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Abstract: Shales or mudstones are fine grained and layered reservoirs, which leads to strong shale
permeability anisotropy. Shale has a wide pore-size distribution, and pores with different diameters
contribute differently to the apparent permeability of shales. Therefore, understanding the anisotropy
of multiscale shale gas reservoirs is an important aspect to model and evaluate gas production from
shales. In this paper, a novel model of permeability anisotropy for shale gas reservoirs is presented to
calculate the permeability in an arbitrary direction in three dimensional space. A numerical model
which is valid for the entire Knudsen’s range (continuum flow, slip flow, transition flow and free
molecular flow) in shale gas reservoirs was developed, and the effect of gas-water flow and the
simulation of hydraulic fracturing cracks were taken into consideration as well. The simulation result
of the developed model was validated with field data. Effects of critical factors such as permeability
anisotropy, relative permeability curves with different nanopore radii and initial water saturation
in formation on the gas production rate of multi-stage fractured horizontal well were discussed.
Besides, flow regimes of gas flow in shales were classified by Knudsen number, and the effect of
various flow regimes on both apparent permeability of shales and then the gas production has been
analyzed thoroughly.

Keywords: shale gas; anisotropy; multiscale flow; gas-water flow; multi-stage fractured
horizontal well

1. Introduction

Shales or mudstones are fine grained and layered reservoirs [1], which leads to strong shale
permeability anisotropy. The range of pore diameter distributions is large in actual shales, so gas flow
in shales undergoes a transition from a Darcy regime to other regimes owing to the significant effect
of collisions between molecules and pore walls on gas transport [2]. Therefore, considerable efforts
should be undertaken to improve the knowledge of the physics behind gas flow in multiscale shale
gas reservoirs with permeability anisotropy.

The anisotropy of shale was reported early by Young et al. [3]. Different composition and
compaction history make shale reservoir anisotropic, so understanding the anisotropy of shale
reservoirs is an important aspect to model and evaluate gas production from shales. Some researchers
have studied the permeability anisotropy of shales. Kwon et al. [4] reported that the permeabilities
of Wilcox shale measured parallel to bedding are about one order of magnitude greater than those
measured perpendicular to bedding. Other researchers mainly focused on seismic or log data [5–7],
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anisotropy of elastic properties or clay mineral alignment [8,9]. Nevertheless, little work has been done
to investigate the effect of anisotropy of shales on gas production.

Shales consist of large amounts of nanopores, a certain number of micropores and microfractures.
Gas transfer in nanopores is a complex process under the effects of pore diffusion, surface diffusion, slip
flow and gas desorption [10–13]. Numerical models which consider Knudsen diffusion, slip flow and
gas desorption in nanopores for shale gas reservoirs have been analyzed by many researchers [14–17],
but the pore structure in shale is complex because of its wide pore-size distribution, so Knudsen
diffusion and slippage effect in nanopores cannot be used to describe all the flow regimes in
multiscale pores. Knudsen number is used to classify the flow regimes in shales [18], and Beskok and
Karniadakis [19] developed a rigorous equation which is applicable for the entire Knudsen range to
account for all flow regimes including continuum flow, slip flow, transition flow and molecular flow.
Ziarani and Aguilera [18] used the Beskok-Karniadakis equation to correct the permeability of shales
and their model was validated with data from the Mesaverde formation in the U.S. Civan et al. [20]
used the Beskok-Karniadakis equation to determine the relationship between the intrinsic permeability
and apparent permeability. Wang et al. [21] presented the apparent permeability for gas transport in
nanopores of shale gas reservoirs based on the Beskok-Karniadakis equation. Yuan et al. [22] used
the Beskok-Karniadakis equation to build an analytical model of apparent gas permeability for tight
porous media.

Moreover, economic production of unconventional resources relies heavily on advanced
completion technology such as horizontal wells with multi-stage hydraulic fracture stimulations. In
terms of the research on rate transient analysis of multi-fractured horizontal wells, an analytical trilinear
flow model was developed to study the transient behavior of fractured wells [14,23]. In addition,
semi-analytical model based on Green’s function and the source/sink method was presented to
facilitate transient pressure/rate for fractured well [24,25]. However, many simplification assumptions
are needed to solve the analytical or semi-analytical solution for shale gas reservoirs with complex
storage and seepage mechanisms, which are not fully built on the real physical model compared with
numerical models, so the performance of multi-fractured horizontal wells has been modeled by many
researchers [26–28] through numerical simulation methods or using commercial software.

Little work however has been done in the previous literature to simultaneously incorporate
permeability anisotropy in multiscale shale gas reservoir, and the simulation of multi-fractured
horizontal wells in numerical models for shale gas reservoirs. In this paper, a comprehensive multiscale
model is established, which considers permeability anisotropy of shales, different flow regimes in
shale, gas-water flow in formation and the advanced completion technology of multi-stage fractured
horizontal wells. The simulation results have been validated with actual field data, and the effects of
shale anisotropy, non-Darcy flow effect in multiscale shales, gas-water flow and hydraulic fractures on
the gas production rate of multi-fractured horizontal wells were analyzed thoroughly.

2. Calculation Model of Permeability Anisotropy for Shale Gas Reservoirs

Research and practice show that permeabilities are not the same in different directions, so
permeability has vector characters. The vector property of permeability will affect the design of
well placement, well spacing and hydraulic fracture treatments. However, there exist some confused
understandings in comprehending and applying the vector property of permeability (see Appendix A),
so a novel model is proposed in this paper to calculate permeability in any direction in three
dimensional space.

In real anisotropic formation, the bedding plane is not necessarily parallel to the horizontal plane,
but has an angle with the horizontal plane (Figure 1), so a model for calculating permeability in any
direction in three dimensional space is developed, which considers the dip and azimuth. α is defined
as the angle between the bedding plane and the horizontal plane, and β is defined as the angle between
the arbitrary direction and the east direction in the clockwise direction.
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Figure 1. Schematic of calculation model considering dip and azimuth. 

We first calculate kz (permeability in z direction) and kδxy (in the horizontal plane), as kδx and kδz 

are known parameters which can be obtained in the laboratory. Because the directions of kz, kδxy, kδx 

and kδz are all in the same plane, so we can apply the results of our model to calculate permeability in 

an arbitrary direction in two dimensional space (see Appendix A): 

2 2cos sinxy x zk k k    
 

(1) 

2 2sin cosz x zk k k   
 

(2) 

Then kx and ky can be obtained in the same way (kx, ky, kδy and kδxy are all in the horizontal plane), 

as kδy is a known parameter and kδxy can be calculated by Equation (1): 

2 2 2 2 2cos cos sin sin cosx x y zk k k k          (3) 

2 2 2 2 2cos sin cos sin siny x y zk k k k          (4) 

When dip α is equal to 0, this three-dimensional calculation model should be simplified to two 

dimensional calculation model presented in Appendix A. Equations (3) and (4) can be simplified to 

Equations (A10) and (A11), respectively, when α is equal to 0, which demonstrates the validity of our 

model. Therefore, the permeability of anisotropy reservoir can be written in the form of a vector: 

   

2 2 2 2 2

2 2

x y z x y z

2 2 2 2 2

cos cos cos sin sin

, , , , sin cos 0

sin cos sin sin cos

K k k k k k k  

    

 

    

 
 

   
 
 

 (5) 

3. Multi-Scale Seepage Non-Linear Model in Shale Gas Reservoirs 

3.1. Knudsen Number and Multi-Scale Flow Regimes in Shale Gas Reservoirs 

Besides permeability anisotropy, shales consist of large amounts of nanoscale pores (pore radius: 

5–900 nm), a certain number of microscale pores (pore radius: 12–800 μm) and microfractures  

(Figure 2). In microscale pores, Darcy flow is the dominant flow transport mechanism; however, 

when the pore radius is as small as a few nanometers, diffusion plays an important role which must 

be considered. Conventional Darcy equation cannot fully capture the physics of flow in the 

nanopores of shales, and gas flow in nanoscale pores must consider the submicron effects such as 

diffusion and slippage, so pores with different diameters contribute differently to gas flow, and a 

rigorous approach is needed to describe gas flow in multiscale shales. 

y

x

z

y

xz

 

xy

Figure 1. Schematic of calculation model considering dip and azimuth.

We first calculate kz (permeability in z direction) and kδxy (in the horizontal plane), as kδx and kδz
are known parameters which can be obtained in the laboratory. Because the directions of kz, kδxy, kδx
and kδz are all in the same plane, so we can apply the results of our model to calculate permeability in
an arbitrary direction in two dimensional space (see Appendix A):

kδxy = kδx cos2 α + kδz sin2 α (1)

kz = kδx sin2 α + kδz cos2 α (2)

Then kx and ky can be obtained in the same way (kx, ky, kδy and kδxy are all in the horizontal plane),
as kδy is a known parameter and kδxy can be calculated by Equation (1):

kx = kδx cos2 α cos2 β + kδy sin2 β + kδz sin2 α cos2 β (3)

ky = kδx cos2 α sin2 β + kδy cos2 β + kδz sin2 α sin2 β (4)

When dip α is equal to 0, this three-dimensional calculation model should be simplified to two
dimensional calculation model presented in Appendix A. Equations (3) and (4) can be simplified to
Equations (A10) and (A11), respectively, when α is equal to 0, which demonstrates the validity of our
model. Therefore, the permeability of anisotropy reservoir can be written in the form of a vector:

⇀
K =

(
kx, ky, kz

)
=
(
kδx, kδy, kδz

) cos2 α cos2 β cos2 α sin2 β sin2 α

sin2 β cos2 β 0
sin2 α cos2 β sin2 α sin2 β cos2 α

 (5)

3. Multi-Scale Seepage Non-Linear Model in Shale Gas Reservoirs

3.1. Knudsen Number and Multi-Scale Flow Regimes in Shale Gas Reservoirs

Besides permeability anisotropy, shales consist of large amounts of nanoscale pores (pore radius:
5–900 nm), a certain number of microscale pores (pore radius: 12–800 µm) and microfractures (Figure 2).
In microscale pores, Darcy flow is the dominant flow transport mechanism; however, when the pore
radius is as small as a few nanometers, diffusion plays an important role which must be considered.
Conventional Darcy equation cannot fully capture the physics of flow in the nanopores of shales, and
gas flow in nanoscale pores must consider the submicron effects such as diffusion and slippage, so
pores with different diameters contribute differently to gas flow, and a rigorous approach is needed to
describe gas flow in multiscale shales.
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Figure 2. Microscopic pore structure of shales.

The Knudsen number Kn is defined as the ratio of molecular mean free path λ and pore radius r,
which is a widely recognized dimensionless parameter to determine the degree of appropriateness of
continuum model:

Kn =
λ

r
(6)

Gas flow regimes can be classified into four categories [10] based on Knudsen number (Table 1):
(1) continuum flow; (2) slip flow; (3) transition flow; (4) free-molecule flow. In continuum flow
regime, the no-slip boundary condition is valid, and gas flow is linear. As Knudsen number
increases, the rarefaction effects become more significant, and the continuum assumption breaks
down eventually, so for flow regimes other than continuum flow, the traditional equation of Darcy’s
law is not applicable anymore.

Table 1. Classification of gas flow regimes based on Knudsen number.

Knudsen Number Kn ≤ 0.001 0.001 < Kn ≤ 0.1 0.1 < Kn ≤ 10 Kn > 10

Flow regime Continuum flow Slip flow Transition flow Free-molecule flow

To analyze the flow regimes in shale gas reservoirs, Figure 3 presents the Knudsen number
under different pore sizes between 1 nm and 500 µm and different pressure ranging from atmospheric
pressure to 100 MPa. Knudsen number increases when pressure drops and pore throat diameter
decreases. As illustrated in Figure 3, we can find that gas flow in microscale pores and micro-fracture
(pore radius > 10 µm) is mainly continuum flow, which can be presented by Darcy formula as same as
gas flow in conventional reservoir. However, when pore radius decreases from microscale to nanoscale,
gas flow undergoes a transition from Darcy regime to slip flow and transition flow. Only when the
pressure is below 1 MPa and pore radius is about 1 nm, will the gas flow in shale gas reservoir be
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free-molecule flow. Thus, we can conclude that gas flow in shale gas reservoirs is a multi-scale flow
process mainly including continuum flow, slip flow and transition flow.
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Figure 3. Knudsen number under different pressure and pore radii.

3.2. Apparent Permeability Model Valid for Different Flow Regimes

A transport model valid for the entire Knudsen’s range (continuum flow, slip flow, transition
flow and free-molecule flow) is given below, which considers viscous flow, Knudsen diffusion and slip
flow [19,29]:

v = −K∞

µ
(1 + αrKn)

(
1 +

4Kn
1− bKn

)
dp
dx

(7)

So the apparent permeability and permeability correction factor can be defined as:

Ka = K∞ f (Kn) (8)

f (Kn) = [1 + αr(Kn)Kn]
(

1 +
4Kn

1− bKn

)
(9)

We can see from Equation (8) to Equation (9), that the apparent permeability is nearly equal to the
absolute permeability when Kn approaches 0; When the Knudsen number gets bigger, it means flow in
pores is no longer Darcy flow and the apparent permeability should be corrected.

The rarefication coefficient is given by Beskok and Karniadakis [19]:

αr(Kn) =
128

15π2 tan−1
(

4Kn0.4
)

(10)
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Knudsen number is defined as the ratio of the molecular mean free path and equivalent hydraulic
radius, which can be expressed as:

Kn =
λ

rh
=

µ

pgrh

√
πRT
2M

(11)

The gas compressibility factor is calculated by the following equation [30]:

Z = 1 +
pr

10.24Tr

[
2.16

1
Tr

(
1
Tr

+ 1
)
− 1
]

pr = p/pc (12)

Tr = T/Tc

The viscosity of real gas is calculated by [30]:

µr = µ

[
1 +

A1

T5
r

(
p4

r

T20
r + p4

r

)
+ A2

(
pr

Tr

)2
+ A3

(
pr

Tr

)]
(13)

The Knudsen number of real gas through nanopores is obtained as:

Knr =
λr

rh
=

µr

pgrh

√
πZRT

2M
(14)

so Equation (9) can be rewritten as:

f (Knr) =

[
1 + αr

(
µr

pgrh

√
πZRT

2M

)
µr

pgrh

√
πZRT

2M

]1 +
4 µr

pgrh

√
πZRT

2M

1− b µr
pgrh

√
πZRT

2M

 (15)

Figure 4a shows how the permeability correction factor varies with pressure under different pore
radii. The higher the pressure is, the lower the correction factor is. When the pressure is higher than 10
MPa and the pore radius is larger than 0.1 µm, the correction factor can be negligible. In addition, the
permeability correction factor becomes larger and more evident as the pore radius becomes smaller, so
pores with different radii contribute differently to the apparent permeability of shales. As illustrated
in Figure 4a, we can also find that real gas effect should be considered to model Knudsen number at a
high pressure.

Figure 4b shows how permeability correction factor varies with Knudsen number and pore radius,
which illustrates typical flow regimes and the corresponding permeability correction factors of a given
pore radius. The range of pore diameter distribution is larger in shales, gas flow in shales undergoes
more complex flow regimes, and the permeability correction factor differs a lot.
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The intrinsic permeability is expressed as [31]:

K∞ =
φ

τ

r2

8
(16)

Shale has a wide pore size distribution, and pores with different diameters contribute differently
to apparent permeability. The intrinsic permeability of shales with wide pore diameter distribution
can be calculated by the following equation [32,33]:

K∞ =
φ

τ

N

∑
i=1

ri
2

8
ξi(ri) (17)
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where it is assumed there are N types of pore diameter, ξi(ri) is the porosity distribution frequency
when pore radius is equal to ri. The pore size distribution is detected by nuclear magnetic resonance
technique, which shows that the pore diameter ranges from 1 nm to 700 nm with a peak about 7 nm
(Figure 5).
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Considering pore with different diameters, the apparent permeability can be corrected by the
frequency distribution of pores:

Ka =
φ

τ

N

∑
i=1


[

1 + αr

(
µr

pgrh

√
πZRT

2M

)
µr

pgrh

√
πZRT

2M

]1 +
4 µr

pgrh

√
πZRT

2M

1− b µr
pgrh

√
πZRT

2M

 r2
i
8

ξi(ri) (18)

The permeability correction factor is:

f (Knr) =

N
∑

i=1

{[
1 + αr

(
µr

pgrh

√
πZRT

2M

)
µr

pgrh

√
πZRT

2M

](
1 +

4 µr
pgrh

√
πZRT

2M

1−b µr
pgrh

√
πZRT

2M

)
r2

i
8

}
ξi(ri)

N
∑

i=1

r2
i
8 ξi(ri)

(19)

4. Gas and Water Transport Model in Multi-Scale Shale Gas Reservoirs

4.1. Gas Flow in Multiscale Shale Gas Reservoirs

In order to deduce and develop the seepage equations for shale gas reservoirs, some assumptions
have been made, including isothermal reservoir, non-Darcy flow in shales and Darcy flow in hydraulic
fractures as well as adsorbed gas only desorbing from the pore walls within shales.

Based on the above assumptions, the material balance equations for shale gas reservoirs are
derived as follows according to the law of conservation of matter:
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4.1.1. Gas Flow in Multiscale Shales

Mass balance equation for gas flow in multiscale shales per unit time per bulk volume of shale
can be derived, which considers adsorbed gas on pore walls, multi-scale flow regimes in shales and
the anisotropy of reservoirs:

∇ ·

⇀
Kkrg

Bgµg

(
∇pg − ρgg∇D

)− qg =
∂

∂t

(
φsg

Bg
+ ρbi

VL pg

pL + pg

)
(20)

The adsorbed gas can be calculated by Langmuir isotherm equation:

Va =
VL pg

pL + pg
(21)

Taking Equation (19) into Equation (20), we can get the governing equation of gas phase:

∇ ·

 ⇀
K∞ f (Knr)krg

Bgµg

(
∇pg − ρgg∇D

)− qg =
∂

∂t

(
φsg

Bg
+ ρbi

VL pg

pL + pg

)
(22)

where f (Knr) in Equation (22) can be calculated by Equation (19), which is used to correct the apparent
permeability of shales caused by the submicron effects in pores with different diameters.

The permeability of the anisotropic shale gas reservoir
⇀

K∞ in Equation (22) can be derived from
Equation (5):

⇀
K∞ =

(
kx∞, ky∞, kz∞

)
=
(
kδx∞, kδy∞, kδz∞

) cos2 α cos2 β cos2 α sin2 β sin2 α

sin2 β cos2 β 0
sin2 α cos2 β sin2 α sin2 β cos2 α

 (23)

4.1.2. Gas Flow in Hydraulic Fracture

Experimental results indicate that effective conductivity of both propped and unpropped
fractures decreases with the decrease of effective stress [34]. According to the experimental results of
Zhang et al. [35], the relationship between the effective permeability and gas pressure can be written as:

KH = KH0 · e−αs(pgi−pg) (24)

By applying the theory of equivalent fracture conductivity, the permeability of hydraulic fracture
considering the stress-dependence effect can be calculated by [34]:

KeH =
KH · wH

∆xH
=

KHi · wH

∆xH
· e−αs(pgi−pg) (25)

Gas flow in hydraulic fracture can be described by Darcy equation, so the following equation
is obtained:

−∇pg =
µ

KeHkrg
vg (26)
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4.2. Water Flow in Multiscale Shale Gas Reservoirs

4.2.1. Water Flow in Multiscale Shales

Mass balance equation for water flow in shale gas reservoirs per unit time per bulk volume of
shale is:

∇ ·

 ⇀
Kkrw

Bwµw
(∇pw − ρwg∇D)

− qw =
∂

∂t

(
φsw

Bw

)
(27)

We can get the governing equation of water phase:

∇ ·

 ⇀
K∞krw

Bwµw
(∇pw − ρwg∇D)

− qw =
∂

∂t

(
φsw

Bw

)
(28)

where
⇀

K∞ in Equation (28) can be calculated by Equation (23).

4.2.2. Water Flow in Hydraulic Fracture

Water flow in hydraulic fracture can be described by Darcy equation as well as gas flow in
hydraulic fracture:

−∇pw =
µ

KeHkrw
vw (29)

4.3. Validation of the Developed Numerical Model

A multi-stage fractured horizontal well in three-dimensional shale gas reservoir (Figure 6) is made
to characterize and simulate gas flow from multiscale shales to hydraulic fractures. The dimension of
the reservoir is 1136 × 280 × 50 m, and the grid size is 139 × 29 × 1 in the x, y, and z direction.
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Figure 6. Schematic of fractured horizontal well in shale gas reservoir.

To examine the accuracy of the simulator formulations, the production data of the Marcellus
shale is used in this paper. The parameters used for simulation are shown in Table 2. The reservoir
parameters are dependent on the literature [36], and the adsorption parameters of Marcellus shale are
obtained in literature [37]. The simulated gas production rate is proved to match well with the field
data, which is shown in Figure 7. Therefore, the validity of this model is approved.
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Table 2. Basic parameters for the numerical simulation.

Parameter Value Unit

Formation depth 2400 m
Formation thickness 50 m

Initial pressure 32.0 MPa
Initial temperature 355 K

Shale porosity 0.065 /
Shale permeability 6.0 × 10−4 10−3 µm2

Initial density of rock 2460 kg/m3

Langmuir pressure 3.44 MPa
Langmuir volume 5.66 cm3/g

Initial gas saturation 0.75 /
Gas specific gravity 0.58 /

Horizontal well length 640 m
Hydraulic fracture spacing 87 m

Half-length of hydraulic fracture 68 m
Number of hydraulic fractures 7 /

Stress-sensitivity coefficient 1.5 × 10−8 Pa−1

Wellbore pressure 6 MPa
Wellbore radius 0.1 m
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Figure 7. The match result of gas production rate for shale gas reservoirs with field date.

5. Results and Discussion

According to the validated simulator for shale gas reservoirs, the effects of anisotropy permeability,
non-Darcy flow in multiscale shales and gas-water flow on production rate as well as cumulative
production of multi-stage fractured horizontal well are analyzed thoroughly.

5.1. Effect of Permeability Anisotropy on Production Rate

We assume that maximum permeability is five times larger than minimum permeability parallel
to bedding, and permeability parallel to bedding (red arrows in Figure 8) is 10 times larger than
permeability perpendicular to bedding, since Kwon et al. [4] proposed that permeabilities (Wilcox
shale) measured parallel to bedding are about 1 order of magnitude greater than permeability measured
perpendicular to bedding.
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Effect of dip (the angle between the bedding plane of shales and the horizontal plane) on gas
production rate and cumulative production has been shown in Figure 9. We can find that the greater
the dip is, the faster the production rate declines, and the more the cumulative production decreases.
When dip becomes bigger, it is easier for gas flow in the vertical direction (Figure 8d) which is useless
to improve the performance of fractured horizontal well owing to the vertical hydraulic fractures.
The dip has a greater impact on production rate and cumulative production than azimuth (Figure 10),
and production rate and cumulative production increase with the decrease of azimuth. A smaller
azimuth facilitates gas flowing towards the vertical hydraulic fractures of fractured horizontal well (the
direction of horizontal well is assumed to be parallel with the maximum permeability when azimuth
is equal to 0◦).Energies 2017, 10, 1549  12 of 23 
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Figure 8. Fractured horizontal well at different angles to bedding plane of shale gas reservoir (a) dip
of 0◦; (b) dip of 30◦; (c) dip of 60◦; (d) dip of 90◦ (red arrows represent permeability parallel to
bedding plane).
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Figure 10. Effect of azimuth on gas production rate and cumulative production (decline curves
represent gas production rate curves, increasing curves represent cumulative production curves).

Figure 11 presents the ratio of production at different dip (or azimuth) and production at dip (or
azimuth) of 90◦ when fractured horizontal well produced after 600 days. We can find that the ratio
decreases with the increase of the degrees of dip (or azimuth). The effects are small for angles less
than 30◦ (Figure 8a), moderate for dip between 30◦ and 60◦ (Figure 8b,c) and large for dip greater
than 60◦. When dip increases to 90◦ (Figure 8d), the production becomes the lowest. This is because
that permeabilities measured parallel to bedding are about one order of magnitude greater than those
measured perpendicular to bedding according to the research of Kwon et al. [4]. Therefore, angles
between the direction of horizontal well and bedding plane better be less than 30◦. We can also find
from Figure 11 that the effect of dip angle on production is greater than azimuth. Azimuth only affects
permeability parallel to bedding, which is much greater than permeability perpendicular to bedding
plane, so the production rate will not decline much when azimuth changes.
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Figure 11. The ratio of production at different dip (or azimuth) and production at dip (or azimuth) of
90◦ when fractured horizontal well produced after 600 days.
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5.2. Effects of Non-Darcy Effect in Multiscale Shales

According to the gas phase pressure of each grid block in shale gas reservoir (Figure 12a), we can
calculate Knudsen number of every grid block in shale gas reservoir (Figure 12b) according to Equation
(14), then classify flow regimes of gas flow in formation, and finally determine the permeability
correction factor of each grid block in shale gas reservoirs according to Equation (19) (Figure 12c).

Figure 12a shows the distribution of gas phase pressure when shale permeability is equal to
6 × 10−4 mD and fractured well produced after 600 days. Figure 12b presents Knudsen number
of each grid block in shale gas reservoirs after 600 days. We can conclude that the grid blocks get
closer to hydraulic fractures, Knudsen number becomes bigger. Since Knudsen number is negatively
correlated with pressure, Knudsen number increases with the decrease of pressure. The distribution of
permeability correction factor is similar to Knudsen number (Figure 12c), and permeability correction
factor increases with Knudsen number for the reason that permeability correction factor is positively
related with Knudsen number according to Equation (9).
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Figure 12. Distribution map of parameters in shale gas reservoir when K∞ equals 6 × 10−4 mD after
600 days (nx and ny represent the numbers of grid blocks in x direction and y direction respectively).
(a) gas phase pressure; (b) Knudsen number; (c) permeability correction factor.

Figure 13 presents the gas production rate and cumulative production of a multi-fractured
horizontal well under different shale permeabilities. It is shown that gas production rate and
cumulative production both increase with the shale permeability. However, the increase of production
rate and cumulative production which consider the non-Darcy flow effects in shales decreases with
the increase of permeability of shales, compared with the production rate and cumulative production
only considering Darcy flow or viscous flow. It means that the effects of non-Darcy flow on production
rate and cumulative production become more significant as the permeability of shales gets lower.
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Figure 13. Effects of non-Darcy flow in multiscale shale matrix under different permeabilities of shales
(solid lines in this figures represent gas production rate and cumulative production with considering
the non-Darcy flow effects, dashed lines in this figure represent gas production rate and cumulative
production only considering Darcy flow or viscous flow.) (a) Production rate under different shale
permeabilities; (b) Cumulative production under different shale permeabilities.

5.3. Effect of Gas-Water Flow in Formation

The effect of initial water saturation on production rate and cumulative production of the
multi-stage fractured horizontal well in shale gas reservoirs is shown in Figure 14. Bigger initial
water saturation means less free gas stored in reservoirs, so production rate declines a lot at the early
period of exploitation as initial water saturation increases. Moreover, bigger water saturation causes a
lower relative permeability of gas phase, which is not favorable for gas flow in reservoirs as well.
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Figure 14. Effect of initial water saturation on gas production rate and cumulative production (decline
curves represent gas production rate curves, increasing curves represent cumulative production curves).
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Figure 15 shows the relative permeability curves with different nanopore radii which was
proposed by Li et al. [38], and Figure 16 illustrates the effect of relative permeability on gas production
rate and cumulative production. Production rates are the same at the early period, and then the
production rate declines faster as the relative permeability decreases (nanopore radius decreases). This
is because that the initial gas and water stored in reservoirs is not changed, but the gas production rate
will decline as the decrease of relative permeability of gas phase.
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Figure 16. Effect of relative permeability on gas production rate and cumulative production (decline
curves represent gas production rate curves, increasing curves represent cumulative production curves).

6. Conclusions

This paper presents a three dimensional numerical model which is valid for the entire Knudsen’s
range (continuum flow, slip flow, transition flow and free molecular flow) in shale gas reservoirs, and
the effects of permeability anisotropy, gas-water flow and the simulation of hydraulic fracturing cracks
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were taken into consideration. The simulation result was validated with field data, and the influencing
parameters has been analyzed thoroughly. The following conclusions can be drawn:

1. A new model of permeability anisotropy for shale gas reservoirs is presented to calculate
permeability in an arbitrary direction in three dimensional space, and a numerical model which
is valid for all flow regimes in multiscale shale gas reservoirs was developed. The simulation
result showed that numerical model matches well with the field data of the Marcellus shale.

2. The production rate and cumulative production increase with the decrease of dip and azimuth
(supposing that the direction of horizontal well is parallel with the maximum permeability
when azimuth is equal to 0◦), but dip has a greater impact on production rate and cumulative
production than azimuth. The effects of dip (azimuth) on production are small for angles less
than 30◦, moderate for dip (azimuth) between 30◦ and 60◦, and large for dip (azimuth) greater
than 60◦. When dip (azimuth) increases to 90◦, the production becomes the lowest.

3. Different flow regimes in this three dimensional numerical model were classified by Knudsen
number, and the effect of non-Darcy in multiscale shales on production rate was emphatically
analyzed under different permeabilities of shales. The production rate of multi-stage fractured
horizontal well increases with the permeability of shale. But the increase of gas production which
considers the effects of non-Darcy flow in multiscale shales decreases with the increase of shale
permeability, compared with the gas production rate only considering viscous flow.

4. The effect of gas-water flow on the performance of multi-stage fractured horizontal wells
was analyzed as well. Initial water saturation has a greater impact on gas production than
relative permeability curves with different nanopore radii, and initial water saturation affects the
production throughout the whole development process of shale gas reservoirs.
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Nomenclature

Latin
A1 fitting adjustable coefficient, 7.9 [30]
A2 fitting adjustable coefficient, 9.0 × 10−6 [30]
A3 fitting adjustable coefficient, 0.28 [30]
b slippage coefficient
Bg gas volume factor
Bw water volume factor
f (Kn) permeability correction factor
g gravitational acceleration, m/s2

i, j, k coordinates of grid block
Ka apparent permeability
KH permeability of hydraulic fracture
KH0 initial permeability of hydraulic fracture
K∞ absolute permeability
kB Boltzmann Constant, 1.3805 × 10−23 J/K
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krg relative permeability of gas phase
krw relative permeability of water phase
kδx maximum permeability measured parallel to bedding plane
kδy minimum permeability measured parallel to bedding plane
kδz permeability measured perpendicular to bedding plane
kn permeability in an arbitrary direction
Kn Knudsen number
M molecular mass, kg/mol
p pressure, Pa
pg pressure of gas phase, Pa
pgi initial pressure of gas phase, Pa
pL Langmuir’s pressure, Pa
pc critical pressure of methane, 4.5992 × 106 Pa [30]
pw pressure of water phase, Pa
qg gas volume flux per unit volume of shale and per unit time
qw water volume flux per unit volume of shale and per unit time
r pore radius
rh equivalent hydraulic radius of pores
rw wellbore radius
sg gas saturation
sw water saturation
T temperature at formation condition, K
Tc critical temperature of methane, 190.564K [30]
vg gas flow rate, m/s
vw water flow rate, m/s
Va volume of adsorbed gas (standard condition) under formation pressure, m3/kg
VL Langmuir’s volume at standard condition, m3/kg
wH width of hydraulic fracture
x, y, z distance coordinates, m
Z gas compressibility factor
Greek letters
α dip
αr rarefication coefficient
αs stress-sensitivity coefficient, Pa−1

β azimuth
δx, δy, δz directions of principal permeabilities
λ gas molecule mean free path, m
µ viscosity, Pa·s
µg gas viscosity, Pa·s
µw water viscosity, Pa·s
ρbi bulk density of shale at initial reservoir pressure, kg/m3

ρg gas density, kg/m3

ρw water density, kg/m3

σ collision diameter of gas molecule
τ tortuosity of shale
φ porosity of shale

Appendix A. Derivation of Calculation Model of Permeability Anisotropy in Two
Dimensional Space

As shown in Figure A1, the confused understandings in composition and decomposition of permeability
vector are illustrated as follows:

(a) Vector composition: the reservoir is assumed to be homogeneous and isotropic, so the permeabilities in all
directions are equal to k, while the permeability in the direction of k3 should be according to the character of
vector composition, which is contrary to the assumption that permeabilities in all directions should be k.
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(b) Vector decomposition: the reservoir is assumed to be homogeneous and isotropic, and the permeabilities in
all directions are equal to k, while the permeability in the direction of kω should be k·cosα according to the
character of vector decomposition, which is contrary to the assumption that permeabilities in all directions
are equal to k.Energies 2017, 10, 1549  20 of 23 
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Figure A1. Schematic for incorrect composition and decomposition of permeability vector.
(a) composition of permeability vector; (b) decomposition of permeability vector.

Thus, permeability cannot be composed according to the character of vector composition and decomposition.
The relationship between permeability in an arbitrary direction (kn), maximum permeability (kδx) and minimum
permeability (kδy) in x-y axis (Figure A2) can be obtained through equivalent displacement principle, which was
proposed by Wang et al. [39].
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kn is the permeability in n direction, vn is the flow rate of n direction, µ is the viscosity, so we can write:

vn = − kn

µ
∇Pn (A1)



Energies 2017, 10, 1549 21 of 23

Flow flux through seepage section A is:

Qn = Avn = −A
kn

µ
∇Pn (A2)

Ax is the effective seepage area of section A in the δx direction, β is the azimuth of kδx, θ is the azimuth of kn,
so the relationship among α, β, and θ is:

α = θ − β (A3)

so we can get the relationship between Ax and A:

Ax = A cos α = A cos(θ − β) (A4)

The effective seepage area of section A in the δy direction is:

Ay = A sin α = A sin(θ − β) (A5)

The component of ∇Pn in the δx direction is:

∇Pnx = ∇Pn cos(θ − β) (A6)

The flow flux through section A along δx direction under the action of ∇Pnx is:

Qx = −Ax
kδx
µ
∇Pnx = −A

kδx
µ
∇Pn cos2(θ − β) (A7)

We can get the flow flux through section A along δy direction in the same way:

Qy = −Ay
kδy

µ
∇Pny = −A

kδy

µ
∇Pn sin2(θ − β) (A8)

The flow flux through section A (Qn) is the sum of Qx and Qy. By combining with Equation (A2),
Equations (A7) and (A8), we can obtain:

kn = kδx cos2(θ − β) + kδy sin2(θ − β) (A9)

As the maximum permeability (kδx) and minimum permeability (kδy) can be tested in laboratory, the
permeability in x direction and y direction can be calculated according to Equation (A9):

kx = kδx cos2 β + kδy sin2 β
(

θ = 0
◦
)

(A10)

ky = kδx sin2 β + kδy cos2 β
(

θ = 90
◦
)

(A11)
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