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Abstract: The penetration of inverter-based distributed generators (DGs), which can control their 
reactive power outputs, has increased for low-voltage (LV) systems. The power outputs of DGs 
affect the voltage and power flow of both LV and medium-voltage (MV) systems that are connected 
to the LV system. Therefore, the effects of DGs should be considered in the volt/var optimization 
(VVO) problem of LV and MV systems. However, it is inefficient to utilize a detailed LV system 
model in the VVO problem because the size of the VVO problem is increased owing to the detailed 
LV system models. Therefore, in order to formulate and solve the VVO problem in an efficient way, 
in this paper, a new equivalent model for an LV system including inverter-based DGs is proposed. 
The proposed model is developed based on an analytical approach rather than a heuristic-fitting 
one, and it therefore enables the VVO problem to be solved using a deterministic algorithm (e.g., 
interior point method). In addition, a method to utilize the proposed model for the VVO problem is 
presented. In the case study, the results verify that the computational burden to solve the VVO 
problem is significantly reduced without loss of accuracy by the proposed model. 

Keywords: equivalent model of a low-voltage (LV) system; inverter-based distributed generators 
(DGs); power loss; volt/var optimization (VVO) 

 

1. Introduction 

Owing to opposition to the installation of new transmission facilities and the environmental 
issues associated with large-scale nuclear and thermal plants, a distributed generator (DG) is 
emerging as an alternative power source in distribution systems. Although DGs offer a variety of 
economic and technical benefits [1], a high penetration of DGs results in new problems for the 
distribution system operation, such as voltage rise [2,3]. Therefore, various volt/var optimization 
(VVO) methods that consider DGs and that utilize DGs as a controllable resource have been proposed 
for medium-voltage (MV) distribution systems (e.g., 1 kV < VMV < 100 kV) [4–7]. Using these proposed 
methods, the active power loss and switching operation of the on-load tap changers (OLTCs) and 
shunt capacitors can be reduced while maintaining the voltages within their operational bounds. 

Meanwhile, the penetration of small-size DGs in low-voltage (LV) distribution systems (e.g., VLV 
< 1 kV) has gradually increased. For example, 70% of the capacity of photovoltaic (PV) generators in 
Germany is installed in LV systems [8]. The DGs in LV systems change the power flow not only in 
LV systems but also in MV systems [9,10]. Therefore, in order to ensure the stable and economic 
operation of both MV and LV systems, the DGs should be considered for distribution system 
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operation, and should be utilized as reactive power sources if the DGs can control their reactive 
power outputs. For this reason, the German grid codes require the reactive power control capability 
for the PV generation, where the rated capacity is larger than 3.68 kVA, connected to the LV 
distribution systems [11,12]. 

In order to utilize DGs in LV systems for the VVO of both LV and MV systems, detailed models 
of all the relevant LV systems need to be included for the VVO problem. Moreover, if the DGs are 
renewable resources, a stochastic optimization method should be used to consider the uncertainty of 
the active power output. One of the stochastic methods is the scenario-based method [13–15]. In the 
scenario-based methods, many scenarios that have own fixed active power profiles are generated 
based on probability density functions. Then, the final optimal solution is determined from the 
optimal solutions of the VVO problems for all scenarios. Therefore, if the detailed models of the LV 
systems are used for the VVO, the increase in the number of variables of the VVO problem 
significantly increases the size of the optimization problem and computational burden. 

One method for reducing the problem size is to utilize an equivalent model that can replace the 
detailed LV system model. Various equivalent models have been proposed for the analysis of 
transmission and distribution systems. The simplest model is the single-bus equivalent model, such 
as the active and reactive power (PQ) bus model, which represents systems with constant active and 
reactive injections, and the Thevenin equivalent circuit, which represents systems with constant-
voltage phasor and series impedances. To increase the accuracy of the model, the Ward injection 
model and the radial equivalent independent (REI) model were proposed [16,17]. In the Ward 
injection model, the system is reduced to the equivalent power injection and admittance using the 
Gauss elimination method. In the REI model, the system is transformed into a simplified radial 
system with a virtual node, based on the injection powers and voltages in the equivalent area. 
Recently, new methods to aggregate loads in distribution system considering demand side 
management and microgeneration were proposed [18,19]. For analyzing the LV system with DGs 
briefly, the sensitivity-based model of LV systems are proposed in [20]. An equivalent model for a 
distribution system with a high penetration of PV systems was proposed in [21]. In the model, the 
injection power at the boundary bus is given as an equation of the total active power generation, 
power factor of the generators, and total power consumption of loads in the system. The coefficients 
of the equation are obtained from data processing that minimizes the squared error between the 
calculated values using the model and the actual value. In [22], an equivalent model that includes the 
network power loss was presented, with consideration given to the DG outputs. The reactive power 
of the DGs is modeled as pre-determined values. Because the network power loss is represented as a 
black box, the model can only be adopted for heuristic algorithms (e.g., particle-swarm optimization). 
In summary, in these models, the variation of the network power losses and voltages due to the 
reactive power control of the DGs is not represented, and they therefore cannot be employed for 
VVOs that utilize the DGs as controllable resources. 

In this paper, a new analytical equivalent model for an LV system is proposed considering the 
effect of reactive power control of DGs on the network power losses and voltages. The proposed 
model can be utilized to realize VVO for both MV and LV systems considering the reactive power 
control of the DGs. Moreover, the proposed model can be adopted to VVO using deterministic 
optimization methods, which are generally faster and more stable than heuristic methods [23], 
because it is an analytical model. Section 2 describes the proposed equivalent model of the LV system, 
which consists of three components that represent: (a) the equivalent reactive power source (ERPS); 
(b) LV power loss; and (c) residual power injection. In Section 3, the utilization method of the 
proposed model for a VVO based on a deterministic method is presented. The VVO problem is to 
minimize the weighted sum of the total power loss and the number of switching operations of 
voltage-regulating devices. In Section 4, the accuracy of the proposed model is verified by comparing 
the results of the proposed model with those of the detailed model. In addition, the effects of the 
proposed model on the VVO are also validated. Finally, Section 5 concludes the paper. 
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2. Equivalent Model for Low-Voltage Distribution System with Distributed Generators 

Figure 1 shows the proposed equivalent model of an LV distribution system including the DGs. 
The LV system is modeled as a single-bus system connected to three components: (a) the ERPS; (b) 
LV power loss; and (c) residual power injection. The ERPS represents the aggregated reactive power 
outputs of the DGs, which is adjusted by the VVO, in the LV system. The LV power loss consists of 
the network power loss and the inverter power loss of the DG itself. The residual power injection 
refers to the components that remain after the ERPS modeling and the power loss calculation, i.e., the 
active and reactive power consumption of the loads and the active power output of the DGs. Because 
the voltages of LV systems vary according to the reactive power output of the DGs, the LV power 
loss and the residual power injection are modeled as a function of the reactive power of the ERPS. 

 
Figure 1. Proposed model for a low-voltage (LV) system. 

2.1. Equivalent Reactive Power Source (ERPS) 

The reactive power output of the ERPS is the total reactive power output of all the DGs in the 
corresponding LV system. In the VVO problem with the proposed equivalent model, the LV system 
is represented as a single bus, as shown in Figure 1, and only the reactive power output of the ERPS 
is the decision variable for the VVO problem. Because the reactive power outputs of the DGs are 
limited, the reactive power limits of the ERPS should be determined. The minimum and maximum 
reactive power outputs of the ERPS are given by the sum of the reactive power limits of all DGs in 
the LV system: 

, ,

,min, ,max, ,max, ,
1

LV DG kN
t t t
ERPS k ERPS k DG k i

i
Q Q Q

=

= − = −  , (1) 

where ( ) ( )= −
22

,max, , , , , ,
t t
DG k i rated k i DG k iQ S P  [24]. 

After determining the reactive power reference of the ERPS by solving the VVO problem, the 
reactive power reference for each DG is determined in proportion to its reactive power capacities as 
follows: 

, , , ,

,max, , ,min, ,
, , , , ,

,max, , ,min, ,
1 1

LV DG k LV DG k

t t
DG k i DG k it t t t

DG k i ERPS k k i ERPS kN N
t t
DG k i DG k i

i i

Q Q
Q Q Q

Q Q
α

= =

−
= =

− 
. (2) 

By adopting the distribution method, some DGs can be prevented from reaching their capacity 
limits more rapidly than others. 
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2.2. Low-Voltage Power Loss  

The total power loss in an LV system comprises the inverter power loss and the network power 
loss. 

2.2.1. Inverter Power Loss 

The inverter power loss of a DG that is connected to the LV Bus i of an MV Bus k can be 
formulated as a quadratic function of the apparent power output of the DG as follows [25,26]: 

( )= + +
2,2, ,

, , , ,0, , , , ,1, , , , , ,
, ,

inv k it t t
inv loss k i inv k i rated k i inv k i DG k i DG k i

rated k i

c
P c S c S S

S . (3) 

To simplify (3) as a polynomial function of the reactive power references of the DG, a quadratic 
Lagrange polynomial is utilized [27], i.e., the inverter power loss is obtained by substituting (2) into 
the quadratic Lagrange polynomial. Finally, the total inverter power loss of the LV system connected 
to the MV Bus k is derived by summing the inverter power losses of all the DGs in the LV system, 
resulting in: 

( )= + +
2

, , ,0 , ,1, , ,2 , ,
t t t t t t

inv loss k inv k inv k ERPS k inv k ERPS kP D D Q D Q . (4) 

The detailed process employed to obtain ,0,
t
inv kD , ,1,

t
inv kD , and ,2,

t
inv kD  is described in Appendix A. 

2.2.2. Network Power Loss 

The network power loss depends on the network topology, the line impedance, the bus injection 
power, and the bus voltage. Because the bus injection powers and bus voltages of the LV system vary 
according to the VVO results, while others remain unchanged, it is necessary to estimate the bus 
injection powers and the voltages to calculate the network power loss in the LV system. 

The bus injection powers and the voltages can be estimated from the variations between the 
initial operating point and the operating point after a control action. In order to distinguish the initial 
operating point used for the VVO problem, in this paper, the initial operating point for the estimation 
is referred to as the base operating point. The subscription for the base operating point is base. To 
improve the accuracy of the VVO solution, the base operating point should be updated in the 
procedure for solving the VVO problem. The updating method is described in Section 3. 

The bus injection power comprises the power consumption of a load and the power generation 
of a DG. Because the load demand varies with the bus voltage, the variation should be considered to 
calculate the network power loss. One of the widely used models to express the static load demand 
characteristic depending on the voltage magnitude is the constant impedance-current-power (ZIP) 
model [28,29]. Using the ZIP model, the active and reactive power consumptions of the load at LV 
bus i are expressed as: 

2

, , , , , , , , , ,
0

Load k i L norm k i P k i LV k iP P K V β
β

β =

=  , (5) 

2

, , , , , , , , , ,
0

Load k i L norm k i Q k i LV k iQ Q K V β
β

β =

=  , (6) 

where β = 0 (constant power), 1 (constant current), 2 (constant impedance). Meanwhile, it can be 
assumed that the active power of the DG does not change because the variation of the inverter active 
power loss due to the reactive power adjustment is much smaller than the total power output of the 
DG. 

Consequently, the active power injection of the LV bus i can be approximated to: 
2

, , , , , , , , , , , , , ,
0

t t t t t
LV k i DG inv k i base L norm k i P k i LV k iP P P K V β

β
β =

≈ −  , (7) 
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where , , , , , , , , , ,
t t t

D G inv k i base D G k i inv loss k i baseP P P= − . , , , ,
t

in v loss k i baseP  is derived by (3). Because the reactive power of 
the DG is determined by (2) and the reactive power of the load is changed by (6), the reactive power 
injection of LV bus i given by: 

2

, , , , , , , , , , , ,
0

t t t t t t
LV k i k i ERPS k L norm k i Q k i LV k iQ Q Q K V β

β
β

α
=

= −  . (8) 

According to the results of the VVO, the voltage magnitudes of an LV system are mainly 
changed owing to two factors, i.e., the reactive variations of the DGs in the LV system and the voltage 
magnitude variation of the MV bus connected to the LV system. Because the LV system is 
downstream of the MV bus, the voltage magnitude variations in the LV buses are almost identical to 
that of the MV bus [30]. Therefore, it can be assumed that the voltage magnitude variations of the LV 
buses are almost identical to that of the MV bus if the active and reactive power outputs of the DGs 
are not changed. Meanwhile, the voltage magnitude variation of LV buses due to the reactive power 
control of the DGs can be approximated using the bus voltage magnitude sensitivity with respect to 
the reactive power injection. Because the reactive power of each DG is determined from the reactive 
power output of ERPS using (2), the voltage magnitude variation can be expressed as a function of 
the reactive power output of the ERPS. Consequently, the voltage magnitude variation is 
approximated as follows: 

( ) ( ), , , , , , , , , , , ,
t t t t t t t
LV k i LV k base VQ k i ERPS k ERPS k base MV k MV k baseV V H Q Q V V≈ + − + −  (9) 

where , ,
t
VQ k iH  is the voltage magnitude sensitivity with respect to the reactive power of the ERPS. In 

Appendix B, the detailed process of the equation development is explained. The second term 
corresponds to the variations that are due to the reactive power control of DGs, while the last one 
refers to the variation due to the voltage magnitude change of the MV bus. 

Based on the bus injection powers and voltages obtained, the network power loss is estimated 
as follows. Using the bus admittance matrix, the injected bus current can be represented as a function 
of the bus voltage: 

, 1, ,
t T t
MV k k MV kI Y E     

=     
          

2,k
t t
LV,k 2,k 3,k LV,k

Y
I Y Y E

. (10) 

From (10), the voltage of LV bus i and the total current injected into MV bus k are expressed as: 

, , , ,

, , , , , , , , , , , 2 , ,
1 1

LV Bus k LV Bus kN N
t t t
LV k i II k i m LV k m MV k II k i m k m

m m
E C I E C Y

= =

= −  , (11) 

, , , ,

, , , 2 , , , , , , ,
1 1

LV Bus k LV Bus kN N
t t t
MV k VV k MV k k m II k m i LV k i

m i
I C E Y C I

= =

= +   . (12) 

where 
, , , ,

, 1 , 2 , , , , , 2 , ,
1 1

LV Bus k LV Bus kN N

VV k k k m II k m i k i
m i

C Y Y C Y
= =

= −   . 
, , ,II k m iC  is the m-th row and i-th column element of 

the inverse matrix of 
3 , kY . Meanwhile, the network power loss in the LV system is expressed as the 

difference between the injected power from the MV system and the total power injections in the LV 
buses, i.e., 

, ,
* *

. , , , , , , ,
1

LV Bus kN
t t t t t
net loss k MV k MV k LV k i LV k i

i
S E I E I

=

= +  . (13) 

Under normal operating conditions, the differences in the voltage angles of LV buses are 
relatively small [31,32], and the differences are negligible. Therefore, the network power loss equation 
given by (13) can be approximated as follows by using (11) and (12): 

, , , , , , *
, , , , , ,* 2

. , , , , , , , , ,
1 1 1, , , , , ,

LV Bus k LV Bus k LV Bus kt t tN N N
LV k i LV k i LV k mt t t

net loss k VV k MV k MV k VI k i II k i mt t t
i i mLV k i LV k i LV k m

S S S
S C V V C C

V V V= = =

    
= + +        

    
    (14) 
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Appendix C provides the detailed process for obtaining (14). Finally, the network power loss is 
formulated as an analytic function of the reactive output power of the ERPS and the voltage 
magnitude of the MV bus by using (7)–(9) and applying the Taylor series: 

( )2 3 4
. , . , ,0, ,1, , ,2, , ,3, , ,4, ,

2
,5, ,6, , ,7 , , ,8,                             

t t t t t t t t t t t
net loss k net loss k net k net k ERPS k net k ERPS k net k ERPS k net k ERPS k

t t t t t t
net k net k ERPS k net k ERPS k net k ER

P jQ D D Q D Q D Q D Q

D D Q D Q D Q

+ = + + + +

+ + + +( )
( )

3
, ,

2 2
,9, ,10, , ,11, , ,                             

t t
PS k MV k

t t t t t t
net k net k ERPS k net k ERPS k MV k

V

D D Q D Q V+ + +

. (15) 

The detailed process of acquiring ,0,
t
net kD – ,11,

t
net kD  is explained in Appendix C. 

2.3. Residual Power Injection 

The LV system components that remain after modeling the ERPS and calculating the power loss 

are aggregated to the residual power injection, , ,
t t
res k res kP jQ+ . In order words, the residual power 

injection corresponds to the active and reactive power consumption of loads and the active power 
output of the DGs. Using the ZIP model given by (5) and (6) for a load, the residual power injection 
is obtained as follows: 

, , , ,2

, , , , , , , , , , ,
1 0 1

LV Bus k LV DG kN N
t t t t t

res k L norm k i P k i LV k i DG k i
i i

P P K V Pβ
β

β= = =

= −   , (16) 

, , 2

, , , , , , , , ,
1 0

LV Bus kN
t t t t
res k L norm k i Q k i LV k i

i
Q Q K V β

β
β= =

=   . (17) 

By substituting the voltage magnitude that is estimated by using (9), the residual power injection 
can be approximated as: 

( )2 2
, , , 0 , ,1 , , , 2 , , , 3 , , 4 , , , , 5 , ,

t t t t t t t t t t t t t
r e s k res k res k res k E R P S k res k E R P S k res k res k E R P S k M V k res k M V kP jQ D D Q D Q D D Q V D V+ ≈ + + + + + , (18) 

where: 
, , , ,2

,0 , ,1, , , ,2 , , , ,
1 0 1

LV Bus k LV DG kN N
t t t t
res k res k i res k i DG k i

i i
D d d Pβ

β
β= = =

= −   , 
, , 2

1
,1, ,1, , , , , ,2 , ,

1 0

LV Bus kN
t t t t
res k res k i VQ k i res k i

i
D d H d β

β
β

β −

= =

=   , 

, ,
2

,2 , ,1, , ,2 , ,
1

LV DG kN
t t t
res k res k i VQ k i

i
D d H

=

=  , 
, , 2

1
,3, ,1, , , ,2, ,

1 0

LV Bus kN
t t t
res k res k i res k i

i
D d d β

β
β

β −

= =

=   , , ,

,4 , ,1 , , ,2 , ,
1

2
LV DG kN

t t t
res k res k i VQ k i

i
D d H

=

=  , 

, ,

,5 , ,1 , , ,2
1

LV DG kN
t t
res k res k i

i
D d

=

=  , ,1, , , , , , , , , , , , , , ,
t t t t t
res k i L norm k i P k i L norm k i Q k id P K jQ Kβ β β= + , 

,2, , , , , , , , , ,
t t t t t
res k i LV k base VQ k i ERPS k base MV k based V H Q V= − − . 

3. Application to Volt/Var Optimization Problem Formulation 

In the proposed equivalent model explained in Section 2, the LV distribution system, including 
the inverter-interfaced DGs, is expressed as the analytic function of the voltage magnitude of the MV 
bus, which is connected to the LV system, and the reactive power output of the ERPS. Therefore, the 
model can be easily adopted for the formulation of the VVO problem for MV and LV systems, 
considering the power loss and voltage in the LV systems. In this section, a method to apply the 
proposed equivalent model to a general VVO problem is presented. The VVO is performed to 
determine one-day operation schedules for the volt/var control devices, including DGs that are 
connected to the LV system. 

For the VVO problem, several objective functions have been considered, such as those presented 
in [33,34]; in particular, the term corresponding to the network power loss has been commonly 
included in the objective function. In this paper, the number of switching operations of the OLTC and 
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the shunt capacitors are also considered to prevent their frequent switching, which can increase 
maintenance cost [5]. Therefore, the objective function is set to the weighted sum of the active power 
loss and the number of switching operations with the cost-weighting factors: 

( )
,24

1 1
, , , , , ,

1 1 1
min  

LV sys sh
N N

t t t t t t t
P MV loss inv loss k net loss k tap sh l l l

t k l
w P P P w tap tap w sh sh+ +

= = =

  
 + + + − + −     

   . (19) 

The weighting factors may be differently determined by the distribution system operator [5,35] 
depending on the target network conditions. 

The equality constraints for the VVO problem are the power balance constraints, as follows: 

( ) ( )( ),

, , , , , , , , , , ,
1

cos sin
MV BusN

t t t t t t t
MV k MV k MV n MV k n MV k MV n MV k n MV k MV n

n
P V V G Bθ θ θ θ

=

= − + − , (20) 

( ) ( )( ),

, , , , , , , , , , ,
1

sin cos
MV BusN

t t t t t t t
MV k MV k MV n MV k n MV k MV n MV k n MV k MV n

n
Q V V G Bθ θ θ θ

=

= − − − . (21) 

The active and reactive injection powers of MV bus k are determined using (4), (15), and (18), i.e., 

, , , , , ,
t t t t
MV k inv loss k net loss k res kP P P P=− − − , (22) 

, , , , ,
t t t t
MV k ERPS k net loss k res kQ Q Q Q= − − . (23) 

The conventional inequality constraints are as follows: 

,min , ,max
t

MV MV k MVV V V≤ ≤ , (24) 

min max
ttap tap tap≤ ≤ , (25) 

max,0 t
l lsh sh≤ ≤ . (26) 

The first inequality constraint indicates that the voltage magnitudes of MV buses should be 
maintained within their operational bounds. The others, (25) and (26), represent the maximum and 
minimum operational limits of the tap position of the OLTC and the number of shunt capacitors, 
respectively. Because the proposed VVO considers the voltages of the LV systems, the voltages can 
be maintained within their operational limits by introducing an appropriate inequality constraint. By 
using the voltage magnitude approximation given by (9), the inequality constraint for the voltage 
magnitudes of the LV buses is obtained: 

( ),min, , , , , , , ,max,( )t t t t
LV k ERPS k ERPS k base MV k MV k base LV kV Q Q V V V≤ + − + − ≤t t

LV,k,base VQ,kU V H U U , (27) 

where U is the ( ), , 1LV Bus kN ×  vector composed of 1’s. In addition, the reactive power limits of the 

ERPS are added as an inequality constraint: 

,min, , ,max,
t t t
ERPS k ERPS k ERPS kQ Q Q≤ ≤ . (28) 

The VVO problem (19)–(28) is formulated using analytic equations; note that (4) and (19), which 
include the absolute value functions, can be transformed into analytic functions using the epigraph 
problem form [36]. Therefore, the gradients and the Hessian that are used to solve the VVO problem 
can be defined, implying that the proposed equivalent model of the LV system enables the VVO 
problem to be solved using deterministic algorithms. For example, the overall process for solving the 
VVO problem is shown in Figure 2. To address the integer variables (i.e., the tap position of the OLTC 
and the number of shunt capacitors), in this paper, the local search method proposed in [35] was 
adopted, where the integer variables are relaxed to continuous variables and the two integer solutions 
closest to the relaxed-integer solution are then selected and compared. 
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In Step 1, the parameters for the equivalent model of each LV system for all time are determined 
using the equations developed in Section 2; in Step 2, the VVO problem is relaxed to a nonlinear 
programing (NLP) problem and solved. In the relaxed solution, the tap position of the OLTC and the 
number of shunt capacitors are likely to be real values, rather than integer values; therefore, the local 
search is performed in Step 3, where the integer-solution sets are found to correctly represent the 
switching operations of the OLTC and the shunt capacitors. Consequently, the optimal solution for 
the h-th iteration, xh, which consists of the tap position of the OLTC, the number of shunt capacitors, 
and the reactive power output of ERPS for all time, is determined in Step 3; in Step 4, based on the 
optimal value of QERPS, the reactive power outputs of the individual DGs are determined using (2); 
after Step 4, the convergence is checked. If the variations in the decision variables are small enough, 
the iteration is terminated. Otherwise, a new base operating point of each LV system for all time is 
calculated by solving the power-flow problem based on xh in Step 5. By updating the base operating 
point iteratively, the approximation errors of the proposed equivalent model can be reduced. In 
addition, the effect of the variation in inverter power loss on voltage magnitude is reflected on 

, ,
t

L V k b aseV  in Equation (9). 
Even though the active power profiles for the DGs and loads are fixed in the proposed method, 

the uncertainty of the DGs can be handled by using the proposed method to solve the VVO problem 
for each scenario of the scenario-based optimization methods [13–15]. If another method is used to 
solve the VVO problem, the proposed model can also be easily used by applying the parameter 
determination process, i.e., Steps 1, 4, and 5, into the original method, which corresponds to Steps 2 
and 3, as shown in Figure 2. 

int int

t t+1
1 1

t t+1
N N

x x
          

x x
   

   
   
   
   
   

int

int

t 1
int,1
t

1int,2
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Figure 2. Overall procedure for solving the proposed volt/var optimization (VVO) problem. 

4. Case Study 
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The accuracy of the proposed model for the LV system is validated using three different LV 
systems, particularly with respect to the power loss and residual power injection estimation. The 
VVO problem (19)–(28) is then solved to demonstrate the effectiveness of applying the proposed 
model to an optimal voltage control. 

4.1. Accuracy of the Low-Voltage Power Loss Model 

The test systems shown in Figure 3 were used to verify the proposed equivalent model. The 
active power outputs and the constants for the inverter power loss (i.e., cinv,0,k,i, cinv,1,k,i, and cinv,2,k,i in (3)) 
are summarized in Table 1. The rated capacities of all DGs were set to 6 kVA. The active and reactive 
power consumption values for each load were set to 10 kW and 8 kvar, respectively. The ZIP model 
coefficients of the loads are listed in Table 2 [29]. The impedances of the lines were 0.712 + j0.142 
Ω/km, with line lengths of 25 m. 

 
(a) (b) (c) 

Figure 3. Three test low-voltage systems: 20 buses and 8 generators. (a) Low-voltage system 1; (b) 
low-voltage system 2; and (c) low-voltage system 3. 

Table 1. Low-voltage system generation data and inverter power loss constants. 

Bus No. PDG (kW) cinv,0 cinv,1 cinv,2 
3 1.0 3.5 × 10−3 5.0 × 10−3 1.00 × 10−2 
4 1.6 3.5 × 10−3 5.0 × 10−3 1.00 × 10−2 
5 2.2 3.7 × 10−3 5.2 × 10−3 1.05 × 10−2 
6 2.8 3.7 × 10−3 5.2 × 10−3 1.05 × 10−2 
7 3.4 3.9 × 10−3 5.4 × 10−3 1.1 × 10−2 
8 4.0 3.9 × 10−3 5.4 × 10−3 1.1 × 10−2 
9 4.6 4.1 × 10−3 5.6 × 10−3 1.15 × 10−2 

10 5.2 4.1 × 10−3 5.6 × 10−3 1.15 × 10−2 

Table 2. Constant impedance-current-power (ZIP) model parameters. 

Type KP,2 KP,1 KP,0 KQ,2 KQ,1 KQ,0 
1 1 1.21 −1.61 1.4 4.35 −7.08 3.73 
2 2 1.5 −2.31 1.81 7.41 −11.97 5.56 
3 3 0.4 −0.41 1.01 4.43 −7.98 4.55 

1 Bus 3~8, 2 Bus 9~14, and 3 Bus 15~20. 

The network power loss estimated using (15) and the residual power injection calculated using 
(18) were compared with those calculated using general power-flow equations with the detailed 
network model, with the voltage magnitude of Bus 1 being changed from 0.95 p.u. to 1.05 p.u., and 
the reactive power output of the ERPS being changed from −38.8 kvar to 38.8 kvar. The reactive power 
outputs of the individual DGs were determined using (2). The base operating point is derived when 
QERPS = 0 kvar and VMV = 1 p.u. Figure 4 shows the errors of the network power loss and residual 
power injection for LV system 1. The results for LV systems 2 and 3 were similar to those shown in 
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Figure 4, and are presented in Appendix D. The maximum network power loss error and the residual 
power injection error for all of the LV systems were less than 2.89% and 0.13%, respectively. A large 
change in the network operating point can increase the error in the result, as shown in Figure 4. 
However, it does not degrade the accuracy of the VVO, as demonstrated in Section 4.2, because the 
base operating point is actively adjusted during the process of solving the VVO problem, as shown 
in Figure 2. For the total inverter power loss of the LV system, the results obtained using the proposed 
model were compared to the sum of the individual inverter power losses calculated using (3), which 
was given in [25,26]. As shown in Figure 5, the maximum difference was less than 0.78%. 

 
(a)

 
(b)

Figure 4. Error in the network power loss and residual power injection for low-voltage system 1. (a) 
Network power loss; (b) Residual power injection. 

 
Figure 5. Error in the inverter power loss model. 

4.2. Effect on the Volt/Var Optimization 



Energies 2017, 10, 1180 11 of 20 

 

The VVO program was developed using MATLAB from the MathWorks, Inc. (Natick, MA, USA) 
and the interior point method, which is widely used to solve the NLP problem. The simulations were 
performed using a PC with an Intel Core i7-4770K 3.5 GHz processor and 16 GB of memory. The 
modified Institute of electrical and electronics engineers (IEEE) 13-node test feeder shown in Figure 
6 was used to analyze the advantages of applying the proposed model to the VVO. The OLTC is 
located between Bus 650 and Bus 632 to regulate the feeder voltage from −10% to 10% in 32 steps. 
Two 100 kvar capacitors were connected to Bus 675 in three phases, and one 100 kvar capacitor was 
connected to Bus 684 in phases A and C. Twelve LV systems, with network topologies and line 
parameters specified in Section 4.1, were connected to MV Buses 633, 646, 671, 680, 652, and 611. 

 
Figure 6. Modified Institute of electrical and electronics engineers (IEEE) 13-bus test feeder. 

Figure 7 shows the three types of load-demand profile that were considered, representing 
industrial, residential, and commercial load demands. The profile represents the ratio of the load 
demand to the average load demand presented in Table 3. The coefficients of the ZIP model for 
industrial, residential, and commercial loads are equal to those of types 1, 2, and 3 listed in Table 2, 
respectively. The active power profile of the DG corresponds to one of the three previously 
dispatched profiles shown in Figure 8. The DGs connected to the same LV system have the same 
rated capacities as well as the same inverter power loss constants. Table 4 shows the generation 
pattern types, the capacities, and the inverter power loss constants of the DGs. For the objective 
function (19), the cost weights wP, wtap, and wsh were set to 0.03, 0.12, and 0.05, respectively. The 
minimum and maximum voltage limits for the MV and LV distribution systems were 0.95 p.u. and 
1.05 p.u., respectively. 

 
Figure 7. Three different load-demand profiles for industrial, residential, and commercial loads. 
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Table 3. Average load demand. 

Bus No. Phase Active Power, PL,norm (kW) Reactive Power, QL,norm (kvar) Load Profile

633 
A 105 (7.5 *) 61 (4.4 *) 1 
B 69 (4.9 *) 40 (2.9 *) 1 
C 69 (4.9 *) 40 (2.9 *) 1 

645 B 131 76 2 
646 B 119 (7.4 *) 69 (4.3 *) 2 

671 
A 99 (6.2 *) 57 (3.6 *) 2 
B 99 (6.2 *) 57 (3.6 *) 2 
C 99 (6.2 *) 57 (3.6 *) 2 

692 
A 65 38 3 
B 65 38 3 
C 65 38 3 

675 
A 174 101 1 
B 131 76 1 
C 184 107 1 

680 
A 99 (6.6 *) 57 (3.8 *) 3 
B 111 (7.4 *) 64 (4.3 *) 3 
C 105 (7.0 *) 61 (4.1 *) 3 

684 
A 65 38 1 
C 65 38 1 

652 A 73 (4.9 *) 42 (2.8 *) 2 
611 C 86 (6.1 *) 50 (3.6 *) 2 

* Values in parentheses represent the load demand on each bus in the LV system. 

 
Figure 8. Three different profiles for the dispatched active power of the distributed generator (DG). 

Table 4. Detailed DG specifications. 

Bus No. DG Capacity * Generation Profile 
652, 680 120% 1 
671, 646 80% 2 
633, 611 40% 3 

Inverter power loss constants 
cinv,0 cinv,1 cinv,2 

3.5 × 10−3 5.0 × 10−3 1.00 × 10−2 
* The percentage means the ratio of the maximum capacity of the DG to the average load demand. 

The results of the following three cases were then compared to evaluate the effects of the 
application of the proposed model on the VVO. 

• Case 1: The DGs in the LV systems are not utilized for the VVO. Detailed models of the LV 
systems are used in the VVO. 
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• Case 2: The DGs in the LV systems are utilized for the VVO. Detailed models of the LV systems 
are used in the VVO. In other words, the reactive power outputs of the DGs are determined by 
solving a detailed optimal power flow problem, not by using Equation (2). 

• Case 3: The DGs in the LV systems are utilized for the VVO. However, the proposed model is 
used in the VVO.  

In Case 3, the initial base operating points of all LV systems are determined under conditions 
where the voltage magnitudes of the MV buses and the reactive power outputs of all DGs are set to 
1.0 p.u. and 0 kvar, respectively. 

The results for the cases are summarized in Table 5. The total active power loss and the number 
of switching operations in Case 2 were less than those in Case 1. This demonstrated that the VVO 
scheme considering the DGs in the LV systems effectively reduces the power losses in the MV and 
LV systems as well as the number of switching operations in the MV system. However, the 
computational time required to solve the VVO problem increased, as shown in Figure 9, owing to the 
increase in the number of decision variables (i.e., the reactive power reference for the DGs for the 
optimization problem). On the other hand, by using the proposed model (i.e., Case 3), the 
computational time was notably decreased, while the VVO results were almost identical to those 
obtained using the detailed model (i.e., Case 2). This is because the size of the NLP problem is 
significantly reduced by replacing the LV system with the proposed model, as shown in Figure 9, 
and thus the computational time required for Steps 2 and 3 shown in Figure 2 is decreased. 

Table 5. Case study results for different VVO methods. 

Parameters Case 1 Case 2 Case 3 
MV network active power loss (kWh) 340 319 319 
LV network active power loss (kWh) 915 744 745 

Inverter active power loss (kWh) 137 174 175 
Total active power loss (kWh) 1392 1237 1239 
Number of OLTC operations 8 2 2 

Number of shunt 
capacitor operations 

675A 4 2 2 
675B 0 2 2 
675C 2 2 2 
684A 2 0 0 
684C 2 0 0 

Total number of switching operations 18 8 8 

 
Figure 9. Computational time and number of variables. 

5. Conclusions 

In this paper, a new analytical equivalent model for an LV distribution system that 
accommodates inverter-based DGs was proposed considering the effects of the reactive power 
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control of the DGs on the power losses, voltage magnitudes, and power consumption of loads in the 
LV system. The proposed equivalent model consists mainly of an ERPS that corresponds to the 
controllable reactive power source, as well as the LV power loss component, which indicates the 
effect of the DG reactive power control on the network power loss and the inverter power loss. In 
addition, a method to apply the proposed model to a VVO problem, which considers not only MV 
systems but also LV systems, was proposed. Because the proposed model was developed using 
analytic equations, it can be applied to the VVO using the deterministic-optimization method with 
few modifications. In the case study, it was verified that by using the proposed model, the 
computational time required to solve the VVO problem can be reduced significantly without 
degradation of the accuracy of the optimal solution. 

Author Contributions: Mu-Gu Jeong proposed the main idea and wrote the paper. Young-Jin Kim checked the 
overall logic of this work and revised the paper. Seung-Il Moon designed the case studies. Pyeong-Ik Hwang 
supervised this work and revised the paper. 
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Nomenclature 

Matrices and vectors are denoted using bold letters, e.g., xm,i is the m-th row and i-th column element 
of x. 

Indices and subscripts 
k, n Indices of the MV buses 
i, m Indices of the LV buses 
l Index of the integer variables 
β Index of the impedance-current-power (ZIP) coefficient 
t Index of the hours * 
h Index of the iterations * 
base Subscript for the base operating point  
min, max Subscripts for the minimum and maximum limits  
Variables 
EMV(LV), θMV(LV), VMV(LV) Voltage phasor, magnitude, and angle of each MV (LV) bus 
PMV(LV), QMV(LV), SMV(LV) Active, reactive, and complex power injection into each MV (LV) bus  
PDG, QDG, SDG Active, reactive, and complex power of each DG 
PDG,inv Actual active power of each DG excluding the inverter power loss 
Srated Rated capacity of the inverter of each DG 
PLoad,QLoad Active and reactive power of each load 
PL,norm, QL,norm Active and reactive power of each load when voltage = 1 p.u. 
KP, KQ ZIP coefficients for active and reactive powers 
IMV(LV) Injection current into each MV (LV) bus  
Y1 Self-admittance of an MV bus connected to an LV system 
Y2 Admittance between the MV bus and an LV system 
Y3 Admittance of an LV system 
GMV, BMV Conductance and susceptance of the MV system 
QERPS Aggregated reactive power of the DGs in an LV system 
α Ratio of QDG to QERPS 
Pinv,loss Aggregated inverter power loss of the DGs in an LV system 
Pnet,loss, Qnet,loss, Snet,loss Network active, reactive, and complex losses in an LV system 
Pres, Qres Residual active and reactive power injections in an LV system 
tap Tap position 
sh Number of unit capacitors connected to the MV feeders 
wP, wtap, wsh Cost weights of the objective function 
HVQ Voltage sensitivity with respect to the reactive powers of the ERPS 

WVQ 
Voltage sensitivity matrix with respect to the individual reactive powers of the 
DGs in an LV system 

Nsh Total number of shunt capacitors in an MV system 
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NLV,sys Total number of LV systems in an MV system 
NMV,Bus Total number of MV buses 
NLV,Bus Total number of buses in the LV system connected to an MV bus 
NLV,DG Total number of DGs in the LV system connected to an MV bus 

* Superscript index. 

Appendix A. Inverter Power Loss 

Using a quadratic Lagrange polynomial with three interpolation points that correspond to the 
maximum, half, and none of the DG reactive power outputs, (3) can be interpolated as: 

( )2
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t t t t
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By substituting (2) into (A1) and summing all the inverter power losses of the DGs, the total 
inverter power loss in the LV system is formulated as (4), where: 
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Appendix B. Voltage Magnitude Variations in the Low-Voltage System 

The matrix of the voltage magnitude sensitivity to the reactive power outputs of the DGs can be 
derived as: 

( ) 11 −−= −t t t t t
VQ,k,base LV,QV,k,base LV,Qθ,k,base LV,Pθ,k,base LV,PV,k,baseW J J J J , (A2) 

where the Jacobian matrix of the LV system is shown as: 

    
=     

        

t tt t
LV,Pθ,k LV,PV,kLV,k LV,k
t tt t
LV,Qθ,k LV,QV,kLV,k LV,k

J JΔP Δθ
J JΔQ ΔV

. 

Based on (A2), the voltage magnitude variation on the i-th bus, resulting from the reactive power 
control of the ERPS, is obtained as: 

( )
, , , ,

,1, , , , , , , , , , , , , , , , , , , ,
1 1

LV DG k LV DG kN N
t t t t t t t t t t
LV k i VQ k i m base k m ERPS k VQ k i m base k m ERPS k base VQ k i ERPS k ERPS k base

m m
V W Q W Q H Q QΔ α α

= =

= − = −  . (A3) 

Meanwhile, the voltage magnitude variation of MV bus k has almost the same effect on the 
voltage magnitudes of the buses in the LV system [30], i.e., (A4): 

,2, , , , , ,
t t t t
LV k i MV k MV k MV k baseV V V VΔ Δ≈ = − . (A4) 
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By adding (A3) and (A4), the total variation in the voltage magnitude is then given as (A5): 

( ), , , , , , , , , ,
t t t t t t
LV k i VQ k i ERPS k ERPS k base MV k MV k baseV H Q Q V VΔ ≈ − + − , (A5) 

which supports (9). 

Appendix C. Network Power Loss 

Using (11) and (12), (13) is expressed as: 
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Then, using ( ) ( )* / /I S E S V θ= = ∠ − , (A6) is modified to: 

( )

( )

, ,

, ,

, ,* 2
. , , , , , , , , ,

1 , ,

*
, , , ,

, , , , , , ,
1 1 , , , ,

            

LV Bus k

L LV Bus k

tN
LV k it t t t t

net loss k VV k MV k MV k VI k i MV k LV k it
i LV k i

t tN N
LV k i LV k m t t

II k i m LV k m LV k it t
i m LV k i LV k m

S
S C V V C

V

S S
C

V V

θ θ

θ θ

=

= =

 
= + ∠ −  

 
  

+ ∠ −    
  




, ,V Bus k


. (A7) 

Because the angle difference is reasonably small under normal operating conditions [31,32], (A7) 
is approximated to (14) by neglecting the angle difference. S/V in (14) is expressed as: 
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On the other hand, the voltage magnitude deviation in (A5) is considerably small under normal 
conditions because the voltage magnitude is maintained within operational bounds by a VVO. 
Considering the first term of the Taylor series, the fractional expressions in (A8) are approximated to: 
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Using (A5), (A9)–(A12), (A8) is approximated as: 

( ), , 2
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where: 
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By substituting (A13) into (14), (14) is expressed as (15), where: 
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Appendix D. Equivalent Model Error in Low-Voltage Systems 2 and 3 

The errors in the network power losses and residual power injections for LV systems 2 and 3 are 
illustrated in Figures A1 and A2, respectively. 

 
(a)
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Figure A1. Error in the network power loss and residual power injection for low-voltage system 2. (a) 
Network power loss; and (b) residual power injection. 

 
(a)

 
(b)

Figure A2. Error in the network power loss and residual power injection for low-voltage system 3. (a) 
Network power loss; and (b) residual power injection. 
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