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Abstract: This paper presents a novel approach to determine geometric shapes of flux modulation 
poles (FMPs) by using the analytical equations for flux density distribution due to armature 
windings. The magnetic field by the windings is modulated by the FMPs. Then, the resulting 
magnetic field produces the torque by interacting with the rotor permanent magnets (PMs). Thus, 
to improve the output power of the machine, the FMP shape should be optimized in terms of the 
magnetic flux modulation. To do so, the permeance function which can consider the changes of 
the geometric parameters for the FMPs is defined using the Fourier series analysis method. 
Consequently, the working harmonic, which is the spatial harmonic of the air-gap magnetic field 
due to the windings and creates the torque, is given as the function of the geometric variables. The 
optimal set of design variables to maximize the working harmonic in the analytical equation is 
obtained by employing the genetic algorithm. The finite element analysis results show that the 
proposed method improves the output torque of the surface-mounted permanent magnet vernier 
(SPMV) machines up to 31%. In addition, the torque ripple can be minimized by regulating the 
harmonic components of the permeance in the analytical equations. 

Keywords: air-gap permeance function; design optimization; magnetic field; permanent magnet 
vernier machine 

 

1. Introduction 

Permanent magnet vernier (PMV) machines have received increasing attention in energy 
conversion systems such as wind power [1,2], electric propulsion [3–5], and robotic servo systems 
[6], because of their high torque density and high efficiency. The PMV machine has different 
numbers of stator and rotor poles, but the magnetic fields excited by the armature windings and 
rotor PMs are coupled by the magnetic gearing effects [7]. Such magnetic coupling helps in 
achieving a larger torque density in the PMV machine compared to the regular PM machine. To 
employ the magnetic gearing effects efficiently, the PMV machine requires flux modulation poles 
(FMPs), which results in permeance variation in the air-gap and hence modulates the magnetic flux. 
In addition, the number of the stator and rotor poles should be determined by considering the 
number of FMPs [8]. The FMPs are formed on the stator and the stator structures of the PMV 
machine can be classified into two categories: (1) open-slot stator with the straight tooth and 
overlapping windings [9]; and (2) split-tooth stator with non-overlapping windings [10]. The 
straight teeth and the split-teeth perform the role of the FMPs. In recent years, the PMV machine 
with the split-tooth stator attracts more attention due to the short end winding length and 
consequently low copper loss [11]. 
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In a surface-mounted PMV (SPMV) machine, the magneto-motive force (MMF) of the armature 
windings is modulated by the air-gap permeance harmonics due to the FMPs. Then, the resulting 
magnetic field produces output torque by synchronizing with the magnetic field due to the rotor 
PMs. Here, the synchronized spatial harmonic of the air-gap flux density distribution created by the 
armature windings is defined as a working harmonic. In addition, the amplitude of the working 
harmonic and the output torque depend on the FMP shapes. Based on the magnetic gearing effects, 
this operating principle of the SPMV machine was elaborated by using analytical equations in [12]. 
Inspired by this, to increase the output torque, many novel configurations of the PMV machines are 
proposed [13–18]. However, prior studies have focused on the magnetic flux modulation between 
the fundamental wave of the winding MMF distribution and the permeance harmonic 
corresponding to the number of the FMPs. Thus, the other harmonics of the winding MMF and 
permeance distributions were neglected in the analytical equations. In addition, the FMPs were 
designed without the consideration of the harmonic components of the permeance. In [19,20], it is 
found that the winding MMF harmonics in the SPMV machine can produce the output torque by 
interacting with the specific harmonics of the permeance. Generally, the FMPs are designed by 
adjusting their widths identically and the optimal width of the FMPs to maximize the output torque 
is obtained by employing the finite element analysis (FEA) method. In this case, however, the 
winding MMF harmonics have no influence on the output torque because, regardless of the FMP, 
the permeance distribution contains only the spatial harmonics of the multiples of the number of 
the FMPs’ width. In [19], therefore, the FMP shape with the sub-harmonics of the air-gap 
permeance, which correspond to the multiples of the slot number, is proposed to improve the 
output torque by using the winding MMF harmonics. Consequently, the output torque of the SPMV 
machine is improved up to 21.5% by only changing the FMP shape. In addition, the effects of the 
sub-harmonics of the permeance to the back electromagnetic force (EMF) are investigated in [21]. 
The FMP shape with the sub-harmonics which is proposed in [21] can improve the characteristics of 
the output torque and the back EMF up to 22%. The analysis results are verified by the experiment. 
In [19,21], to improve the output torque, the FMP shapes and their geometric parameters were 
proposed by using the analytical equations. However, the optimal combination of the design 
variables was obtained by using the parametric study based on the FEA method. Since the number 
of the geometric parameters to design the FMP shapes increase in order to adjust the sub-harmonics 
of the permeance, a considerable amount of time is required for the optimal design process to 
complete. 

In [19], the analytical expressions for the winding MMF, air-gap permeance, and flux density 
distributions were derived by using the Fourier series analysis. However, the amplitudes of the 
permeance harmonics were not defined as the functions of the geometric variables for the FMPs. 
Thus, it is difficult to design the FMP shape, which is to maximize the output torque, by using the 
analytical equations without the FEA method. Addressing the shortcoming, this paper proposes a 
novel method to design the FMP shape of the SPMV machine by using the analytical equations to 
calculate the flux density distribution in the air-gap due to the armature windings. To do so, the 
air-gap permeance function is modeled to be changed according to the design variables proposed in 
[19]. In addition, the Fourier coefficients for the permeance harmonics are defined as the functions 
of the design variables. Since the flux density distribution is calculated by multiplying the winding 
MMF and the air-gap permeance functions, the amplitudes of the harmonics of the flux density are 
also given as the functions of the design variables. In addition, the output torque of the SPMV 
machine is proportional to the working harmonic of the flux density distribution due to the 
armature windings. It indicates that the optimal set of design variables to maximize the working 
harmonic and output torque can be found in the analytical equation. In order to obtain the optimal 
set of design variables, the genetic algorithm toolbox in MATLAB, the commercial software 
developed by Mathworks Incorporated, is employed [22,23]. Compared with the conventional 
method relying on the FEA method, the proposed method can analytically find the optimal 
structure of the SPMV machine in terms of the working harmonic. The FEA results for the optimal 
dimensions show that the proposed method can improve the output torque of the SPMV machine 
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up to 31%, compared with the basic model. In addition, the cogging torque and torque ripple can be 
reduced by regulating the harmonic components of the permeance function, while improving the 
output torque. 

2. Analytical Modeling for the Armature Magnetic Field 

Figure 1 shows a structure of the SPMV machine with non-overlapping windings. The stator 
has six slots and three phase windings for the rotating magnetic field of the two pole pairs. Each 
tooth is split into four FMPs, and therefore the total number of the FMPs is 24. Based on the 
following rule for the normal operation of the SPMV machine, the number of the rotor pole pairs, pr 
is set as 22 [12]. 

sFMPr pNp −=  (1) 

where ps and NFMP are the number of the stator pole pairs and FMPs, respectively. For the SPMV 
machine, the magnetic field due to the armature windings is obtained by multiplying the winding 
MMF and air-gap permeance functions. Then, the analytical equation for the working harmonic to 
generate output torque is derived as the function of the design variables for the FMPs. The major 
specifications of the SPMV machine are listed in Table 1. 

 
Figure 1. A structure of the surface-mounted permanent magnet vernier (SPMV) machine with 
non-overlapping windings. 

Table 1. Design specifications. 

Quantity Value Quantity Value 
Rotor Outer Diameter 260 mm Height of FMPs 8 mm 

Stack Length 30 mm Number of turns per coil 140 
Air-Gap Length 1 mm PM residual flux density 1.2 T 
PM Thickness 5 mm Armature phase current 6 A 

2.1. Winding MMF Function 

The winding MMF is produced by current flowing through the armature windings and the 
MMF distribution in the air-gap can be obtained by following assumptions: 

(1) The flux density, MMF, and permeance in the air-gap are uniform with the axial direction. 
(2) The values of the winding MMF are varied linearly in the regions in front of the slot opening. 
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(3) The three-phase currents are symmetric and sinusoidal as follows. 
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where ωe is the electrical angular speed and Irms is a root mean square (RMS) value of the input 
current. 

Using Ampere’s law in combination with Gauss’s law, the MMF distribution due to the 
a-phase winding is obtained as shown in Figure 2a. By using the Fourier analysis method, the MMF 
distribution can be expressed as follows [19]. 
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where θm is the mechanical angle, θso is the mechanical angle of the slot opening, and Nc is the 
number of turns per coil. 

The MMF distributions produced by the phase b and phase c can be found in the same manner. 
The total winding MMF distribution is calculated by the sum of each phase MMF. Figure 2b shows 
the MMF distribution due to the three-phase windings when the time is zero. In addition, the 
Fourier expression of the winding MMF distribution is given as follows. 
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where Fm is the Fourier coefficient for the (m × ps)th spatial harmonic of the total winding MMF 
distribution. 

(a) (b)

Figure 2. The magneto-motive force (MMF) distributions when the time is zero. (a) Due to the 
a-phase winding; (b) due to the three-phase windings. 

2.2. Air-Gap Permeance Function 

To predict the air-gap permeance distribution, the following conditions are assumed: 

(1) The stator and rotor cores possess infinite permeability. 
(2) The relative permeability of the PM is unity. 
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(3) FMPs formed on the tooth are in symmetry with respect to the central axis of the tooth. 
(4) All teeth are of the same shape. 
(5) The height of the FMPs is high enough to have no influence on the air-gap permeance 

distribution. 

Figure 3 shows the FMP shapes formed on the tooth and the resulting distribution of the 
permeance in the air-gap. The permeance per unit area in the air-gap is determined by the length of 
the magnetic flux path, l as following [24]. 

lP /0μ=  (7) 

where μ0 is the permeability of the air. On the regions of the air-gap in front of the FMPs, the length 
of the magnetic flux path is constant and the permeance has the maximum value, Pmax as shown in 
Figure 3a. On the contrary, the flux paths in front of the auxiliary slots and slot opening are varied 
along the circumferential direction due to the fringing flux. Due to the increased length of the flux 
path, the fringing flux decreases the values of the permeance. In addition, the distribution of the 
permeance caused by the fringing flux has symmetry in the regions between any two FMPs. 
Therefore, the air-gap permeance distribution in the regions of the auxiliary slots and slot opening 
can be approximated by using the second-order polynomial function as shown in Figure 3b. The 
analytical expression of the air-gap permeance over the region from 0 to π/6 radian can be 
expressed as follows. 
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where Pθ1 and Pθ3 are the minimum values of the permeance in the auxiliary slots, and Pso is the 
minimum value of the permeance in the slot opening. Using the Fourier analysis and (8), the air-gap 
permeance function is expressed as follows. 
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where the Nslot is the number of the slots, P0 is the DC offset value, and Pj is the Fourier coefficient 
for the (j × Nslot)th spatial harmonic of the air-gap permeance function. In addition, P0 and Pj are 
given as the functions of the design variables for the FMP shapes, θ1, θ2, θ3, θ4, and θso. 

(a) (b) 
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Figure 3. The shape of the flux modulation poles (FMPs) formed on the tooth and the resulting 
permeance in the air-gap. (a) Design variables for the FMP shape; (b) Air-gap permeance 
distribution. 

The harmonic characteristics of the air-gap permeance function depend on the dimensions of 
the design variables and the maximum and minimum values of the permeance. Based on (7), Pmax is 
equal to μ0/(lm + g), where, lm and g are the lengths of the PM and air-gap, respectively. In addition, 
Pmax is independent of the design variables as shown in Figure 3a. On the contrary, Pθ1, Pθ3, and Pso 
rely on θ1, θ3 and θso, respectively. If the path of the fringing flux is assumed to take circular 
trajectories, the minimum values of the permeance in the regions in which the fringing flux exist 
can be predicted [22]. However, this approach has errors in the amplitudes of the harmonics of the 
air-gap permeance function. Particularly, the amount of errors changes with the variations of θ1, θ3, 
and θso. Hence, for the high accuracy of the air-gap permeance function, the variations of Pθ1, Pθ3 
and Pso according to θ1, θ3 and θso are analyzed by using the FEA method. Then, the variations of Pθ1, 
Pθ3, and Pso are expressed as functions of the design variables by using the least-square method and 
the resulting functions are employed in (8) and (9). 

Under the conditions of the time equal zero and the RMS value of the phase current at 6A, the 
radial flux density distribution in the air-gap caused by the armature windings is obtained by using 
the commercial software, Cedrat FLUX 2-D. In addition, the winding MMF distribution is 
calculated by (5) and (6) under the same condition with the FEA. The air-gap permeance function 
can be taken as [19]. 

),(/),()( tFtBP ememm ωθωθθ =  (11) 

Figure 4 shows the radial flux density distributions in the air-gap due to the armature 
windings and the corresponding permeance distributions according to θ1. As shown in Figure 4a, 
the maximum values of the flux density in the stator and rotor yoke are 0.75 T and 0.73 T, 
respectively. It indicates that the stator and rotor cores are not saturated by the magnetic flux due to 
the winding MMF. Hence, Pmax calculated by the analytical equation assuming the infinite 
permeability of the cores has a similar value with that obtained from the FEA method, which 
considers the non-linear characteristics of the core material, as shown in Figure 4c. Since the winding 
MMF distribution is the same, it can be found that the variations of the radial flux density 
distributions according to θ1 result from the changes of the air-gap permeance distributions. As 
shown in Figure 4c,d, the increase of θ1 tends to decrease the value of Pθ1 but has no influence on 
Pmax, Pθ3, and Pso. Hence, Pθ1 can be expressed as the function of θ1 by using the least-square method. 
In the same manner, the variations of Pθ3 and Pso according to θ3 and θso respectively can be 
obtained as shown in Figure 5. From the analysis results, Pθ1, Pθ3, and Pso are given as follows. 

)3 ,1( ,10)19.2357.1022.2( -42 =××+×−= vP vvv θθθ  (12) 

42 10)56.1803.1020.2( −××+×−= sososoP θθθ  (13) 

where θ1, θ3, and θso are the angles in radians. By substituting (12) and (13) into (8) and (9), the 
harmonic characteristics of the permeance in the air-gap permeance function, which changes with 
the design variables of the FMP shape can be predicted accurately. 
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(a) (b) 

(c) (d) 

Figure 4. Radial flux density distributions in the air-gap due to the armature windings and the 
corresponding permeance distributions according to θ1. (a) Flux density distribution when θ1 = 7.5 
degree; (b) Radial flux density distributions; (c) Air-gap permeance distributions; (d) Variations of Pθ1. 

(a) (b)

Figure 5. Air-gap permeance distribution. (a) According to θ3; (b) According to θso. 

2.3. Flux Density Distribution by the Windings 

By multiplying (5) and (10), the radial flux density distribution in the air-gap due to the 
armature windings is given as: 
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In the SPMV machine, as shown in Figure 1, the working harmonic of the air-gap flux density 
distribution due to the armature windings is the 22nd spatial harmonic which corresponds to the 
number of the rotor pole pairs, and it can be arranged as followings. 

( )22 nd
22( , )  cos 22m e m eB t B tθ ω θ ω= ⋅ +  (15) 

[ ])(5.0 71018672554324101122 +++++++×+= PFPFPFPFPFPFPFPFB  (16) 

where Fm is the Fourier coefficient for the (m × ps)th spatial harmonic of the winding MMF 
distribution and Pj is the Fourier coefficient for the (j × Nslot)th spatial harmonic of the air-gap 
permeance function. In this paper, ps and Nslot are 2 and 6, respectively. It is seen that all the winding 
MMF harmonics can affect the magnitude of the working harmonic according to harmonic 
characteristics of the air-gap permeance function. Since Fm and Pj are expressed as the functions of 
the design variables for the FMP shape, the dimensions for the design variables to maximize the 
working harmonic can be obtained from (16) without the FEA. 

2.4. Flux Density Distribution by the Windings 

In general, the FMP pitch, τ, is constant and the widths of the auxiliary slots, θas, including the 
slot openings are changed identically as shown in Figure 6. In addition, the slot width ratio, k, 
which is a ratio of the auxiliary slot width to the FMP pitch, is selected as a design parameter. To 
verify the accuracy and validity of the analytical model, the magnetic fields due to the armature 
windings are analyzed according to the slot width ratio by using the analytical model and the FEA. 
Table 2 shows the dimensions of the design variables shown in Figure 3 according to k, where θ1, θ3, 
and θso are equal to k × τ, and θ2 and θ4 are equal to (1 − k) × τ. Figure 7 shows the radial flux density 
distributions in the air-gap due to the armature winding according to the slot width ratio when the 
RMS value of the input current is 6A and time is zero. The FEA results for the flux density 
distribution are in good agreement with the results obtained by the analytical model. 

Table 2. Dimensions of the design variables according to the slot width ratio, k. 

Slot Width Ratio Design Variables (°)
k θ1 θ2 θ3 θ4 θs

0.5 7.5 7.5 7.5 7.5 7.5 
0.55 8.25 6.75 8.25 6.75 8.25 
0.6 9 6 9 6 9 

0.65 9.75 5.25 9.75 5.25 9.75 
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Figure 6. FMP pitch and the width of the auxiliary slots including the slot openings. 

(a) (b)

(c) (d)

Figure 7. Radial flux density distributions in the air-gap due to the armature windings according to 
slot width ratio, k. (a) k = 0.5; (b) k = 0.55; (c) k = 0.6; (d) k = 0.65. 

Figure 8 compares the characteristics of the output torque and air-gap permeance that are 
predicted by the FEA according to the slot width ratio, k. In the SPMV machine, the output torque is 
generated by the interaction between the 22nd spatial harmonics of the air-gap flux density 
produced by the stator windings and the rotor PMs. Thus, under the condition of the same rotor, 
the average torque is proportional to the amplitude of the working harmonic, which is the 22nd 
spatial harmonic due to the windings, as shown in Figure 8a. In addition, the torque ripple in the 
SPMV machine has a similar trend with the cogging torque as shown in Figure 8b. The changes of 
the working harmonic according to k can be explained by analyzing the harmonic characteristics of 
the air-gap permeance function as shown in Figure 8c. Regardless of k, the permeance functions 
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consist of the DC offset value, P0 and the spatial harmonics of the orders corresponding to multiples 
of 24. Based on (16), both P0 and the 24th spatial harmonic of the permeance can affect the working 
harmonic. However, the rise of k increases the 24th spatial harmonic but decreases P0. Consequently, 
when k = 0.6, the working harmonic and the output torque are maximized and are improved by 3.9% 
and 3.7%, respectively. 

 
(a)

(b) (c)

Figure 8. Characteristics of the output torque and air-gap permeance according to the slot width 
ratio, k. (a) Average torque and working harmonic; (b) Torque ripple and cogging torque; (c) 
Harmonic components of the air-gap permeance functions. 

3. Optimization of the FMP Shape 

The output torque of the SPMV machine is proportional to the working harmonic. Thus, the 
optimal combination of the design variables to maximize the output torque and the working 
harmonic can be obtained by using (16). To carry out the optimization, the genetic algorithm 
toolbox in MATLAB is applied. A design optimization problem can be formulated to maximize the 
working harmonic in (17) as follows. 

( )22M ax im ize        B x  (17) 

where x is a set of the design variables as shown in Figure 3. To consider the characteristics of the 
torque ripple, the three constraint conditions for the harmonic component of the air-gap permeance 
function are applied for the three optimal models (OM) as following, respectively. 

( )
( )
( )

=
=

1

2

Subject to     Nothing    for Optimal model 1 OM 1
                    ( )  0    for Optimal model 2 OM 2
                    ( )  0    for Optimal model 3 OM3

P x
P x

 (18) 

where P1(x) and P2(x) are the Fourier coefficients for the 6th and 12th spatial harmonics of the 
air-gap permeance function, respectively. In Section 2, it is found that the torque ripple of the SPMV 
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machine is affected significantly by the cogging torque, which is varied according to the FMP 
shapes. When the FMPs are designed by adjusting the slot width ratio, the air-gap permeance 
function consists of the spatial harmonics of the multiples of NFMP. In this case, the torque ripple and 
cogging torque are low and their characteristics are similar to that of the basic model in which the 
slot width ratio is 1. However, the Fourier expression, (9) of the air-gap permeance function derived 
in this paper includes the spatial harmonics lower than NFMP that can increase the cogging torque 
such as the 6th, 12th, and 18th spatial harmonics. In (16), the 18th spatial harmonic of the air-gap 
permeance can considerably produce the working harmonic and output torque by interacting with 
the 4th spatial harmonic of the winding MMF which has second highest amplitude. In contrast, the 
effects of the 6th and 12th spatial harmonics on the working harmonic are relatively low. Thus, the 
6th and 12th harmonics of the permeance can be regulated to reduce the torque ripple in the 
optimization, while improving the output torque. The constraint conditions in (18) are to reduce the 
cogging torque and torque ripple by removing the effects of P1(x) and P2(x) in the OM2 and OM3, 
respectively. 

Table 3 gives the optimization results and Figure 9 shows the geometries of the FMPs for the 
basic and optimal models. Compared with the basic model, the working harmonics in the OM1, 
OM2, and OM3 are increased by 32%, 27%, and 24%, respectively. Figure 10 compares the radial 
flux density distribution due to the windings obtained by the analytical and FEA methods. It shows 
good agreement between the FEA and analytical methods. Figure 11 shows the air-gap permeance 
distribution for the basic and optimal models calculated by the FEA. In both methods of the 
analytical and FEA, the air-gap permeance functions of the OM2 and OM3 contain no spatial 
harmonics of the 6th and 12th, respectively. It indicates that the analytical model can accurately 
regulate the amplitude of the specific harmonics of the air-gap permeance in the optimization 
process. 

(a) (b)

(c) (d)

Figure 9. Geometries of the FMPs for the basic and optimal models. (a) Basic model; (b) OM1; (c) 
OM2; (d) OM3. 
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(a) (b)

(c) (d)

Figure 10. Flux density distributions in the air-gap due to the armature windings in the optimal 
models. (a) OM1; (b) OM; (c) OM3; (d) Harmonic components. 

(a) (b)

Figure 11. Air-gap permeance in the basic and optimal models. (a) Distributions; (b) Harmonic 
components. 

Table 3. Optimization results. 

Model 
Design Variables (Degree) |B22(x)| (T) 
θ1 θ2 θ3 θ4 θs Analytical FEA 

Basic Model 7.5 7.5 7.5 7.5 7.5 0.034 0.033 
OM1 11.66 4.7 11.72 5.86 3.78 0.045 0.044 
OM2 9.17 6.25 12.09 4.35 5.45 0.043 0.042 
OM3 13.06 5.27 9.97 4.98 6.49 0.042 0.041 
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The generated torque and cogging torque of the SPMV machine are calculated using 2D FEA. 
The same structure of the rotor is applied to the basic and optimal models. Figure 12 shows the flux 
density distributions obtained from the FEA for the analysis models. Although the working 
harmonics of the optimal models are improved over 20% compared with the basic model, the flux 
density distributions of the stator and rotor yokes in all models have a similar tendency under the 
load condition. Figure 13 shows the torque characteristics. When compared with the basic model, 
the average torque of the optimal models increases at the similar ratio with the increases of the 
working harmonics as shown in Table 3. In addition, it can be seen that the torque ripple has a 
similar trend with the cogging torque. In OM1, the working harmonic and average torque are the 
maximum, but the torque ripple increased up to 10%. Compared with the OM1, the cogging torque 
and torque ripple in the OM2 and OM3 are reduced by excluding the 6th and 12th spatial 
harmonics of the permeance function, respectively. In particular, when the 12th spatial harmonic of 
the permeance function is eliminated in the OM3, the cogging torque has a similar value with that 
of the basic model as shown in Figure 13. As the results, in the OM3, the torque ripple has a 
minimum value as 1.83%. Figure 14 shows the characteristics of the back electro motive force (EMF) 
for the basic and optimal models when the rotating speed of the rotor is 500 rpm. The total 
harmonic distortion of the back EMF has a lower value than 2% for all models. In addition, 
compared with the basic model, the fundamentals of the back EMF waveforms for the optimal 
models are improved at a similar percentage with the increase of the output torque. 

(a) (b)

(c) (d)

Figure 12. Flux density distributions for the basic and optimal models under load condition. (a) 
Basic model; (b) OM1; (c) OM2; (d) OM3. 
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(a) (b)

Figure 13. Torque characteristics of the basic and optimal models. (a) Waveforms; (b) Torque 
characteristics. 

(a) (b)

Figure 14. Back electro motive force (EMF) characteristics of the basic and optimal models. (a) 
Waveforms; (b) Harmonic components. 

4. Conclusions 

This paper presents a novel method to design the FMP shape of the SPMV machine by using 
analytical equations for the flux density distribution in the air-gap due to the armature windings. 
The analytical expressions for the winding MMF, permeance and flux density distributions in the 
air-gap are derived by using the Fourier analysis technique. In addition, for the high accuracy of the 
analytical method, the air-gap permeance function is modeled to be changed with the design 
variables by using the FEA and least-square methods. Using the analytical equation and genetic 
algorithm, the FMP shape is optimized to maximize the working harmonic of the armature 
magnetic field that generates the output torque. Thus, the proposed method enables the FMP shape 
to be designed by the optimal combination of the air-gap permeance harmonic components which 
is determined in the analytical equation without the FEA method. The optimal FMP shape 
developed by the proposed method can improve the average torque by increasing the working 
harmonic. The FEA results show that the increase ratio of the working harmonic is similar to that of 
the output torque. In addition, the torque ripple can be reduced by eliminating the specific spatial 
harmonic of the permeance function, which affects the cogging torque, in the analytical expressions 
during the optimization process. Although several FEA simulations are carried out to define the 
air-gap permeance function in the proposed method, the number of simulations required is 
considerably less than that in the conventional optimal method using the FEA method. Thus, the 
proposed method can save the time for the optimal design of the FMP. 
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