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Abstract: In the present research, considering the importance of desirable steam turbine design,
improvement of numerical modeling of steam two-phase flows in convergent and divergent channels
and the blades of transonic steam turbines has been targeted. The first novelty of this research is
the innovative use of combined Convective Upstream Pressure Splitting (CUSP) and scalar methods
to update the flow properties at each calculation point. In other words, each property (density,
temperature, pressure and velocity) at each calculation point can be computed from either the CUSP
or scalar method, depending on the least deviation criterion. For this reason this innovative method
is named “hybrid method”. The next novelty of this research is the use of an inverse method
alongside the proposed hybrid method to find the amount of the important parameter z in the
CUSP method, which is herein referred to as “CUSP’s convergence parameter”. Using a relatively
simple computational grid, firstly, five cases with similar conditions to those of the main cases under
study in this research with available experimental data were used to obtain the value of z by the
Levenberg-Marquardt inverse method. With this innovation, first, an optimum value of z = 2.667
was obtained using the inverse method and then directly used for the main cases considered in
the research. Given that the aim is to investigate the two-dimensional, steady state, inviscid and
adiabatic modeling of steam nucleating flows in three different nozzle and turbine blade geometries,
flow simulation was performed using a relatively simple mesh and the innovative proposed hybrid
method (scalar + CUSP, with the desired value of z = 2.667). A comparison between the results of
the hybrid modeling of the three main cases with experimental data showed a very good agreement,
even within shock zones, including the condensation shock region, revealing the efficiency of this
numerical modeling method innovation. The main factor in improving the aforementioned results
was found to be a reduction of the numerical errors by up to 70% in comparison to conventional
methods (scalar, Jameson original), so that the mass flow rate is well conserved, thereby proving
better satisfaction of the conservation laws. It should be noted that by using this innovative hybrid
method, one can take advantages of both central difference scheme and upstream scheme (scalar and
CUSP, respectively) at the same time in simulating complex flows in any other finite volume scheme.

Keywords: scalar; CUSP; inverse method; finite volume; nucleation; steam two-phase flow

1. Introduction

Efficiency enhancement of steam turbines, which are important components of the power
generation industry, has been always considered by designers. In these plants, for low pressure
transonic turbines, the droplet formation becomes significantly important. Finite volume numerical
methods are conventionally used to predict the two-phase flow behavior in these steam turbines [1–3].
Considering the liquid-vapor two-phase phenomena governing the flow, and also considering the
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presence of blades of tip-section geometry, given the relatively high complexities, there is still a
need for improved numerical methods with reduced numerical errors, for accurate modeling of the
flow. For this purpose, one may see the derivation of a more accurate numerical method to capture
condensation shock and aerodynamic shocks (flow discontinuities) with minimum fluctuations and,
particularly, minimal numerical errors as one of the important challenges faced by computational fluid
dynamics (CFD) [4–7].

Vapor flow through the nozzles and cascade blades in the low pressure transonic steam turbine
is transformed into supercooled steam due to the rapid expansion and delay in fluid condensation.
The phase change of the fluid from vapor to liquid droplets results in the release of some latent
heat, part of which will be stored in the droplet, thereby, increasing it’s temperature. This effect in
nucleation zone results in local increase in pressure (or what is referred to as condensation shock),
thereby reducing the turbine’s performance [8,9]. Bakhtar and Tochai [10] were the first to propose a
two-dimensional solution for the two-phase vapor flow between steam turbine blades using Denton’s
finite-volume method. Then, looking for better solutions, they applied a Runge Kutta algorithm
developed by Jameson, which was of second-order precision in space, for an expansive inviscid flow,
and showed that the Jameson method offers better capabilities in terms of shock capturing in two-phase
steam flows [11,12].

Only a limited number of numerical methods are capable of modeling complicated two-phase
phenomena in relatively complex geometries. Since this flow begins nucleation at a considerable rate
under non-equilibrium conditions within the Wilson pressure range [1,7,13], a Lagrangian approach
along with a standard H-grid are often recommended for calculating droplet growth in two-phase
flows because of non-simplicity in convergence, and complexity of the flow [2,7,14,15]. Several credible
papers [1,12,16–18] have proved that this grid is independent of the finite volume solution for the
test cases used in the present research. In this research, in order to calculate the nucleation of new
droplets, the modified classical nucleation equation by Courtney and Kantrovitz [9,15,18] is used, while
the droplet growth is determined by a Lagrangian solution in the proposed novel hybrid numerical
approach, which will be explained in detail in the following sections. Furthermore, the expansive
nature of the flow through nozzles and turbines, which results in a thin boundary layer, allows one to
assume the flow as being inviscid [1,7,12,19,20].

Since difference-based methods can be divided into two groups, namely central difference schemes
with dissipation scheme and upstream schemes, one group of solutions for Euler equations are based
on the propagative characteristic of waves; this group of methods are referred to as upstream flow
schemes. The direction of discretization of the differential equations and data acquisition is in harmony
with the behavior of the inviscid flow. From the 1980s onwards, extensive attempts have been
focused on modelling and adopting upstream flow schemes; these attempts are classified under two
general classes, namely flux vector splitting methods and flux difference splitting methods which use
propagative characteristic of wave to solve Euler equations. The common point in these two classes
of methods lies in the relationship between the amplitude propagation direction, the direction along
which the differential equations are expanded, and synchronization of solution domain with flow
behavior [21].

In 1995, Jameson [22] was among the first to establish the basis of the discretization schemes
of the past two decades. He presented an Upstream Pressure Splitting scheme, named CUSP, as an
advanced analytical scheme for compressible flows. In this form of artificial dissipation, there are a
combination of second-order and fourth-order dissipation terms which have been used by numerous
researchers. This scheme is based on the assumption that, fourth-order artificial dissipation terms
across the entire area are considered firstly, and then, added to prevent nonlinear instabilities. The
CUSP method [23] belongs to a group of schemes proposed based on Flux Vector Splitting along with
governing pressure flux. In 2015, Folkner et al. [24] performed flow modeling on airfoils with a focus
on the importance of adjusting low Mach numbers in steady state and also modeling in unsteady
state, using the CUSP numerical method. They further compared the obtained results against those
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obtained when a matrix dissipation scheme was used, and the superiority of the CUSP method was
evident with reference to experimental data. Another approach to increase model accuracy is to use
the Levenberg-Marquardt inverse method to achieve results of adequate accuracy in shorter times
than those of conventional solutions [25,26]. The Levenberg-Marquardt algorithm is used to find the
minimum of a multivariate nonlinear function; it is designed as a standard method for solving least
squares problems for nonlinear functions, and exhibits high efficiency in solving inverse engineering
problems. As of present, this algorithm can be used to solve a variety of nonlinear equations [27].

In the present research, in order to reduce numerical errors and thereby improve the results,
application of an improved CUSP scheme in Jameson’s two-dimensional finite volume method has been
investigated, which is in continuation of previous research and publications of the authors [6,16,17].
The first novelty of this research is the innovative combined use with CUSP and scalar methods
(hereforth referred to as the hybrid method) to update the properties at each calculation point. In other
words, each property (ρ, T, p and V) at each calculation point can be calculated by either a CUSP or
scalar method, depending on the least deviation (between two latest iterations) as a criterion, but when
it comes to the whole set of the aforementioned properties at each calculation point, both of these
methods may be used. This is why this innovative method is called the hybrid method.

The next novelty of this research is the use of an inverse method with the proposed hybrid method
to find an optimum value for the important parameter z in the CUSP method, which is herein referred
to as the “CUSP convergence parameter”. Accordingly, first, five cases of similar conditions to with
those of the main cases under study in this research but with available experimental data were used
to obtain the value of CUSP’s convergence parameter, z, by using Levenberg-Marquardt’s inverse
method. With this innovation, first, the correct optimum value of z is obtained, so that the inverse
method is no longer required for determining the z parameter for the main test cases. The obtained z
value is then directly used for the main cases considered in the research within the framework of the
proposed hybrid method. The experimental data of the main cases are used to validate the innovative
hybrid modeling results.

As mentioned before, the aim in this research is to improve two-dimensional modeling of steady
state and adiabatic steam nucleating flows in three different geometries (namely Young nozzle type
L, mid-section turbine blade, and relatively complicated geometry of tip-section blade of the steam
turbine), which is performed using a relatively simple computational grid and the proposed innovative
hybrid method (scalar + CUSP, with the desired value of z). Afterwards, a comparison is made between
the results of the proposed hybrid modeling in the mentioned cases and experimental data, with
an emphasis on shock zones, including the condensation zone. It should be noted that using this
innovative hybrid method, one can take advantage of both the central difference scheme and upstream
scheme (scalar and CUSP, respectively) at the same time in simulating complex flows in any other
finite volume schemes.

2. Two-Phase Flow

One of the attributes of steam flow in turbine blade passageways is it’s rapid expansion and
diversion from thermodynamic equilibrium, where without any liquid formation, in supercooled
or supersaturated vapor conditions, the gas can expand until the Wilson line in Mollier’s diagram.
In this situation, return to equilibrium happens through spontaneous water droplet formation and
growth [19,28,29]. In this research, droplet growth is modeled following a Lagrangian solution and
Eulerian method for gas phase analysis done using a finite volume method. Due to the formation of
condensed flow, modeling the steam turbine cascades is much more complex than dry flow conditions.
The droplets which form and grow in homogeneous flow due to sudden condensation in turbine blade
passages are minuscule and normally have a radius smaller than micron-order, and in this situation,
due to the small size of the droplets the velocity difference or drag force between the vapor phase and
droplets can be neglected [1,2,9,16,20].
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2.1. Conservation Equations Governing the Main Flow

The conservation equations governing the main gas flow which is two-phase, compressible,
adiabatic, steady state and inviscid, are expressed by Equations (1) and (2):

∂w
∂t

+
∂Fx

∂x
+

∂Fy

∂y
= 0 (1)

w =


ρ

ρ·u
ρ·v
ρ·e0

Fx =


ρ·u

ρ·u2 + p
ρ·u·v
ρ·u·h0

Fy =


ρ·v

ρ·u·v
ρ·v2 + p
ρ·v·h0

 (2)

where the vector w contains the flow conservation variables, vectors Fx and Fy express inviscid fluxes,
e0 is the total energy, h0 is the total enthalpy and u, v are components of velocity. Due to the flow being
expansive in the nozzles and turbines which results in a boundary layer with low thickness, the flow is
assumed to be inviscid [1,9,12,15].

2.1.1. Equation of State

The equation of state for the gas phase must be compatible with the equations used for obtaining
it’s thermodynamic properties, and the vapor phase to be non-equilibrium near the saturation line
especially supercooled vapor, but acceptably accurate inside the saturated region. Accordingly, the
virial equations of state suggested by Vokalovich [7,18,30] is adopted in Equation (3). To reduce the
calculation load, and considering sufficient accuracy, the first virial coefficient based on [1,7,12,30] is
set as:

p
ρG·R·TG

= 1 + B·ρG (3)

where the subscripts G refer to the steam phase. In Equation (3) ρG, TG and R are density, temperature
and vapor gas constant respectively, and B is the first virial coefficient. The steam table in reference [31]
is used for calculating the liquid phase thermodynamic properties.

2.1.2. Wetness Fraction

In condensing flows, the most important impact of phase change is defined by the release of
the latent heat. To investigate this phenomenon and to implement the effects of the two-phase flow,
a wetness fraction parameter needs to be inserted into the main equations. Other required data
for expressing the fluids properties for the gas and liquid phases are extracted from Keenan and
co-worker’s equations [31]. Using the following nucleation equation, the number of new droplets
produced in each calculating element (Nnuc) is calculated. The total number of droplets at the outlet of
each calculating element (N), includes the number of droplets in the previous elements plus the number
of new droplets. So In each calculation element, the wetness fraction, ω, is practically calculated from
the droplet’s radius, r, and number of droplets, N, at the outlet of the element:

ω =
4
3
·π·r3·ρL·N (4)

where the subscript L refers to the liquid phase.

2.1.3. Nucleation Equation for the Critical Radius

The number of critical droplets during each step produced by the nucleation process can be
calculated by knowing the modified classical nucleation rate, the fluid’s solution stage travel time (δt)
and the volume of the element as shown by Equations (5) and (6) [1,7,9,13,15,32]:

Nnuc = Jst·δt·∆V (5)
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Jst =
q

1 + ν
·
√

2·σ
π·m3 ×

ρs(TG)

ρL
· exp

(
−∆G
k·TG

)
(6)

where Jst is the improved classical nucleation rate, ∆V is the element volume, q is the condensation
coefficient, ν is the correction factor in the nucleation equation, ∆G is Gibbs energy and k is Boltzmann’s
constant and σ is the flat Surface tension for water which is obtained from Steam Tables [31].

The improved critical radius, r∗, of the nuclei or new droplets is obtained by Kelvin-Helmholtz
equation [1,9,18] as follows:

r∗ =
2·σ

ρL·R·TG

[
ln
(

ρ
ρs(TG)

)
+ 2·B(ρ− ρs(TG))

] (7)

where ρs(TG) is saturation vapor density at vapor temperature.

2.1.4. Relations of Droplet Growth

The droplet growth rate is calculated based on the heat transfer process and mass transfer
between the droplets and vapor in different flow regimes in the passage and it should be noted that the
mentioned heat transfer depends on the unknown temperature of the droplet, (TL). In this research,
the droplets temperature is obtained using Gyarmathy’s approximation [1,7,19,33] and also, to further
reduce of the volume of calculations for Equation (9a) only in the wet region (or relative equilibrium
condition), a direct approximation is used, as introduced by Equation (9b) [1,9,12,19]:

TL = Ts(p)− r∗

r
·(Ts(p)− TG) (8)

L
dmr

dt
= 4·π·r2·α·(TL − TG)andα =

λ

r(1 + 3.18·kn)
(9a)

r = −1.59·l +

√(
1.59·l

)2
+ r1·

(
r1 + 2·

(
1.59·l

))
+ 2·

(
λ

ρL

)
·
(

TL − TG

hG − hL

)
·δt (9b)

where Ts(p) is steam saturate temperature, L is latent heat, α is heat transfer coefficient of droplet with
surrounding vapor, kn is the Knudsen number, l is the mean free path of a vapor molecule, r1 is inlet
radius element and λ is Thermal conductivity.

Indeed, it should be noted that after the completion of nucleation, new droplets are no longer
formed and the size of the droplets are calculated using Equation (9a) similar to the droplet growth in
the nucleation region, and using Gyarmathy’s equation, the droplet’s temperature is simultaneously
specified. The droplet radius averaging approach in the nucleation region and beyond is explained in
the following two conditions:

(a) The number of produced droplets and the average radius at the inlet of the new calculation
element is defined by the average radius at the outlet of the previous element. In the nucleation
region, the number of new droplets and their radius is determined in the new calculation element.
Both new and old sets of droplets can grow along the calculation element, knowing the number
of droplets in each of the sets, different methods including surface or volume averaging can be
used to calculate the average radius at the outlet of the new calculation element.

(b) In the region after the nucleation, i.e. the wet region, the flow tends towards equilibrium or
saturation, the number of droplets is constant and the droplets can only grow. After calculating
the droplet growth in each calculation element, any of the mentioned averaging methods can be
used to obtain the average radius, which in this research, to reduce the calculations the surface
averaging method is used.
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3. CUSP’s Method

The basis of this method is separation of the pressure terms in the flow flux equations [23]. In these
methods, the flux on the side of each element is partitioned into convective and pressure portions, and
for calculating the displacement fluxes the upstream flow approximation and for the pressure portion,
the upstream approximation is used considering the acoustics, which is determined by it’s amount
and sign at two directions of each side. In the two dimensional case, the flux vector is partitioned into
pressure and convective fluxes which are composed of two components in the x and y directions, and
are expressed by Equations (10)–(12) [34]:

F = Fx·Sy + Fy·Sx (10)

F = Fx·Sy + Fy·Sx (11)

Fy =


ρ·v

ρ·u·v
ρ·v2 + p

ρ·v·h

 (12)

In the above equations, Sx and Sy are the surface borders in the x and y directions (see Figure 1)
and h is the enthalpy. w which includes the flow conservation variables in 2D conditions is expressed
by Equation (13):

w =


ρ

ρ·u
ρ·v
ρ·e

 (13)
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In Equation (14), the components of the flow flux are partitioned into displacement and pressure
parts where:

Fx = u·w + Fpx , Fy = v·w + Fpy (14)

Considering the convective flux, Q, for the Equations (15)–(17) are obtained for the pressure
flux terms:

Q = u·Sy + v·Sx (15)

F = Fx·Sy + Fy·Sx = Q·w + Fpx·Sy + Fpy·Sx (16)
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Fpx =


0
p
0

u·p

 , Fpy =


0
0
p

v·p

 (17)

To obtain more accurate results, artificial dissipation loss terms with high values in regions close
to impact waves, and low values in other regions of the solution space must be entered in the solutions.
For this purpose, a switch function L(u, v) which is capable of flow detection and has an important
role in the convergence of the solution is entered in the calculations [23]. In the first step, the initial
flow variable vector at right and left hand sides of i and j, is calculated with the help of the switch
function L(u, v) which is defined in Equation (18) [16,21,23]:

L(u, v) =
1
2
·
(

1−
∣∣∣∣ u− v
|u|+ |v|

∣∣∣∣z)·(u + v) (18a)

L(u, v) =
1
2
·
(

1−
∣∣∣∣ u− v
|u|+ |v|+ ε/(|u|+ |v|)

∣∣∣∣z)× (u + v) (18b)

The value of the power z which in this research is named the “CUSP convergence parameter”,
is selective and is considered to be between 2 and 3. Furthermore, for ε, a value between 1 to 5 is
suggested. Equation (18b) is recommended for modeling in very low velocities such as modeling free
convection heat transfer, since the fraction ε/(|u|+ |v|) will show its effect [21]. Moreover, research
has shown that Equation (18a) is suitable for modeling the flow in the nozzle or between turbine
blades [17].

4. Inverse Method

The aim of inverse modeling is to find the values for the unknown parameters (for example the
value of z) using available experimental data. For ill-posed problems the direct and exact solution
cannot be used for obtaining the unknown parameters. Therefore, finding the appropriate relation, fit
between the measured values and direct solution which is explained in the following sections.

4.1. The Mathematics of the Problem

In the inverse problem, the error,
→
e , is defined as the difference between the measured output,

→
T

m
, and the model’s outlet at the location of measurement,

→
T

c
, [35]:

→
e =

→
T

m
−
→
T

c
(19)

In this problem,
→
T

m
and

→
T

c
vectors are single units, because the result of the solution under

steady state conditions and at one point of the solution space is considered, and these vectors are the
experimentally measured pressures and calculated pressures at one specific region. In this research
the goal is to compare these pressures, until we reach an appropriate combination of steady state
conditions for mass conservation which includes the least changes of mass influx relative to the inlet
mass influx in the simulation. It is to note that the pressure can be approximated using the solutions
for similar cases. To minimize this error, there are different methods for defining the objective function.
One conventional method is to use the square errors approach. In the inverse problem, the objective is
to minimize the sum of squared errors and using specific weights, W, the influence of each error can
be changed [36]:

S
(→

P
)
=

(→
T

m
−
→
T

c)T
×W ×

(→
T

m
−
→
T

c)
+ νk ×

(→
P −

→
P

k)T

×Ωk ×
(→

P −
→
P

k)
(20)
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where S is a function of variable
→
P . In this problem, vector

→
P has the dimensions of 1× Imax, (Imax is

the number of
→
P variables in the matrix) where each of it’s elements represent the proportion of the

upstream CUSP in the hybrid method (Scalar (Jameson) + CUSP), and the proportion of the Scalar
finite volume method will be later defined in the program execution stage. Here, weights are not used
in the calculations. Therefore, the Levenberg-Matquardt’s method for obtaining unknown parameters
works as follows:

Pk+1 = Pk +

[(
Xk
)T
× Xk + νk ×Ωk

]−1
×
(

Xk
)
×
[→

T
m
−
→
T

c(
Pk
)]

(21)

where νk is called the depreciation regulatory parameter and Ωk is a diagonal matrix as defined by
Equation (22):

Ωk = diag
[(

Xk
)T
× Xk

]
(22)

where the sensitivity matrix X is defined as below. For inverse problems with linear behavior the
sensitivity matrix is not a function of the unknown parameters as expressed by Equation (23) [35]:

X =


∂
→
T

c(→
P
)T

∂
→
P


T

(23)

Introduction of νk × Ωk to the repeating equation, is for depreciating the oscillations and
instabilities which appear due to the malign character of the problem. The depreciation parameter is
normally large at the beginning of the simulation where the unknown parameter is selected based on a
first guess, therefore following this approach, there is no need to investigate the singularity of the term(

Xk)T × Xk.

4.2. Convergence of the Solution

Generally, for the conservation of stability in explicit schemes, the biggest time interval is
determined using the Courant condition:

∆t = FT·CFL· ∆x
|V|+ a

(24)

where |V| is the quantity of velocity, a, is the speed of sound and ∆x is the distance interval. CFL is the
Courant number which is reported to be 2

√
2 for the standard fourth order Scalar (Jameson) and FT

up to 0.4 will not cause any problems for the stability. In this research, change in the value of the axial
velocity is considered as the convergence criterion in Equations (25) and (26) [1,12,16,18]:∣∣∣∣ δu

u

∣∣∣∣
max
≤ 0.01% (25)

∣∣∣Lt+1
i,j − Lt

i,j

∣∣∣ ≤ 0.001% (26)

To prevent high iterations for the Levenberg-Matquardt’s method, some criteria have been proposed
by Denis which are shown in Equation (27) [37,38]:

‖∆
→
P‖ < ε1 , S(P) < ε2

Sk+1−Sk

Sk < ε3 , log(ε2)−log(P)
log(1−P) < ε3

(27)
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where the terms ε1, ε2 and ε3 are small numbers for convergence [35]. The conditions given by Equation
(27) are tests for the minimum sum of squared errors which is considerably small, and it is expected
that it finds the closest answer to the real solution [39], where by establishing convergence in Equations
(25)–(27), the final index is selected.

In this research, first, the hybrid (scalar (Jameson) + CUSP) modeling approach will be followed
to model two-phase steam flow for five nozzles with different geometries (Moore nozzle types A
and B, Young nozzle type C, Barschdorff nozzle) and also the dry flow between the blades of a
turbine with moderate slope. The numerical results and experimental data will be used to obtain the
optimum value for the power z using an inverse technique. This optimization will be done using the
Levenberg-Matquardt’s inverse method as explained in this paper, the power z in referred to as the
“CUSP’s convergence parameter” and it’s optimum value is obtained through inverse modeling of
the named test cases (which all have similar conditions to the main cases in this research). With this
innovation, i.e., obtaining the optimum value of the convergence parameter z, there is no need to
perform inverse modeling, for the main study cases in this research and instead the experimental
results are used for validating the proposed novel hybrid model.

5. Algorithm for Combining the Scalar and CUSP Finite Volume Methods with the
Inverse Method

For the solution domain in the current research, the standard H mesh is used and with the selection
of this simple grid as shown in the work of the authors [6,11,12,17,18] the complexities and volume
of calculations are reduced to an extent. To accelerate reaching a steady solution in the two-phase
condition, first, the model is run for dry conditions over the entire path of the nozzle or blade, and
this solution is used as the first guess for the modeling of the two-phase flow. It is to note that the
independence of solution from the calculation mesh is checked and proved for all cases, which for the
sake of brevity is not described here.

The solution range process of this research is divided into three stages: single phase (dry steam),
nucleation (start of two-phase) and two-phase (without new droplets). Based on the authors’
experience, the dry steam flow is run for a limited number of times, e.g., 10 runs for the scalar
(Jameson) and then the CUSP is run for the same number of times. Then the results are passed onto the
inverse method for analysis and finally every combination will be checked for the final convergence
of Equations (25)–(27), and these procedures are conducted in order (Figure 2). In the second step
of the flow solution, the equation for real gases alongside dry flow conditions are considered and
procedures similar to step one are continued. In the third step, two-phase equations are used where
scalar (Jameson) criterion along with CUSP and inverse criterion control the convergence of the
solution domain.
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Determining flow properties in the nucleation and the two-phase regions is dependent on the
wetness fraction calculations. For this purpose, the main flow equations must be solved simultaneously
with droplet formation and growth equations. One major difference between these two sets of
mentioned equations is that the equations governing droplet formation and growth are more sensitive
to time and have to be integrated on smaller time intervals. Although the flow equations are based on
the Eulerian viewpoint, the droplet growth equations naturally have a Lagrangian form, and for this
reason, it is assumed that the droplet growth is calculated along the flow stream lines.

In the following sections, the novel hybrid scalar and CUSP method is used for the first time to
model the steam two-phase gas liquid flow between the Laval nozzle, mid and tip-section blades of a
steam turbine (Young nozzle type L, mid-section turbine blade, tip-section turbine blade). As described,
after demonstrating the independence of the computational grid from the solution, initial values are
assigned to the solution domain, and using the optimum value for the convergence parameter z which
is obtained through inverse modeling of similar cases. For the second step, a limited number of
iterations, which based on the experience of the authors, can be 10 runs, is performed for the scalar
(Jameson) and then the same number of runs is conducted for the CUSP method (and employing the
nucleation and droplet growth equations for both methods for two-phase region). Then, the latest
outputs from the scalar and CUSP methods (for example runs 9 and 10) are compared and those
properties (parameters) which show less deviation from run 9 are stored (a matrix is used for this
purpose). It is to note that the thermodynamic properties (ρ.h and p) and a velocity parameter (V) are
four parameters which are updated from the flow governing equations. In this approach it is possible
that the values of some of these parameters are updated from the scalar method and the rest from
CUSP. Therefore, in each computational point, depending on the selection criterion which is shown
in Figure 3, the updated values of all four parameters may neither be scalar nor CUPS methods, but
rather from a combination of them. With defining new data, the solution domain will be investigated
by the two convergence parameters of CUSP and scalar to satisfy the conservation of mass flow rate.
This procedure repeats until final convergence is reached.
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modeling the two-phase nucleating flow in Laval nozzle, mid and tip-section blades of a steam turbine
with using the optimized convergence parameter (z = 2.667).

6. Results

The steam nucleation flow is considered and modeled as an adiabatic, steady state, 2D and
two-phase flow. To obtain the optimum convergence parameter z, first, the novel hybrid method
(scalar (Jameson) + CUSP) is used alongside the inverse method for different geometrical cases with
steam two-phase nucleating condition which are similar to the main cases investigated in this study,
where the results of each case is explained in the following section. It is to note that all used cases have
the required experimental data needed for inverse modeling. In the proposed approach the hybrid
method involves numerical solutions of scalar, CUSP and the inverse method, and Figures 4–16 show
the geometry, static pressure to inlet stagnation pressure distribution and also the distribution of the
logarithmic changes in the droplet radius along the central axis against experimental data (which is
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used for inverse modeling). Building on explanations given in previous sections, considering the small
thickness of the boundary layer in expanding flows particularly in the investigated cases, the flow is
assumed to be inviscid. Also due to the small diameter of the droplets, the drag force between the
droplet and the vapor around it is neglected. For all the used cases, considering the passage geometry
and other conditions, the independence of the solution from the calculation mesh is proven, but for the
sake of brevity is not presented in the paper.

6.1. Moore Nozzle Type A

Figure 4 shows the geometry of the Moore nozzle type A [40], where the results of
modeling performed by the scalar (original Jameson) finite volume method and the hybrid
(scalar + CUSP + Inverse) method are compared with experimental data. In Figure 5 a drop of the
pressure ratio is observed where, due to the condensation shock, the pressure ratio first increases until
just after the nozzle’s throat, and then starts dropping because of nucleation ceasing and supersonic
flow conditions. Figure 6 illustrates the logarithmic changes in droplet radius along the central axis
of the nozzle. As shown in this figure, the changes of droplet radius at the beginning, where the
supercooled degree is high, is rapid with a steep slope, but after the nucleation region has a slow
growth and the flow relatively reaches equilibrium state. It should be noted that the difference between
the radius calculated from theory is also reported in the results of other studies [2,41]. As mentioned,
at this stage the aim of using inverse modeling is to obtain an optimum value for the z parameter
which will be calculated in the next section.
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Figure 6. Distribution variation of logarithmic radius along the nozzle in central line stream (MP)
results of scalar and hybrid (scalar + CUSP + inverse) numerical methods and comparing with the
experimental droplet radius in supersonic outlet flow for Moore nozzle type A [40].

6.2. Moore Nozzle Type B

The geometry of the Moore nozzle type B [40] is depicted in Figure 7, where the results of modeling
performed by the scalar and the hybrid (scalar + CUSP + Inverse) finite volume methods are compared
with experimental data. Figure 8 shows the comparison for the static pressure to stagnation pressure
ratio distribution and Figure 9 illustrates the logarithmic changes in droplet radius along the central
axis of the nozzle, similar to the previous case. As mentioned, at this stage the aim of using inverse
method is to obtain an optimum value for the z parameter which will be calculated in the next pages.
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Figure 8. Comparing the distribution of static pressure with inlet stagnation pressure on the center line
stream (MP) along the nozzles results of the scalar and hybrid (scalar + CUSP + inverse) numerical
methods and comparing with experimental data in supersonic outlet flow for Moore nozzle type B [40].
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Figure 9. Comparing distribution variation of logarithmic radius along the nozzle in central line stream
(MP) results of scalar and hybrid (scalar + CUSP+ inverse) numerical methods and comparing with the
experimental radius in supersonic outlet flow for Moore nozzle type B [40].

6.3. Young Nozzle Type C

Figure 12 shows the geometry of the Young nozzle type C [42,43], where the results of modeling
performed by the scalar (original Jameson) and the hybrid (scalar + CUSP + inverse) finite volume
methods are compared with experimental data. Figure 13 shows the comparison for the static pressure
to stagnation pressure ratio distribution along the central axis of the nozzle. As already mentioned, at
this stage the aim of using inverse method is to study an optimum value for the z parameter which
will be calculated in the next pages.
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Figure 11. Comparing the distribution of static pressure with inlet stagnation pressure along the blades
on suction side (SS) results of the scalar and hybrid (scalar + CUSP + inverse) numerical methods
and comparing with experimental data in supersonic outlet flow for dry steam in mid-section turbine
blade [1,12].

6.4. Barschdorff Nozzle

The geometry of the Barschdorff nozzle [8,44] is shown in Figure 14, where the results of modeling
performed by the scalar (original Jameson) and the hybrid (scalar + CUSP + inverse) finite volume
methods are compared with experimental data. Figure 15 shows the comparison for the static pressure
to stagnation pressure ratio distribution and Figure 16 illustrates the logarithmic changes in droplet
radius along the central axis of the nozzle, similar to the previous cases. As already mentioned, at this
stage the aim of using inverse method is to obtain an optimum value for the z parameter which will be
calculated in the next pages.Energies 2017, 10, 1285  14 of 36 
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line stream (MP) along the nozzles results of the scalar and hybrid (scalar + CUSP + inverse) numerical
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Figure 14. Grid computing standard for Barschdorff nozzle [8,44].

6.5. Mid-Section Turbine Blade

In continuation of applying the hybrid and inverse methods in modeling different nozzles for
obtaining an optimum convergence parameter z, the hybrid method is used for modeling single phase
flow between the mid-section blades of a steam turbine. Figure 10 shows the standard computational
mesh for mid-section turbine blades.
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Figure 15. Comparing the distribution of static pressure with inlet stagnation pressure on the center
line stream along the nozzles results of the scalar and hybrid (scalar + CUSP + inverse) numerical
methods and comparing with experimental data in supersonic outlet flow for Barschdorff nozzle [44].

Due to the importance of the results on the suction surface, in Figure 11, the changes in static to
stagnation pressure ratio along the length of the blade on the suction surface for dry flow, and also
the impact of using CUSP’s method in the improved method are shown. As mentioned earlier, at this
stage the aim of using inverse modeling is to investigate an optimum value for z parameter which will
be calculated in the next pages.Energies 2017, 10, 1285  16 of 36 
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Figure 16. Distribution variation of logarithmic radius along the nozzle in central line stream (MP)
results of scalar and hybrid (scalar + CUSP + inverse) numerical methods and comparing with the
experimental radius in supersonic outlet flow for Barschdorff nozzle [44].

As explained, in this research, for obtaining the optimum convergence parameter z, the hybrid
(scalar + CUSP) method along with an inverse technique were used with experimental data for five
laboratory cases (which are required for the inverse modeling for finding the optimum value of z.
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Considering the improvements of the novel modeling in comparison with experimental data in the
mentioned geometries, using Levenberg-Matquardt’s inverse method, the changes in the convergence
parameter z against improved changes of mass flow rate are calculated and shown in Figure 17.
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flow percent with inverse method.

Therefore, an average value of z = 2.667 is found for the convergence parameter and can
be used in Equations (18a) and (18b). Obtaining an average convergence parameter z, for similar
cases, (or three main cases) without performing inverse modeling, this average value can be used in
the proposed hybrid (scalar + CUSP) method. In this case, there will be no need for experimental
data, and if available, they can be used for validating the model. In other words, with this novelty,
first, the optimum z is obtained from similar cases, and then it is used directly in the proposed
hybrid (scalar + CUSP) method (without performing again the inverse modeling) for simulating the
complex flow.

In the research explained in the preceding sections, in the inverse method, instead of using
the impact of weights (considering constant proportion/percentage for each method), the variable
proportion of each method (scalar and CUSP) is calculated. Figure 18 shows the results of the inverse
method for finding the best convergence parameter z value by presenting the changes in the effective
percentage of CUSP along the length of the blade. Using the effectiveness degree of the CUSP method
in the hybrid method, the conservation of mass is satisfied with the least calculated error oscillations.

The main goal of this research is to model the steam two-phase gas-liquid flow in three different
geometries (Young nozzle type L, turbine blade with average and steep slopes) using the hybrid
(scalar (original Jameson) + CUSP) method. As explained in the previous sections, first, the desirable
convergence parameter z value is obtained from the similar cases, so there is no need for conducting
inverse modeling in the proposed hybrid method for three main cases. The boundary conditions for
three main case are as listed in Table 1.

The computational grid used, as explained in the Introduction, is a standard mesh, where the
independence of the finite volume solution from the grid system is already proven in several works
conducted by the authors and others [1,6,7,12,16,18] where of course, this dependence is also proven
for the hybrid method. The reason for selecting this mesh is that we wanted to focus on the proposed
hybrid (scalar + CUSP) method considering the more calculations needed for the two-phase flow
in iterative methods. Therefore, the strength of the solution method (which in this research is the
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hybrid scalar and CUSP with the known optimum value of z would be demonstrated using a standard
computational mesh.
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Figure 18. The percent of CUSP method in hybrid method (scalar + CUSP) for flow modeling between
mid-section turbine blade use of inverse method.

Table 1. Boundary conditions for the three main cases.

Geometry Conditions Mesh Size
Inlet Condition ∆TSupercooled

(K)
Pressure Ratio

P0in(kPa) T0in(K) Pout
P0in

Young Nozzle
Type (L)

2D, Steady state,
Supersonic outlet,

Inviscid,
Adiabatic

Two-phase Flow

30 × 220 320 544 6.7 0.43

Mid-Section
Turbine Blade 30 × 250 172 654 8 0.48

Tip-Section
Turbine Blade 30 × 250 100.8 642 5.7 0.431

It is noteworthy that in all three mentioned geometries, after the convergence of the hybrid
method, a limited number, e.g., 100 reiterations of CUSP (without combination with scalar) or even
100 reiterations of the scalar method (without CUSP) is continued, but due to the satisfaction of the
conservation equations, no change is observed in the results.

6.6. Young Nozzle Type L

Figure 19 illustrates the geometry of the Young nozzle type L [10] and Figures 20–25 show
the improved modeling results using the steam two-phase scalar combined with the CUSP finite
volume methods and incorporating the obtained optimum convergence parameter from similar cases
(z = 2.667) which is used for the first time for modeling Young nozzle type L in supersonic conditions.
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Figure 19. Grid computing standard for Young nozzle type L [10,43].

Figure 20 shows the changes in static to inlet stagnation pressure ratio along the nozzle, where
pressure ratio drop is observed until just after the nozzle’s throat, and due to the existence of
condensation shock, first, there will be an increase in the pressure ratio, and then, because of
nucleation halt and the flow being supersonic, this pressure ratio will follow a descending trend.
Comparing the results of the proposed hybrid method (using z = 2.667) with experimental data [10]
shows improvement in the novel solution and indicates it’s obvious superiority.
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Figure 20. Comparing the distribution of static pressure with inlet stagnation pressure on the center
line stream (MP) along the nozzle results of the scalar and hybrid (scalar + CUSP, z = 2.667) numerical
methods and comparing with experimental data for supersonic outlet flow in Young nozzle type
L [10,43]. Note: The Laval nozzle is adiabatic, only the convergent duct is reversible.
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Figure 21. Comparing the distribution percent variation of stagnation pressure with inlet stagnation
pressure on the center line stream (MP) along the nozzles results of the Scalar and hybrid (Scalar + CUSP,
z = 2.667) numerical methods for supersonic outlet flow in Young nozzle type L.

In the conducted modeling, due to the adiabatic and inviscid flow, the stagnation pressure must
remain constant until before the shock. To verify this, the changes of stagnation pressure to the initial
nozzle inlet stagnation pressure for the two-phase flow is obtained from the two-phase hybrid (scalar +
CUSP + z = 2.667) and scalar finite volume methods for supersonic conditions and shown in Figure 21,
where the smaller variations indicate closer agreement with initial pre-assumptions. Since in the
proposed approach, stagnation pressure changes in adiabatic reversible regions is small, and also in
the shock region and beyond it has about 60%, therefore, the results of this proposed improved hybrid
method are closer to the assumptions and the flow reality.

The sudden condensation region is located after the throat and Figure 22 shows these changes in
the wetness ratio resulting from the hybrid (scalar + CUSP) method and the numerical scalar method
along the central line of the flow.
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Figure 22. Distribution variation of wetness fraction on the center line stream (MP) along the nozzles
results of the scalar and hybrid (scalar + CUSP, z = 2.667) numerical methods for supersonic outlet
flow in Young nozzle type L.
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Since the Wilson point occurs after the throat, therefore nucleation has started, and Figure 23
shows the changes in the nucleation rate along the divergent section obtained from the two-phase
hybrid (scalar + CUSP + z = 2.667) in supersonic conditions after the throat.
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Figure 23. Distribution variation of nucleation rate on the center line stream (MP) along the nozzles
results of the scalar and hybrid (scalar + CUSP, z = 2.667) numerical methods for supersonic outlet
flow in Young nozzle type L.

Figure 24 also clearly shows the logarithmic changes of droplet radius along the nozzle in
the central line. As shown in the figure, the changes in droplet radius at the beginning where the
supercooled degree is high, is rapid with steep slope, but after the nucleation region will have a slow
growth and the flow will reach relative equilibrium. In this modeling attempt, also, by comparing
the results of the mentioned numerical methods with experimental data, the optimality of the hybrid
method is shown.
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Figure 24. Distribution variation of logarithmic radius drops along the nozzle in central line stream
(MP) results of scalar and hybrid (scalar + CUSP, z = 2.667) numerical methods and comparing with
experimental data for supersonic outlet flow in Young nozzle type L [10,43].
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Considering steady state conditions for the conservation of mass, the inlet mass flow rate along
the path is constant. Figure 25 shows the percent change in mass flow rate, where by using the hybrid
method, a relatively high improvement of about 70% is observed compared to the scalar without CUSP,
which is a new accomplishment in better satisfying the mass conservation law, or better verification of
the results.
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Figure 25. Distribution variation percent of mass flow on the center line stream (MP) along the nozzles
results of the Scalar and hybrid (Scalar + CUSP, z = 2.667) numerical methods for supersonic outlet
flow in Young nozzle type L.

6.7. Mid-Section Turbine Blade

Figure 10 shows the geometry for the mid-section turbine blade, where in this case modeling
of the two-phase flow is conducted under different conditions. The obtained results from using the
improved hybrid two-phase scalar and CUSP in conjunction with the optimum convergence parameter
obtained from the similar cases (z = 2.667) for modeling the mid-section turbine blades in supersonic
conditions are shown in Figures 26–32.

Figure 26 shows the changes in the static to stagnation pressure ratio along the blade on the
suction and pressure sides using the improved two-phase flow combined with the CUSP method
under supersonic conditions. Condensation shock is observed along the suction side and pressure
increase in the X/XChord = 0.74 region on the suction side is due to the aerodynamic shocks and the
target region (0.65 < X/XChord < 0.95) is the sensitive and important shock region on the suction side
where the focus of the hybrid method is this region, and suitable agreement between numerical results
and experimental data [12] is seen in these figures which indicate the positive impact of the novel
hybrid method.

Figure 27 shows the changes in the static to stagnation pressure ratio along the blade on the
suction side of the solution domain for the steam two-phase flow, and also the impact of using the
hybrid (scalar + CUSP) along with the improved convergence parameter (z = 2.667) compared to
the scalar finite volume method in supersonic conditions is presented. In this figure, pressure ratio
drop is observed where first due to condensation shock there will be an increase in the pressure ratio,
and then, due to the nucleation halt and the flow being supersonic, this pressure ratio will follow a
descending trend. Due to the importance of the results in the target region, which is in the sensitive
area of condensation and aerodynamic shocks, the superiority of the hybrid method (scalar + CUSP,
with z = 2.667) along with using the improved convergence parameter shows a better agreement with
experimental data and less numerical errors compared to the Scalar finite volume method.
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Figure 26. Distribution of static pressure with inlet stagnation pressure along the blades on the suction
side and the pressure results of numerical hybrid (scalar + CUSP, z = 2.667) method and comparing
with experimental data for supersonic outlet flow in mid-section blade [12].

In modeling of the mentioned flow, due to the flow being adiabatic and inviscid, the stagnation
pressure must remain constant until before the shock. Figure 28 shows the changes of stagnation
pressure to the inlet total pressure at the beginning of the blade obtained from applying the two-phase
scalar finite volume method and the hybrid (scalar + CUSP + z = 2.667) in the mid-passage of the
turbine blade, where the smaller changes, indicate closer agreement with pre-assumptions. Since in the
proposed method, the changes of stagnation pressure in the adiabatic and reversible regions are smaller,
and also in the shock regions, a relative improvement of about 50% is obtained, therefore, the outcomes
of the proposed hybrid is good closer to the real flow conditions and problem pre-assumptions.
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Figure 27. Distribution of static pressure with inlet stagnation pressure along the blades on suction
side results of the scalar and hybrid (scalar + CUSP + z = 2.667) numerical methods and comparing
with experimental data for supersonic outlet flow in mid-section blade [12].
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Figure 28. Comparing the distribution percent variation of stagnation pressure with inlet stagnation
pressure along blade in central line stream (MP) results of the scalar and hybrid (scalar + CUSP,
z = 2.667) numerical methods for supersonic outlet flow in mid-section blade.

Due to the flow being two-dimensional when passing over the suction and pressure sides,
the location of the sudden condensation and occurrence of two-phase flow will be different.
Figure 29 shows the changes in the wetness fraction rate obtained using the hybrid and the scalar
numerical methods.Energies 2017, 10, 1285  25 of 36 
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Figure 29. Distribution variation of wetness fraction along the suction side results of the scalar and
hybrid (scalar + CUSP, z = 2.667) numerical methods for supersonic outlet flow in mid-section blade.
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Since the expansion rate on the suction side is more than the pressure side, therefore, nucleation
first starts on the suction side. In Figure 30, the nucleation rate along the flow stream obtained from
hybrid modeling in supersonic conditions is shown and the changes in the rate of nucleation is clearly
observed in the figure.
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Figure 30. Distribution variation of nucleation rate on suction side results of the scalar and hybrid
(scalar + CUSP, z = 2.667) numerical methods for supersonic outlet flow in mid-section blade.

Figure 31 compares the calculated droplet radius obtained from the scalar finite volume method
and the hybrid finite volume method along the suction and pressure sides along with the average
droplet size at the end of the passageway with empirical radius in supersonic conditions. In this figure,
at the beginning where the supercooled degree is high the changes in the droplet radius show changes
with steep slope, but after leaving the nucleation region, the growth happens slowly until the flow
reaches relative equilibrium. The results of the improved hybrid method in regards to the size of the
droplets are compared with the experimental data, show a better agreement. With the advancement
of the droplets over the aerodynamic shocks, a slight evaporation occurs, in a way that the droplets’
diameter decreases. This reduction in the diameter is identified at the X/XChord = 1 location on the
suction side, where after this the droplets continue to grow.
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Figure 31. Distribution variation of logarithmic radius droplets along the suction sides and pressure
stream results of the scalar and hybrid (scalar + CUSP, z = 2.667) numerical methods and comparing
with experimental data for supersonic outlet flow in mid-section blade [12].

Figure 32 shows the percent change in mass flow rate along the path for constant inlet mass
flux conditions modeled using the hybrid method which shows a relatively high improvement of
about 40% compared to the scalar method without CUSP, and indicates a new achievement in better
satisfying the mass conservation law and verification of the results.
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Figure 32. Distribution variation percent of mass flow results of the scalar and hybrid (scalar + CUSP,
z = 2.667) numerical methods for supersonic outlet flow in mid-section blade.

In this research, the goal is to realistically model flow by decreasing numerical errors and
minimizing the residuals for achieving conservation laws in the proposed hybrid model, where
for example, for the mid-section blade, Figure 33a shows reduction trend of the residuals with number
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of iterations. In two-phase conditions and by following the hybrid (scalar + CUSP) method for the
mid-section blade, in total, 10,000 iterations are required to reach convergence. After convergence in
the solution domain, a limited number of runs, e.g., 100 iterations is continued only with the CUSP
(without scalar) method (10,100 iterations in total) which is shown in Figure 33b. Furthermore, due to
satisfying the conservation laws, no change is observed in the results of the hybrid (continued with
CUSP or even scalar methods) method.
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CUSP, z = 2.667) method (a) for supersonic outlet flow in mid-section blade; (b) with 100 additional
iterations after convergence for supersonic outlet flow in mid-section blade.

6.8. Tip-Section Turbine Blade

Figure 34 shows the geometry of the tip-section turbine blade [18,45] and the results of the hybrid
finite volume method with incorporation of the optimum convergence parameter from using the
inverse method for previous five cases z = 2.667 are shown in Figures 35–42.
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Figure 35. Distribution of static pressure with inlet stagnation pressure along the blades on the suction
pressure side and central line stream results of the hybrid (Scalar + CUSP, z = 2.667) numerical method
and comparing with experimental data for supersonic outlet flow in tip-section blade [45].

Figure 35 shows the changes in static to inlet stagnation pressure ratio along the length of the
blade on the suction side, pressure side and mid passage obtained from the proposed steam two-phase
hybrid modeling method in supersonic conditions. The condensation shock is observed along the
suction side and pressure increase in the region of X/XChord = 0.43 on the suction side is due to
the aerodynamic shocks and the target region (0.4 < X/XChord < 0.9) is the sensitive and important
shock region on the suction side which is considered the focus of the hybrid modeling approach, and
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good agreement between the numerical results and experimental data [45] is observed in the figures
which indicate the high efficiency of the hybrid method along with the known value of convergence
parameter (z = 2.667).

Figure 36 shows the changes in the static to stagnation pressure ratio along the blade on the central
line of the solution domain for the two-phase flow, and also the impact of using the hybrid (scalar
+ CUSP) along with the improved convergence parameter (z = 2.667) compared to the scalar finite
volume method in supersonic conditions is presented. In this figure, pressure ratio drop is observed
where first due to condensation shock there will be an increase in the pressure ratio, and then, due to
the nucleation halt and the flow being supersonic, this pressure ratio will follow a descending trend.
Due to the importance of the results in the target region, which is in the sensitive area of condensation
and aerodynamic shocks, the superiority of the hybrid method (scalar + CUSP, z = 2.667) along with
using the improved convergence parameter shows a better agreement with experimental data and less
numerical errors compared to the scalar finite volume method.
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Figure 36. Comparing distribution of static pressure with inlet stagnation pressure along the blades in
central line (MP) results of the scalar and hybrid (scalar + CUSP, z = 2.667) numerical methods and
comparing with experimental data for supersonic outlet flow in tip-section blade [45].

In modeling the mentioned flow, due to the flow being adiabatic and inviscid, the stagnation
pressure must remain constant until before the shock. Figure 37 shows the changes of static to
stagnation pressure ratio obtained from applying the two-phase scalar finite volume method and the
hybrid (scalar + CUSP + z = 2.667) method, where the smaller changes indicate closer agreement with
pre-assumptions. Since in the proposed method, the changes of stagnation pressure in the adiabatic
and reversible regions are smaller, and also in the shock regions a relative improvement of about 70%
is obtained, therefore, the outcomes of the proposed hybrid method is closer to the real flow conditions
and problem pre-assumptions.
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Figure 37. Comparing the distribution percent variation of stagnation pressure with inlet stagnation
pressure along blade in central line stream (MP) results of the scalar and hybrid (scalar + CUSP,
z = 2.667) numerical methods for supersonic outlet flow in tip-section blade.

Figure 38a shows the contours for the Mach number change between the blade obtained from
modeling the steam two-phase flow in supersonic conditions with the proposed hybrid method using
the improved CUSP’s convergence parameter (z = 2.667). Considering that, the shock causes a
decrease in the Mach number, using the improved two-phase hybrid method, better shows the effects
of shock on the Mach number of relative increase in pressure. It is to note that by supersonic flow, we
mean the outlet at downstream of the blade.
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In Figure 38b, the sudden condensation region contour is located slightly after the throat, and
due to the flow being 2D when passing the suction and pressure sides, the occurrence location of
the two-phase phenomenon will be different. Therefore, quantities such as wetness ration and Mach
number inside the boundaries are not the same after the trailing edge which is due to the non-periodic
properties of the flow field. Also Figure 39 clearly represents the amount of wetness fractional changes
in the use of scalar and hybrid (scalar + CUSP, z = 2.667) finite volume methods to reveal the surface
of suction side and mid passage line.
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Figure 39. Distribution variation of wetness fraction along the suction side (SS) and central stream
(MP) results of the scalar and hybrid (scalar + CUSP, z = 2.667) numerical methods for supersonic
outlet flow in tip-section blade.
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Figure 40. Distribution variation of nucleation rate on suction side results of the scalar and hybrid
(scalar + CUSP, z = 2.667) numerical methods for supersonic outlet flow in tip-section blade.

Since the expansion rate on the suction side is greater than pressure side, therefore, nucleation
first happens on the suction side. In Figure 40, the nucleation rate is shown of the two-phase hybrid
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model for supersonic conditions and the changes in the nucleation rates between the blades are
clearly observed.

Figure 41 compares the calculated droplet radius obtained from the scalar and the hybrid finite
volume methods along the suction side and mid passage and the average droplet size at the end of
the passageway with empirical radius in supersonic outlet conditions. In this figure, at the beginning
where the supercooled degree is high the changes in the droplet radius show fast changes with steep
slope, but after leaving the nucleation region, the growth happens slowly until the flow reaches relative
equilibrium. The results of the improved hybrid method in regards to the size of the droplets are
compared with experimental data, where for both mentioned conditions, show a more desirable
agreement. With the droplets passing over the aerodynamic shocks, a slight evaporation occurs,
in a way that the droplets’ diameter decreases. This reduction in the diameter is identified at the
X/XChord = 1 location on the suction side, where after this the droplets continue to grow.
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We know that in steady state conditions for the conservation of mass, the mass flow rate along the
path is constant. Figure 42 shows the percent change in mass flow rate modeled using hybrid method,
which shows a relatively high improvement of about 70% compared to the scalar method without
CUSP, and indicates a new achievement in better satisfying the conservation laws and verification of
the results.

7. Conclusions

The aim of this present research was to improve the numerical modeling of steady state steam
two-phase vapor-liquid flows in the convergent-divergent channels and in cascaded blades of transonic
steam turbines, the motivation being the fact that iterative numerical methods tend to give high errors
in such complex flows, particularly in the relatively complicated geometries of the tip-section of turbine
blades, so it is of paramount importance to reduce the numerical errors to improve the results.

The first novelty of this research is the innovative use of combined CUSP and scalar methods
(herein referred to as hybrid method) to update the properties (i.e., ρ, T, p and velocity) at each
calculating point. In other words, each property at each calculating point can be calculated from
either CUSP or scalar methods, depending on the least deviation as a criterion, but commonly for the
collective calculation of the aforementioned properties at each calculating point, both of these methods
may be used. This is why this innovative method is named hybrid method.

The next novelty with this research is the use of an inverse method alongside the aforementioned
hybrid method to find the optimum valued of the important parameter of z in the CUSP method, which
is herein referred to as the “CUSP convergence parameter”. Accordingly, first, an optimal value of the
z parameter is obtained from the inverse modelling of several cases with available experimental data
of similar conditions to those of the main cases under study in this research. With this innovation, first,
optimum value of z (z = 2.667) has been obtained using the Levenberg-Marquardt inverse method, so
that the inverse method is no more required for determining z parameter for the main three research
cases. The obtained z value (z = 2.667) is then directly used for the main cases considered in the
research, and the experimental data used to validate the results of the innovative hybrid model.

As mentioned in previous sections, the aim of this research is to improve the two-dimensional
modeling of steady state and adiabatic steam nucleating flows in three different geometries (namely
Young nozzle type L, mid-section turbine blade, and relatively complicated geometry of tip-section
blade of the steam turbine), where the flow simulation is performed using a relatively simple
computational grid and the proposed innovative hybrid method (scalar + CUSP, with the optimum
value of z = 2.667). A comparison between the results of the hybrid modeling on the above cases with
experimental data show a very good agreement even within shock zones, including the condensation
shock zone, revealing the efficiency of this innovation into the numerical modeling method. The main
factor in improving the aforementioned results has been found to be reducing numerical errors by up
to 70% with respect to conventional methods (Scalar, original Jameson’s method), so that the mass flow
is well conserved, thereby proving better satisfaction of conservation laws. It should be noted that,
using this innovative hybrid method, one can take advantages of both central difference and upstream
schemes (scalar and CUSP, respectively) at the same time in simulating complex flows in any other
finite volume scheme.
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Nomenclature

A The element area (m2)
CFL Courant number
e Internal energy or inverse method error (kJ/kg)
Fp Flux vector of the pressure in the CUSP
Fx, Fy Flux vector
∆G Gibbs energy (kJ)
G Vapor-phase Symbol
h Enthalpy (kJ/kg)
h0 The total enthalpy
J Nucleation rate (No. of Droplet/m3·s)
kn Knudsen number
k Boltzmann’s constant
L Heat latent or Liquid phase symbol or symbols left by CUSP (kJ)
L(u, v) Switch function of artificial dissipation
l Mean free path of vapor molecules (m)
m Mass flow or the mass of a molecule (kg or kg/s)
M Mach number
MP Mid passage (center line)
N Number of droplets per unit mass
P Static pressure (kPa)
P0 Stagnation pressure (kPa)
→
P Unknown parameters
PS Pressure side
→
Pest An estimate of the unknown parameter
r Radius Droplet (m)
q Condensation factor
Q Displacement flux
R Gas constant or symbol in the right of CUSP (kJ/(kg·K))
SS Suction side
S Function calculator inverse method
SxSy x and y directions of the vector elements
T Static temperature (K) or inverse method output
T0 Stagnation temperature (K)
TG Steam temperature (K)
TL Droplet temperature (K)
Ts Saturation temperature (K)
u, v Components of Velocity (m/s)
∆V Elements Size (m3)
V Velocity (m/s)
w Flux
x, y In order to coordinate the flow perpendicular to it
X Sensitivity matrix
z Convergence parameter on CUSP’s method

Greek Symbols

α Heat transfer coefficient of droplet with vapor
σ Surface tension (N/m)
ν Kinematic viscosity or correction factor in the nucleation equation (m2/s)
λ Thermal conductivity (W/m·K)
Ω Diagonal matrix to reduce the deviation
ρ Density (kg /m3)
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