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Abstract: The expression and calculation of transmission loss (TL) play key roles for solving the power
system economic dispatch (ED) problem. ED including TL must compute the total TL and incremental
transmission loss (ITL) by executing power flow equations. However, solving the power flow equations
is time-consuming and may result in divergence by the iteration procedure. This approach is unsuitable
for real-time ED in practical power systems. To avoid solving nonlinear power flow equations, most
power companies continue to adopt the TL formula in ED. Traditional loss formulas are composed of
network parameters and in terms of the generator’s real power outputs. These formulas are derived by
several assumptions, but these basic assumptions sacrifice accuracy. In this study, a new expression for
the loss formula is proposed to improve the shortcomings of traditional loss formulas. The coefficients
in the new loss formula can be obtained by recording the power losses according to varying real and
reactive power outputs without any assumptions. The simultaneous equations of the second-order
expansion of the Taylor series are then established. Finally, the corresponding coefficients can be
calculated by solving the simultaneous equations. These new coefficients can be used in optimal real
and reactive power dispatch problems. The proposed approach is tested by IEEE 14-bus and 30-bus
systems, and the results are compared with those obtained from the traditional B coefficient method
and the load flow method. The numerical results show that the proposed new loss formula for ED can
hold high accuracy for different loading conditions and is very suitable for real-time applications.

Keywords: transmission loss; incremental transmission loss; economic dispatch; loss formula;
B-coefficient method; power flow

1. Introduction

The economic dispatch (ED) problem [1–5] in a modern power system involves allocating the
output power of each generator to minimize the total cost of the power generation satisfying load
demand and transmission loss (TL) under the constraints of the generators’ limits, line congestion,
emission, renewable energy resources, and demand response. In a large interconnected power system,
power is transmitted over long distances to distribution systems; consequently, TL is the dominating
factor in power system ED. In determining the economic power dispatch to satisfy the load demand
between the generators, the total TL of the system can be expressed in terms of the real power output
of each generator. The simplified ED in a short transmission distance and high load-density power
system can ignore the TL so that the computation model is simple and only uses the equal incremental
cost equation [6] to obtain the best allocation. However, this solution is not optimal because TL is
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ignored. This disregard is due to TL being around 4–8% of the total load. For instance, the line
loss of the Taipower system was 4.76% in 2011. This percentage is sufficient to affect the overall
cost of allocation. To overcome this problem, related studies focus on deriving TL formulas [7–11]
for ED or executing power flow-based ED to include TL in the optimal solution for obtaining an
exact solution [12–14]. The drawback of including the TL in the power flow equation for solving the
optimal ED is that the TL and incremental transmission loss (ITL) need to be re-calculated in each
iteration, and this iterative process is very time-consuming and even leads to convergence problems.
Solving the ED problem using the loss formula does not present the aforementioned problems. TL can
be expressed as a quadratic function of real power generations at each generator bus. The most
well-known formula is the quadratic expression of loss, which was proposed by George et al. [9,10].
Another well-known and widely adopted quadratic polynomial equation was developed by Kron and
promoted and applied by Kirchmayer [10]. After the loss formulas became more developed, few new
works have been done. Only Andrew Jiang [15] proposed general polynomial loss formulas, in which
TL can be expressed as a function of real power outputs of generating units in second-order and even
higher-order term polynomials. This expression is complicated, and only few scholars have accepted
these models. In summary, accurate TL formulas are composed of linear, quadratic, and high-order
terms. Regardless of the types of loss models derived, calculating the coefficients by interpolating a
small number of power flow solutions is crucial, and the purpose of these loss formulas is to solve
ED. In general, two common approaches are used to solve the ED problem; one is the conventional
method by nonlinear programming techniques, which can only solve for the convex objective function
by gradient or Newton-based search algorithms [6,16]. The other is an artificial intelligence method by
metaheuristic techniques for solving convex or nonconvex problems. These algorithms are the genetic
algorithm [17,18], the evolutionary algorithm [19], particle swarm optimization [20–22], simulated
annealing [23], bee colony optimization [24], tabu search [25], the bat algorithm [26], and mixed-integer
nonconvex nonlinear programming [27]. These algorithms have been successfully implemented to
solve ED problems, whereas the B coefficient method is commonly used to calculate TL in the ED
problem of the above works in the power utility industry. Therefore, the loss formula plays a key role
for power system ED.

This study proposes a novel method for determining the loss coefficients and a new loss
formula model. The proposed method for determining the Kron’s loss coefficients does not need any
assumptions. The method only requires power output variations, which are the same times as the
unknown coefficients. Each change of TL caused by power output variations should also be recorded.
Subsequently, solving these simultaneous equations can yield all unknown coefficients. This paper is
divided into five sections. Section 1 introduces the background and objectives of this study. Section 2
describes the problem of the common approaches in power system ED and the derivation procedure of
B coefficients of the proposed loss formula. Section 3 details the derivation of new loss formulas and
its application to ED. Section 4 discusses the simulation results. Section 5 presents our conclusions.

2. Problem Description

The ED problem of a power system must take into account the power balance, including TL
and load demand with minimum fuel cost, without violating the limits of generator rating and
transmission capacity simultaneously. Especially in a large-scale interconnected power grid, TL is the
major factor affecting ED. Two common approaches in ED including TL are power flow-based ED
and B coefficient-based ED [6]. The former is time-consuming and has convergence risk; therefore,
it is unsuitable for real-time applications. For practical application, B coefficient-based ED should
establish more than one set of B coefficients during the daily load cycle because B coefficients are not
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truly constant as they vary with load demand. The B coefficients can be obtained by the traditional
loss coefficient formula expressed as Equation (1), which is proposed by Kron and widely adopted.

PL = [PG1 · · · PGi · · · PGNG ]



B11 . . . B1j . . . B1NG
...

...
Bi1 Bij BiNG
...

...
BNG1 . . . BNGj . . . BNGNG




PG1

· · ·
PGj

· · ·
PGNG

+ [PG1 · · · PGi · · · PGNG ]


B01

· · ·
B0i
· · ·

B0NG

+ B00 (1)

where Bij is the ijth element of the loss coefficient square matrix, Boi is the ith element of the loss
coefficient vector, and B00 is the loss coefficient constant. PL is the TL, PGi is the real power output of
the ith generating unit, and NG is the number of generating units. The derivation of the traditional
loss coefficient formula is based on the four following basic assumptions [28]:

(1) The power factor at each generator bus remains constant, i.e., PGi
/
∣∣∣SGi

∣∣∣ is fixed.

(2) The voltage angle at each voltage-controlled bus voltage-controlled bus (PV) bus(voltage-
controlled bus) remains constant.

(3) The voltage magnitude at each PV bus remains constant.
(4) The ratio of the load current to the total load current remains constant.

The coefficients will lose significant accuracy when assumptions used in deriving the loss formula
are violated. The coefficients of the polynomial equation of the loss are determined by power flow
solutions. The accuracy of TL calculated by the B coefficient method is not good compared with
the power loss solution, which is computed by power flow equations, because of the practical
system topology and varying load demand. However, the time cost and convergence problems
are addressed. This situation exhibits the trade-off problem between computational complexity and
accuracy. The accuracy of ED depends on the exact coefficients of the loss formula. Consequently,
a new loss formula expression is proposed in this study along with the method to determine the
corresponding coefficients for ED in power systems, such as transmission-level power systems,
distribution systems interconnected with distributed energy resources, and microgrids.

This method entails regarding the power system as a micro view of a simplified system around the
base case operating point. This simplified system can be expressed by the second-order Taylor series
expression on the base case point. The coefficients of the first- and second-order derivative terms can be
obtained by solving the simultaneous equations via varying the generating units’ outputs. In addition,
the proposed new loss formula is distinct from other loss formulas in previous studies, because the
former is a function of real and reactive power generations of each generating unit. The method
of deriving the coefficients is as described above, such that the real and reactive power generations
will be changed M times at the same time in which M is the total unknown number of coefficients.
The derivations of the corresponding real power, reactive power, and TL will then be recorded. Finally,
the loss coefficient will be solved by these simultaneous equations. Finally, the accuracy of the loss
coefficient is tested in an IEEE 14-bus standard system. The loss coefficient is obtained for the economic
operation of scheduling. In this study, the IEEE 14-bus and 30-bus test systems are used as example
systems for validating the proposed formula and the corresponding coefficients and solving the ED
problem. The detailed derivation procedure is described in the following section.

3. Derivation of New Loss Formulas and Its Application to Economic Dispatch

3.1. Derivation of New Loss Formula

A power system consists of generation units, transmission and distribution networks, and loads.
It is a highly complex interconnected system. The power flow equations describing the state of the
system are nonlinear equations composed of bus voltage, admittance, and real and reactive power.
The state variables of the entire power system are the voltage magnitude and the phase angle of each
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bus, i.e., Vi, δi. The control input variable is the real and reactive power outputs of each generating unit,
that is, PGi

and QGi
. The TL (PL) and load demand (PDi

and QDi
) of each load bus can be considered as

the output variables. If we obtain the impact coefficients of the control variables of real power output
on the TL, then the reactive power output can remain unchanged. Only the real power output of each
generating unit needs to be adjusted to obtain the TL.

To find the relation between the deviation of real power generation and TL, the quadratic Taylor
series expansion will be adopted and the higher-order terms (HOT) above the second order can be
ignored, which leads to the following expression:

∆PL = ∂PL
∂PG1

∆PG1 +
∂PL

∂PG2
∆PG2 + . . . + ∂PL

∂PGi
∆PGi + . . . + ∂PL

∂PGNG
∆PGNG

+ ∂2PL
∂PG1

∂PG1
∆P2

G1
+ ∂2PL

∂PG1
∂PG2

∆PG1
∆PG2 + . . . + ∂2PL

∂PGi
∂PGj

∆PGi
∆PGj + . . . + ∂PL

∂PGNG
∂PGNG

∆P2
GNG

(2)

where ∆PL is the TL deviation and ∆PGi is the real power output deviation of ith generating unit.
To derive the solutions of all the sub-terms in Equation (2), the real power output can be changed by M
times, where M is the number of all unknown coefficients. From the Taylor series expansion above, we
can find many differential terms that are exactly the same, such as:

∂2PL
∂PGi ∂PGj

=
∂2PL

∂PGj ∂PGi

i = 1, . . . , NG; j = 1, . . . , NG, (3)

so that M may be obtained as follows:

M = NG + [NG + (NG− 1) + (NG− 2) + . . . + 1]
= NG + NG(NG+1)

2
= 1

2 (NG2 + 3NG)

= NG(NG+3)
2

. (4)

If the differential terms ∂PL/∂PG1 , . . . , ∂PL/∂PGNG and ∂2PL/∂PG1 ∂PG1 , . . . , ∂2PL/∂PGNG ∂PGNG can
be obtained, then the TL deviation formula can be expressed by

∆PL =
NG

∑
i=1

(
∂PL
∂PGi

)∆PGi +
NG

∑
i=1

NG

∑
j=1

(
∂2PL

∂PGi ∂PGj

)∆PGi ∆PGj . (5)

Therefore, the TL formula can be expressed by the base case operating point plus the deviation of
real power output, as shown in Equation (6).

PL = P0
L +

NG

∑
i=1

∂PL
∂PGi

∆PGi +
NG

∑
i=1

NG

∑
j=1

(
∂2PL

∂PGi ∂PGj

)
∆PGi ∆PGj (6)

This equation is the incremental loss model, where P0
L represents the TL of the base case operating

point. Similar to Kron’s loss formula, the TL can be expressed as

PL = P0
L +

NG

∑
i=1

Bi∆PGi +
NG

∑
i=1

NG

∑
j=1

Bij∆PGi ∆PGj . (7)

Given that the Taylor series is expanded on the base case of TL, the deviation of real power output
can be replaced by any real power output minus the base case power output. Equation (7) can be
furthermore expressed as

PL = P0
L +

NG

∑
i=1

Bi(PGi − P0
Gi
) +

NG

∑
i=1

NG

∑
j=1

Bij(PGi − P0
Gi
)(PGj − P0

Gj
). (8)
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Although similar to Kron’s formula, this equation is based on the incremental model and is
thus actually different. To obtain the values of Bi and Bij, the real power output must be changed by
M times.

In this study, a novel loss formula considering both real and reactive power outputs is proposed.
If the real and reactive power outputs are control variables, and the TL is the output variable, then the
incremental model of the power system can be illustrated in Figure 1. According to this model and the
Taylor series expression of real and reactive power outputs to second-order differential terms, the loss
formula can be obtained. The incremental loss formula is shown in Equation (9), and the TL formula
with incremental TL can be expressed as Equation (10).

∆PL =
NG
∑

i=1
( ∂PL

∂PGi
)∆PGi +

NG
∑

i=1

NG
∑

j=1
( ∂2PL

∂PGi
∂PGj

)∆PGi ∆PGj

+
NG
∑

i=1
( ∂PL

∂QGi
)∆QGi +

NG
∑

i=1

NG
∑

j=1
( ∂2PL

∂QGi
∂QGj

)∆QGi ∆QGj

(9)

PL = P0
L +

NG
∑

i=1

∂PL
∂PGi

∆PGi +
NG
∑

i=1

NG
∑

j=1
( ∂2PL

∂PGi
∂PGj

)∆PGi ∆PGj

+
NG
∑

i=1

∂PL
∂QGi

∆QGi +
NG
∑

i=1

NG
∑

j=1
( ∂2PL

∂QGi
∂QGj

)∆QGi ∆QGj

(10)
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3.2. TL Formula Considering Real Power Output

In this section, based on Equation (8), similar to the traditional loss formula, the incremental loss
model considering only real power output can be expressed as

∆PL =
NG

∑
i=1

Bi(PGi − P0
Gi
) +

NG

∑
i=1

NG

∑
j=1

Bij(PGi − P0
Gi
)(PGj − P0

Gj
). (11)

In Equation (11), the simultaneous equations must be solved to find the unknown coefficients.
In this study, the IEEE 14-bus system is employed as an example to explain the procedure of
determining the loss coefficients. First, the base case solutions of TL and real power outputs, i.e.,
P0

L, P0
G1

, P0
G2

, and P0
G3

, can be solved by power flow equations. Then, the real power output of each
generating unit within ±20% variation is changed, executing the power flow program to calculate
the new TL and real power outputs, i.e., P(n)

L , P(n)
G1

, P(n)
G2

, and P(n)
G3

. Eventually, the base case value is
subtracted from the new value to obtain the incremental loss and incremental power outputs, i.e.,
∆PL and ∆PG. The computing procedure of loss coefficients mentioned above can be represented by
Equations (12)–(15).



Energies 2018, 11, 417 6 of 19

[∆PL] =



∆P(1)
L

∆P(2)
L

∆P(3)
L

∆P(4)
L

∆P(5)
L

∆P(6)
L

∆P(7)
L

∆P(8)
L

∆P(9)
L



=



P(1)
L − P0

L

P(2)
L − P0

L

P(3)
L − P0

L

P(4)
L − P0

L

P(5)
L − P0

L

P(6)
L − P0

L

P(7)
L − P0

L

P(8)
L − P0

L

P(9)
L − P0

L



(12)

[∆PG] =



∆P(1)
G1

∆P(1)
G2

∆P(1)
G3

∆P(1)
G1

∆P(1)
G1

∆P(1)
G1

∆P(1)
G2

∆P(1)
G1

∆P(1)
G3

∆P(1)
G2

∆P(1)
G2

∆P(1)
G2

∆P(1)
G3

∆P(1)
G3

∆P(1)
G3

∆P(2)
G1

∆P(2)
G2

∆P(2)
G3

∆P(2)
G1

∆P(2)
G1

∆P(2)
G1

∆P(2)
G2

∆P(2)
G1

∆P(2)
G3

∆P(2)
G2

∆P(2)
G2

∆P(2)
G2

∆P(2)
G3

∆P(2)
G3

∆P(2)
G3

∆P(3)
G1

∆P(3)
G2

∆P(3)
G3

∆P(3)
G1

∆P(3)
G1

∆P(3)
G1

∆P(3)
G2

∆P(3)
G1

∆P(3)
G3

∆P(3)
G2

∆P(3)
G2

∆P(3)
G2

∆P(3)
G3

∆P(3)
G3

∆P(3)
G3

∆P(4)
G1

∆P(4)
G2

∆P(4)
G3

∆P(4)
G1

∆P(4)
G1

∆P(4)
G1

∆P(4)
G2

∆P(4)
G1

∆P(4)
G3

∆P(4)
G2

∆P(4)
G2

∆P(4)
G2

∆P(4)
G3

∆P(4)
G3

∆P(4)
G3

∆P(5)
G1

∆P(5)
G2

∆P(5)
G3

∆P(5)
G1

∆P(5)
G1

∆P(5)
G1

∆P(5)
G2

∆P(5)
G1

∆P(5)
G3

∆P(5)
G2

∆P(5)
G2

∆P(5)
G2

∆P(5)
G3

∆P(5)
G3

∆P(5)
G3

∆P(6)
G1

∆P(6)
G2

∆P(6)
G3

∆P(6)
G1

∆P(6)
G1

∆P(6)
G1

∆P(6)
G2

∆P(6)
G1

∆P(6)
G3

∆P(6)
G2

∆P(6)
G2

∆P(6)
G2

∆P(6)
G3

∆P(6)
G3

∆P(6)
G3

∆P(7)
G1

∆P(7)
G2

∆P(7)
G3

∆P(7)
G1

∆P(7)
G1

∆P(7)
G1

∆P(7)
G2

∆P(7)
G1

∆P(7)
G3

∆P(7)
G2

∆P(7)
G2

∆P(7)
G2

∆P(7)
G3

∆P(7)
G3

∆P(7)
G3

∆P(8)
G1

∆P(8)
G2

∆P(8)
G3

∆P(8)
G1

∆P(8)
G1

∆P(8)
G1

∆P(8)
G2

∆P(8)
G1

∆P(8)
G3

∆P(8)
G2

∆P(8)
G2

∆P(8)
G2

∆P(8)
G3

∆P(8)
G3

∆P(8)
G3

∆P(9)
G1

∆P(9)
G2

∆P(9)
G3

∆P(9)
G1

∆P(9)
G1

∆P(9)
G1

∆P(9)
G2

∆P(9)
G1

∆P(9)
G3

∆P(9)
G2

∆P(9)
G2

∆P(9)
G2

∆P(9)
G3

∆P(9)
G3

∆P(9)
G3



(13)

[B] =
[

B1 B2 B3 B4 B5 B6 B7 B8 B9

]T
(14)

[∆PL]M×1 = [∆PG]M×M[B]M×1 (15)

In Equation (15), [∆PL] is the M× 1 TL deviation matrix, [∆PG] is the M×M power output
deviation matrix, and [B] is the M× 1 TL coefficients matrix that is arranged in order of the first and
second derivatives. Equation (15) can be solved using an inverse matrix as shown in Equation (16).

[B] = [∆PG]
−1[∆PL] (16)

3.3. TL Formula Considering Real and Reactive Power Outputs

In this section, based on Equation (8), both real and reactive power outputs are considered in the
new loss formula. Therefore, the incremental loss formula is composed of both real and reactive power
outputs, and the incremental loss formula can be expressed by Equation (17).

∆PL =
NG
∑

i=1
Bi(PGi − P0

Gi
) +

NG
∑

i=1

NG
∑

j=1
Bij(PGi − P0

Gi
)(PGj − P0

Gj
)

+
NG
∑

i=1
Ci(QGi −Q0

Gi
) +

NG
∑

i=1

NG
∑

j=1
Cij(QG i −QGi )(QGj −Q0

Gj
)

(17)

where B and C represent the real and reactive power loss coefficients, respectively. To solve the TL
equations consisting of real and reactive power outputs, the simultaneous equations with an equal
number of unknown coefficients must be found, and these equations must be solved to obtain the
coefficients. For example, in the IEEE 14-bus system, the base case solutions of TL and real and reactive
power outputs, i.e., P0

L, P0
G1

, P0
G2

, P0
G3

, Q0
L, Q0

G1
, Q0

G2
, and Q0

G3
, can be solved by using power flow

equations and then changing the real and reactive power outputs of each generating unit within ±20%
variation. The new TL and real and reactive power outputs, i.e., P(n)

L , P(n)
G1

, P(n)
G2

, P(n)
G3

, Q(n)
L , Q(n)

G1
, Q(n)

G2
,

and Q(n)
G3

, are calculated. Finally, the base case value is substracted from the new value to obtain the
incremental loss and incremental power outputs, i.e., ∆PL and ∆SG. The computing procedure of the
new loss coefficients mentioned above can be expressed by Equations (18)–(21).



Energies 2018, 11, 417 7 of 19

[∆PL] =



∆P(1)
L
...

∆P(9)
L

∆P(10)
L
...

∆P(18)
L


=



P(1)
L − P0

L
...

P(9)
L − P0

L

P(10)
L − P0

L
...

P(18)
L − P0

L


(18)

[∆SG] =



∆P(1)
G1

. . . ∆P(1)
G3

∆P(1)
G1

∆P(1)
G1

. . . ∆P(1)
G3

∆P(1)
G3

∆Q(1)
G1

. . . ∆Q(1)
G3

∆Q(1)
G1

∆Q(1)
G1

. . . ∆Q(1)
G3

∆Q(1)
G3

...
...

...
...

...
...

...
...

∆P(9)
G1

. . . ∆P(9)
G3

∆P(9)
G1

∆P(9)
G1

. . . ∆P(9)
G3

∆P(9)
G3

∆Q(9)
G1

. . . ∆Q(9)
G3

∆Q(9)
G1

∆Q(9)
G1

. . . ∆Q(9)
G3

∆Q(9)
G3

∆P(10)
G1

. . . ∆P(10)
G3

∆P(10)
G1

∆P(10)
G1

. . . ∆P(10)
G3

∆P(10)
G3

∆Q(10)
G1

. . . ∆Q(10)
G3

∆Q(10)
G1

∆Q(10)
G1

. . . ∆Q(10)
G3

∆Q(10)
G3

...
...

...
...

...
...

...
...

∆P(18)
G1

. . . ∆P(18)
G3

∆P(18)
G1

∆P(18)
G1

. . . ∆P(18)
G3

∆P(18)
G3

∆Q(18)
G1

. . . ∆Q(18)
G3

∆Q(18)
G1

∆Q(18)
G1

. . . ∆Q(18)
G3

∆Q(18)
G3


(19)

[D] =
[

B1 . . . . . . B33 C1 . . . . . . C33

]T
(20)

[∆PL]M1×1 = [∆SG]M1×M1
[D]M1×1 (21)

In Equation (21), M1 represents 2M, [∆PL] is the M1 × 1 TL deviation matrix, [∆SG] is the M1 ×M1

real and reactive power output deviation matrix, and [D] is the M1 × 1 new TL coefficients matrix,
which is composed of B and C coefficients, and it is arranged in order of the first and second derivatives.
Equation (21) can be solved using an inverse matrix as shown in Equation (22). This new TL
formula and the corresponding coefficients can be used not only in real power dispatch but also
in reactive power dispatch. Although not considered in ED for practical power systems, reactive
power can be applied to volt-ampere reactive compensation (VAR) compensation(volt-ampere reactive
compensation) or voltage stability by dispatching it in emergency conditions, and the increasing
current caused by reactive power flow will result in TL.

In summary, Figure 2 shows the computing procedure of the new loss coefficients for ED.

[D] = [∆SG]
−1[∆PL] (22)
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3.4. Economic Dispatch Based on New Loss Formula

The objective function of the ED can be expressed as

min J =
NG

∑
i=1

fi(PGi ) =
NG

∑
i=1

(ai + biPGi + ciP2
Gi
), (23)

subject to
NG

∑
i=1

PGi −
NB

∑
i=1

PDi − PL = 0 (24)

Pmin
Gi
≤ PGi ≤ Pmax

Gi
∀i = 1, . . . , NG, (25)

− Pmax
m ≤ Pm ≤ Pmax

m ∀m = 1, . . . , NL, (26)

where ƒi and PGi are the cost function and real power output of the ith generating unit, respectively;
PDi represents the real power demand at load bus i; PL is the TL; Pm is the real power flow in the ith
transmission line; and NB represents the number of buses. Using the Lagrange multiplier and adding
equality constraints, we can rewrite the optimal problem of ED as follows:

L =
NG

∑
i=1

(ai + biPGi + ciP2
Gi
) + λ(

NB

∑
i=1

PDi + PL −
NG

∑
i=1

PGi ). (27)

We let partial L to real power output (PGi ) and lambda (λ) be 0, respectively. The two following
equations can be obtained:

Fi =
∂L

∂PG i

= bi + 2ciPG i + λ(
∂PL
∂PG i

− 1) = 0 i = 1, . . . , NG, (28)

FNG+1 =
∂L
∂λ

=
NB

∑
i=1

PDi + PL −
NG

∑
i=1

PGi = 0. (29)

In Equation (28), ∂PL/∂PGi is the ITL; Equation (28) can be expressed as

Fi = bi + 2ciPGi + λ(ITLi − 1) = 0 i = 1, . . . , NG. (30)

Rearranging Equation (30), Equation (31) can be derived:

PGi =
λ(1− ITLi)− bi

2ci
=

(λ/PFi)− bi
2ci

f or i = 1 · · ·NG (31)

where PFi is the penalty factor and equals 1/(1− ITLi). Substituting PGi from Equation (31) in
Equation (29) results in Equation (32). This equation is used to check the power balances in
each iteration.

NB

∑
i=1

PDi + PL −
NG

∑
i=1

(λ/PFi)− bi
2ci

= 0 (32)

To obtain the ITLi and PFi in terms of the proposed new TL formula and the corresponding
coefficients, partial TL to PGi as

ITLi =
∂PL
∂PG i

=
∂

∂PGi


P0

L +
NG
∑

i=1
Bi(PGi − P0

Gi
) +

NG
∑

i=1

NG
∑

j=1
Bij(PGi − P0

Gi
)(PGj − P0

Gj
)

+
NG
∑

i=1
Ci(QGi −Q0

Gi
) +

NG
∑

i=1

NG
∑

j=1
Cij(QG i −QGi )(QGj −Q0

Gj
)

. (33)
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On the basis of Equations (29) and (30), we observe that the solution kernel of ED depends on the
rapid calculation of ITLi and PL, and the PL is computed by the proposed new loss formula with the
loss coefficients to rapidly compute ITLi and PFi.

Extending Equations (29) and (30) results in (NG + 1) simultaneous nonlinear equations in a
matrix form as follows: [

∆FN
∆FN+1

]
=

[
∂F

∂PG
∂F
∂λ

∂FNG+1
∂PG

∂FNG+1
∂λ

][
∆PG
∆λ

]
. (34)

Equation (34) can be solved by the Newton-based algorithm, where ∂F/∂PG, ∂F/∂λ, ∂FNG+1/∂PG,
and ∂FNG+1/∂λ are the sub-matrices of a Jacobian matrix. This new loss formula for the ED process is
described as follows:

Step 1: Input the required data for ED, i.e., bus data, line data, and cost function of the
generating unit.

Step 2: Calculate TL coefficients by the proposed computing procedure: (a) using Equation (16) to
obtain the B coefficients; and (b) using Equation (22) to obtain the B and C coefficients.

Step 3: Set initial value of lambda, and calculate power output of each generating unit by Equation (31).
Step 4: Calculate TL and ITL by Equations (17) and (33), respectively.
Step 5: Compute ∆F by summing load demand to TL, then subtracting total power generation, and

finally executing the Newton–Raphson algorithm to compute ∆PG and ∆λ by Equation (34).
Step 6: Update PG and λ by Pnew

G = Pold
G + ∆PG and λnew = λold + ∆λ.

Step 7: Check for convergence by examining whether ∆PG and ∆λ are smaller than the tolerance ε;
if convergence exists, then terminate the iterative process and go to Step 8. Otherwise, go to
Step 4 to continue the iterative process until convergence.

Step 8: Print out the ED results.

This process can be described by the flow chart shown in Figure 3.Energies 2018, 11, x 10 of 19 
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4. Discussion of the Simulation Results

In this study, the proposed new TL formula, along with its corresponding coefficients, for ED is
coded in the Matlab environment to develop an ED program, which is composed of two functions.
One is for calculating the new loss coefficients that are composed of B and C coefficients. The other is
for the optimal dispatch of each generating unit to minimize the total cost of the power generation
satisfying load demand and TL. In this paper, the Newton–Raphson method is used for solving
the power flow equations in the traditional power flow-based ED (TPF-ED), and the TPF-ED is
the exact solution in ED problem; however, it is based on the correct input data for the power
flow calculation; thus, measurement device placement algorithms [29–31] are able to overcome the
uncertainties of field data and network parameters for power flow calculation in practical applications.
The IEEE 14-bus and 30-bus test systems are employed as sample systems to verify the accuracy and
effectiveness of the proposed loss model as shown in Figures 4 and 5, respectively. These two systems
are interconnected transmission networks, and each load bus represents the incoming high-voltage
side of the distribution system; besides this, three generating units are considered in IEEE 14-bus test
system, and six generating units are considered in IEEE 30-bus test system. The essential parameters
such as line data, bus data, generator cost function, and traditional B coefficients for solving ED and
power flow refer to the test systems [32]. In the following simulation scenarios, the load change is
assumed to be within ±20%. This assumption is based on the daily load curve on 26 December 2017 of
the Taipower system [33]. As shown in Figure 6, the peak load is 28.32 GW, the off-peak load is 20.11
GW, and the average load is 24.22 GW. Therefore, the load change from the average load is around
±17%. The numerical simulation results are discussed in detail in the following subsections.Energies 2018, 11, x 11 of 19 
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4.1. Numerical Results of the New Loss Coefficients

In this section, the proposed new loss formula and the corresponding B and C coefficients are
obtained by the computing procedure using Equation (22) described in Section 3.3. The numerical
resets of the IEEE 14-bus and 30-bus test systems are shown in Tables 1 and 2, respectively. We refer to
Kron’s loss formula, as shown in Equation (35).

PL = B0 +
NG

∑
i=1

BiPGi +
NG

∑
i=1

NG

∑
j=1

BijPGi PGj (35)

The traditional B coefficients are shown as follows [34]:

B0 = 0.40357, (36)



Energies 2018, 11, 417 12 of 19

Bi =
[

0.01890 −0.00342 −0.007660
]
, (37)

Bij =

 0.0002940 0.0000901 −0.0000507
0.0000901 0.0005210 0.0000953
−0.0000507 0.0000953 0.0006760

. (38)

Given that the proposed new TL formula, as shown in Equation (10), differs from Kron’s loss
formula, the coefficients are distinct. In particular, the C coefficients do not exist in Kron’s loss formula.
The new loss coefficients in this study are derived by the incremental loss model and solved using
Equation (22); therefore, there is no constant coefficient B0 in Equation (22). However, according to
Equation (10), the constant coefficient B0 can be calculated by power flow equations under the base
case operating point, i.e., P0

L . The obtained new B coefficients are used to calculate the TL and ITL for
ED in the following section.

Table 1. New Loss Coefficients of the IEEE 14-bus system.

IEEE 14-Bus System

B Coefficients Value C Coefficients Value

B1 0.002545293 C1 0.013908593
B2 −0.032753049 C2 −0.047553930
B3 −0.054144950 C3 −0.014210789
B11 0.008313448 C11 0.057777864
B12 0.002088989 C12 −0.225351026
B13 −0.005324837 C13 −0.057871841
B22 0.009819698 C22 −0.246029254
B23 0.001901216 C23 −0.326517907
B33 0.027155199 C33 0.098653719

Table 2. New Loss Coefficients of the IEEE 30-bus system.

IEEE 30-Bus System

B Coefficients Value C Coefficients Value

B1 0.015751021 C1 0.007147022
B2 0.004147944 C2 −0.101595336
B3 −0.016343019 C3 −0.230603855
B4 −0.004154358 C4 −0.285013950
B5 −0.007096220 C5 −0.322118026
B6 0.008479213 C6 −0.345166406
B11 0.026652970 C11 −0.343221969
B12 0.032812831 C12 0.103648253
B13 0.007563165 C13 −0.139702650
B14 0.017715676 C14 −0.120076524
B15 0.003144289 C15 −0.164410470
B16 0.020161422 C16 −0.069327226
B22 0.054859151 C22 0.164111869
B23 0.028419732 C23 −0.097968419
B24 0.036122309 C24 −0.072616973
B25 0.021161791 C25 −0.11868853
B26 0.037326855 C26 −0.011605329
B33 0.035596536 C33 −0.263471716
B34 0.016784607 C34 −0.353249701
B35 0.001870497 C35 −0.402305931
B36 0.016779734 C36 −0.301730208
B44 0.049620059 C44 −0.211006479
B45 0.023143156 C45 −0.329357571
B46 0.034976567 C46 −0.221578735
B55 0.013354820 C55 0.100097924
B56 0.014568420 C56 −0.195383733
B66 0.054766327 C66 0.315360202
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4.2. Simulation Results of ED by New Loss Coefficients

4.2.1. IEEE 14-Bus System

In this subsection, the numerical results of the four scenarios, i.e., base case system demand,
conforming system demand changing by ±20%, and nonconforming system demand change, for the
IEEE 14-bus system are used to verify the accuracy of the proposed approach. This system is composed
of 14 buses, 3 generators, and 19 transmission lines. The simulation results are discussed as follows.

Table 3 shows the ED simulation results compared with the traditional ED and loss coefficient
ED of the IEEE 14-bus system under a base case system demand condition. The numerical results
under this load condition show that the percentage errors or differences of real power outputs, cost,
TL, and λ are approximately zero, indicating that the simulation results of the new loss coefficient
ED (NLC-ED) is nearly closed to the TPF-ED. The numerical results (Table 3) demonstrate that the
proposed new TL formula and the new loss coefficients for ED exhibit high accuracy and effectiveness.
The numerical results of conforming system demand increased and decreased by 20% are shown in
Tables 4 and 5, respectively. These two conforming system demand changing scenarios confirm the
basic assumption of the derivation procedure of traditional B coefficients. Under the conforming
system demand increased by 20% condition, the maximum real power output percentage error at bus
6 of the proposed NLC-ED is 4.171%, and the cost percentage error of the proposed NLC-ED is around
1%. Besides this, the λ percentage error of the proposed NLC-ED is 0.281%, and it is better that that of
the TBC-ED. It is worthy to note that the percentage error of TL of the proposed NLC-ED is higher
than that of the TBC-ED. Similarly, in the conforming system demand decreased by 20 % condition, the
cost percentage error of the proposed NLC-ED is 0.098%; furthermore, the maximum percentage error
of the real power output, TL, and λ are lower than those of the TBC-ED. This outcome means that the
proposed new TL formula and the new loss coefficients for ED remain accurate under conforming
system demand changing conditions. Moreover, we listed the percentage of nonconforming changes
in system demand in Table 6 to reflect the characteristics of changes in system demand for practical
systems, and the numerical results of ED are shown in Table 7. The maximum real power output
percentage error of the proposed NLC-ED is less than 2%, and the cost percentage error of the proposed
NLC-ED is around 0.4%; however, this error is slightly higher than that of the TBC-ED, and it is similar
to the result of TL. Generally, the simulation results illustrate that the proposed NLC-ED can also solve
random load demand changes. In addition, the computing time (Table 8) of the TPF-ED is roughly
7.52 times that of the proposed NLC-ED, and the computing time of the proposed NLC-ED is better
than that of the traditional B coefficient ED (TBC-ED). Moreover, from the above numerical results, the
proposed NLC-ED is superior to the TBC-ED.

Table 3. ED simulation results compared with traditional ED and new loss coefficients of IEEE 14-bus
system under the base case system demand condition.

Bus No.
TPF-ED TBC-ED NLC-ED

Output (pu) Output (pu) Error (%) Output (pu) Error (%)

1 1.6045 1.7199 7.192 1.6044 0.006
2 0.6880 0.6602 4.041 0.6881 0.015
6 0.3957 0.3080 22.163 0.3957 0.000

Cost 1137.7 1136.4 0.114 1137.7 0.000
TL 0.0982 0.0981 0.102 0.0982 0.000
λ 405.4473 416.9914 2.847 405.4473 0.000

TPF-ED: traditional power flow-based economic dispatch; TBC-ED: traditional B coefficient economic dispatch;
NLC-ED: new loss coefficient economic dispatch.
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Table 4. ED simulation results compared with traditional ED and new loss coefficients of the IEEE
14-bus system under the conforming system demand increased by 20% condition.

Bus No.
TPF-ED TBC-ED NLC-ED

Output (pu) Output (pu) Error (%) Output (pu) Error (%)

1 1.7748 1.9019 7.161 1.7858 0.620
2 0.8817 0.8553 2.994 0.8639 2.019
6 0.5874 0.4725 19.561 0.5629 4.171

Cost 1375.4 1367.6 0.567 1361.3 1.025
TL 0.1359 0.1218 10.375 0.1046 23.032
λ 422.481 435.194 3.009 423.580 0.260

Table 5. ED simulation results compared with traditional ED and new loss coefficients of the IEEE
14-bus system under the conforming system demand decreased by 20% condition.

Bus No.
TPF-ED TBC-ED NLC-ED

Output (pu) Output (pu) Error (%) Output (pu) Error (%)

1 1.4358 1.540281 7.277 1.4248 0.766
2 0.49774 0.469045 5.765 0.513 3.066
6 0.20684 0.144235 30.267 0.2282 10.327

Cost 913.5225 917.7751 0.466 914.42 0.098
TL 0.0683 0.0816 19.473 0.0690 1.025
λ 388.5756 399.028 2.690 387.4829 0.281

Table 6. Percentage of nonconforming system demand change in each bus for the IEEE 14-bus system.

Bus No.% 1 2 3 4 5 6 7 8 9 10 11 12 13 14

PD 0 0 5 6 8 0 7 0 12 10 11 6 7 9
QD 0 0 15 6 8 0 7 0 12 30 11 6 7 29

Table 7. ED simulation results compared with traditional ED and new loss coefficients of the IEEE
14-bus system under the nonconforming system demand change condition.

Bus No.
TPF-ED TBC-ED NLC-ED

Output (pu) Output (pu) Error (%) Output (pu) Error (%)

1 1.6567 1.7747 7.123 1.6591 0.145
2 0.7466 0.7188 3.724 0.7412 0.723
6 0.4545 0.3576 21.320 0.4463 1.804

Cost 1209.2 1204.9 0.356 1204.2 0.413
TL 0.1112 0.1046 5.935 0.0999 10.162
λ 410.671 422.500 2.880 410.909 0.058

Table 8. Computing time comparison of the IEEE 14-bus system.

Scenario
TPF-ED TBC-ED NLC-ED

Computing
Time (X)

Computing
Time (Y) X/Y Computing

Time (Z) X/Z

base case system demand condition 0.188 (s) 0.035 (s) 5.371 0.025 (s) 7.520

conforming system demand increased
by 20% condition 0.188 (s) 0.026 (s) 7.231 0.028 (s) 6.714

conforming system demand
decreased by 20% condition 0.156 (s) 0.028 (s) 5.571 0.023 (s) 6.783

nonconforming system demand
change condition 0.187 (s) 0.025 (s) 7.408 0.028 (s) 6.679
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4.2.2. IEEE 30-Bus System

As in Section 4.2.1, the simulation results of the IEEE 30-bus system are also used to verify
the accuracy of the proposed NLC-ED. This system is composed of 14 buses, 6 generators, and 41
transmission lines. The simulation results are discussed as follows.

The ED simulation results compared with traditional ED and new loss coefficients of the IEEE
30-bus system under the base case system demand condition are listed in Table 9. Under the base case
condition, the numerical results illustrate that the percentage errors of real power outputs, cost, TL,
and λ are nearly 0%. The simulation results are similar to that of the IEEE 14-bus system. Therefore,
the NLC-ED is nearly closed to the TPF-ED. Similarly, the outcomes demonstrate that the proposed
NLC-ED is superior to the TBC-ED. The numerical results also illustrate that the proposed new TL
formula and the new loss coefficients for ED are accurate and effective in a larger-scale power system.
Tables 10 and 11 list the numerical results of conforming system demand increased and decreased by
20%, respectively. Under the conforming system demand increased by 20% condition, the maximum
real power output percentage error of the proposed NLC-ED is around 10%, and the cost percentage
error of the proposed NLC-ED is only 0.006%. Under the conforming system demand decreased
by 20 % condition, the maximum real power output percentage error of the proposed NLC-ED is
around 15%, and the cost percentage error of the proposed NLC-ED is only 0.353%; however, the cost
percentage error of the TBC-ED is just 0.089%. Besides this, the percentage error of TL of the proposed
NLC-ED is higher than that of the TBC-ED. Although the dispatch of real power outputs shows a few
differences and the TL illustrates larger difference between the TPF-ED and the proposed NLC-ED,
the costs between them are almost the same. Consequently, the proposed new TL formula and the
new loss coefficients for ED exhibit high accuracy and effectiveness under conforming system demand
changing conditions. In addition, the percentage of nonconforming changes in system demand are
listed in Table 12, and the numerical results of ED are presented in Table 13. The maximum real power
output percentage error of the proposed NLC-ED is around 3.2%, and it is better that that of the
TBC-ED; nevertheless, the percentage error of TL of the proposed NLC-ED is slightly higher than that
of TBC-ED. Additionally, the cost percentage error of the proposed NLC-ED is nearly 0.05%, and it
is better than that of the TBC-ED. Moreover, the computing time (Table 14) of the proposed TPF-ED
is also approximately 20 times of the NLC-ED, and the computing time of the four scenarios listed
in Table 14 of the proposed NLC-ED is better than that of the TBC-ED. The outcomes are similar to
those of the IEEE 14-bus system, and these numerical results lead to the conclusion that the proposed
NLC-ED can also solve random load demand changes.

Table 9. ED simulation results compared with traditional ED and new loss coefficients of the IEEE
30-bus system under the base case system demand condition.

Bus No.
TPF-ED TBC-ED NLC-ED

Output (pu) Output (pu) Error% Output (pu) Error%

1 0.5127 0.582 13.517 0.5127 0.000
2 0.3551 0.354 0.310 0.3551 0.000
5 0.7052 0.658 6.693 0.7052 0.000
8 0.3591 0.341 5.040 0.3591 0.000

11 0.4430 0.414 6.546 0.4430 0.000
13 0.4870 0.513 5.339 0.4871 0.021

Cost 1325.1 1324.6 0.038 1325.1 0.000
TL 0.0281 0.028 0.356 0.0281 0.000
λ 381.015 386.556 1.454 381.014 0.000
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Table 10. ED simulation results compared with traditional ED and new loss coefficients of the IEEE
30-bus system under the conforming system demand increased by 20% condition.

Bus No.
TPF-ED TBC-ED NLC-ED

Output (pu) Output (pu) Error% Output (pu) Error%

1 0.6009 0.675 12.332 0.6458 7.472
2 0.4352 0.425 2.344 0.3885 10.731
5 0.8243 0.774 6.102 0.8276 0.400
8 0.4661 0.449 3.669 0.4324 7.230

11 0.5409 0.514 4.973 0.5902 9.114
13 0.5731 0.598 4.345 0.5553 3.106

Cost 1551.7 1549.5 0.142 1551.8 0.006
TL 0.0397 0.036 9.320 0.0391 1.511
λ 388.074 394.024 1.533 391.666 0.926

Table 11. ED simulation results compared with traditional ED and new loss coefficients of the IEEE
30-bus system under the conforming system demand decreased by 20% condition.

Bus No.
TPF-ED TBC-ED NLC-ED

Output (pu) Output (pu) Error% Output (pu) Error%

1 0.4244 0.4885 15.104 0.3846 9.378
2 0.2752 0.283 2.834 0.3183 15.661
5 0.5876 0.543 7.590 0.5871 0.085
8 0.2529 0.233 7.869 0.2847 12.574

11 0.3453 0.315 8.775 0.3029 12.279
13 0.4010 0.427 6.484 0.4185 4.364

Cost 1104.5 1105.48 0.089 1108.4 0.353
TL 0.0192 0.0228 18.750 0.0287 49.479
λ 373.952 379.07 1.369 370.764 0.853

Table 12. Percentage of nonconforming system demand change in each bus for the IEEE 30-bus system.

Bus No% 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

PD 0 0 15 25 0 18 6 0 5 24 0 28 0 0 5
QD 0 0 10 30 0 8 25 0 20 14 0 18 0 6 27

Bus No% 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30

PD 30 15 6 30 11 7 15 12 0 16 11 30 14 25 0
QD 30 12 5 7 6 23 6 25 16 6 22 28 24 5 0

Table 13. ED simulation results compared with traditional ED and new loss coefficients of the IEEE
30-bus system under the nonconforming system demand change condition.

Bus No.
TPF-ED TBC-ED NLC-ED

Output (pu) Output (pu) Error% Output (pu) Error%

1 0.5393 0.6097 13.054 0.5517 2.299
2 0.3777 0.3755 0.582 0.3654 3.257
5 0.7291 0.6922 5.061 0.7411 1.646
8 0.3929 0.3730 5.065 0.3810 3.029

11 0.4767 0.4440 6.860 0.4860 1.951
13 0.5191 0.5383 3.699 0.5074 2.254

Cost 1392.1 1390.87 0.088 1391.4 0.050
TL 0.0323 0.03042 5.820 0.0302 6.502
λ 383.145 3.887 1.450 384.137 0.259
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Table 14. Computing time comparison of the IEEE 30-bus system.

Scenario
TPF-ED TBC-ED NLC-ED

Computing
Time (X)

Computing
Time (Y) X/Y Computing

Time (Z) X/Z

base case system demand condition 0.312 (s) 0.0243 (s) 12.840 0.0158 (s) 19.747

conforming system demand increased
by 20% condition 0.313 (s) 0.029 (s) 10.793 0.019 (s) 16.474

conforming system demand
decreased by 20% condition 0.343 (s) 0.0318 (s) 10.790 0.017 (s) 20.176

nonconforming system demand
change condition 0.343 (s) 0.0252 (s) 13.611 0.02 (s) 17.150

4.3. Discussions

To sum up, this study develops a new TL formula, which is composed of TL on the base case
operating point plus an ITL model for ED in power systems. The numerical results indicate that the
performance of the proposed NLC-ED for ED in power systems is superior to that of TPF-ED and
TBC-ED. The results of the optimal dispatch of each generating unit of NLC-ED is close to those of
TPF-ED. For instance, in the IEEE 14-bus system, the maximum real power output percentage error
of the proposed NLC-ED is less than 5%, and this result is much better than that of TBC-ED, whose
percentage error is around 30%. In addition, the maximum cost percentage error is only around 1%.
Although the maximum real power output percentage error of the proposed NLC-ED is up to 15%
in the IEEE 30-bus system, the maximum cost percentage error is less than 0.36%. Moreover, the
computing time of the proposed NLC-ED is the least among others. The results of TL by NLC-ED are
not that accurate compared to the TPF-ED due to the assumption that the bus voltages keep rated
voltage, i.e., 1.0 pu, during the formula derivation procedure; therefore, it caused the real power output
of each generating unit to be different between the proposed NLC-ED and TPF-ED. These results lead to
the conclusion that the proposed NLC-ED is an effective and feasible approach for security-constrained
ED. In practical applications, great error in real power output occurs for large changes in system load
demand. If the degree of error is unacceptable, then the base case power flow must be executed again
to ensure an acceptable solution. In this study, we simulated changes of 20% in system demand from
the base case, and the degree of error is acceptable.

5. Conclusions

In this study, a new loss formula considering real and reactive power outputs is proposed to
calculate TL and ITL for ED in power systems. The new loss coefficients, B and C coefficients, can be
derived by the developed coefficient computing procedure in any power system. More than one set of
the proposed loss coefficients can be established according to a day-ahead predictive daily load curve
in advance for ED in practical power systems. Although the C coefficients are not necessarily used in
the optimal real power dispatch, they can be used in reactive power dispatch in related studies in the
near future. The proposed approach is tested with IEEE 14-bus and 30-bus systems, and the numerical
results are compared with those obtained from the traditional B coefficient method and the load flow
method. The numerical results demonstrate that the performance of the proposed new loss formula
for ED is superior to that of the traditional B coefficient method and the load flow method. Applying
the new loss formula and the loss coefficients in ED can overcome the problems of complicated and
time-consuming iteration in the solution procedure of TPF-ED. Moreover, the proposed approach
shows high accuracy and fast computing advantages compared with Kron’s loss formula and B
coefficients. The proposed formula is suitable for real-time security-constrained ED applications in
modern power systems interconnected with distributed energy resources by the Lagrange Multiplier
method and other artificial intelligence algorithms without convergence risk.
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