
when it is in the same electrical section as the mth or the (m + 2)th train, and its traction time overlaps
with the braking time of the mth train or that of the (m + 2)th train. The existing methods constrain the
utilization of regenerative energy and seriously impact the effect of energy saving.
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Figure 3. Multiple bidirectional running trains in different electrical sections.

The ideal situation for the utilization of regenerative energy is that a tractive train can use the
regenerated energy of any braking trains in the same electrical section. For example, in Figure 3, the qth
and the (m + ni

u − 1)th train can use the regenerated energy of the (q− ni
d + 1)th train. Due to the

complexity of the analyzing model, the existing methods can not analyze the utilization of regenerative
energy in the ideal situation and develop an optimal strategy for energy saving. In this paper, we propose
a ‘time slot and energy grid’ model, which can analyze the usage of regenerative energy among multiple
bidirectional running trains in the same electrical section. Based on the model, an energy efficient train
dispatch and control integrated method is developed.

The model is illustrated in Figure 4. It is assumed that the first train starts running at the 0 moment,
and the last train stops running at the T moment. The total running time is divided into K time slots.
The length of each time slot is dt. It has dt = T/K. Every slot can be vertically divided into a column of
grids. Each train has two rows of grids. One row of grids are above the horizontal axis, which indicate
the tractive energy needed by the train in each time slot. Another row of grids are below the horizontal
axis, which indicate the regenerative energy created by the train. Since each grid denotes the tractive or
regenerative energy of a train in a time slot, it is named as ‘energy grid’ in this paper.
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Figure 4. A schematic diagram of the time slot and energy grid model.
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If dt is small enough, it can be assumed that the working condition, the tractive (braking) force,
the velocity, the basic and the additional resistance of a train remain unchanged within an energy grid.
Accordingly, the resultant force of a train, which is the sum of the tractive (braking) force, the basic
resistance and the additional resistance of the train, also keeps unchanged within an energy grid.
The assumption significantly simplifies the analysis of energy consumption and makes the analysis
of regenerative energy utilization in the ideal situation possible without affecting the credibility of the
analysis results. The errors introduced by the assumption can be ignored provided that dt is small enough.

As shown in Figure 4, four arbitrary trains are selected as an example to analyze the usage of
regenerative energy among multiple bidirectional running trains. Each train has two energy grids per
time slot that are distributed on both sides of the horizontal axis. The contents of the two energy grids
indicate the position and working condition of a train in the time slot. If there is a number in the energy
grid above the horizontal axis, it means that the train is in tractive condition. If the number is in the
energy grid below the horizontal axis, it means that the train is in braking condition. If neither of the
grids has content, the train is stopping or in coasting condition, no energy is consumed or generated
by the train. The number in either of the grids indicates that the electrical section the train is traveling
within at the time slot.

The numbers below the horizontal axis denote the sequence of the time slots. For ease of illustration,
we reduce the number of time slots between different working conditions of trains. The time slots are not
continuous in time. As shown in Figure 4, from the first to the seventh time slot, the sequence of working
conditions of the ith train is {

T C B T C B T
}

,

where T and B indicate the tractive and braking conditions of a train, respectively. The symbol C
represents the stopping or coasting conditions of a train.

As we can see in Figure 4, in the 1st time slot, the ith and nth train are in tractive condition, the
jth and mth train are in braking condition. Since both the ith and the mth train are in the 5th electrical
section, the ith train can use the regenerative energy of the mth train. Similarly, the regenerated energy
of the jth train can be used by the ith train in the 4th time slot. The nth train can use the regenerative
energy of the jth train in the 7th time slot.

3.3. Energy Efficient Integrated Strategy

Based on the proposed time slot and energy grid model, we develop a unified energy efficient
integrated strategy for both ‘short section’ and ‘long section’ scenarios. Unlike the existing integrated
methods, the number of times of train traction in a section is not restricted to one or two times. It depends
on the timetable specified running time of the section, the parameters of the line and the train.

A group of speed profiles are generated for both up and down directions of each section. The time
difference between the running time of the timetable and that of each profile is kept within a predefined
range. To be consistent with the actual operation of urban rail transit, different trains use the identical
speed profile in the same direction of a section. Each tractive train can use the regenerated energy of
any braking train within the same electrical section.

Since it is assumed that the working condition, the resultant force and the velocity of a train
remain unchanged in an energy grid, the power of a train in an energy grid, which is the product of
the resultant force and the velocity of the train, is also constant. No integration is needed to calculate
the tractive (regenerative) energy of an grid.

In each time slot, a tractive train can use the regenerated energy of any braking train within the
same electrical section. The tractive energy (TE) and the regenerative energy (RE) of the same electrical
section are summed, respectively. The results of summation are compared. The smaller one equals
to the regenerative energy consumption (REC) of the electrical section. The TE and the REC of the
time slot are the summation of the TE and the REC of each electrical sections, respectively. The TE and
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the REC are the summation of the TE and the REC of every time slots, respectively. The TEC is the
difference between the TE and the REC:

The distinct features of our method are as follows:

- The utilization of regenerative energy among multiple bidirectional running trains within the
same electrical section is considered.

- The actual division of electrical sections and the additional resistance of a train are considered,
which make the results more realistic.

- No limitation on the times of train traction in a section is needed. The utilization of regenerative
energy can take place anywhere in sections.

- A unified strategy is designed for both short section and long section scenarios.
- The mutual constraints among the headway, the running time and the dwell time of trains are loose.
- The proposed method is more energy efficient than the existing method in different scenarios.

An algorithm is designed to find the optimal combination of the headway (optional), the speed
profiles of trains in sections and the dwell time of trains at stations, with the minimum TEC.

4. Energy-Saving Optimization Model

In this section, firstly, the parameters used in the energy saving optimization model are introduced.
Then, the objective function is defined to minimize the TEC. After that, the energy saving optimization
model is formulated.

4.1. Parameters

Different parameters are defined for the up and down directions. The symbols without and with
hat represent parameters of the down and up directions, respectively. The parameters with letter ‘i’
in subscript indicate that they belong to the ith section or the ith station. The symbols with letter ‘i, j’
in subscript represent parameters pertain to the jth speed profile of the ith section. Those with ‘k’
in the bracket mean that they are parameters of the kth slot. The parameters used in our model are
introduced as follows:

nci, n̂ci the number of speed profiles of the ith section;
ti, t̂i the timetable specified running time of trains in the ith section;
tri,j, t̂ri,j the running time of the ith section when the jth speed profile is adopted;
kri,j, k̂ri,j the number of time slots of the running time in the ith section when the jth speed profile

is adopted;
tsi, t̂si the dwell time of trains at the ith station;
ksi, k̂si the number of time slots of the dwell time at the ith station;
ki, k̂i the time slot that the train departs from the ith section;
ke, k̂e the time slot at the end of the down, up directional running;
th the headway;
kh the number of time slots of the headway;
tr the turn back time;
kr the number of time slots of the turn back time;
fi,j(k), f̂i,j(k) the tractive force of a train (in KN) at the kth time slot of the ith station when the jth

speed profile is adopted;
bi,j(k), b̂i,j(k) the braking force of a train at the kth time slot (in KN);
gi,j(k), ĝi(k) the basic resistance of a train at the kth time slot (in KN);
gs

i,j(k), ĝs
i,j(k) the starting resistance of a train at the kth time slot (in KN);

ga
i,j(k), ĝa

i,j(k) the additional resistance of a train at the kth time slot (in KN);
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gm
i,j(k), ĝm

i,j(k) the running resistance of a train at the kth time slot (in KN);

ci,j(k), ĉi,j(k) the resultant force of a train at the kth time slot (in KN);
Wm, the mass of a motor car (in tons);
Wt, the mass of a trailer car (in tons);
nt, the number of cars of a train;
g, the equivalent additional slope of the line;
vi,j(k), v̂i,j(k), the speed of a train at the kth time slot if the jth speed profile of the ith section is adopted;
pi,j(k), p̂i,j(k), the position of a train at the kth time slot if the jth speed profile of the ith section is adopted;
ai,j(k), âi,j(k), the acceleration of a train (in m/s2) at the kth time slot;
γ, the rotary mass coefficient;
m, the mass of a train (in tons);
et(k), the energy needed for traction by all the trains at the kth time slot;
η (Vn(k), Pn(k)), the conversion efficiency coefficient of the tractive energy;
eb(k), the regenerative energy generated by all the trains at the kth time slot;
β (Vn(k), Pn(k)), the conversion efficiency coefficient of the regenerative braking energy;
eub(k), the consumed regenerative energy by all the trains at the kth time slot;
eut(k), the tractive energy consumption at the kth time slot;
Eut, the sum of the TEC of each time slot;
Ps(z), Pe(z), the starting position, the ending position of the zth electrical section;
tmin
i , t̂min

i , the minimum running time of trains in the ith section;
td, the adjustment rang of running time;
tsmin

i , t̂smin
i , the minimum dwell time of trains at the ith station;

tsmax
i , t̂smax

i , the maximum dwell time of trains at the ith station;
Vl (Pn(k)), the speed limitation of the line at the position Pn(k);
Vt, the speed limitation of the train;
D, the length of the line;
Vavg, the average traveling speed of a train (in km/h);
Nrt, the vector of running time;
nre, nru, nrs, the number of extended, unchanged and shortened running time;
Ndt, the vector of dwell time;
nde, ndu, nds, the number of extended, unchanged and shortened dwell time.

4.2. Definition of the Objective Function

The TE of a train contains two parts. One part is provided by substations of the electrical sections
on the line, which is called TEC of the train. Another part is the consumed regenerative energy
provided by other trains, namely REC of the train. The total TE and the total REC are the sum of each
train’s TE and the sum of each train’s REC, respectively. The total TEC equals to the difference between
the total TE and the total REC. The primary objective of the energy-saving optimization model is to
minimize the total TEC through maximizing the total REC.

To find the optimal solution, the running time of trains in sections, the dwell time of trains at
stations and the headway (optional) are adjusted to improve the utilization of regenerative energy
and reduce the tractive energy consumption. Firstly, based on the parameters of the line and the train,
a group of speed profiles are generated for the up and down directions of each section, respectively.
Each speed profile represents an option of running time for the section.

Secondly, based on the selected speed profiles, the operation status of the first train in any time
slot can be got. Then, combined with the headway, the status of all the other trains in any time slot can
be deduced. Furthermore, through using the proposed ‘time slot and energy grid’ model, the total TE,
RE , REC and TEC can be calculated.

Lastly, genetic algorithm is adopted to find the optimal solution of the model. The combination of
the selected speed profiles of sections, the dwell time of trains at stations and the headway (optional)
with the minimum total TEC is adopted to design the energy efficient timetable.



Energies 2018, 11, 1248 10 of 23

A typical subway line is illustrated in Figure 5. Assuming that there are M stations, L electrical
sections and N trains on the line. The total simulation time, T, is divided into K time slots. For a train
running in the down direction, if the jth speed profile of the ith section is adopted, the resultant force
applied to the train in the kth slot can be expressed as

ci,j(k) = fi,j(k) + bi,j(k) + gi,j(k), i = 1, 2, . . . , M-1,

j = 1, 2, . . . , nci. (2)

Down direction

Up direction

Turn backDepot Section 1 Section 2

1S 2S 3S 1M
S

- M
S

Section M-1

Figure 5. The schematic diagram of a typical subway line.

The tractive and braking force of a train depend on its working conditions. It has

fi,j(k) =


fi,j(k), tractive,
0, braking,
0, coasting,

(3)

bi,j(k) =


bi,j(k), braking,
0, tractive,
0, coasting.

(4)

When the speed of a train is lower than 5km/h, the resistance of the train is composed of the
starting resistance and the additional resistance. Otherwise, the resistance of the train comprises the
running resistance and the additional resistance. The resistance of the train can be expressed as:

gi,j(k) =

{
gs

i,j(k) + ga
i,j(k), vi,j(k) ≤ 5km/h,

gm
i,j(k) + ga

i,j(k), vi,j(k) > 5km/h.
(5)

The starting resistance of the train can be calculated as

gs
i,j(k) = −39.2× (Wm + Wt)/1000. (6)

The running resistance of the train can be calculated as

gm
i,j(k) = [16.18 + 0.2422 · vi,j(k)] ·Wm

+ [7.65 + 0.0275 · vi,j(k)] ·Wt

+ [0.275 + 0.0765 · (nt − 1) · vi,j(k)]2. (7)

It should be noted that the starting resistance and the running resistance of a train depend on the
characteristics and speed of the train. The coefficients in Equations (6) and (7) are obtained from the
train manufacturer of the Beijing Yizhuang and Beijing Changping subway lines. For other kind of
trains, the coefficients in the above-mentioned equations may be different.
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The additional resistance of the train, which includes the grade resistance, the curve resistance
and the tunnel resistance, depends on the parameters of the line. It can be calculated as

ga
i,j(k) = −9.8 · g · (Wm + Wt)/1000. (8)

The speed profiles of a train in sections can be obtained through using the kinetic equations.
The position, the speed and the acceleration of the train are calculated as follows:

pi,j(k + 1) = pi,j(k) +
1
2
[vi,j(k + 1) + vi,j(k)] · dt, (9)

vi,j(k + 1) = vi,j(k) + ai,j(k) · dt, (10)

ai,j(k) =
ci,j(k)

(1 + γ)m
, (11)

i = 1, · · · , M− 1, j = 1, · · · , nci,

Similarly, we can get the resultant force, the running resistance, the position, the speed and
the acceleration of a up direction running train in the kth time slot when the jth speed profile of
the ith section is adopted, which are represented respectively as ĉi,j(k), p̂i,j(k), v̂i,j(k) and âi,j(k),
where i = 1, · · · , M− 1, j = 1, · · · , n̂ci.

The speed of the first train running in down direction at the kth time slot can be represented as

v1(ki + k) =

{
vi,j(k), 0 ≤ k < kri,j,
vi,j(kri,j), kri,j ≤ k < kri,j + ksi+1,

(12)

where

kri,j =

⌈ tri,j

dt

⌉
, i = 1, · · · , M− 1, j = 1, · · · , nci,

ksi =

⌈
tsi
dt

⌉
, i = 1, · · · , M,

ki = ki−1 + kri−1,j + ksi, i = 2, · · · , M− 1, j = 1, · · · , nci,

k1 = 0.

To keep the coordinate of the up direction consistent with that of the down direction, the train
position in the up direction is calculated as

p̂i,j(k + 1) = p̂i,j(k)−
1
2
[v̂i,j(k + 1) + v̂i,j(k)] · dt, (13)

i = 1, · · · , M− 1, j = 1, · · · , n̂ci.

Similarly, the speed of the first train running in the up direction at the kth time slot can be
expressed as

v̂1(k̂i + k) =

{
v̂i,j(k), 0 ≤ k < k̂ri,j,
v̂i,j(k̂ri,j), k̂ri,j ≤ k < k̂ri,j + k̂si+1.

(14)
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where

k̂ri,j =

⌈
t̂ri,j

dt

⌉
, i = 1, · · · , M− 1, j = 1, · · · , n̂ci,

k̂si =

⌈
t̂si
dt

⌉
, i = 1, · · · , M,

k̂i−1 = k̂i + k̂ri,j + k̂si, i = M− 1, · · · , 2, j = 1, · · · , n̂ci,

k̂M−1 = ke + kr + k̂sM,

ke = kM−1 + krM−1,j + ksM, j = 1, · · · , ncM−1.

The speed of the first train at the kth time slot is

V1(k) =


v1(k), 0 ≤ k < ke,
v1(kM−1 + krM−1,j), ke ≤ k < k̂M−1,
v̂1(k), k̂M−1 ≤ k < k̂e,
v̂1(k̂e), k ≥ k̂e,

(15)

where
k̂e = k̂1 + k̂r1,j + k̂s1, j = 1, · · · , n̂c1.

Taking the operational characteristics of urban rail transit into consideration, it can be assumed
that different trains adopt the identical speed profile in the same direction of a section. Then, based on
the given headway, kh, we can calculate the speed of the nth train at the kth time slot as follows:

Vn(k) =


0, 0 ≤ k ≤ (n− 1) · kh,
V1[k− (n− 1) · kh], (n− 1) · kh < k ≤ (n− 1) · kh + k̂e,
0, (n− 1) · kh + k̂e < k ≤ K,

(16)

where K = (N − 1) · kh + k̂e, n = 1, 2...N.
Similarly, we can get the tractive force, the braking force, the position of the nth train at the kth

time slot, which are represented as Fn(k), Bn(k) and Pn(k), respectively. Through using the ‘time slot
and energy grid’ model, the TE, RE, REC and the total TEC can be calculated.

The TE of the kth time slot can be expressed as

et(k) =
N

∑
n=1

Fn(k) ·Vn(k)
η (Vn(k), Pn(k))

, k = 0, . . . , K. (17)

The RE of the kth time slot is

eb(k) =
N

∑
n=1

Bn(k) ·Vn(k) · β (Vn(k), Pn(k)) , k = 0, . . . , K. (18)

The equation to calculate the REC of the kth time slot goes here:

eub(k) =
L

∑
z=1

min

(
N

∑
n=1

I(z, k) · Fn(k) ·Vn(k),
N

∑
n=1

I(z, k) · Bn(k) ·Vn(k)

)
,

k = 0, . . . , K. (19)
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The value of I(z, k) depends on the position of the nth train in the kth time slot. It has

I(z, k) =

{
1, Ps(z) ≤ Pn(k) < Pe(z),
0, Pn(k) < Ps(z) or Pn(k) ≥ Pe(z).

(20)

The model is used to minimize the total TEC. The objective function can be defined as

Eut =
K

∑
k=0

eut(k) =
K

∑
k=0

[et(k)− eub(k)] . (21)

4.3. Energy Saving Optimization Model

The total TEC depends on the running time of trains in sections, the dwell time of trains at stations
and the headway. We take the total TEC as the objective of optimization and formulate the energy
saving optimization model as follows:

min[E(t1, . . . , tM−1, ts1, . . . , tsM, t̂1, . . . , t̂M−1,
t̂s1, . . . , t̂sM, th)],
s.t. (1) tri,j ≥ tmin

i , i = 1, . . . , M− 1, j = 1, . . . , nci,
(2) ti − td ≤ tri,j ≤ ti + td, i = 1, . . . , M− 1, j = 1, . . . , nci,
(3) tsmin

i ≤ tsi ≤ tsmax
i , i = 1, . . . , M,

(4) t̂ri,j ≥ t̂min
i , i = 1, . . . , M− 1,

(5) t̂i − td ≤ t̂ri,j ≤ t̂i + td, i = 1, . . . , M− 1,
(6) t̂smin

i ≤ t̂si ≤ t̂smax
i , i = 1, . . . , M,

(7) 0 ≤ Vn(k) < min(Vl(Pn(k)), Vt),
n = 1, · · · , N, k = 0, · · · , K,

(8) 0 ≤ Pn(k) ≤ D, n = 1, · · · , N, k = 0, · · · , K.

(22)

The constraints in Equation (22) are explained as follows:

(1) The constraint on the running time of trains in the up direction of the ith section.
(2) The constraint on the difference between the adopted running time and the timetable specified

running time in the up direction of the ith section.
(3) The constraint on the dwell time of trains in the up direction at the ith station.
(4) The constraint on the running time of trains in the down direction of the ith section.
(5) The constraint on the difference between the adopted running time and the timetable specified

running time in the down direction of the ith section.
(6) The constraint on the dwell time of trains in the down direction at the ith station.
(7) The constraint on the speed of a train.
(8) The constraint on the position of a train.

Although some simplifications related to the power network have been made in the proposed
model, such as the power network layout, the transmission loss and the voltage limits, the proposed
method should be more energy efficient due to improved usage of regenerative energy when compared
with the existing method under the same conditions. The effect of energy saving is related to the
parameters of the power network, which will be considered in our future work. Further work will also
include full validation to determine whether the improved usage of regenerative energy is realistic.

5. Simulation and Discussion

In this section, we use the operational data of Beijing Changping subway line and Beijing Yizhuang
subway line in simulation to illustrate the effectiveness of the proposed method for ‘long section’ and
‘short section’ scenarios, respectively.
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5.1. The Genetic Algorithm Used in Simulation

Genetic algorithm (GA) is a method to search for the optimal solution by simulating the natural
evolutionary process. It has been widely applied to the research of energy saving [28–30] and the
research of transportation system [31–35]. In this paper, the GA toolbox of Matlab (7.0, The MathWorks
Inc., Natick, MA, USA) is used to find the global optimal solution of the optimization model given in
Equation (22). The objective function of Equation (22) is taken as the fitness function.

The operational data of Beijing Changping subway line are used in simulation to illustrate the
performance of the proposed method in ‘long section’ scenario. The parameters of GA are listed as follows.
The crossover rate, the mutation probability and the population size are 0.8, 0.2 and 200, respectively.
The fitness function has 25 parameters that depend on the number of stations on the line. The maximum
number of iterations is set to 100 times the number of parameters of the fitness function. The algorithm is
terminated when it reaches the maximum number of iterations or the average relative changes in the best
fitness value over the last 50 generations are less than or equal to 1E-6.

Furthermore, we use the parameters of Beijing Yizhuang subway line to illustrate the performance
of the proposed method in a ‘short section’ scenario. The following parameters are adopted in
the GA. The crossover probability, the mutation probability and the population size of GA are the
same as those used in the ‘long section’ scenario. There are 53 variables in the fitness function.
Accordingly, the maximum number of iterations is 5300. The stop criterion of the algorithm is the same
as that of the ‘long section’ scenario.

5.2. Simulation of Long Section Scenario

The operational data of Beijing Changping subway line (BJCP) are used in the simulation of long
section scenarios. There are seven stations, six electrical sections and 20 trains. The mass of each fully
loaded train is 294.6 tons. The length of the six sections are as follows:{

5357, 1965, 2025, 3800, 2368, 5559
}

.

Among these sections, there are three short sections and three long sections. The currently
adopted headway is 240 s, which is used in simulation to illustrate the performance of the energy
saving methods in the case of long section and big headway. Furthermore, we use a 90 s headway in
simulation to illustrate the effectiveness of the methods in a long section and small headway scenario.
One round trips of 20 trains are simulated. When the last train returns to the 1st station, the simulation
is terminated.

Firstly, a group of speed profiles are generated for each section in both up and down directions.
The speed profiles represent variable control strategies and different running time of trains in each
section. To reduce the impact of the energy saving method on operation and improve its applicability,
the differences between the running time of the profiles and that specified by timetable are kept within
±10 s. As an example, Figure 6 illustrates the 12 different speed profiles in the down direction of the
first section.

Secondly, the dwell time of trains at stations are adjusted together with the running time to
synchronize the acceleration and deceleration of trains in the same electrical section, improve the
utilization of regenerative energy and minimize the total TEC. The timetable specified dwell time of
Beijing Changping subway line is between 30 s and 50 s. To reduce the impact of energy saving method
on the transfer of passengers at stations, the dwell time of trains at stations is limited within the range
of [25 s, 55 s].

There are 25 genes in the chromosome. The 1st–6th genes represent the indexes of the selected
speed profiles of the 1st–6th sections in the down direction, respectively. The 7th–12th genes stand for
the dwell time of trains at the 2nd–7th stations in the down direction, respectively. Since the dwell time
of trains at the 1st station is contained in the headway, it is not considered here. The 13th–18th genes
denote the indexes of the adopted speed profiles of the 1st–6th sections in the up direction, respectively.
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The 19th–24th genes represent the dwell time of trains at the 2nd–7th station in the up direction,
respectively. The last gene indicates the headway. Since it is not a flexible factor, we keep it unchanged
in the simulation.

264.5  266.5  268  269.5  270.5  272  273.5  276  278  281  283  285.5

left right

Figure 6. Speed profiles of the first section of BJCP in the down direction.

Lastly, the vectors of lower bounds and upper bounds for the iterations of GA are defined as

A =
[

I1,6 25 ∗ I1,6 I1,6 25 ∗ I1,6 240
]

,

B =
[

12 ∗ I1,6 55 ∗ I1,6 12 ∗ I1,6 55 ∗ I1,6 240
]

,

where A is the vector of lower bounds, B is the vector of upper bounds, and Im,n represents a m× n array
of ones.

The curve with the minimum index, ‘1’, has the shortest running time in the section. The curve
with a larger index has a longer running time. In the simulation, since we generate 12 curves for each
section, the curve with index ‘12’ has the longest running time. The minimum and the maximum dwell
time of trains at stations in both directions are 25 s and 55 s, respectively. The lower bound and the
upper bound of headway are set to the same value, 240, which means that the headway will not be
adjusted for energy saving.

Through using GA, we find the global optimal solution, a combination of the speed profiles in
sections, the dwell time of trains at stations and the headway (optional), with the minimum total TEC.
For the simulation of long section big headway scenario, the optimal chromosome is

[9 8 12 7 12 12 32 35 25 31 43 25 1 4 12 12 11 6 43 35 25 33 28 50 240].

The best and the mean penalty value of each generation is illustrated in Figure 7. The GA
terminates at the 130th generation. The best and the mean penalty value of the last iteration are 4015.7
and 4213.7, respectively.
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Figure 7. The best and the mean penalty value of GA (Changping, th = 240 s).

For the simulation of long section small headway scenario, the best chromosome is

[12 1 1 4 9 1 46 39 49 42 51 25 12 4 6 12 12 12 52 44 37 32 30 29 90].

The train dispatch and control integrated approach proposed in [27] is selected as the existing
method for performance comparison with the proposed method. The energy consumption of the
existing and the proposed methods in long section big headway scenario and long section small
headway scenario are illustrated in Figures 8 and 9, respectively.
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Figure 8. Energy consumption of the energy saving methods (BJCP, th = 240 s).
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Figure 9. Energy consumption of the energy saving methods (BJCP, th = 90 s).

The running/dwell time of the timetable and those of the energy saving methods with 240 s headway
are illustrated in Figure 10 to analyze the impact of the proposed methods on the operation. There are
two kinds of markers, the running time markers and the dwell time markers, which are divided by a
horizontal line in Figure 10. All the running time markers are above the line, representing the timetable
specified running time. Those below the line are dwell time markers, indicating the timetable specified
dwell time. Each marker locates within a bar labeled with a section number i, which means that the
marker is either the running time of the ith section or the dwell time of the (i + 1)th station. There is
a horizontal dash line stemmed from each marker, representing the running/dwell time of the energy
saving methods. The distance between the dash line and the marker it stemmed from indicates the
difference in running/dwell time between the energy saving methods and the timetable.

Figure 10. Comparison of the running/dwell time between the timetable and the energy saving
methods. (BJCP, th = 240 s).
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The average traveling speed is also used to analyze the impact of the energy saving methods on
the operation, which can be calculated as

Vavg =
D

M−1

∑
i=1

(
tr′i + ts′i+1 + t̂r′i + t̂s′i+1

)
+ tr

, (23)

where tr′i and t̂r′i are the running time of the optimal solution in the ith section , ts′i+1 and t̂s′i+1 are the
dwell time of the optimal solution at the (i + 1)th station.

The TEC/REC, the running/dwell time and the average traveling speed of the energy saving
methods in long section scenarios with different headways are presented in Table 1.

Table 1. The energy consumption, running/dwell time and average traveling speed of the energy
saving methods (BJCP)

Headway Methods TEC (kWh) REC (kWh) Run time (s) Dwell time (s) Vavg (km/h)

240 s
Timetable 5616.3 0 2514 500 44.52

Existing 4388.8 919.1 2576.6 474 44.05

Proposed 4015.7 1348.4 2563.5 404 45.13

90 s
Existing 4740.9 629 2571.5 453 44.38

Proposed 3835.5 1700.3 2531.5 476 44.61

5.3. Simulation of Short Section Scenario

The operational data of Beijing Yizhuang subway line (BJYZ) is used in the simulation of short section
scenarios. There are 14 stations and eight electrical sections in the line. We use the same train parameters
as that of BJCP and simulate one round trip of 20 trains. The length of the sections are as follows:{

2632, 1274, 2366, 1983, 992, 1538, 1280, 1354, 2338, 2265, 2086, 1286, 1334
}

.

The trains can take ‘one-time traction’ strategy [27] in most of the sections. The currently adopted
headway of Beijing Yizhuang subway line is 300 s, which is used in simulation to illustrate the
effectiveness of the proposed method in short section big headway scenario. Furthermore, a 90 s
headway is used in simulation to illustrate the performance of our method in a short section small
headway scenario. Similar to the simulation of long section scenario, the differences in running time
between the speed profiles and the timetable are kept within ±10 s. The dwell time is adjusted in the
range of [25 s, 55 s].

The chromosome has 53 genes.The first 13 genes represent the indexes of the speed profiles of the
1st–13th sections in the down direction, respectively. The second 13 genes stand for the dwell time
of the 2nd–14th stations in the down direction. The third 13 genes denote the indexes of the speed
profiles of the 1st–13th section in the up direction. The fourth set of 13 genes represent the dwell time
of the 2nd–14th stations in the up direction. The last gene represents the headway.

The vectors of the lower and the upper bounds for the iterations of genetic algorithm are defined as

A =
[

I1,13 25 ∗ I1,13 I1,13 25 ∗ I1,13 300
]

,

B =
[

12 ∗ I1,13 55 ∗ I1,13 12 ∗ I1,13 55 ∗ I1,13 300
]

.

For the simulation of 240 s and 90 s headway, the best chromosomes are
[12 12 6 12 12 12 12 12 1 6 12 12 12 36 46 35 35 48 38 50 39 29 25 29 25 25 12 10 12 2 3 5 12 12 4 12 10

12 1 47 32 41 34 25 26 27 50 44 28 43 30 45 300] and
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[12 7 1 1 12 8 12 11 12 12 1 12 12 41 33 37 29 33 30 42 46 48 42 48 43 48 8 12 1 12 12 10 12 8 12 1 2 4
12 30 44 30 50 35 28 37 38 49 38 50 32 45 90], respectively.

The energy consumption of the energy saving methods with 300 s headway and 90 s headway are
described in Figures 11 and 12, respectively.
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Figure 11. Energy consumption of the energy saving methods (BJYZ, th = 300 s).
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Figure 12. Energy consumption of the energy saving methods (BJYZ, th = 90 s).

To analyze the impact of energy saving methods on the operation, the running time and the dwell time
of the timetable and those of the energy saving methods with 300 s headway are illustrated in Figure 13.
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Figure 13. Comparison of the running/dwell time between the timetable and the energy saving
methods. (BJYZ, th = 300 s).

The TEC/REC, the running/dwell time and the average traveling speed of short section scenarios
with different headways are given in Table 2.

Table 2. The energy consumption, running/dwell time and average traveling speed of the energy
saving methods (BJYZ).

Headway Methods TEC (kWh) REC (kWh) Run Time (s) Dwell Time (s) Vavg (km/h)

300 s
Timetable 8578.4 0 3322 840 35.98

Existing 6862.3 461 3532 1019 33.15

Proposed 6284.2 1444.9 3454.5 932 34.29

90 s
Existing 5027.8 2895.4 3430 1007 33.93

Proposed 4281.3 3789.7 3420.5 1026 33.86

5.4. Discussion

5.4.1. Long Section Big Headway Scenario

It is shown in Figure 8 that the TEC of the proposed method is less than that of the existing method
due to better utilization of regenerative energy. The TEC and REC data of 240 s headway at the end of
simulation are presented in Table 1. It is concluded that both methods reduce TEC remarkably through
making use of regenerative energy. Compared with the existing method, the proposed method can
further reduce the tractive energy consumption by 8.5%.

Vectors are defined to represent the number of extended, unchanged and shortened running/
dwell time:

Nrt = [nre, nru, nrs], Ndt = [nde, ndu, nds].

As shown in Figure 10, the Nrt and Ndt of the proposed method are [8, 2, 2] and [3, 0, 9], respectively.
Those of the existing method are [8, 2, 2] and [4, 3, 5]. It is observed that the proposed method extends
the running time of most sections, shortens the dwell time of most stations to reduce the TEC.
The existing method also extends the running time of most sections, and shortens about half of
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all the dwell time. The data of total running/dwell time and the average speed are presented in Table 1.
The existing and the proposed methods have approximately the same average traveling speed as the
timetable, which means that both methods have small impacts on operation. It should be noted that
the proposed method is more energy efficient than the existing method and can realize an even higher
average traveling speed than the timetable at the same time.

5.4.2. Long Section Small Headway Scenario

It is shown in Figure 9 that the proposed method is obviously more energy efficient since much
more regenerative energy is used, when compared with the existing method. From the TEC and
REC data of 90 s headway in Table 1, it can be found that, unlike the existing method, the proposed
method is more energy efficient in a small headway. Based on the running time, dwell time and
average traveling speed data, it can be concluded that the proposed method improves the utilization
of regenerative energy through increasing the running time and decreasing the dwell time as in the
case of big headway. Compared with the existing method, it can reduce the TEC by 19.1% and keep
the average traveling speed not below that of the timetable simultaneously.

5.4.3. Short Section Big Headway Scenario

Comparing the TEC/REC curves in Figure 11 between the two energy saving methods, it can be
found that the reduction in TEC is not as much as the increase in the REC of the proposed method.
Since different speed profiles are selected by the two methods, although the TE of the proposed method
is higher, much more regenerative energy is utilized to reduce the TEC by 8.4%, when compared with
the existing method. It can be seen from Figure 13 that the Nrt and Ndt of the proposed methods are
[18, 2, 6] and [14, 3, 9], respectively. Those of the existing methods are [22, 2, 2] and [20, 4, 2]. Both methods
increase the running time of most sections and the dwell time of most stations to improve the usage of
regenerative energy. The average traveling speed of the two methods are close to that specified by the
timetable, which means small impacts on the operation.

5.4.4. Short Section Small Headway Scenario

From the REC curves in Figure 12 and the data of the 90 s headway in Table 2, it is observed that
both methods use much more regenerative energy in the short section small headway scenario than in
other scenarios. The ratio of REC to TE of the proposed and the existing methods are 0.47 and 0.37,
respectively. The proposed method can save TEC by 14.9%. Both the running time and the dwell time
are extended to improve the usage of regenerative energy, the difference in the average traveling speed
between the proposed method and the timetable is larger than other scenarios. In general, the impacts
of the two methods on the operation are small.

It can be concluded that the proposed method outperforms the existing method in every scenario.
The improvement is remarkable, especially in a small headway. In long section scenarios, the proposed
method can save energy and keep the average traveling speed not lower than that specified by the
timetable. Its impact on the operation can be ignored.

6. Conclusions

In this paper, we proposed an improved train dispatch and control integrated energy saving
method. We set up a ‘time slot and energy grid’ model, which can effectively reduce the complexity of
analyzing the usage of regenerative energy among multiple bidirectional running trains. Based on the
model, we designed the energy saving method. The running time of trains in sections, the dwell time
of trains at stations and the headway (optional) were adjusted to synchronize the acceleration and
deceleration of trains in the same electrical section, improve the utilization of regenerative energy and
minimize the tractive energy consumption of all the trains on the line. To illustrate the effectiveness of
the proposed method, the operational data of Beijing Changping and Beijing Yizhuang subway lines
were used in simulation of long section and short section scenarios, respectively. When compared
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with an existing method, the proposed method can reduce the total tractive energy consumption by
8.5% and 19.1% in long sections big headway and long sections short headway scenarios, respectively.
In the case of short section with big headway and small headway, the proposed method can save
the total tractive energy consumption by 8.4% and 14.9%, respectively. It can be concluded that the
proposed method has a significant improvement in energy saving in every scenario, especially in the
case of a small headway. The remarkable performance is due to the improvement in the usage of
regenerative energy. At the same time, the impacts of the proposed method on the operation of the
urban rail transit were analyzed through comparison of the average traveling speed between timetable
and the proposed method. Due to the constraints put on the adjustment of the running time and the
dwell time, the impact of the proposed method on the operation can be ignored.

The method to calculate the energy saving was illustrated by simulation. It has not been validated
by real data. We will take the parameters of the power network into consideration, study the on-line
algorithm for rail-time traffic management and validate the energy saving effect of the method.
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