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Abstract: A new type of hierarchical control is proposed for a four-wheel-steering (4WS) vehicle,
in which both the sideslip angle and yaw rate feedback are used, and the saturation of the control
variables (i.e., the front and rear steering angles) is considered. The nonlinear three degrees of freedom
(3DOF) 4WS vehicle model is employed to describe the uncertainties originating from the operating
situations. Further, a normal front-wheel-steering (2WS) vehicle with a drop filter of the sideslip
angle is selected as the reference model. The inputs for the rear and front steering angles of the linear
2DOF 4WS, required to achieve the performances described by the reference model, are obtained and
controlled by the upper controller. Further, the lower controller is designed to eliminate the state error
between the linear 2DOF and nonlinear 3DOF 4WS vehicle models. The simulation results of several
vehicle models with/without the controller are presented, and the robustness of the hierarchical
control system is analyzed. The simulation results indicate that using the proposed hierarchical
controller yields the same performance between the nonlinear 4WS vehicle and the reference model,
in addition to exhibiting good robustness.

Keywords: active 4WS system; hierarchical control; decoupling; fractional sliding mode control

1. Introduction

The active four-wheel-steering (4WS) system is studied widely to improve the handling stability at
high speeds, and the maneuverability at low speeds. With the emergence of intelligent vehicle systems
(IVS), the 4WS system can also be used to solve the path tracking problem to ensure that the vehicle
can follow the scheduled route, and its algorithm is mainly about determining the required steering
angle to adjust the dynamic turning point on the road curvature center [1–3]. Hitherto, some control
strategies and methods have been proposed to improve the aforementioned control goals, such as
fuzzy, adaptive, feedforward, feedback, optimal, H∞, sliding mode, decoupling, and neural network
controls, as well as µ synthesis.

A yaw stability controller based on fuzzy logic was proposed, which took the yaw angular velocity
error, steering angle given by driver, and side slip angle as input, calculated the additional steering
angle as output, and compared with the existing fuzzy control system with two inputs of the yaw
angle and yaw angular velocity. The results showed that the proposed fuzzy yaw controller had
better performance [4]. Considering the rear wheel steering resistance moment, the H2/H∞ mixed
robust controller was designed to track the desired yaw rate, and can be obtained according to the
variable transmission ratio strategy [5]. Applying the yaw rate tracking strategy to the 4WS vehicle and
considering the resistance moment of rear wheel steering, the H2/H∞ infinity hybrid robust controller
was designed and the stability control of 4WS vehicle was studied [6]. A µ synthesis robust controller
was designed to overcome the model uncertainty [7]. Considering the velocity changing, a linear
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parameter varying (LPV) controller was designed to improve the handling stability, safety, and comfort
of the 4WS vehicle [8]. A high-level control redistribution method based on LPV control framework
was adopted to realize torque vectorization and steering, which can ensure the speed and path tracking
of the four-wheel independently-actuated (4WIA) vehicle in the case of one or even several wheeled
motor failures or performance degradation [9]. Using the preview theory, robust theory, and adaptive
path following, the 4WS vehicle can exhibit a good path tracking capability in both the longitudinal
and lateral directions [10]. Based on the singular boundary theory and Lyapunov stability theory,
the uncertainty of the 4WS vehicle was debated [11]. Combined with the linear programming algorithm
and the improved sliding mode algorithm, a joint control strategy combining the exponential reaching
law with the saturation function was proposed. The strategy can control the side slip angle, yaw speed,
and yaw moment of the vehicle well to improve the handling and stability performance of the vehicle
significantly [12]. Based on sliding mode control, an integrated control system with 4WS and direct
yaw moment control (DYC) was proposed to improve vehicle handling stability [13]. A fast terminal
sliding mode controller was designed to suppress the external disturbance of the steer-by-wire (SBW)
system. Considering the unstructured and structural uncertainties, a robust controller was designed
by using the synthesis method; the controller order reduction was realized based on Hankel-Norm
approximation, and the extended Kalman filter was used to estimate the sideslip angle [14].

In addition, relative investigations have shown that the decoupling control of the vehicle steering
characteristics can improve the vehicle’s safety, driving, and even exhibit accurate trajectory tracking
because of the vehicle’s individual control of the lateral and yaw motions [15]. A robust triangular
decoupling control strategy was proposed to decouple the front axle acceleration from the yaw
rate [16]. A lateral-force observer based on the disturbance observer theory was developed, aiming to
overcome the fragile robustness of the decoupling control for road conditions, and used along with
the yaw-moment observer in a small-scale electric vehicle. Further, the robustness against parameter
variation was improved [17]. The necessary and sufficient conditions for the solution of diagonal
decoupling were presented, and the vehicle model (lateral plus roll dynamics) was implemented to
control the steering angle and sideslip angle of the vehicle independently, using a static state feedback
law with a static pre-compensator [18]. An asymptotic decoupling control for the 4WS vehicle based on
an easy measurement feedback was introduced. Its control inputs were the front wheel steering angle,
and the torques of front and rear wheels; further, the H∞ optimization method was used to derive
the desired eigenvalues [19]. Pre-compensation decoupling with H∞ performance control for a 3DOF
nonlinear 4WS vehicles was studied to consider the influence of disturbances on the output under
the H∞ index. The results showed that the longitudinal velocity, lateral velocity, and yaw rate can
be controlled independently, and the drivers can steer rapidly [20]. A simple decoupling subsystem
consisting of longitudinal, lateral, and yaw dynamics is derived by choosing the combination of
longitudinal acceleration/braking force and steering angle of front and rear wheels as the virtual
control input [21].

However, compared with diagonal decoupling, triangular decoupling is more complicated,
particularly for uncertain systems [22]. Further, it is difficult to build fuzzy rules in all situations
for fuzzy control algorithms, and the adaptive control is suitable for the slow time-varying system
that is vastly different from the actual steering system whose parameters may change quickly [23].
In addition, the control strategies for a 4WS system can be divided into two types: one is to make
the sideslip angle zero, corresponding to trajectory preserving problem, the other one is to track the
desired yaw rate. Most studies on the control of 4WS vehicles usually aim to determine the rear wheel
steering angle based on the certain front wheel steering angle, and compare the response of 4WS
vehicle under the inputs of the front and rear wheel steering angles with that of the 2WS vehicle.

The novelties of this study are as follows: (1) The reference model is obtained by filtering the
sideslip angle of a normal 2WS vehicle, which is very different from past practices. (2) According to the
2WS reference model, the front and rear wheel steering angles of linear 4WS vehicle are determined
simultaneously by the decoupling controller, and its response is consistent with that of the 2WS
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reference model completely. (3) Considering that it is very difficult to design controllers directly by
using nonlinear models, a new hierarchical controller is proposed in this paper. Firstly, the upper
controller controls the linear 4WS model to have the same response as the 2WS reference model.
Then the lower controller controls the nonlinear 4WS model to have exactly the same response as the
linear 4WS. (4) The upper control strategy, including the decoupling controller and asymptotic tracking
controller, is designed to provide the standard input for the linear 4WS vehicle model. The former is to
decouple the sideslip angle and yaw rate from each other, which can obtain the required front and rear
wheel steering angles. The latter is to control the linear 4WS vehicle model to track the reference model
completely. (5) The lower control strategy, including the optimal controller and fractional sliding mode
controller, is designed to remove the adverse effects of the state errors between the linear 2DOF and
nonlinear 3DOF 4WS vehicle models. The former is to eliminate the state error caused by the different
initial states. The latter is to eliminate the state error caused by the uncertainty.

The subsequent parts of this paper are organized as follows: In Section 2, the vehicle models,
including the nonlinear 3DOF 4WS/2WS model, the linear 2DOF 4WS/2WS model, and the reference
model are presented. The hierarchical control strategies, including the upper control strategy
(i.e., the decoupling and the asymptotic tracking control) and the lower control strategy (i.e., the optimal
control and the fractional sliding mode control), are described in Section 3. The comparison of the
simulation results of the linear 2DOF 2WS vehicle, reference model, nonlinear 3DOF 2WS vehicle, real
vehicle with the hierarchical controller and linear 4WS with linear quadratic regulator (LQR) controller
are reported in Section 4. Finally, the conclusion is summarized in Section 5.

2. Model Description

We consider three types of vehicle models for the hierarchical control system. The first one is a
nonlinear 3DOF 4WS/2WS vehicle model used to describe the system uncertainty, which is controlled
by a lower controller to ensure the system robustness. The second one is a linear 2DOF 4WS/2WS
vehicle model controlled by an upper controller, which can supply the standard inputs to 4WS vehicles.
The last one is a reference model to provide the desired yaw rate and sideslip angle.

2.1. Nonlinear 3DOF 4WS/2WS Vehicle Model

The 4WS vehicle model considering the lateral, yaw, and roll motions is given by
Iz

.
γ− Ixz

..
φ = 2aFf − 2bFr

mux

( .
β + γ

)
+ mshs

..
φ = 2Ff + 2Fr

Ix
..
φ− Ixz

.
γ + mshsux

( .
β + γ

)
=
(
msghs − kφ

)
φ− cφ

.
φ

, (1)

where Iz is the moment of inertia of the vehicle about the z-axis, Ix is the roll moment of inertia of
the vehicle body about the x-axis, Ixz is the moment of the inertia product, γ is the yaw rate, φ is the
roll angle of the vehicle body, a and b are the distances from the centroid to the front and rear axle,
Ff and Fr are the lateral forces of the front and rear wheel respectively, m is the vehicle mass, ux is the
longitudinal speed of the vehicle, β is the sideslip angle, ms is the mass of the vehicle body, hs is the
distance of the body centroid to the roll center axis, g is the gravitational acceleration, kφ is the sum of
the roll stiffness of the front and rear suspensions, and cφ is the sum of the roll damping of the front
and rear suspensions.

Considering the nonlinearity of the tires, the lateral forces of the front and rear wheels can be
expressed as follows [17]:

Fi = ϕDi sin(Ciarctan(Bi(1− Ei)
αi
ϕ
+ Eiarctan(Bi

αi
ϕ
))) i = f , r, (2)



Energies 2018, 11, 2930 4 of 14

where
α f = β + aγ/ux − R f φ− δ f , αr = β− bγ/ux − Rrφ− δr, (3)

ϕ is the road adhesion coefficient (ranging from 0.2 to 1), Bi, Ci, Di, Ei are the coefficients, αi is the slip
angle of the wheel. Rf and Rr are the roll deflection coefficients of the front and rear axles, respectively;
δf and δr are the steering angles of the front and rear wheels, respectively.

Equation (2) can also be expressed as

Fyi = kiαi + fyi(αi, ϕ)i = f , r, (4)

where ki is the cornering stiffness of the front or rear wheel and ki = BiCiDi. Then, according to
Equations (2) and (4), the following expression can be obtained:

fyi(αi, ϕ) = ϕDi sin(Ciarctan(Bi(1− Ei)
αi
ϕ
+ Eiarctan(Bi

αi
ϕ
)))− kiαi. (5)

Substituting (4) into (1), we define x̃ =
[

γ β
.
φ
]T

, u =
[

δ f δr

]T
; thus, the state space

model can be expressed by
Ẽ

.
x̃ = Ãx̃ + B̃u + F̃, (6)

where

Ẽ =

 Iz 0 −Ixz

0 mux msh
−Ixz mshux Ix

, Ã =


2
(

a2k f + b2kr

)
/ux 2

(
ak f − bkr

)
0

−mux + 2
(

ak f − bkr

)
/ux 2

(
k f + kr

)
0

−mshux 0 −cφ

,

B̃ =

 −2ak f 2bkr

−2k f −2kr

0 0

, F̃ =


2a fy f

(
α f , ϕ

)
− 2b fyr(αr, ϕ) + 2

(
−aR f k f + bRrkr

)
φ

2 fy f

(
α f , ϕ

)
+ 2 fyr(αr, ϕ)− 2

(
R f k f + Rrkr

)
φ

msghφ− kφφ

.

(7)

When δr = 0, the 4WS vehicle model described by Equation (6) will become the 2WS vehicle
model, which will be used in the simulation for the comparison.

2.2. Linear 2DOF 4WS/2WS Vehicle Model

To obtain the standard input of the 4WS vehicle by the upper controller, the 4WS vehicle model

with the lateral and yaw motions is established. By defining x =
[

γ β
]T

, the space state equation
is as follows:

.
x = Ax + Bu, (8)

where

A =

 2
a2k f +b2kr

Izux
2

ak f−bkr
Iz

2
ak f−bkr

mu2
x
− 1 2

k f +kr
mux

 =

[
a11 a12

a21 a22

]
, B =

 −ak f
Iz

bkr
Iz

−k f
mux

−kr
mux

 =

[
b11 b12

b21 b22

]
. (9)

When δr = 0, the linear 2DOF 2WS vehicle, which will also be used in the simulation for the
comparison, can be described as follows:

.
x̂ = Âx̂ + B̂û, (10)

where

x̂ =
[

γ β
]T

, û = δ f , Â =

 2
a2k f +b2kr

Izux
2

ak f−bkr
Iz

2
ak f−bkr

mu2
x
− 1 2

k f +kr
mux

, B̂ =

 −ak f
Iz
−k f
mux

. (11)
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2.3. Reference Model

The typical early practice is to define a first-order system as the reference model and maintain the
sideslip angle as zero [5]. However, some studies have shown that 4WS vehicles with zero sideslip angle
in cornering maneuvers exhibit significant under-steering characteristic and the zero sideslip angle will
contribute to the driver’s unadaptation [1]. Therefore, in this study, the reference model is obtained
by filtering the sideslip angle of the normal 2WS vehicle described by Equation (10). Its filtering
magnitude can be adjusted in real time and depends on the drivers’ requirements. The transfer
function for the drop filter of the sideslip angle can be expressed as follows:

G(s) =
ηωn

2

s2 +
√

2ωn + ωn2
, (12)

where η is the gain coefficient that can be used to adjust the amplitude of the sideslip angle, ωn is the
cutoff frequency, and s is the complex variable.

3. Design of Hierarchical Controller

Because the considered 4WS vehicle is equipped with a four-wheel steer-by-wire system, only the
steering wheel angle issued by the driver is used to describe the driving intention. In fact, the real
4WS vehicle is affected by the parameter uncertainty, tire nonlinearity, non-modeling dynamics,
and coupling disturbance caused by the roll. Under such condition, the adopted hierarchical control
structure is as depicted in Figure 1. The desired yaw rate and sideslip angle, γd and βd, are generated
by the reference model with only the input of the front wheel steering angle, which is proportional to
the steering wheel angle. The upper controller computes the inputs of the front and rear steering angles
for the linear 2DOF 4WS vehicle; further, δf and δr, are required to obtain the required performances
described by the reference model. Owing to the many differences between the linear 2DOF 4WS vehicle
and the nonlinear 3DOF 4WS vehicle, we used the theory of the fractional calculus and the sliding
mode control to design the lower controller to guarantee the robustness of the whole control system.
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3.1. Design of Upper Controller

The standard input of the 4WS vehicle can be obtained by the upper controller according to the
reference model with the single input of the front wheel steering angle. To completely follow the
desired sideslip angle and yaw rate, the decoupling of the linear 2DOF 4WS system is performed,
and the transfer functions between γ and u1, and between β and u2 are obtained. Subsequently,
by the asymptotic tracking controller, the linear 2DOF 4WS system can yield the same response as the
reference model.
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3.1.1. Decoupling of Linear 2DOF 4WS System

The following expression can be obtained from Equation (8):[
γ(s)
β(s)

]
= G(s)

[
δ f (s)
δr(s)

]
=

[
G11(s) G12(s)
G21(s) G22(s)

][
δ f (s)
δr(s)

]
, (13)

where
G11(s) =

sb11−a22b11+a12b21
s2−(a11+a22)s+a11a22−a21a12

, G12(s) =
sb12−a22b12+a12b22

s2−(a11+a22)s+a11a22−a21a12
,

G21(s) =
sb21−a11b21+a21b11

s2−(a11+a22)s+a11a22−a21a12
, G22(s) =

sb22−a11b22+a21b12
s2−(a11+a22)s+a11a22−a21a12

.
(14)

As shown in Equation (13), both γ and β are controlled by both δf and δr. Therefore, it is
necessary to decouple γ from β to ensure that the linear 2DOF 4WS system can track the two variables
of the reference model simultaneously. Subsequently, two independent input variables, u1 and u2,
are introduced as shown in Figure 1.

From Figure 1, the relationship between δf, δr and u1, u2 are as follows:[
δ f (s)
δr(s)

]
=

[
D11(s) D12(s)
D21(s) D22(s)

][
u1(s)
u2(s)

]
. (15)

Substitute Equation (15) into Equation (13), we obtain[
γ(s)
β(s)

]
=

[
G11(s) G12(s)
G21(s) G22(s)

](
D11(s) D12(s)
D21(s) D22(s)

)(
u1(s)
u2(s)

)
. (16)

Only when (
G11(s) G12(s)
G21(s) G22(s)

)(
D11(s) D12(s)
D21(s) D22(s)

)
=

(
G11(s) 0

0 G22(s)

)
, (17)

can γ and β be controlled by u1 and u2, respectively. That is,[
γ(s)
β(s)

]
=

[
G11(s) 0

0 G22(s)

][
u1(s)
u2(s)

]
. (18)

Subsequently,

G11(s) =
γ(s)
u1(s)

, G22(s) =
β(s)
u2(s)

. (19)

In addition,

|G(s)| =
(a + b)k f krux

Izmu2
xs2 −

[
k f (ma2 + Izux) + kr(mb2 + Izux)

]
s + (a + b)2k f kr + mu2

x

(
ak f − bkr

) . (20)

Obviously, |G(s)| is always not zero as long as ux 6= 0. Substituting Equation (18) into (16),
we obtain [

D11(s) D12(s)
D21(s) D22(s)

]
=

[
G11(s) G12(s)
G21(s) G22(s)

]−1[
G11(s) 0

0 G22(s)

]
, (21)
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where

D11(s) =
(
b2s2 + b1s + b0

)
/
(
a2s2 + a1s + a0

)
, D12(s) =

(
b5s2 + b4s + b3

)
/
(
a2s2 + a1s + a0

)
,

D21(s) =
(
b8s2 + b7s + b6

)
/
(
a2s2 + a1s + a0

)
, D22(s) =

(
b11s2 + b10s + b9

)
/
(
a2s2 + a1s + a0

)
,

a0 = (a12b21 − a22b11)(a21b12 − a11b22 + a11b12 − a12b22), a1 = a21b12b11 − a11b22b11 + a11b12b21 − a12b21b12,
a2 = b11b22 − b21b12, b0 = (a21b12 − a11b22)(a12b21 − a22b11), b1 = a21b12b11 − a11b22b11 + a12b21b22 − a22b11b22

b2 = b22b11, b3 = (a11b12 − a12b22)(a21b12 − a11b22), b4 = −a21b2
12 + a11b22b12 + a11b12b22 − a12b2

22,
b5 = −b12b22, b6 = (−a12b21 + a22b11)(a21b11 − a11b21), b7 = −a12b2

21 + a22b11b21 − a21b2
11 + a11b11b21,

b8 = −b11b21, b9 = (a21b12 − a11b22)(a12b21 − a22b11), b10 = a21b12b11 − a11b22b11 + a12b21b22 − a22b11b22,
b11 = b22b11.

(22)

Only the decoupling of the linear 2DOF 4WS vehicle has been introduced here. Nevertheless, it is
still necessary to design the corresponding controller to ensure that the decoupled linear 2DOF 4WS
vehicle can obtain the required performances described by the reference model.

3.1.2. Design of Asymptotic Tracking Controller

The studies above show that the transfer functions between γ and u1, and between β and u2 are
G11(s) and G22(s), respectively. Here, the transfer function G11(s) is used as an example to illustrate
the design of the asymptotic tracking controller Gc1(s). Figure 2 shows the control block diagram.

Energies 2018, 11, x 7 of 14 

 

1

11 12 11 12 11

21 22 21 22 22

( ) ( ) ( ) ( ) ( ) 0

( ) ( ) ( ) ( ) 0 ( )

D s D s G s G s G s

D s D s G s G s G s



     
     

     
, (21) 

where  

   2 2

11 2 1 0 2 1 0( )D s b s b s b a s a s a     ,    2 2

12 5 4 3 2 1 0( )D s b s b s b a s a s a     , 

   2 2

21 8 7 6 2 1 0( )D s b s b s b a s a s a     ,    2 2

22 11 10 9 2 1 0( )D s b s b s b a s a s a     , 

  0 12 21 22 11 21 12 11 22 11 12 12 22a a b a b a b a b a b a b     ,
1 21 12 11 11 22 11 11 12 21 12 21 12a a b b a b b a b b a b b    , 

2 11 22 21 12a b b b b  ,   0 21 12 11 22 12 21 22 11b a b a b a b a b   ,
1 21 12 11 11 22 11 12 21 22 22 11 22b a b b a b b a b b a b b     

2 22 11b b b ,   3 11 12 12 22 21 12 11 22b a b a b a b a b   , 2 2

4 21 12 11 22 12 11 12 22 12 22b a b a b b a b b a b     , 

5 12 22b b b  ,   6 12 21 22 11 21 11 11 21b a b a b a b a b    , 2 2

7 12 21 22 11 21 21 11 11 11 21b a b a b b a b a b b     , 

8 11 21b b b  ,   9 21 12 11 22 12 21 22 11b a b a b a b a b   ,
10 21 12 11 11 22 11 12 21 22 22 11 22b a b b a b b a b b a b b    ,

11 22 11b b b . 

(22) 

Only the decoupling of the linear 2DOF 4WS vehicle has been introduced here. Nevertheless, it 

is still necessary to design the corresponding controller to ensure that the decoupled linear 2DOF 

4WS vehicle can obtain the required performances described by the reference model. 

3.1.2. Design of Asymptotic Tracking Controller 

The studies above show that the transfer functions between γ and 1u , and between β and u2 are 

11( )G s  and 22 ( )G s , respectively. Here, the transfer function 11( )G s  is used as an example to 

illustrate the design of the asymptotic tracking controller c1( )G s . Figure 2 shows the control block 

diagram. 

11( )G sc1( )G s



d +
-

e

 
Figure 2. Asymptotic tracking control system 

From Figure 2, the following expression can be obtained: 

       c1 11( ) ( ) ( )d de t t t t G t G t e t      . (23) 

Its Laplace transform can be expressed as 

   c1 11

1
( ) ( )

1
de s s

G s G s



 , (24) 

where 

 c1 p dG s k k s  , (25) 

kp and kd are the proportional and differential coefficients of the PD controller. 

Further, the characteristic polynomial of this second-order system can be simplified as 

2

2 1 0 0d s d s d   , (26) 

where 

Figure 2. Asymptotic tracking control system.

From Figure 2, the following expression can be obtained:

e(t) = γd(t)− γ(t) = γd(t)− Gc1(t)G11(t)e(t). (23)

Its Laplace transform can be expressed as

e(s) =
1

1 + Gc1(s)G11(s)
γd(s), (24)

where
Gc1(s) = kp + kds, (25)

kp and kd are the proportional and differential coefficients of the PD controller.
Further, the characteristic polynomial of this second-order system can be simplified as

d2s2 + d1s + d0 = 0, (26)

where

d0 = a11a22 − a21a12 + kp(−a22b11 + a12b21), d1 = b11kp + (−a22b11 + a12b21)kd − (a11 + a22), d2 = 1 + b11kd. (27)

Its Routh Series is as follows,
s2

s1

s0

∣∣∣∣∣∣∣
d2

d1

e1

d0

0
0

, (28)
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where

e1 = − 1
d1

∣∣∣∣∣ d2 d0

d1 0

∣∣∣∣∣ = d0. (29)

According to Routh-Hurwitz stability criterion, the parameters of the PD controller can be set and
kp = −5, kd = −2, when the coefficients of the characteristic polynomials of the 2-order system are all
positive. Similarly, the parameters of the asymptotic tracking controller for controlling the sideslip
angle can also be determined.

3.2. Design of Lower Controller

Although the standard input of the 4WS vehicle has been obtained by the upper controller, it is
still necessary to employ the lower controller such that the nonlinear 3DOF 4WS follows the linear
2DOF 4WS vehicle because many differences exist between the two vehicles. The linear 2DOF 2WS
vehicle described by Equations (10) and (12) is used as the reference model.

Let x =
[

γ β
]T

and uc =
[

δ f c δrc

]T
; subsequently, Equation (6) can be re-expressed as

.
x = Ax + Bu + Buc + F + Wφ, (30)

where

A = E−1

 2a2k f +2b2kr
ux

+ Ixzmshux
Ix

2
(

ak f − bkr

)
(2ak f−2bkr)

ux
−mux +

m2
s h2ux
Ix

2
(

k f + kr

)
, E =

[
Iz − I2

xz
Ix

Ixzmshux
Ix

Ixzmsh
Ix

mux − m2
s h2ux
Ix

]
,

Wφ = E−1

 − Ixzcφ

.
φ

Ix
+
−Ixzmsghφ+Ixzkφφ

Ix
+
(
−2ak f R f + 2bkrRr

)
φ

mshcφ

.
φ

Ix
+
(
−2R f k f − 2Rrkr

)
φ +

−m2
s h2g+mshkϕ

Ix
φ

,

B = E−1

[
−2ak f 2bkr

−2k f −2kr

]
, F =

 2a fy f

(
α f , ϕ

)
− 2b fyr(αr, ϕ)

2 fy f

(
α f , ϕ

)
+ 2 fyr(αr, ϕ)

.

(31)

The state error between the linear 2DOF and nonlinear 3DOF 4WS vehicle models can be expressed
as e = x− x. Therefore,

.
e = Ae− Buc + ∆, (32)

where
∆ =

(
A− A

)
x +

(
B− B

)
u +

(
B− B

)
uc − F−Wφ. (33)

As shown, the state error between the two vehicle models is primarily from the initial state error
of the state variable, the uncertainty error that includes the parameters’ difference, the nonlinear term
of the tires F, and the coupling disturbance caused by the vehicle roll Wφ. Therefore, it is necessary
to define

uc = uco + ucc, (34)

where uco is the output of the optimal controller to avoid the error caused by the different initial
states, and ucc is the output of the fractional sliding mode controller to avoid the error caused by
the uncertainties.

3.2.1. Design of Optimal Controller

When only the initial state error of state variable is considered, that is, the uncertainty error under
the nominal parameters is not considered, that is, ∆ = 0, ucc = 0, Equation (32) becomes

.
e = Ae− Buco. (35)
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Let uco = Ke, where K is the optimal feedback gain matrix; therefore, the performance index of the
vehicle system is given by

J =
∫ t

0

(
eTQe + uc

T Ruc

)
dt. (36)

Let Q = diag(100,1000) and R = diag(1,1); therefore, K can be calculated by

K = R−1BT P (37)

where
AT P + PA− PBRBT P + Q = 0. (38)

3.2.2. Design of Fractional Sliding Mode Controller

When only the uncertainty error under the nominal parameters is considered, that is, ∆ 6= 0,
the sliding superplane can be expressed as

s =
.
e−

(
A− BK

)
e. (39)

It is easy to conclude that Equation (39) is completely equivalent to Equation (35) when s = 0.
Therefore, provided that s = 0 can be controlled, the state error of the two vehicles can fulfill the
requirements of the optimal control. However, if ∆ 6= 0, the condition s = 0 is not satisfied at this
time. To control the e move on s = 0, the sliding mode control is required after the optimal control
of the front and rear steering angles for the actual 4WS vehicle. Subsequently, Equation (32) can be
transformed into

.
e = Ae− B(uco + ucc) + ∆. (40)

To further improve the robustness of the system, the fractional order theory is introduced here.
That is, s is assumed to satisfy the fractional order decay rate [24]:

cDα
t s = −Λs− εsgn(s) (0 < α ≤ 1) . (41)

where cDt
α(·) is the α order Riemann–Liouvilla fractional derivative, Λ is the positive real diagonal

matrix, ε is a coefficient, sgn(·) is a sign function.
Subsequently, we obtain the −α order derivative on both sides of Equation (41); therefore,

s = −ΛcD−α
t s− εcD−α

t sgn(s). (42)

Substituting (39), (40) into (41), the fractional sliding model control law is expressed as follows:

ucc = B−1ΛcD−α
t s− B−1

εcD−α
t sgn(s)− B−1∆. (43)

4. Simulation Analysis

The nominal vehicle parameters and five different parameter groups of the real 4WS vehicle
are summarized in Tables 1 and 2, respectively. Assuming that the real 4WS vehicle (represented
herein by the nonlinear 3DOF 4WS model) traverses on a road with the adhesion coefficient of 0.8,
its partial parameters (m = 1700 kg, Iz = 4100 kgm2) and initial state of state variable (x0 = (0, 0)T)
are slightly different from those of the linear 2DOF 4WS vehicle (m = 1818.2 kg, Iz = 3885 kgm2,
x0 = (0.5,−1)T). The system input is the step input of the front wheel steering angle with amplitude
0.045 rad. The saturation values of the front and rear steering angles are

∣∣∣δ f

∣∣∣ ≤ π
6 rad, |δr| ≤ π

36
rad, respectively.
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Table 1. Vehicle parameters.

Symbol Value Symbol Value Symbol Value

m (kg) 1818.2 kφ (Nm/rad) 131,380 cφ 10,000
ms (kg) 1200 Rf −0.114 a (m) 1.4435

Ix (kgm2) 729.6 Rr 0 b (m) 1.6045
Iz (kgm2) 3885 kf (N/rad) −62,618 hs (m) 0.44
Ixz (kgm2) 0 kr (N/rad) −110,185 ux (m/s) 25

Table 2. Parameters of real four-wheel-steering (4WS) vehicle.

Group m (kg) Iz (kgm2) a (m) b (m)

1 1800 3785 1.543 1.505
2 1600 3685 1.423 1.625
3 1700 3885 1.583 1.465
4 1900 3985 1.343 1.705
5 2150 4085 1.243 1.805

The linear 2DOF 2WS vehicle, reference model, nonlinear 3DOF 2WS vehicle, real 4WS vehicle
with the hierarchical controller, and linear 2DOF 4WS vehicle with LQR controller are simulated with
the same front wheel steering angle; their response curves are shown in Figures 3–8. To investigate the
robustness of the hierarchical controller system, five different groups of vehicle parameters are used in
the simulation, and their deviations in yaw rate and sideslip angle from those of the real 4WS vehicle
with the nominal parameters are shown in Figures 9 and 10.

As shown in Figures 3 and 4, the steady-state values of both the yaw rate and sideslip angle of
the linear 2DOF 2WS vehicle, and those of the nonlinear 3DOF 2WS vehicle are different from each
other. In particular, their steady-state values of sideslip angle are far from that of the reference model.
This is because the nonlinear 3DOF 2WS vehicle considers the roll motion, and the reference model is
obtained by filtering the sideslip angle of the linear 2DOF 2WS vehicle, which can also be adjusted
according to the driving condition, such as the mass and speed of the vehicle. In addition, at the very
beginning, the value of sideslip angle of the real 4WS vehicle with the hierarchical controller exhibits
little fluctuation. However, their steady-state values of yaw rate and sideslip angle are almost exactly
the same as the reference model. This is because both the partial parameters and the initial state are
not the same, and the nonlinear 3DOF 4WS vehicle requires extra consideration for the roll motion.

It can be drawn from Figure 5 that front and rear wheel steering angles of the real 4WS vehicle with
hierarchical controller are 0.0698 rad and 0.0215 rad, respectively, which are less than the saturation
values. Further, the front and the rear wheels rotate in the same direction, thus fully meeting the
requirement of the handling stability at high speed. In addition, it also indicates that although the
input of the hierarchical control system is only the front wheel steering angle, the proper front and
rear wheel steering angles are obtained by the hierarchical controller. Specifically, the actual front and
rear steering angles come from two parts: one is the standard input achieved by the upper controller
of the 4WS vehicle, the other is the corrected value obtained by the lower controller to eliminate the
uncertainty influence.

Figure 6 shows that the roll angles of the nonlinear 3DOF 2WS vehicle and the real 4WS vehicle
with hierarchical controller are −0.031 rad and −0.0285 rad, respectively, thus indicating that the roll
angle of the rear 4WS vehicle decreases to a certain extent by adopting the hierarchical controller,
and its handling stability is improved compared with the nonlinear 3DOF 2WS vehicle.

It can be seen from Figures 7 and 8 that the yaw rate of the linear 2DOF 4WS vehicle with LQR
controller can track that of the linear 2DOF 2WSvehicle, but the sideslip angle of the former cannot
track that of the latter. Thus the upper controller of the hierarchical control strategy is effective to track
both the yaw rate and sideslip angle.
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As shown in Figures 9 and 10, although almost all of the parameters of the real 4WS vehicle have
changed, the maximum deviations in the yaw rate and sideslip angle of the real 4WS vehicle with
the hierarchical controller are −3.7 × 10−3 rad/s and −2.16 × 10−3 rad, respectively, which approach
0 after approximately 1 s and 1.5 s, respectively. Hence, even if the actual 4WS vehicle is traversing
with little change in these parameters, the driver will hardly feel these variations and experience no
uncomfortable feeling. Obviously, the hierarchical controller demonstrates good robustness.
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5. Conclusions

The realization of a new hierarchical control strategy for the nonlinear 3DOF 4WS vehicle is
studied. The upper control calculates and controls the standard input for the 4WS vehicle, thus allowing
the linear 2DOF 4WS vehicle to track the yaw rate and sideslip angle of the 2WS reference model.
The lower control is used primarily to solve the effects of the vehicle uncertainty, and perform the
appropriate amendments to yield the required performance in the real vehicle. That is, the optimal
controller is applied to control the state error caused by the different initial states of the variable;
subsequently, the fractional order sliding mode controller is applied to compensate for the state error
caused by the uncertainty error. And the simulation results show that this hierarchical control strategy
is effective for the nonlinear 3DOF 4WS vehicles.
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