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Abstract: In this study, a novel method based on µ analysis is presented to search for the upper/lower
bounds of uncertainty parameters in microgrids (MGs). It is well known that uncertainty parameters
have important effects in a MG, and they may cause instability. Previous studies have mainly
focused on identifying the stability of a MG with its uncertainty parameters, but they did not
address the problem of the upper/lower bounds of uncertainty parameters, i.e., how far the
uncertainty parameters can be extended while the system remains stable in the small-signal sense.
Thus, we developed an approach for identifying the bounds of uncertainty in MGs. In the current
paper, first, a method is proposed for linear fractional transformation (LFT) configuration to express
the uncertainty parameters, which makes the stability of the nominal MG system independent of
any extension of the bounds. An algorithm based on this configuration is then designed to find
the upper/lower bounds for both single parameter and multiple uncertainty parameters in a MG.
Finally, the two cases are discussed, and the accuracy of the proposed method is confirmed using the
conventional eigenvalue method.

Keywords: µ-analysis; uncertainty parameter; upper/lower bound

1. Introduction

Microgrids (MGs) have attracted much attention throughout the world because of their significant
benefits for utility networks in terms of loss reduction and reliability improvement [1]. Most of the
generators in an MG are distributed generation (DG) units, which interface with the utility grid
through an ac/dc inverter [2]. However, the inverter does not have the same moment of inertia as
a synchronous generator, so the problem of MG stability has attracted considerable attention [3–15].
Previous studies regarding this issue have focused mainly on the stability of (1) systems with
fixed parameters; and (2) systems with uncertainty parameters. In the former systems, the values
vary in a range around the nominal value [4], and they are used to represent perturbations in the
equipment parameters, load changes, and controller parameters [4–7]. The major approaches used
to investigate the stability of systems with fixed parameters are the eigenvalue method [8–11] and
the impedance-based method [12–16]. In systems with uncertainty parameters, the parameters can
be regarded as parameters that vary within a certain range, but the aforementioned approaches are
not suitable in this case because the computational burden increases considerably for a sequence of
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parametric changes. In particular, multiple uncertainty parameters are present in the system, and thus,
µ analysis must be be employed [5–7,17–19].

Previous studies have focused on the stability of systems. However, it is also very important
to establish the stability margin for a system in terms of its parameters and to calculate its range of
stability. The main techniques employed to address this problem for fixed parameters are the eigenvalue
method [20,21] and the bifurcation method [22–26]. The eigenvalue method needs to determine the
dominant eigenvalue as a function of the parameters. In order to reduce the computational burden
associated with the eigenvalue method, modified approaches have been proposed, such as the eigenvalue
sensitive algorithm [27,28] and the continuation of invariant subspaces method [29]. Other techniques
for addressing this problem are bifurcation methods, such as the Hopf bifurcation [22,23], saddle-node
bifurcation [24,25], and structure-induced bifurcation [26]. An advantage of these methods is that they can
directly calculate the variable values of parameters that make the eigenvalue cross the stability boundary.

To the best of our knowledge, no previous studies have addressed this issue with respect to
uncertainty parameters. In fact, uncertainty parameters have important effects on the stability of MGs,
and they are considered fully in stability estimates [16–19,30–33]. Therefore, it is necessary to establish
the stability margin of a system in terms its the uncertainty parameters and to obtain its upper/lower
bounds. It should be noted that although the super upper value of the largest structured singular
value (SSV) of a system is an accurate index for determining the stability of a system in the presence
of uncertainty parameters, this value cannot be treated as the stability margin with respect to the
uncertainty parameters. This is because the inverse of the super upper value of the largest SSV only
indicates the allowable margin of deviation from the nominal value. The system is determined as
unstable regardless of whether the lower bound of the parameter decreases or the upper bound of the
parameter increases. Moreover, if multiple uncertainty parameters are considered, the relationship
between the inverse of the super upper values of the largest SSV and the stability boundaries of the
parameters will be much more complex.

In the present study, we developed an approach to search for the bound of an uncertainty
parameter in an MG. In the current paper, first, a linear fractional transformation (LFT) method is
introduced to express an uncertainty parameter. The frameworks for the DG unit and MG are then
constructed. We also propose an algorithm for identifying the upper/lower bounds of an uncertainty
parameter. The proposed method is used to study the parameters for a droop controller in an MG.
The selection of these parameters is based on the following consideration: the parameters for a droop
controller are determined during the operation of the system, but the parameters have no defined
values and they are only are subject to a few constraints [4], and thus, different designers may select
different values. Therefore, the droop parameter can be treated as an interval variable, and it is
necessary to evaluate the system’s margins in terms of different parameters. Finally, in order to
provide a comprehensive evaluation of the proposed method, two case studies are performed. In the
first case study, we search for the upper/lower bounds of a single uncertainty parameter. In the
second case study, we demonstrate the capacity of the proposed approach to identify the stability
boundaries for multiple uncertainty parameters. The stability boundaries obtained are confirmed
using the eigenvalue method.

The main contributions of this study are summarized as follows:

(1) An algorithm is proposed to search for the upper/lower bounds of uncertainty parameters in
MGs. In addition, a method is proposed for LFT to configure the uncertainty parameters, which
has general applicability to the determination of uncertainty parameters.

(2) The method for configuring DG units is described in detail, and it can readily be extended to an
MG with multiple sources. Based on theoretical procedures, we demonstrate how to study the
uncertainty parameters in other MG structures.

(3) If this method is applied correctly, it is possible to accurately identify the stability boundaries for
uncertainty parameters.
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2. Problem Statement

2.1. Description of an MG and Its Controller

Figure 1 shows a schematic illustrating an MG and its control structure. The MG comprises
two electronically-coupled DG units and a three-wire balanced load. In each DG unit, the inverter is
supplied by a DC voltage source, and it is integrated into the MG through an LCL lower pass filter
and inductive wire. During normal operation, the MG is connected to the utility through an intelligent
bypass switch (IBS), and it supplies power together with the grid. When the grid is absent, the IBS is
open and the MG enters the islanded mode, which supports the frequency and voltage of the system.
The control strategy for the DG unit in island mode is based on three loops [31], i.e., an outer loop
control shares the load by employing the droop strategy, a middle loop follows the reference voltage
using a proportional-integral regulator, and an inner loop enhances the system’s dynamic response
capacity via a proportion controller.
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Figure 1. Structure and control structure for a microgrid (MG). IBS: intelligent bypass switch; PWM:
Pulse-Width Modulation; PLL: Phase Locking Loop.

As shown in Figure 2, an analogue block diagram of a DG unit and the control loop are built in
the d− q rotating reference frame. In the block diagram, the currents of two inductors, îLdq and îodq,
the voltage of the capacitor, v̂odq, the outputs average power, P̂ and Q̂, and the virtual variable, Φ̂dq
are taken as the state variables. The external input and output variables are îodq and v̂bdq, respectively.
Details of the mathematical derivations and the sign convention are explained in Appendix A.
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Details of the mathematical derivations and the sign convention are explained in Appendix A. 

 
Figure 2. Analogue block diagram of a distributed generation (DG) unit and its controller. 

 −

+
−  +

−
+

1

fC  +
−
+

1

cL
+

−
+ +

−
−

+−

+

+cpK

1

fL

++ + ++
− c od c oq

c oq c od

V V

V V

ω ω
ω ω

 
 − 

c od c oq

c oq c od

I I

I I

ω ω
ω ω
 
 − 

vpK

DGviK

ˆ
ˆ
id

iq

v

v

 
 
 

ω̂ ω̂

Φ̂

ˆ
ˆ
ld

lq

i

i

 
 
  

ˆ
ˆ
od

oq

i

i

 
 
  

ˆ
ˆ
bd

bq

v

v

 
 
 

ω̂

*ˆov

*
l̂i

l̂i ˆov

2
DCV

ˆ

ˆ
P

Q

 
 
  

2N

u

ˆ
ˆ
od

oq

v

v

 
 
 

y
1̂x 2x̂ 3x̂

4x̂

Filter

Droop 
controller

Voltage / current  
controller

Input 
vector

Output
vector0

0

f oq

f od

C V

C V

 
 − 

o 0

0

c q

c od

L I

L I

 
 − 

0

0

/
/

Lf f

Lf f

R L

R L

ω
ω

− 
 
 

0

0

0
0
ω

ω
− 

 
 

0

0

/
/

Lc c

Lc c

R L

R L

ω
ω

− 
 
 

0
0
c

c

ω
ω

 
 
 

ω̂

0

0

L
-L

f Lq

f Ld

I

I

 
 
 

Figure 2. Analogue block diagram of a distributed generation (DG) unit and its controller.

2.2. The Impact of Droop Parameters on Microgrid Stability

To consider the impact of the droop parameters on the stability of the MG, an eigenvalue analysis
of the MG was conducted based on the small-signal model in Figure 1. Figure 3 shows the locus plots
of the dominant eigenvalues as functions of the frequency droop parameter. Clearly, as the frequency
droop parameter increases, the eigenvalues move toward the unstable region, which indicates that the
stability margin of the MG is reduced. If the eigenvalues are sufficiently close to the positive axis, then
even small fluctuations in the droop parameters can have considerable effects on the system’s stability.
Large droop parameters can make the MG more oscillatory and lead to instability, but they may
effectively improve the transient response of the DG unit [2]. In general, designers balance the tradeoff
between the transient response and the stability when setting droop parameters. Therefore, considering
that droop parameters play important roles in a system’s stability, and because of the system’s actual
characteristics, it is necessary to study the stability boundaries for the droop parameters.
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3. Methodology

3.1. µ Analysis of the Stability of a System with Uncertainty Parameters

µ analysis [32] is a method used for examining whether a structured perturbation system is stable.
Figure 4 shows the standard M− ∆ configuration of a structured perturbation system, where M(s)
denotes the transfer function of a nominal system, and ∆ represents the “parametric uncertainty”
of the system, and both are stable and bounded. It is assumed that the block structure, ∆, has been
normalized, i.e., ‖∆‖∞ < 1. According to the definition of the µ analysis, if and only if the inequality
relationship, µ∆(M(s)) < 1, is satisfied, then the structured perturbation system is stable with respect
to ∆, where µ∆(M(s)) := sup

ω∈<
µ∆(M(jω)) represents the super upper value of the largest SSV of

µ∆(M(jω)) in the frequency domain. In contrast, if µ∆(M(s)) > 1, then the structured perturbation
system is unstable with respect to ∆. Therefore, the super upper value of the largest SSV can be treated
as an index for identifying the stability of a perturbation system.

It should be noted that two limitations of the µ analysis need to be addressed: the system needs
to be represented as the M− ∆ configuration before the µ analysis, and a stable M(s) is the premise
for the µ analysis. These limitations constrain the configuration of M, and they are fully considered in
the proposed algorithm. In order to satisfy these limitations, we introduced a method to build the LFT
configuration for the uncertainty parameters.
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3.2. Proposed Method for Configuring an MG

3.2.1. Proposed LFT Configuration for Uncertainty Parameters

Figure 2 shows a block diagram of a DG unit. In general, an MG employs the droop strategy
to share the load in the islanded mode. Let P̂ and Q̂ be the terminal active power and reactive
power of a DG unit, respectively, and v∗o and ω̂ are the output reference voltage and frequency of the

droop controller. The transfer function of droop controller, GD, from input w =
[

P̂ Q̂
]T

to output

z =
[

ω̂ v∗o
]T

is expressed as [31]:
z = GDw, (1)

where GD =

[
−m 0

0 −n

]
.

As explained previously, the parameters m and n are treated as interval variables in this study.
In general, a parameter, c, that is bounded in the region [a, b] can be represented as a perturbation of
its nominal value, c0 [32]:

c = c0(1 + λcδc), δc ∈ [−1, 1], (2)

where c0 = (a + b)/2 and λc = (b− a)/(a + b).
In Equation (2), the perturbation of a parameter is described in two parts, where δc denotes the

mathematical perturbation and λc is the named size coefficient representing the size of the perturbation.
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Thus, the frequency droop parameter, m, and the voltage droop parameter, n, can be expressed as
Equations (3) and (4), respectively:

m = m0(1 + λmδm), (3)

n = n0(1 + λnδn), (4)

where m0 and n0 are the nominal values of parameters m and n, respectively, and λm and λn are the
named size coefficients which adjust the size of the interval for each parameter.

After substituting Equations (3) and (4) into Equation (1), the transfer function, GD, is as follows:

GD =

[
−m0(1 + λmδm) 0

0 −n0(1 + λnδn)

]
. (5)

By employing the LFT method, the perturbations in the transfer function, GD, are extracted and
arranged in a diagonal matrix, ∆. Correspondingly, the transfer function, GD, is expanded and the
fictitious vectors are introduced as the increased input and output vectors. The configuration for GD is
depicted in Figure 5.Energies 2018, 11, x 6 of 24 
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In Figure 5, the fictitious vectors, e =
[

em en

]T
and d =

[
dm dn

]T
, represent the input

vector and the output of the perturbation block, ∆, respectively. The transformations are given by[
−m0(1 + λmδm) 0

0 −n0(1 + λnδn)

]
=

[
−m0 0

0 −n0

]
+

[
−m0 0

0 −n0

][
δm 0
0 δn

][
λm 0
0 λn

]
= Fu(Q, ∆mn) = Q22 + Q21∆mn(I −Q11∆d)

−1Q12

, (6)

where

Q11 =

[
0 0
0 0

]
, Q12 =

[
λm 0
0 λn

]
, Q21 =

[
−m0 0

0 −n0

]
, Q22 =

[
−m0 0

0 −n0

]

such that

Q =

[
Q11 Q12

Q21 Q22

]
,∆mn =

[
δm 0
0 δn

]
.

It should be noted that the matrix GD can be decomposed in different ways, and the matrices Q11,
Q12, Q21 and Q22 have other solutions. In this study, all of the size coefficients were arranged in block
Q12 where the output was the fictitious vector, e. This arrangement ensured that the stability of the
nominal system was independent of the coefficients, λm and λn, as explained in Section 3.3.
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3.2.2. Framework of the MG for µ Analysis

The models of the controllers and the circuits for the DG unit are shown in Figure 2. By substituting
the LFT configuration, Q, into uncertainty model GD in the analogue block diagram, the state-space
small-signal expressions of DG with uncertainty parameters can be obtained:

.̂
xDGi = ADGi x̂DGi + B1_DGidDGi + B2_DGiuDGi + B3_DGiω̂com (7)

eDGi = C1_DGi x̂DGi (8)

yDGi = C2_DGi x̂DGi (9)

dDGi = ∆mneDGi, (10)

where x̂DGi =
[

θ̂i îLdi îLqi v̂odi v̂oqi îodi îoqi P̂i Q̂i Φ̂di Φ̂qi

]T
are the state vectors of

the DG unit. The input vectors are dDGi =
[

dm dn

]T
and uDGi =

[
v̂bdi v̂bqi

]T
, and the output

vectors are eDGi =
[

em en

]T
and yDGi =

[
îodi îoqi

]T
. ω̂com is the angular frequency of the

common reference frame, and θ̂i represents the angle between the individual reference frame and
the common reference frame. The matrices for ADGi, B1_DGi, B2_DGi, B3_DGi, C1_DGi, and C2_DGi are
as follows:

ADGi =



0 0 0 0 0 0 0 −mo 0

0
−RL f

L f
− Kcp

L f
ω0

−1
L f
− 1

L f
KvpKcp 0 0 0 −mo ILq

1
L f

KvpKcp

0 −ω0
−RL f

L f
− Kcp

L f
0 −1

L f
− 1

L f
KvpKcp 0 0 mo ILd 0

0 1
C f

0 0 ω0 − 1
C f

0 −moVoq 0

0 0 1
C f

−ω0 0 0 − 1
C f

moVod 0

0 0 0 1
Lc

0 −RLC
C f

ω0 −mo Ioq 0

0 0 0 0 1
Lc

−ω0
−RLC

C f
mo Iod 0

0 0 0 ωc Iod ωc Ioq ωcVod ωcVoq −ωc 0

0 0 0 ωc Ioq −ωc Iod −ωcVoq ωcVod 0 −ωc

0 0 0 −1 0 0 0 0 −n0

0 0 0 0 −1 0 0 0 0



B1_DGi =

[
−m0 −m0 ILq m0 ILd −m0Voq m0Vod −m0 Ioq m0 Iod 0 0 0 0

0 −1
L f

KvpKcpn0 0 0 0 0 0 0 0 −n0 0

]T

,

B2_DGi =

[
0 0 0 0 0 − 1

Lc
0 0 0 0 0

0 0 0 0 0 0 − 1
Lc

0 0 0 0

]T

,

B3_DGi =
[
−1 0 0 0 0 0 0 0 0 0 0

]T
,

C1_DGi =

[
0 0 0 0 0 0 0 λm 0 0 0
0 0 0 0 0 0 0 0 λn 0 0

]
,

C2_DGi =

[
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0

]
.

It should be noted that although this model is similar to the small-signal models presented
Mohamed and El-Saadany [3], the difference between the two models is obvious because the
uncertainty is integrated into the droop parameters of the DG unit in the present study, which changes
the configuration of the DG unit. The configuration for the DG unit with the uncertainty parameter is
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shown in Figure 6, where GDGi, represented by Equations (7)–(9), denotes the transfer function matrix
of the nominal model of the DG unit. The perturbation block, ∆d, represents the variations in the
droop parameters.
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Figure 6. LFT configuration of a DG unit.

To obtain the small-signal model for the MG, the DG unit described by Equations (7)–(10) is
combined with those for the load and network. This combination is shown in Figure 7, and the
mathematical derivations are presented in Appendix B. The complete state-space expressions for the
MG are as follows: 

.̂
xDG

.̂
ilineDQ
.̂
iloadDQ

 = Acon

 x̂DG
îlineDQ
îloadDQ

+ Bcon

[
dDG1
dDG2

]
, (11)

[
eDG1
eDG2

]
= Ccon

 x̂DG
îlineDQ
îloadDQ

, (12)

[
dDG1
dDG2

]
= ∆

[
eDG1
eDG2

]
=

[
∆mn_DG1

∆mn_DG1

][
eDG1
eDG2

]
. (13)

In Equations (11)–(13), the system state matrices, Acon, Bcon, Ccon and ∆, are as follows:

Acon =


A′DG + RN × B′2_DG ×MDG × C′2_DG RN × B′2_DG ×MNET RN × B′2_DG ×MLOAD

RN × B1_net ×MDG × C′2_DG +
[

B2_net × Bx_ωcom 04×11

]
Anet + RN × B1_net ×MNET RN × B1_net ×MLOAD

RN × B1_load ×MDG × C′2_DG +
[

B2_load × Bx_ωcom 02×11

]
RN × B1_load ×MNET Aload + RN × B1_load ×Mload



Bcon =

 Bcon1

Bcon2

Bcon3

, Ccon =

[
C1_DG1 02×11 02×6

02×11 C1_DG2 02×6

]
,

A′DG =

[
(ADG1 + B2_DG1T−1

V1 E) + B3_DG1 × Bx_ωcom 011×11

B3_DG2 × Bx_ωcom (ADG2 + B2_DG2T−1
V2 E)

]
,

B′2_DG =

[
(B2_DG1T−1

S1 ) 011×2 011×2

011×2 011×2 (B2_DG2T−1
S2 )

]
C′2_DG =

[
TS1C2_DG1 + TC1E 02×11

02×11 TS2C2_DG2 + TC2E

]
,

Bcon1 =

[
B1_DG1 + B3_DG1 × Bd_ωcom 0

B3_DG2 × Bd_ωcom B1_DG2

]
, Bcon2 =

[
B2_net × Bd_ωcom 04×2

]
,

Bcon3 =
[

B2_load × Bd_ωcom 02×2

]
,
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where Anet, B1_net, B2_net, MDG, MNET , MLOAD, TS1, TS2, T−1
V1 , T−1

V1 , TC2, and TC1 are given in the
Appendix B. The M− ∆ configuration for Equations (11)–(13) is shown in Figure 8.

It should be noted that coefficients λm and λn are excluded from matrix Acon due to the proposed
arrangement for the uncertainty parameter. In fact, after LFT divides the perturbation function, GD,
into the nominal function, Q, and uncertainty blocks, ∆, the fictitious output vector, e, of the nominal
function does not participate in the calculation of the state equations of the DG system Furthermore,
Figure 7 shows that the fictitious vector, eDG, which comprises all of the fictitious vectors, e, in each
DG unit still does not participate in the calculation of the state equations for the nominal system,
GMG. Therefore, the stability of the nominal system, GMG, is independent of coefficients λm and λn

under this configuration. The proposed configuration accurately represents the system with parameter
variations, and it is suitable for the subsequent µ analysis.Energies 2018, 11, x 9 of 24 
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Figure 8. M− ∆ configuration of a MG with uncertainty parameters.

3.3. Stable Upper/Lower Bound Analysis for a Single Uncertainty Parameter

After the MG with uncertainty parameters has been described using Equations (11)–(13), the value
µ∆(GMG) can reflect the stability of the MG with respect to a given parameter within a certain range.
For convenience, we consider parameter c instead of parameter m or n in the following explanation.
First, we discuss the case with only one uncertainty parameter in an MG. According to the µ definitions,
if the value of µ∆(GMG(c0, λc)) is less than 1, the MG is stable and parameter c takes any value within
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the range of [c0 − λc, c0 + λc]. In contrast, when µ∆(GMG(c0, λc)) is greater than 1, this indicates that
this range is greater than the stability boundary for parameter c. Based on this fact, we propose the
following method for identifying the upper/lower bounds of an uncertainty parameter.

First, the value c0 is initiated as the operating value for the MG and the size coefficient, λc_0, is
set. The size coefficient, λc_0, is then increased in steps of tλ to extend the interval of parameter c.
The iterative process is completed up to a value of λc_n, which makes µ∆(GMG(c0, λc_i)) greater than 1.
As shown in Figure 9a, two possible options can trigger µ∆(GMG(c0, λc_n)) to exceed 1: the extension
of the interval to reach the lower bound of parameter c if the initial value, c0, is near the lower bound;
or if the value of c0 is close to the upper bound, the upper bound of parameter c is reached first.
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To determine the most appropriate possible option, the size coefficient is fixed at λc_n, and the
nominal value, c0, is reduced by a step, tλ. If the value of µ∆(GMG(c0 − tλ, λc_n)) changes to less
than 1, the trigger is the upper bound of the parameter, and it must fall within the interval of
[c0 + λc_n−1, c0 + λc_n]; otherwise, if the value of µ∆(GMG(c0 − tλ, λc_n)) remains greater than 1,
the trigger is the lower bound, where the value is limited within [c0 − λc_n, c0 − λc_n−1]. Theoretically,
the size coefficient that makes µ∆(GMG(c0, λc_i)) closest to 1 denotes the maximum size of the
perturbation of parameter c. However, it is difficult to satisfy this condition because it incurs
considerable computational burden. Thus, it is replaced by the maximum size coefficient to make
µ∆(GMG(c0, λc_i)) no more than 1. For instance, λc_n−1 is selected as the maximum size of the
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perturbation, and the upper bound of c is taken as c0 + λc_n−1. This selection will make the error no
more than step value tλ.

For the other bound of uncertainty parameter c, we first consider the case where the previous
trigger is the upper bound of parameter c. To identify the lower bound of c, the size coefficient is
fixed at λc_n according to the steps shown in Figure 9a, and the nominal value, c0, is reduced in steps
of tc. As shown in Figure 9b, as c0 decreases, the interval [cj − λc_n, cj + λc_n] slides to the left so
the system enters a stable state again. Up to the point where the lower bound of the uncertainty
parameter is included in the interval, the value of µ∆(GMG(cm, λc_n)) will change to exceed 1; the
lower bound of the parameter is subsequently within the interval of [cm − λc_n, cm + λc_n]. To further
identify the accurate point for the lower bound, cm is then fixed and λc_n decreases in steps of tλ to
narrow the interval. According to the theoretical µ analysis, if the lower bound is outside the range of
[cm − λc_k, cm + λc_k], then the value of µ∆(GMG(cm, λc_k)) becomes smaller than 1. Hence, the lower
bound of the parameter can be taken as cm − λc_k. Similarly, if the previous trigger is the lower bound
of the parameter, the upper bound of parameter c can also be obtained in this manner. This process is
shown in Figure 9c.

The key to this method is satisfying the requirement of the µ analysis that the nominal system,
GMG(cj, λc_i), should be stable. This requirement can be classified with two cases, as follows. In the
first case, we consider how changing the size coefficient, λc_i, affects the stability of GMG(cj, λc_i) when
the nominal parameter, cj, is fixed. Clearly, the stability of nominal system GMG(cj, λc_i) is determined
by matrix Acon of system state space expressions. However, in the proposed method, coefficients λm

and λn are not introduced into matrix Acon, and thus the internal stability of the nominal system,
GMG(cj, λc_i), remains the same as the steady state regardless of how the size coefficients change.

In the second case, we consider that the size coefficient is fixed at λc_n, and we need to ensure
the stability of nominal system GMG(cj+1, λc_n) when the nominal parameter varies from cj to cj+1.
According to the µ analysis, if the size coefficients have no impact on the stability of the nominal
system, then the conditions in which the perturbation system is stable with respect to c in the range
of
[
cj − λc_n, cj + λc_n

]
can ensure that the nominal system GMG(cj, λc_n) is stable with respect to

parameter cj in the same range. Thus, this condition is satisfied provided that step tc does not exceed
step λc_n. In the proposed method, the value of tc is set as equal to λc_n.

3.4. Analysis of Stability Boundaries for Two Uncertainty Parameters

In this problem, we note that for an uncertainty parameter, c1, there is a stability boundary, c2,
for the uncertainty parameter under the MG, as shown in Figure 10. The stability boundaries of the
two uncertainty parameters comprise many of these areas. Therefore, obtaining the stability boundary,
c2, for a given uncertain parameter, c1, is crucial for solving this problem. Therefore, we assume that
parameter c1 can be expressed as

c1 = c10(1 + λc1δc1), δc1 = [−1, 1], (14)

where c10 = (ac1 + bc1)/2 represents the mean of c1 in the range [ac1, bc1] and λc1 = (bc1− ac1)/(ac1 + bc1).
By substituting c10 and λc1 from Equation (14) into Equations (11)–(13), the problem of searching

for stable boundaries for c1 and c2 can be simplified as identifying the stability boundary of a single
parameter, c2. The details of the algorithm are given in Figure 11, and the search process is depicted
in Figure 12, where the vertical axis denotes the predetermined range of c1, and the horizontal axis
represents the range of c2.
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4. Study Cases

Next, we present examples to demonstrate how the proposed method can be used to obtain the
upper/lower bounds of uncertainty parameters in the MG shown in Figure 1. The nominal values of
the system parameters are given in Table 1. Two cases were considered in this study: (1) searching
for the stability boundary for a single uncertainty parameter; and (2) searching for two uncertainty
parameters in the MG. The eigenvalues of the uncertain MG under the parameters in the boundary
obtained were calculated to verify the result.

Table 1. Microgrid (MG) Parameters.

Parameter Symbol Value

Inverter switching frequency f 5 kHz
Filter inductance L f 1.5 mH
Parasitic resistor RL f 0.001 Ω
Filter capacitance C f 102 µF
Filter inductance Lc 0.53 mH
Parasitic resistor RLc 0.05 Ω

Rating of output voltage V∗c 311 V
Nominal frequency f ∗ 50 Hz

Q−V droop n 22× 10−4

P−ω droop m 1× 10−3

Parameters for lines 1 and 2
RLine 0.1 Ω
LLine 1.12 mH

Load parameters RLoad 4.279 Ω
LLoad 2.94 mH

4.1. Case 1: Analysis of the Upper/Lower Stability Bounds for a Single Uncertainty Parameter

In this case, we assumed that the system in Figure 1 was subject to a single uncertainty parameter,
i.e., parameter m or n, and the proposed method was employed to identify the stable boundary for
each parameter of interest. It should be noted that the constraints on the parameters were considered,
i.e., the values of mDG1 and mDG2 were limited by the rated active power ratio, ε1, of DG1 to DG2.
Similarly, the values of nDG1 and nDG2 were limited by the reactive rated power ratio, ε2, of DG1 to DG2.
Thus, the size coefficients of the two DG units were set to λm_DG1 = ε1λm_DG2 and λn_DG1 = ε2λn_DG2.
First, we considered the parameter m to be the uncertainty in the MG. To illustrate the search process
using the proposed method, the value of µ∆(GMG) as a function of the size coefficient λm_DG1 is plotted
in Figure 13a, where m0 = 22× 10−4, λm_0 = 0.06, and tλ = 0.01. As the size coefficient, λm_DG1,
increased, the value of µ∆(GMG) increased gradually and became close to 1, thereby indicating that the
robust margin of the system was reduced. When the size factor, λm_DG1, had a value of 0.17, µ∆(GMG)

was able to reach 0.9629. As λm_DG1 continued to increase by one step, the value of µ∆(GMG) was
1.018, which showed that the system was unstable. Therefore, the maximum value of λm_DG1 at which
the system remained stable was 0.17. By substituting this value into Equation (3), we derived the
upper bound of the frequency droop parameter mDG1 as 25.74× 10−4. Thus, the system is stable in the
small-signal sense provided that the parameter mDG1 is smaller than 25.74× 10−4.

To verify the result, the eigenvalues were calculated for the MG system with the parameter, mDG1,
under this stability range, and they are plotted in Figure 13b. The initial conditions of the system were
the same as those described above. As shown, as parameter mDG1 increased from 0 to 25.8× 10−4,
some eigenvalues moved toward the unstable region, and only a few eigenvalues were far from the
positive real axis. Clearly, all of the dominant eigenvalues fell into the left half plane. However, as the
value of mDG1 increased to 26.2× 10−4, a pair of eigenvalues crossed the imaginary axis. Thus, the
stability boundary of mDG1 can be taken as 25.8× 10−4, which is close to the computed boundary
given in Figure 13a, although it is not equal.
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Figure 13. (a) Value of µ∆(GMG(s)) for size coefficients λm_DG1 and nDG1 = 1× 10−3; (b) dominant
eigenvalues for the MG with 0 ≤ mDG1 ≤ 26.2× 10−4 and nDG1 = 1× 10−3.

To further illustrate function µ∆(GMG(s)), the frequency responses of µ∆(GMG(jω)) were plotted
by considering the droop parameters, mDG1, of 25.08 and 25.96. For the first value, µ∆(GMG(jω))

was smaller than 1 for the entire frequency domain. In contrast, when parameter mDG1 was set to
25.96, Figure 14 clearly shows that the maximum value of µ∆(GMG(jω)) was 1.188 at a frequency of
approximately 88 rad/s. Thus, the system was unstable under this value.
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Figure 14. Frequency responses of µ∆(GMG(jω)) for the MG with size coefficients of (a) mDG1 = 25.08
and (b) mDG1 = 25.96.

Next, we considered parameter n as the uncertainty in the MG system. Figure 15a shows the
trajectory of µ∆(GMG) as a function of size coefficient λn_DG1. The initial values for n0 and λn_0 were
1× 10−3 and 0.1, respectively, and the step size, tλ, was 0.05. As shown, using the maximum size
factor, λn_DG1, the value of µ∆(GMG) was smaller than 1 at 0.75. By substituting the value of λn_DG1
into Equation (4), we derived the upper bound of the voltage droop parameter, nDG1, as 1.75× 10−3.

In addition, we calculated the eigenvalues of the MG system with the parameter, nDG1, within this
range to verify the result. Figure 15b shows the traces of the dominant eigenvalues when the voltage
droop parameter, nDG1, varied from 0 to 1.8× 10−3. When the droop parameter, nDG1, was not greater
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than 1.7× 10−3, all of the dominant eigenvalues fell into the left half plane. An eigenvalue crossed the
imaginary axis when the droop parameter, nDG1, was 1.8× 10−3, which is close to the stability range
obtained using the proposed method.

Energies 2018, 11, x 16 of 24 

 

_ 1n DGλ  into Equation (4), we derived the upper bound of the voltage droop parameter, 1DGn , as 
31.75 10−× .  

In addition, we calculated the eigenvalues of the MG system with the parameter, 1DGn , within 
this range to verify the result. Figure 15b shows the traces of the dominant eigenvalues when the 
voltage droop parameter, 1DGn , varied from 0 to 31.8 10−× . When the droop parameter, 1DGn , was 
not greater than 31.7 10−× , all of the dominant eigenvalues fell into the left half plane. An eigenvalue 
crossed the imaginary axis when the droop parameter, 1DGn , was 31.8 10−× , which is close to the 
stability range obtained using the proposed method. 

 
(a) (b) 

Figure 15. (a) Value of (G (s))MGμΔ  with size coefficients _ 1n DGλ  and 422 10m −= × . (b) Dominant 

eigenvalues for the MG with 30 1.8 10n −≤ ≤ ×  and 422 10m −= × . 

4.2. Case 2: Analysis of the Stability Range for Two Uncertainty Parameters 

In this case, the system in Figure 1 was subject to simultaneous variations in two parameters, m  
and n . The proposed method was employed to identify the stable boundaries for these parameters. 
As explained previously, we first addressed the problem of how to obtain the stability boundary of 
uncertainty parameter 2c  when 1c  varied within a certain range. For example, the uncertainty 
parameter, DGm , had an interval of 4 419.8 10 , 24.2 10− − × ×  ; then, using the proposed method, the 

stability boundary for parameter DGn  was determined as 30,1.3 10− ×  . Thus, the system is stable if 

( ),DG DGm n  is in the closed area shown in Figure 16. 

 
Figure 16. The stable region for droop parameters in the MG. 

To verify the region obtained, we considered as many points ( ),DG DGm n  as possible in this 
region and investigated the stability of the MG system at each point. Without any loss of generality, 
m  was set to 419.8 10−× , 422 10−× , or 424.2 10−× , and n was taken as being within 30 1.3 10n −≤ ≤ × . 
The eigenvalues of an MG system considering such values are depicted in Figure 17, which 
demonstrates that the system remained stable when m  and n were within this range. Outside this 
range, such as when the parameter n increased slightly, an eigenvalue crossed the imaginary axis 

n

m
19.8 24.2

13

Figure 15. (a) Value of µ∆(GMG(s)) with size coefficients λn_DG1 and m = 22× 10−4. (b) Dominant
eigenvalues for the MG with 0 ≤ n ≤ 1.8× 10−3 and m = 22× 10−4.

4.2. Case 2: Analysis of the Stability Range for Two Uncertainty Parameters

In this case, the system in Figure 1 was subject to simultaneous variations in two parameters,
m and n. The proposed method was employed to identify the stable boundaries for these parameters.
As explained previously, we first addressed the problem of how to obtain the stability boundary
of uncertainty parameter c2 when c1 varied within a certain range. For example, the uncertainty
parameter, mDG, had an interval of

[
19.8× 10−4, 24.2× 10−4]; then, using the proposed method,

the stability boundary for parameter nDG was determined as
[
0, 1.3× 10−3]. Thus, the system is stable

if (mDG, nDG) is in the closed area shown in Figure 16.
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Figure 16. The stable region for droop parameters in the MG.

To verify the region obtained, we considered as many points (mDG, nDG) as possible in this
region and investigated the stability of the MG system at each point. Without any loss of generality,
m was set to 19.8 × 10−4, 22 × 10−4, or 24.2 × 10−4, and n was taken as being within 0 ≤ n ≤
1.3× 10−3. The eigenvalues of an MG system considering such values are depicted in Figure 17, which
demonstrates that the system remained stable when m and n were within this range. Outside this
range, such as when the parameter n increased slightly, an eigenvalue crossed the imaginary axis
immediately. Similarly, when parameter m increased slightly, a pair of eigenvalues moved to cross the
imaginary axis.
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Figure 17. Dominant eigenvalues of a MG when 19.8× 10−4 ≤ m ≤ 24.2× 10−4, 0 ≤ n ≤ 1.3× 10−3.

We then addressed the problem of the stability ranges for m and n. As explained previously,
the stability ranges comprised multiple areas, as shown in Figure 10. To clearly illustrate the
relationship between the stability boundaries of m and n, we employed the size coefficients λm

and λn instead of m and n, respectively, to plot the stability range. Figure 18 shows the stability
bounds for λm and λn, where each point on this black line represents the upper bound of parameter
λn corresponding to each value of λm. For example, when the size coefficient, λm, had a value of
about 0.08, the maximum size coefficient, λn, was 0.4. After converting these values to m and n using
Equations (3) and (4), respectively, we found that when the uncertainty of parameter m was smaller
than 23.76× 10−4, the system was stable provided that the uncertainty of parameter n was smaller
than 1.4× 10−3.
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Figure 18. The stable region for size coefficients λm and λn.

5. Simulation Study

To further demonstrate the validity of the stability boundaries for the droop parameters,
a model of the MG considered in this study was simulated with PSCAD/EMTDC software
(Version:4.2.1, Manitoba HVDC Research Centre, Winnipeg, MB, Canada). A detailed illustration of
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the inverter circuit, pulse-width modulation (PWM) schemes, and power control is shown in Figure 1.
The parameters and initial conditions for the system are listed in Table 1.

Two size coefficients for the droop parameters were selected from the values shown in Figure 18,
λm = 0.1 and λn = 0.2, which were in the stability range, and λm = 0.13 and λn = 0.3, which were
outside the range. The values of the size coefficients were converted into m and n using Equations (3)
and (4), respectively.

Figure 19 shows the dynamics of the output voltages and currents for the two sets of droop
parameters. The system started from a steady state where the output currents and voltages for both
DG1 and DG2 were close to constant. At t = 1.02 s, the first set of data was assigned to m and
n. After t = 1.1 s, the other set of data was assigned. Figure 19 shows that the system remained
stable for the first set of droop parameters. However, for data outside these points, the instantaneous
currents and voltages oscillated for more than 10 cycles, and eventually became unstable. Therefore,
the simulation results demonstrate the accuracy of the stability boundaries of the droop parameters
predicted by µ analysis.

Energies 2018, 11, x 18 of 24 

 

To further demonstrate the validity of the stability boundaries for the droop parameters, a model 
of the MG considered in this study was simulated with PSCAD/EMTDC software (Version:4.2.1, 
Manitoba HVDC Research Centre, Winnipeg, MB, Canada). A detailed illustration of the inverter 
circuit, pulse-width modulation (PWM) schemes, and power control is shown in Figure 1. The 
parameters and initial conditions for the system are listed in Table 1.  

Two size coefficients for the droop parameters were selected from the values shown in Figure 
18, =0.1mλ  and =0.2nλ , which were in the stability range, and =0.13mλ  and =0.3nλ , which were 
outside the range. The values of the size coefficients were converted into m and n using Equations (3) 
and (4), respectively. 

Figure 19 shows the dynamics of the output voltages and currents for the two sets of droop 
parameters. The system started from a steady state where the output currents and voltages for both 
DG1 and DG2 were close to constant. At 1.02t =  s, the first set of data was assigned tom  and n . 
After 1.1t =  s, the other set of data was assigned. Figure 19 shows that the system remained stable 
for the first set of droop parameters. However, for data outside these points, the instantaneous 
currents and voltages oscillated for more than 10 cycles, and eventually became unstable. Therefore, 
the simulation results demonstrate the accuracy of the stability boundaries of the droop parameters 
predicted by μ  analysis. 

 

Figure 19. Response of the DG unit with two sets of droop parameters: (a) d-axis components of the
output voltage, vo; (b) q-axis components of the output voltage, vo; (c) d-axis components of the output
current, io; and (d) q-axis components of the output current, io.



Energies 2018, 11, 1035 19 of 23

6. Conclusions

In this study, we addressed the problem of identifying the upper/lower bounds of uncertainty
parameters in MGs. A novel approach was proposed based on µ analysis to solve this problem.
The proposed general method is suitable for single and multiple uncertainty parameters. The accuracy
of the proposed method was confirmed by the eigenvalue approach based on study cases. In addition,
the proposed method is suitable when there are no constraints on the parameters, but also when
constraints must be considered, thereby making it convenient for use in practical applications.
Furthermore, based on the obtained region, it is also possible to estimate the stability margin for an MG
in terms of the droop parameters, which is very useful for system designers. In future work, we will
study the stability boundaries for droop parameters by considering changes in the load. This could
further assist in the stable operation of MGs and enhance the utilization of renewable energy.
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Appendix A

Figure 1 shows a schematic of the circuit of a DG unit, which comprises an ideal DC power,
three-leg inverter, and an output LCL filter. Let îLdq and îodq be the currents of inductance for L f and
Lc, respectively, and v̂odq is the voltage of capacitance C f . The small-signal equations for the filter in
the Park’s d–q frame are given by:

.[
îLd
îLq

]
=

1
L f

([
v̂id
v̂iq

]
+ ω̂

[
L f ILq

−L f ILd

]
−
[

v̂od
v̂oq

])
+

[
RL f /L f −ω0

ω0 RL f /L f

][
îLd
îLq

]
(A1)

.[
v̂od
v̂oq

]
=

1
C f

([
îLd
îLq

]
+ ω̂

[
C f Voq

−C f Vod

]
−
[

îod
îoq

])
−
[

0 −ω0

ω0 0

][
v̂od
v̂oq

]
(A2)

.[
îod
îoq

]
=

1
Lc

([
v̂od
v̂oq

]
−
[

v̂bd
v̂bq

]
+ ω̂

[
Lc Ioq

−Lc Iod

])
−
[

RL f /L f −ω0

ω0 RL f /L f

][
îod
îoq

]
, (A3)

where ILdq, Vodq, Iodq, and ω0 are the variable values at the steady-state operating points. In this study,
ˆ denotes a small variation in the equilibrium point values and represents the value of a variable at
the steady-state operating points.

For the power controller, each DG unit shares the load in the MG by drooping the DG frequency
in proportion to the power output. Let vo and io be the output voltage and current of the DG unit,
respectively. The instantaneous active output, p ,and reactive power, q, of the DG unit are calculated
as follows:

pins = vodiod + voqioq

qins = vodioq − voqiod
. (A4)

Due to the effect of the harmonic component, p and q are passed through low-pass filters to obtain
the fundamental component of power, where the dynamic filters can be described as follows:

P = ωc
s+ωc

pins

Q = ωc
s+ωc

qins
, (A5)
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where ωc is the cut-off angular frequency of a low-pass filter.
Thus, the dynamics of the droop controller can be described as:

ω = ωn −mP
v∗od = Vn − nQ

, (A6)

where v∗o and ω̂ are the reference voltage and frequency, respectively. The small signal state spaces of
Equations (A4)–(A6) are:

.[
P̂
Q̂

]
=

[
−ωc 0

0 −ωc

][
P̂
Q̂

]
+

[
ωc Iod ωc Ioq

ωc Ioq −ωc Iod

][
v̂od

v̂oq

]
+

[
ωcVod ωcVoq

−ωcVoq ωcVod

][
îod

îoq

]
, (A7)

.
θ̂i = ω̂− ω̂com, (A8)[

ω̂

v̂o

]
=

[
−m 0

0 −n

][
P̂
Q̂

]
, (A9)

[
v̂∗od
v̂∗oq

]
=

[
0 1
0 0

][
ω̂

v̂o

]
, (A10)

where ω̂com is the angular frequency of the common reference frame. The angle between the individual
reference frame and the common reference frame is represented by θ̂i.

With respect to the voltage controller loop, the proportional-integral regulator is employed to
follow the reference voltage. The small signal state spaces of this controller are given by:

.[
Φ̂d
Φ̂q

]
=

[
v̂∗od
v̂∗oq

]
−
[

v̂od
v̂oq

]
, (A11)

[
î∗Ld
î∗Lq

]
= Kvi

[
Φ̂d
Φ̂q

]
+ Kvp

[
v̂∗od
v̂∗oq

]
− Kvp

[
v̂od
v̂oq

]
, (A12)

where the introduced variable, Φ̂d, equals the integral of the difference between the reference voltage,
v∗odq, and measured voltage, vodq. Kvp and Kvi are the coefficients of the proportional-integral regulator.

For the inner loop, the current controller uses the proportional regulator, and the dynamics of the
controller are described as follows:[

v̂id
v̂iq

]
=

VDC
2
× Kcp

([
î∗Ld
î∗Lq

]
−
[

îLd
îLq

])
, (A13)

where Kcp is the coefficient of the proportion. We ignore the dynamic performance of the PWM of the
inverter model, which is a standard assumption when considering the stability of an MG [31].

Appendix B

The network for the MG is shown in Figure 1. Let
.̂
ilineDQ and v̂bDQ be the current in the line and

the output voltage of each node, respectively. The state equation for the network is as follows:[
.̂
ilineDQ

]
= Anet[îlineDQ] + B1net[v̂bDQ] + B2net[ω̂com]. (A14)
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The system state matrices, Anet, B1net, and B2net, are as follows:

Anet =


−Rline1/Lline1 ωcom 0 0
−ωcom −Rline1/Lline1 0 0

0 0 −Rline2/Lline2 ωcom

0 0 −ωcom −Rline2/Lline2



B1net =


1/Lline1 0 −1/Lline1 0 0 0

0 1/Lline1 0 −1/Lline1 0 0
0 0 1/Lline2 0 1/Lline2 0
0 0 0 1/Lline2 0 1/Lline2


B2net =

[
Iline1Q −Iline1D Iline2Q −Iline2D

]T
,

where Rline1 and Lline1 are the resistor and inductor of the line, respectively.
In this study, only a general RL load is considered. The state equation for the RL load is as follows:[

.̂
iloadDQ

]
= Aload[îloadDQ] + B1load[v̂bDQ] + B2load[ω̂com]. (A15)

In Equation (A2),

Aload =

 −Rload/Lload ωcom

−ωcom −Rload/Lload

,B1load =

 0 0 1/Lload 0 0 0

0 0 0 1/Lload 0 0

, B2load =

 I loadQ

−I loadD

, (A16)

where îloadDQ is the current of the load.
To connect each subsystem model for the MG, a virtual resistor, Rvir, is assumed between each

node and the ground. Therefore, the voltage of each node is given by:

v̂b1D
v̂b1Q
v̂b2D
v̂b2Q
v̂b3D
v̂b3Q


= Rvir

MDG


îo1D
îo1Q
îo2D
îo2Q

+ MLOAD

[
îloadD
îloadQ

]
+ MNET


îline1D
îline1Q
îline2D
îline2Q


, (A17)

where MDG =



1 0 0 0
0 1 0 0
0 0 0 0
0 0 0 0
0 0 1 0
0 0 0 1


, MLOAD =



0 0
0 0
−1 0
0 −1
0 0
0 0


, MNET =



−1 0 0 0
0 −1 0 0
1 0 −1 0
0 1 0 −1
0 0 1 0
0 0 0 1


.

Based on a common reference frame, the complete state-space small-signal model of the MG can
be obtained by combining the state-space models of the DG with the RL load and network.
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