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Abstract: This article examines whether Banco de la Reptblica (Banrep), Colombia’s central bank,
has operated under a dual-regime policy framework—one for recessionary periods and another for
periods of economic overheating—since adopting inflation targeting (IT) from Q4 2000 to Q4 2019.
We modify the canonical New Keynesian inflation model to accommodate an optimal nonlinear
monetary rule aligned with a two-regime policy framework. Using a LSTAR model estimated over
the study period, with the output gap lagged by three periods as the transition variable, we identify
two distinct monetary regimes. Our findings reveal that the smooth transitions between regimes
were driven by shifts in Banrep’s preferences related to its loss function, alongside adjustments in the
parameters of the aggregate demand and supply curves within the Colombian economy. Notably, we
observe that a modified Taylor principle is not met in either identified monetary regime. This suggests
that, in this context, IT has been a successful policy framework even without requiring the policy
interest rate to respond aggressively to inflation gaps, as the Taylor principle would otherwise dictate.

Keywords: non-linear monetary rules; inflation targeting; taylor principle; non-linear STAR models

JEL Classification: E52; E58

1. Introduction

Inflation targeting (IT) was first introduced as a monetary policy framework in New
Zealand in 1990. It is a rule-based approach that requires three components: (1) a publicly
announced numerical inflation target, (2) a monetary policy process with a major focus on
inflation forecasts, and (3) a high degree of transparency and accountability Svensson (2007).
IT aligns with a central bank’s institutional mandate to control inflation, a semi-independent
central bank structure, and accountability to the public. This framework commits central
banks to achieving and maintaining low inflation rates. Since the 1990s, over 30 developed
and emerging countries have adopted IT (Hammond 2012; Schmidt-Hebbel and Carrasco
2016).

In practice, IT requires a central bank to set and announce a credible long run target for
inflation, such as 3%, within a specific range, like 2 to 4%, as Colombia has done since the
first quarter of 2003 and has maintained. However, IT should be flexible rather than strict.
As Giiler (2021) and Carvalho et al. (2023) have noted, IT regimes emphasize a credible
commitment to long run inflation, which requires anchoring inflation expectations.

In this view, credibility means that an independent or semi-independent central bank is
“believed to be firmly committed to low inflation” (Friedman 2003). As Giiler (2021) argues,
“credibility is also defined and measured by the degree to which inflation expectations
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are anchored to a specific inflation target”. This connection between credibility and the
anchoring of inflation expectations is central to controlling inflation in an IT regime.

Empirical evidence from Giiler (2021) supports this perspective, demonstrating that six
countries implementing an IT regime—Turkey, Brazil, the Czech Republic, Chile, Poland,
and South Africa—successfully anchored long-term inflation expectations, thereby estab-
lishing strong credibility.

Achieving anchored expectations requires public confidence in the central bank’s
commitment to its IT framework and official statements. When expectations are anchored,
the public trusts the bank’s adherence to its long-term target. In contrast, when credibility
in central bank announcements erodes, expectations become unanchored, potentially
leading to policy ineffectiveness in the long run and greater volatility in inflation outcomes
(Carvalho et al. 2023).

IT central banks aim to stabilize inflation around the target while also considering the
real economy, as they typically have a dual mandate that includes stabilizing measures like
the output gap—the difference between actual and potential output—to promote balanced
economic growth (Svensson 2010).

The flexibility of IT relies heavily on the central bank’s credibility in the eyes of the
public. As long as inflation stays around the announced IT range, the central bank’s
credibility remains strong. This suggests that a central bank can adopt monetary regimes
aligned with the target range, yet vary how the policy rule is applied, especially during
periods of inflation surges or economic downturns.

In Colombia, the inflation rate remained outside the target range 45% of the time from
Q1 2003 to Q4 2019. Significantly, 84% of these instances exceeded the target, suggesting
an asymmetric pattern in meeting inflation goals. Such asymmetry could indicate a state-
dependent monetary policy regime designed to mitigate potential reductions in Banrep’s
credibility—much as it would for any central bank that fails to consistently achieve its
targets.

This observation aligns with the concept of IT as a state-dependent monetary policy
rule, where strong central bank credibility reduces the impact of forward-looking public
expectations. Recently, following the pandemic, the issue of exogenous environmental
pressures on central banks has regained focus. Afrouzi et al. (2024) argue that central banks
face political economy pressures, especially in emerging economies.

Similarly, Hioppa (1994) argued nearly 30 years ago that, in the real world—unlike in
the smoothly functioning economies of abstract models—there are shocks and unexpected
circumstances that challenge the notion of excessive rigidity in the interpretation of price
stability or reliance on mechanical rules for monetary management. This observation
motivates us to move away from rigid monetary rules that are state-independent.

From this perspective, we construct a framework within the canonical NKM, as in
Walsh (2017). In our model, an optimal nonlinear monetary policy rule emerges, with the
central bank’s preferences adapting to economic conditions. This adaptability represents
the novel aspect of our approach.

We are interested in examining whether, within the nonlinear monetary policy rule
we develop, transitions between monetary regimes occur due to changes in central bank
preferences or due to structural changes in the economy (Caporale et al. 2018). Distinguish-
ing between these possibilities is important for understanding monetary policy under an
IT framework, under the assumption that the long-term expectations are anchored.

As noted by Debortoli and Nunes (2014), in the standard NKM of inflation, simple
interest rate rules have been widely used. These rules often rely on reduced-form repre-
sentations that link monetary regime shifts to changes in central bank preferences. This
approach, however, has limitations.

Debortoli and Nunes (2014) argues that such reduced-form rules, while reflecting
policymaker behavior, cannot generally identify the structural sources of these changes.
Nonetheless, we show that, under certain conditions, partial identification of key structural
parameters within an IT framework can reveal whether shifts in the monetary rule stem



J. Risk Financial Manag. 2024, 17, 547

3 0f27

from preference changes or structural economic shifts. Unlike our approach, which com-
bines reduced-form and structural econometric methods, Debortoli and Nunes (2014) relies
on calibration methodology.

In a NKM of inflation with interest rate smoothing, the optimal monetary rule that
arises does not necessarily need to satisfy the so-called Taylor principle. In theoretical
models within the standard NKM framework, the Taylor principle is sometimes assumed
to ensure determinacy of the macroeconomic system. We take a different approach. Our
focus is on whether the Taylor principle is empirically satisfied in our case study, given
that, theoretically, it is not required for the optimal monetary rule to meet invertibility
requirements under rational expectations.

We demonstrate that the optimal linear monetary rule, which is not state-dependent,
operates with the first difference of the policy interest rate rather than its level. This
gives rise to what we call a modified Taylor principle, due to the non-contemporaneous
relationship between the inflation gap and the expected nominal interest rate level one
period ahead. The Taylor principle traditionally implies that a central bank should respond
to inflation shocks above the target by raising the nominal interest rate by more than the
increase in inflation Woodford and Walsh (2005). Our findings indicate that this modified
Taylor principle does not need to be fulfilled for the optimal monetary rule to be consistent
with rational expectations.

Ascari et al. (2019) propose a generalization of the rational expectations framework
in which the optimal policy rule does not necessarily ensure stability and determinacy
of a macroeconomic dynamic system. This implies that an increase in the policy interest
rate does not need to match or exceed an unanticipated inflation shock. This insight helps
explain why the Taylor principle may not hold in an IT monetary framework when a central
bank follows the optimal rule from the canonical NKM. In our approach, we find that
the optimal monetary policy across the two regimes does not satisfy the modified Taylor
principle, consistent with these recent findings.

Our approach makes several key contributions: (a) we develop a conceptual frame-
work within the canonical NKM with interest rate smoothing. In this framework, IT builds
high central bank credibility, which reduces the importance of forward-looking expectations
by the public; (b) we show that if structural parameters are state-dependent, the optimal
monetary rule becomes nonlinear, allowing the central bank to transition smoothly between
two monetary regimes; (c) the structural econometric model derived from this framework
can be represented as a nonlinear STAR (Smooth Transition Autoregressive) time series
model, enabling us to (partially) identify critical structural coefficients of the NKM.

Our main contribution is linking reduced-form estimates to structural parameters
within an IT framework. This is important because, in many cases, reduced-form econo-
metric estimates are seldom connected to structural parameters from theoretical models.
By recovering some of these structural preference parameters, we can study the conditions
under which the modified Taylor principle holds.

Some articles in the literature assume a nonlinear monetary rule and estimate it using
nonlinear estimation procedures, as seen in Petersen (2007). We take a different approach.
We derive an optimal monetary rule that is linear for a single monetary regime within a
NKM of inflation. The nonlinearity of the structural model arises from the smooth transition
between two monetary regimes.

This represents a novel contribution to the literature. Typically, nonlinearities are
assumed, and the rules are estimated without a supporting theoretical model. Exceptions
include Martin and Milas (2004); Dolado et al. (2005), and Surico (2007). In these cases,
the nonlinearity of the monetary rule originates from the adoption of the IT framework,
nonlinear weights of the inflation gap and output gap in the loss function, or the interaction
between expected inflation and the output gap.

The nonlinear monetary rule we derive incorporates a delay variable. When this
variable falls below a certain threshold, the rule behaves in one way, but when it exceeds
this threshold, the rule changes, resulting in the observed nonlinearity. This characteristic
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of the theoretical model aligns with the main features of time series nonlinear STAR models.
Recent literature on IT monetary regimes has adopted this approach, estimating STAR or
TAR (Threshold Autoregressive) models with thresholds that generate nonlinear responses
by central banks, especially in emerging economies, as shown by Caporale et al. (2018).

These models allow flexibility in coefficients and enable smooth transitions between
policy regimes. We contend that interest rate smoothing, as a core objective of central
banks, is best modeled through a smooth transition process rather than a discontinuous
Markov switching framework. While commonly used in empirical studies (Bae et al. 2012;
Gonzalez-Astudillo 2014; Kuzin 2006; Murray et al. 2015), the Markov approach has been
critiqued for limiting the ability to capture gradual regime shifts (Castro 2011). We hope
our smooth transition approach encourages further inflation-targeting case studies across
both emerging and advanced economies.

State-contingent preferences for a central bank are more likely to arise in emerging
economies. These small open economies can experience significant supply and/or demand
shocks. We focus on the performance of IT in an emerging economy like Colombia.

Banrep’s IT monetary policy has successfully controlled inflation since its implementa-
tion. However, the COVID-19 pandemic limits our study period to Q4 2000 through Q4
2019. Our objective is to assess whether Banrep’s behavior aligns with a two-regime IT
monetary policy in which state-contingent preferences respond to recessionary or overheat-
ing conditions in the economy. We assume that Banrep’s commitment to low inflation has
anchored long-term inflation expectations across these monetary regimes.

2. Conceptual Framework
2.1. Setup

Consider a standard New Keynesian model (NKM) of inflation, as in Walsh (2017),
where a central bank takes as given an aggregated IS curve denoted as

x¢ = nEixppr — 0(ir — B¢t — 1) + e 1)
and an aggregate forward—looking Phillips supply curve
T = CEpmy +kxy + e )

where x denotes the output gap, i the of nominal (short run) intervention interest rate,
7t the inflation rate, ¥} = iy — E;71;41 represents the real interest rate where " = i" — 7
represents the long run level of the real interest rate which is assumed to be determined
by exogenous factors. The parameters are assumed to have the following signs: ¢ > 0,
k>0,0<¢ <1land0 <# < 1. The variables ¢; and ¢, denote respectively the demand
and supply disturbances/shocks assumed to be stationary processes. Denote E;(-) as the
operator that reflects expected value at time ¢ of a variable using all observable information
up to time t. As Svensson (2010) argues “the objectives under flexible inflation targeting
seem well approximated by a standard quadratic loss function consisting of the sum of the
squared inflation gap to the target and a weight times the squared output gap, and possibly
also a weight times squared policy-rate changes (the last part corresponding to a preference
for interest-rate smoothing)”. Following Woodford (2003) we include in the loss function
a weight on lagged interest rates in order to allow for interest rate smoothing. We follow
the canonical framework of the New Keynesian approach and assume accordingly that the
central bank has a loss function for period t represented by

L _ C
5 = Anlm = 7% 4 Axf + A (i — ip-1)? ©
where the lambdas are weights assumed to be between zero and one such that A,; + Ay +
Ai = 1. The first two terms are common to all monetary rules where A and A, denote the
preference weights of the inflation and output gaps in the loss function while the last term
A; denotes the preference weight on interest rate smoothing. Since the central bank does not
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observe directly the output gap it faces a measurement error represented by x; = y;(1 — Q)
where y; is the true output gap and { € R. Evidently when { = 0, we are back to the
standard NKM. Finally assume that the central bank’s objective function is

Et{i ﬁfL;} @
t=0
where g € (0,1).

2.2. Optimal Monetary Rule in a Single Monetary Regime

Solving the NKM of inflation yields the optimal monetary rule for a single monetary
regime as reported in the following proposition.

Proposition 1. Under rational expectations the optimal monetary rule that minimizes (4) subject
to (1) and (2) is given by

Al = —‘ng;”\y(L)(ntl —7T) - W‘I’(L)ytl + W‘F(L)%_z (5)
+WT(L)Ait_1 - (W‘P(L)Aitz + gz‘lf(L)Ait3

where Aif = E;_q(iy —ip—1), ¥(L) = kfolkak such that 0 < Yy < 1 for all k given that
B € (B, 1) forsome threshold p = g(&,u,0k) € (0,1).

Proof of Proposition 1. See Appendix A. O

At steady state iy = i" =" + 7, 1y = 7, yr = 0 for all t. Therefore Ai; = 0 for all  and
the optimal monetary rule involves no change in the nominal interest rate in the absence of
any shock.

In an IT framework in which a central bank builds high credibility, transparency,
and accountability from the public its monetary policy would be able to anchor more
likely forward looking inflation expectations in the public. As Williams (2020) argues
that “The most critical element is anchoring inflation expectations at the right level”. If
forward looking expectations are kept under control through IT then parameters # and
¢ in Equations (1) and (2) would be small. This means that one of the benefits of an IT
framework is to allow a central bank to anchor forward looking expectations from the
public and reduce the persistence of shocks in the monetary rule. The following corollary
establishes the result for our empirical case study.

Corollary 1. If forward looking expectations are anchored in the publici.e.,{ = n = 0, then the
monetary rule in Equation (5) simplifies to

) okA _ oc(l1-0)A
Ay = —7;; (41— 7T) — 1= 8)Ae fk) Y1 (6)
B(1- %) B(1- %)
+ ok Aip_q — ok Aip o

where 0 < %k < 1 is the stability condition for ¥(L).

Proof of Corollary 1. See Appendix A. [

Equation (5) represents the optimal linear monetary rule generated by the NKM of
inflation, incorporating constant weights in the central bank’s loss function and interest
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rate smoothing. However, this rule does not necessarily ensure the credibility of the regime
implemented by the central bank. As argued by Caporale et al. (2018) and Giiler (2021), the
long-term credibility of a monetary regime relies on the successful anchoring of inflation
expectations, which serves as a key policy mechanism derived from rational expectations in
IT regimes. Therefore, Equation (6) can be understood as the optimal monetary linear rule
that maintains long-term credibility through the central bank’s commitment to anchoring
expectations, even if those expectations are unanchored in the short run. We label this as
the optimal monetary linear rule under credibility.

2.2.1. The Modified Taylor Principle

We study here the conditions under which the optimal monetary rule satisfies the
so called Taylor principle. From the optimal monetary rule in Equation (6) it is clear
that there is something akin to what the Taylor principle proposes. Recall that the Taylor
principle establishes a positive proportional or more than proportional change in the policy
interest rate level due to a change in the inflation gap. Since E;_1i; = i;_1 + E;_1Ai; or
equivalently using our notation if = i;_1 + Ai{ then a modified Taylor principle would be

if OATf
W=7~ A1)
it is not a contemporaneous relation as the original Taylor principle establishes. As Walsh
(2017) shows the adhoc Taylor principle has been used as an assumption to guarantee
determinancy of a macroeconomic equilibrium in a NKM under rational expectations. Here
we do not impose the Taylor principle, on the contrary we study whether the NKM with
weak forward looking expectations generates a similar principle as the adhoc Taylor one.

From Equation (6) it is not clear how to determine if the modified Taylor principle is
satisfied since we have lagged dependent variables as explanatory variables. To study this
issue the following proposition shows that the optimal monetary rule of Equation (6) under
rational expectations can be written as an infinite accumulation of inflation and output

gaps.

given that i;_; is predetermined at t — 1. We label it modified since

Proposition 2. Under rational expectations (Aif = Aiy for all t) the optimal monetary rule of
Equation (6) can be written as

Aip = %@(L)(”tq —7T) + %Cb@)}/t—l 7)

where ®(L) = E @ Lk such that —1 < & < 1 forall k given that 0 < ok < % is satisfied.
k=0

Proof of Proposition 2. See Appendix A. O

Since ®(0) = 1, according to the proof of Proposition 2, then it is straightforward to

determine that ]
dif _ Ax

Am1—7) A
Hence, the modified Taylor principle is satisfied only if ’X—f > 1, which is a quite

intuitive result. It suffices to identify and estimate consistently the parameter ’X—” in order
to determine if the modified Taylor principle is satisfied.

2.2.2. Adhoc Monetary Rules

We can rewrite the optimal monetary rule in Equation (5) where the dependent variable
is the interest rate in levels (not as a first difference) while the independent variables are the
inflation and output gaps as the original adhoc Taylor rule while the remaining variables
could be grouped in an error term. This way of writing the optimal monetary rule could be
seen as an empirical mis-specification according to our model if there is a trend term that
explains the interest rate, given that first differencing eliminates a linear trend empirically,
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while more importantly, omission of relevant variables generate serial correlation in the
error term. Therefore empirical specifications used in the literature like

ir = O (71 — 7T) + Oxys + e 8)

and
it = Y (70 — 7T) + Yxyr + Yiip 1 + et 9)

would have serial correlation either in Equation (5) or in (6). This could generate inconsis-
tent estimates of the parameters 6,; and ¢, that could be close to one making one conclude
erroneously that the Taylor principle is satisfied when in reality it might not.

2.2.3. Empirical Linear Reduced Form Equations

The linear reduced form equation that corresponds to Equation (5) is

Aip = 6o+ 6171+ OoYr—1 + d3Yr2 (10)
+04Ai;_1 + O5Air_p + SgAiy_3 + Uy
LS estimation of this reduced form would yield consistent (not unbiased) estimates of the

reduced form coefficients. The reduced form coefficients are related to the structural ones
according to the following definitions

_ U‘:)\xa_g) _ok+y+¢
53 = W‘Pa)/ 54 = Tw(l)’
55 = —W‘Pu), 56 = g’;‘{’(l)

According to the theoretical model the signs of the reduced form coefficients would be the
following since ¥(1) > 0

0 <0, (52%0, 53%0, 04 >0,05 <0,66 >0

where the ambiguity of J; and J3 comes from { which can be greater or less than one.
Parameters are not identified without further assumptions. If { = # = 0 holds empirically
then the reduced form empirical model, corresponds to Equation (6) which is written in
error form

Aip = po + p1711-1 + p2yr—1 + P3AT 1 + PaAly 2 + Uy (12)
where the reduced form coefficients are functions of the structural parameters in the
following way

TkAx o(1—0)As
N I (R VY
B ok _ ok
p3 = 7!5_0](, ‘04__7(/3—0k)ﬁ

(13)

2
According to the theoretical model, given that we assume 0 < %k <land0 < ok < ﬁ—ﬁ in
accordance to Propositions 1 and 2, the signs of the reduced form coefficient would be

>
p1 <0, pzZO, p3 > 0and ps < 0. (14)

In this particular case we are able to identify key parameters as the following proposi-
tion shows.
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Proposition 3. From reduced form equation coefficients in (12) then: (i) coefficients B, ok and ’X—’;
are identified.

Proof. (i) From the definitions of p3 and p4 in (13) B is identified since it corresponds to

B* = f% > 0. From the definition of p3 we can then identify (ck)* = ﬁ while from

p3 B
*

the definition of p; we identify (%) S (&T)* - 1) p1- O

As argued above in an IT monetary framework forward looking expectations might
not be present in the aggregate demand and supply equations in (1) and (2). To determine
if these forward looking expectations are relevant or not in the optimal monetary rule we
can test empirically, at say an « level of statistical significance with appropriate standard
errors that take into account serial correlation if detected, whether we have the general
optimal monetary rule as in Equation (5) or the simplified version in Equation (6).

We can use the reduced form Equation (10) where we first verify if there is serial
correlation. The absence of serial correlation would suggest that we do not omit lags
of the dependent variable and gives us some confidence that it is dynamically complete
specification. We then test the null 5 = 0 where if we fail to reject it, at say « significance
level, then we would have either { = 0 and/or 17 = 0 given that ¥(1) > 0. We can test then
the null 43 = 0 in Equation (10) where if we fail to reject it we conclude either ¢ = 0 or
¢ =1, according to the theory. We then test the null J, = 0 where if we fail to reject it we
conclude that = 1. If s = 0 is not rejected while 3 = 0 is rejected then 7 = 0 holds as
wellas ¢ # 1. If 6, = 0, 63 = 0 and J¢ = 0 cannot be rejected individually then we must
have{ =1andy = Oevenif { > 0. If 6, = 0 is rejected while J3 = 0 and J¢ = 0 cannot
be rejected at & then { # 1 and ¢ = 0 even if # > 0. In conclusion the simplified optimal
monetary rule in Equation (12) holds (¢ = 1 = 0) if we reject 6, = 0 but fail to reject 3 = 0
and d¢ = 0. Finally, if 6, > 0 (resp. 6, < 0) and J3 > 0 while §; < O (resp. J; > 0) then
we would conclude that measurement error exists in the output gap such that ¢ > 1 (resp.

7<1).

2.3. Optimal Non Linear Monetary Rule: Transitioning Between Two Monetary Regimes

As pointed out by Debortoli and Nunes (2014), within the standard NKM of inflation,
there has been extensive use of simple interest monetary rules that come from reduced form
representations that equate monetary regime change, due to a central bank’s preference
change, with a monetary rule switch. They argue that this is problematic since simple rules
that come from reduced form representations that reflect policymakers’ behavior cannot be
used in general to identify the structural sources of behavioral changes.

This is true if key structural parameters are not identified. Nonetheless, we have
shown above that in the NKM developed, we have partially identified key structural
parameters from Equation (6) under long-run commitment. Evidently, identification has its
limits, as it is not guaranteed in all scenarios unless stronger assumptions are imposed.

As argued above an IT monetary policy is rule based but flexible enough to allow
the monetary policy to depend on the state of the economy. A change in the state of the
economy can change the preferences of the central bank due to demand and/or supply
shocks that can alter the assessment of the central bank in order to adjust the monetary rule
that is followed. It also can change the non behavioral parameters of the central bank that
governs aggregate demand and supply in the economy.

IT can be viewed therefore as generating a state dependent monetary policy rule
that changes with the central bank’s preference and discount rate due to the state of the
economy. We take this point of view and construct a generalized NKM in which an optimal
non linear monetary policy rule can emerge in which preference parameters of the central
bank are state dependent.

To make things precise define a monetary regime as a pair (A, B)¢ where A = (Ax, Ay, A;)
is the vector of preference weights that add up to one and B is the discount rate that can
vary between two monetary regimes denoted as ¢ = 0,1. The optimal monetary rule
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that emerges could be different depending on the monetary regime that the central bank
prefers within the IT framework and/or a change in structural coefficients (o, k) that govern
Equations (1) and (2). We focus on the monetary rule under credibility, as represented by
Equation (6).

We can write the optimal monetary rule more compactly in the following way

Aiy = ¢zy + Ut (15)

where z; = [1, 71,1, X1, Ni;_1, Aiy_p] and ¢ = [po, 1, 02, 03, 04) as in Equation (12). Let G¢
denote a continuous random variable between zero and one that indicates if the monetary
rule followed by the central bank of an economy is changing towards regime 0 when
0< G < % while it indicates that it is changing towards regime 1 when % < G < L
Since the interest rate is not observed in the transition towards these two regimes at the
same time then the observed interest rate difference arises depending on variable G; in the
following way

Aiy = (1 — Gt) A + GiAid} (16)

where Ai? denotes the first difference of the interest rate that arises in the transition towards
regime 0 and Ai} denotes the first difference of the interest rate that arises in transition
towards regime 1. Take Equation (15) and multiply it on both side by 1 — G; (resp. G;) and
evaluate the dependent variable when transitioning towards regime 0 (resp. regime 1) to
get

AP(1—Gy) = (<p°zt + u?) (1-Gy) (17)

and
AiLG; = (4>1zt 4 u}) Gt. (18)

We can add Equations (17) and (18) , use Equation (16), due to the fact that Ai and Ai}
cannot be observed directly independent of G, to replace the left hand side of the resulting
equation in order to get

Aiy = ¢°z¢(1 — Gt) + ¢z Gt + 11t (19)

where 17; = u9(1 — G) + u} Gy. Alternatively this equation can also be written as
Nig = (9" +9Gi)z: + (20)

where ¢ + ¢° = ¢! when G; = 1. This representation shows that ¢ is the vector of the
reduced parameters of the linear part of the optimal monetary rule since it arises when
Gt = 0, which would be considered regime 0. On the other hand, ¢ is the vector of
the reduced parameters of the non linear part when 0 < G; < 1 that adds to the linear
components where ¢! is the vector of the reduced parameters of regime 1.

Proposition 3 allows us to identify between a change in the monetary rule due to a
change in the monetary regime i.e., change in (A, ) or a change in the structural coefficient
ok which affect Equations (1) and (2). We estimate Equation (19) and compare the two
monetary regimes to study whether the monetary rule changed due to the central bank’s
preferences and the discount rate or more due to changes in the non behavioral parameters
of the economy or both.

3. Estimation of the Optimal Two Regime Monetary Rule

Equation (19) generates a non linear optimal monetary rule due to G;. This variable
is assumed to depend on a transition or delay variable Sy, a cutoff point ¢ and speed of
adjustment vy i.e., G = G(St,¢, 7). The delay variable S; can be a lag of the dependent
variable Terdsvirta (1994), an exogenous variable Dijk et al. (2002) or a linear combination
of variables. Importantly, the delay variable has to be a stationary time series variable in its
own right. The threshold c is a cutoff value that makes the transition variable change when
St is above or below ¢ while y governs the speed of transition towards the regime.
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The empirical specification in Equation (19) generates a smooth transition autoregres-
sive (STAR) model where the requirement is that all variables in the vector z; are stationary
time series and that G is defined parametrically for a given delay variable where (7, c) are
estimated as well. Interestingly a STAR model can be viewed as a regime switching model
with two regimes which are associated with the extreme values of the transition function
G(St,v,¢) = 0and G(S¢, 7, ¢) = 1, such that the transition from one regime to the other is
smooth. If 7 is sufficiently large a STAR model approximates a Markov switching model.
We rule out a Markov switching model in this article since under interest rate smoothing a
central bank would not want to jump from one regime to the other abruptly due to the loss
function in (3), but more reasonably in a continuous and smooth manner.

In the literature there are two specifications for the transition function G; that give rise
to different empirical models

1
1 v>0 LSTAR
Gi = G(Si,7,¢) = 4 1+ 10 '
t (St,1,0) { 1 — e—(Si=¢) v >0 ESTAR

where LSTAR uses a logistic transition function while ESTAR uses an exponential transition
function.

The asymmetric or symmetric behavior for G; could make sense for certain delay
variables but not for others. To make the point if the delay variable is a lagged output
gap variable then a LSTAR specification makes more sense than a ESTAR specification.
The reason is that a central bank would react differently when a recessionary state of
the economy arises than when an overheating state arises. On the other hand, if the
delay variable is a lag of the inflation gap then an ESTAR specification might make more
sense than a LSTAR specification. The reason is that a central bank might want to react
symmetrically if the inflation gap is too far from zero either above or below.

The standard NKM model of inflation does not specify a delay variable that could be
considered as S;. Nonetheless, we use statistical tests to determine the S; that generates a
non linear monetary rule, which assumes G; to be either logistic or exponential, from the
following list of candidate variables in the following set:

_ X1, Xt—2, X4—3, X¢—4, TTt—1, TT¢—1,
O = ; . . . .
T2, 703, T0—4, Nip_1, Dip_2, Aip_3,Ai;_4

Since in principle there can be several candidates for a delay variable we consider a list of
them included in set () and leave open the specification of LSTAR and ESTAR for each of
them according to empirical specification tests used in the literature to find the appropriate
non linear specification, if one exists. We search within this set of a priori reasonable
transition or delay variables given by a list four lagged output and inflation gaps as well as
four lags of the first difference of the interest rate.

The economic intuition for the list is that Banrep’s constitutional mandate is to control
first and foremost inflation in the country’s economy which justifies the inflation gap and
its lags as a relevant delay variable. On the other hand, the output gaps can generate also
different monetary regimes due to the stabilization of the output in recessions and/or
expansions which also justifies the inclusion of four lags of it in the list. Finally we include
lags of the first difference of the interest rate since it captures the possibility that interest
rate smoothing could generate different monetary regimes.

In sum, we have laid out a framework in which the optimal monetary rule can be non
linear because structural coefficients can be state dependent and therefore the modified
Taylor principle could be satisfied in one regime even if it does not hold in a single monetary
regime consistent with a linear specification of the monetary rule.
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4. Data and Results
4.1. Data and Unit Root Tests

Descriptive statistics of the time series we use are reported in the Appendix A under
Table Al. The data is publicly available in the webpage of Banrep at www.banrep.gov.co/es.
Accessed on 31 May 2020. Figure 1 plots the policy interest rate (overnight interest rate),
inflation rate and output gap for the period 2000.1 to 2019.IV annualized.
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Figure 1. Time series.

Interest and inflation rates are observed monthly. However, since GDP is observed
quarterly, we use quarterly averages of the monthly data to align with the GDP’s time
frequency. All series are annualized. While interest and inflation rates are directly observed,
the output gap is not. Estimating the output gap requires knowledge of potential GDP,
which is unobserved.

Following standard practice, we estimate the output gap using the Hodrick-Prescott
filter on quarterly GDP data in millions of dollars at constant prices. This filter has well-
known limitations. It is not derived from theoretical knowledge of the data generating
process and is sensitive to the time series’ starting and ending values. Consequently, the
output gap series may contain measurement error, which is consistent with our assumption
that x; = y;(1 — {) for all t where { € R.

For estimation purposes, all time series need to be stationary. Table 1 reports ADF tests
for these time series, where we are able to reject the null of a unit root in each case. We use
ADF tests as they provide the greatest statistical power under the alternative hypothesis of
stationarity in the data-generating process for small samples (Choi and Moh 2007). Notably,
the interest rate is trend-stationary with a negative trend. Descriptive statistics for the time
series are reported in the Appendix A.
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Table 1. Unit root tests.

Period 1.2000 to IV.2019 1 ADF Test Critical Value 10% Decision
Inflation rate, exogenous variables: 3005 0586 Reject null of Unit root
constant, Lag length 1
Interest rate, exogenous variables: . .
constant, linear trend, Lag length 1 4.446 3.161 Reject null of Unit root
Output gap, exogenous variable: —3.549 —1.614 Reject null of Unit root

none, Lag length 4

1 Source: author’s calculations.

4.2. Empirical Results
4.2.1. Linear Monetary Rules

Table 2 presents different empirical specifications of the monetary rules we consider.
The first two columns show the ad-hoc Taylor rules commonly used in empirical and
theoretical literature. The first column reports the estimation of Equation (8), viewed as a
mis-specification of the optimal monetary rule. This shows an LS estimate of the coefficient
for the inflation rate close to one, reflecting the so-called empirical Taylor principle, in line
with a positively inconsistent estimator.

Our results align with findings in the empirical literature for other countries using this
ad-hoc Taylor rule, providing weak evidence that Banrep met the original Taylor principle
(see Petersen (2007) for the U.S. case). We also find serial correlation in this specification.
This is consistent with our earlier argument that such correlation might appear if the true
model is the optimal monetary rule in (5) or (6), suggesting the specification is dynamically
incomplete.

We also find similar results for Equation (9) which is reported in column 2 of Table 2.
We find evidence consistent with the literature for an interest rate smoothing Taylor rule
(Dery and Serletis 2024; Filippou and Taylor 2023; Kuzin 2006), where the coefficient associ-
ated with the lag of the interest rate is statistically significant. We also find serial correlation
consistent with the view of an empirical mis-specification compared the assumed true
model as represented in (5) or (6). This result would be in accordance with a positively
inconsistent LS estimator associated with the inflation rate if the two follow the same
negative trend. From Figure 1 it seems plausible that a common negative trend could arise
between the interest and inflation rate time series.

The third and fourth columns of Table 2 report the empirical estimation of the optimal
monetary rules in Equations (5) and (6). For these two empirical specifications we do not
find serial correlation which is consistent with the NKM model developed. Moreover, we
want to know which of these two empirical specifications describes better the behavior of
Banrep under IT. To do so we set « = 0.1, given that we have only have 76 observations,
and then consistent with our approach, described above, we test the null Jg = 0 (associated
with Ai;_3 in Table 2) which we are not able to reject at the 10% level. This implies that
either ¢ = 0 and/or = 0. We then test the null 3 = 0 (associated with x;_, in Table 2),
where we fail to reject at the 10% level which implies either { = 0 or { = 1 according
to the theory, given that ¥(1) > 0. Moreover, we test the null J; = 0 (associated with
x¢—1 in Table 2) where we reject it at the 10% level which implies that { # 1. Hence we
conclude that ¢ = # = 0 and { # 1. This implies that the linear optimal monetary rule
under IT describes better the behavior of Banrep as in Equation (6) consistent with the
fourth specification of Table 2.
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Table 2. Estimation results.

Dependent . . Diff. Int. Rate Diff. Int. Rate
Variable * Int. Rate Int. Rate Diff. Int. Rate Diff. Int. Rate (Linear Part) (Non-Linear Part)
Inflation rate 0.9568 * 0.2995* o T o o
(0.0689)  (0.0435)
Inflation rate —1 — — —0.0087 —0.0401 * —0.0714* —0.0658 *
(0.0264) (0.0281) (0.0027) (0.0051)
Output ea 0.1846 0.2212 * —_ —_ —_ —_
put gap (0.1160)  (0.0453)
Output eap —1 — — 0.1752 * 0.1335 * 0.1123 * 0.0559 *
tput gap (0.0644) (0.0476) (0.0013) (0.0175)
— — —0.1028 — — —
Output gap —2 (0.0631)
— 0.7582 * — — — —
Interest rate —1 (0.0371)
. — — 0.8291 * 0.7121 * 0.5075 * 1.0518 *
Diff. Interest rate —1 (0.1051) (0.1055) (0.0025) (0.0164)
. — — —0.1678 —0.2404 * —0.0224 * —0.9769 *
Diff. Interest rate —2 (0.0991) (0.1090) (0.0064) (0.0016)
. — — —0.0974 — — —
Diff. Interest rate —3 (0.0991)
Constant 0.0145*  —0.0001 0.0002 0.0014 0.0034 * —0.0047 *
(0.0037)  (0.0016) (0.0013) (0.0014) (0.0001) (0.0007)
— — — — 0.0023 *
Threshold ¢ (0.0006)

. — — — — 7.3025 *
Velocity gamma (3.9332)
Number of obs. 80 79 76 77 76 76

R squared 0.7171 0.9571 0.6447 0.5452 —_ —
p-value joint sig. 0.0001 0.0001 0.0001 0.0001 — —
Serial correlation Yes Yes No No — —

Source: author’s calculations. Std errors in parenthesis; * significance at 10%.

We use proposition 3 and the reduced form coefficients p3 = 0.721 and py = —0.240
to identify B to be 3.0042. Since time frequency is quarterly and the data is annualized
then the discount rate needs to be divided by four, since the value 3.0042 would be an
annual discount rate. This yields B = 0.751. Since it has been established that & = 77 = 0

then proposition 3 implies that the estimates p; = —0.04 and p3 = 0.721 allow us to
obtain ok = 0.315 and )/‘\—7: = 0.058. These results show that the invertibility condition of

2
proposition 11ie., 0 < %k < 1 holds. Moreover, the condition 0 < gk < 1%3 also holds

32
since %B = 0.32143. Importantly, these estimates verify the non ambiguous signs in

Equation (14)
p1 = —0.04, p3 = 0.721, py = —0.240

We find p, = 0.1335 which is positive and should be negative unless there is measurement
error. Hence we conclude that the output gap is measured with sizable measurement
error. Moreover, for this specification we find no empirical evidence that supports the

modified Taylor principal discussed above since /\T = 0.058 < 1. According to our

i
conceptual framework this is consistent with Banrep flaving higher preference for interest
rate smoothing than aversion to the inflation gap.
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4.2.2. Non Linear Monetary Rule

The last column of Table 2 reports the LSTAR estimation of the non linear optimal
monetary rule according to Equation (19) with delay variable S; = x;_3. This delay variable
emerged as the variable that satisfies the statistical tests of Terdsvirta (1994) and Escribano
(1999) at the 10% significance level, which gives empirical support to the existence of the
non linearity in Equation (19). Appendix A reports these statistical specification tests as
well as tests for serial correlation, and normality of the residuals for the non linear LSTAR
specification with delay variable S; = x;_3.

Statistical tests show that an LSTAR with S; = x;_3 is consistent with a non linear
monetary rule while an ESTAR specification is rejected. Moreover, we are able to reject the
existence of serial correlation for the LSTAR specification with S; = x;_3, while not being
able to reject normality at the 10% significance level. Figure 2 reports the time series of the
estimated transition function G; in the period under study.
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Figure 2. Quarterly time series of estimated G;.

Figure 3 shows evidence that the LSTAR non linear monetary rule has two distinct
monetary regimes. One regime, labeled regime 0, arises when the delay variable x;_3
is below the threshold ¢ = 0.0023, while another regime, labeled regime 1, arises when
the delay variable is above this threshold. The interpretation is straightforward, Banrep
transitioned to regime 0, the monetary regime for a recessionary economy, since the output
gap (delayed three quarters) is below a critical threshold value close to zero. On the other
hand, Banrep transitioned to regime 1, the monetary regime for an overheating economy,
since the delayed output gap is above the threshold value. The transitioning speed from
one regime to the other, reported in Table 2, is estimated to be v = 7.3025. Figures 2 and 3
reveal that most of the observations in the period are either in one of the two regimes
according to the delay variable while few observations are in the transition phase.
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Figure 3. LSTAR transition function G; with ¢ = 0.0023.
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The estimated non linear LSTAR monetary rule with S; = x;_3 that corresponds to
Equation (20) is the following

Aiy = Y+ P + poxi—1 + pIAL 1 + pYAir_o
+ (o + Y1711 + Poxp1 + P3Ais_1 + PaAip_2) Ge(Sy)

where reduced form parameters for regime 0 are

09 =0.0034 i = —0.0047
9= -00714 ¢; = 0.0658
p) =0.1123 ¢, = 0.0559
p3 = 05075 i3 = 1.0518
p) = —0.0224 ¢, = —0.9769

Using the definition ¥ = ¢! — ¢ when G;(S;) = 1 we can obtain estimates of the
reduced form parameters for regime 1

pp = —0.0047 + 0.0034 = —0.0013
p1 = 0.0658 — 0.0714 = —0.0056
p3 = 0.0559 +0.1123 = 0.1682
ﬁ;, = 1.0518 + 0.5075 = 1.5593
py = —0.9769 — 0.0224 = —0.9993

The last column of fifth specification of Table 2 reports the standard errors for the
estimates of . We can test the null hypothesis ¢ = 0 vs ¢ # 0 which is equivalent to
testing the null ¢* = ¢° vs ¢! £ ¢¥ given the definition ¢ = ¢' — ¢°. We reject at the 10%
statistical significance level each of the individual hypotheses which gives us evidence that
the two monetary regimes are statistically different from each other.
Note that the signs of the estimates ¢!, ¢° are the same across the two monetary
regimes except for the intercept. This suggests the existence of two regimes that implement
the monetary policy under IT that differ in their relative weight on concerning issues by
Banrep without being opposite in nature. To assess this better, we can use the estimates
above in order to estimate the structural coefficients for each monetary regime as we did
for the optimal linear monetary rule. From proposition 3 and the reduced coefficients for
regime 0 and 1 we obtain
Regime 0 Regime 1
B0 =566  Bl=0.39
ok =191 ok =024
—0 —~1

Az =014 Az =0.004

As the theoretical model implies both regimes seem to have different parameters but

still satisfy the key condition % > ok across regimes. Even though the empirical evidence
supports the conclusion that the two regimes are still different where the estimate values
of B0 and B! are quite different to each other, where the former is above significantly of
the estimate for the linear monetary rule B = 0.751 and the latter is below it. These values
show evidence that the discount factor is much higher for regime zero than regime one.
The values for the discount rates were adjusted to quarterly frequency by dividing the
annualized estimated value by four. The estimate value of g° is greater than one which
should be considered with caution since theoretlcally it should not be greater than one.

Given that the estimate values of A” and )‘" are also quite different from each
other we conclude that the non linear optlmal monetary rule changes in accordance to
changes in the monetary preferences of the central bank. Moreover, since the weight ratio
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’X—’F = 1}/,\" — 1 decreases in regime one compared to regime zero then it must be that A;

1 1
and/or A, must be greater in regime one than in regime zero, consistent with a monetary
regime for an overheating economy, which increases the preference weight on A, and/or
A; relative to a monetary regime for a recessionary economy. Furthermore, the estimate

values of ok and ok are quite different from each other since the value in regime zero is
greater than one while the value for regime one is less than one. This finding suggests that
the two monetary regimes are distinct due to the change in preferences and discount rate
of the central bank as well as to the structural parameters that govern the aggregate supply
and demand in Equations (1) and (2).

Our findings allow us to conclude that the reduced form monetary rule switch across
regimes under IT would have happened due to a change in both preferences and non
behavioral coefficients in the economy, and not only due to change in preferences. Moreover,
both monetary regimes under IT do not satisfy the modified Taylor principle since across
regimes the values of ’X—T are positive but less than one. This suggests that Banrep was
much more responsive to inflation gap shocks in regime zero than in regime one.

5. Discussion

The literature in the estimation of Taylor rules, after Taylor (1993) seminal article, has
been extensive and varied but usually focused on linear rules that have constant parameters
(Taylor 1999a). Later studies extended the original linear Taylor rule (Ball 2002; Clarida
et al. 1998; Ghatak and Moore 2011; Shortland and Stasavage 2004; Svensson 1999; Taylor
1999b) and emphasized possible nonlinearities in the reaction function of central banks
(Caglayan et al. 2016; Martin and Milas 2013; Taylor and Davradakis 2006).

Several studies have employed Markov switching models to estimate Taylor rules,
such as those by Kuzin (2006); Bae et al. (2012); Gonzalez-Astudillo (2014); Murray et al.
(2015); Giraldo et al. (2012), and Villa et al. (2014). However, these models typically do
not accommodate smooth transitions between policy regimes. Earlier works by Martin
and Milas (2004); Dolado et al. (2005); Surico (2007), and Petersen (2007) offered early
approaches that address this limitation.

More recently, there has been an increase in studies indicating that nonlinear monetary
Taylor rules better describe the behavior of central banks across several economies, like
Castro (2011) for the European Central Bank and the Bank of England, and Caporale et al.
(2018) for Indonesia, Israel, South Korea, Thailand, and Turkey. This literature has shifted
towards nonlinear smooth transition models that estimate coefficients based on the state of
the economy at a given moment in time, utilizing a threshold that triggers an asymmetric
response from central banks.

In terms of the utilization of LSTAR models, Huh et al. (2009) model the U.S. Phillips
curve with an LSTAR specification and different non linearities for the Phillips curve,
and estimates the NAIRU. Petersen (2007) uses an LSTAR model and finds that the Fed
followed a non-linear Taylor rule during the great moderation period (1985-2005) and a
linear Taylor rule in the dark age of monetary policy, 1960-1979. This author concludes
that good monetary policy for the Fed is coupled with a non-linear Taylor rule and not a
linear Taylor rule satisfying the Taylor principle. Alcidi et al. (2011) estimates a LSTAR
model for a Taylor rule with interest rate smoothing. They intuitively use the policy-makers’
judgment as the driver of transition among states. They show that ignoring that judgment
may induce significant costs in terms of fit.

Moura and de Carvalho (2010) also estimate LSTAR models for backward and forward-
looking traditional Taylor rules assuming asymmetry on the response of policy-makers
using data from 16 countries in Latin America. Their findings go in the same direction as
articles in which non linearities are explained by asymmetric responses of central banks.
Using US data, Bunzel and Enders (2010) estimate Taylor rules with a threshold process
in which the Fed reacted asymmetrically in some circumstances while in others it did not.
The Fed seemed to act more aggressively when inflation was high than when it was low.
They concluded that “opportunistic” monetary policy behavior explains the Fed’s behavior.
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Briiggemann and Riedel (2011) also estimate reaction functions for the UK finding that
interest rate movements are better explained by non linear reaction functions.

In the same tradition of non linear estimation procedures but using an instrumental
variable approach, Koustas and Lamarche (2012) estimate a Taylor rule that captures asym-
metric responses of the Bank of England and the regressors are endogenous. Akdogan
(2015) also estimates an ESTAR to forecast the inflation for a set of developing and devel-
oped countries. As in this branch of the literature, these authors show that the inflation
rate behave in an asymmetric fashion. Using real-time data and following the tradition of
Taylor type rules Ahmad (2016) estimates a smoothing Taylor rule with a Multiple Regime
Smooth Transition model (MSTAR) to capture asymmetries and “opportunistic” behavior
of monetary policy.

Agliari et al. (2017) and Ma et al. (2018) have estimated nonlinear reaction functions
but including exchange rates as part of the explanatory variables. The former authors
model the economy in a pure exchange overlapping generations model with an endoge-
nous money growth rule. The latter estimate non-linear Taylor-type rules by including
principal component analysis. Their results go in the same line as the literature on nonlinear
reaction functions.

To summarize, the results of this literature suggest that nonlinear Taylor-type rules
more accurately describe the behavior of central banks. These findings indicate that
asymmetric behavior arises when central banks intervene in monetary markets, as they
tend to be more aggressive when either the inflation gap or the output gap exhibits positive
values compared to negative ones.

Our results align with this literature, as we find that Banrep’s behavior during the
period of IT, prior to COVID-19, is consistent with a nonlinear policy framework in which
two policy regimes coexist and emerge depending on the state of the economy, whether it
is experiencing a recession or an inflationary phase. These two regimes suggest that Banrep
had an asymmetric response to inflation shocks based on the economic context. Under
conditions of credibility, we were able to partially identify some of the structural param-
eters of the modified NKM of inflation, where the optimal monetary rule is empirically
described as a nonlinear LSTAR model with two regimes, and the transition between them
occurs in accordance with the output gap lagged by three periods, serving as the delay
transition variable.

The intuition behind our results can be explained in a straightforward manner. The
asymmetric behavior of policy across monetary regimes can be rationalized through asym-
metric price stickiness. Specifically, for positive output gaps that correspond to a monetary
regime indicative of an overheating economy, weak upward price rigidity necessitates a
more robust response from Banrep to the output gap in order to avert future inflationary
pressures. This is reasonable because economic agents are less resistant to price increases
in an overheating economic context. In contrast, for negative output gaps that character-
ize a monetary regime aligned with a recessionary state, strong downward price rigidity
among the public allows Banrep to respond more significantly to the inflation gap to
prevent deflation.

For an emerging economy’s central bank considering IT as its monetary policy frame-
work, establishing the credibility of its inflation target is essential to anchor forward-looking
expectations. Our results suggest that IT should be implemented with flexibility, adapting
to the economic cycle. In periods of economic expansion, where inflation expectations may
rise, IT should respond decisively, potentially with aggressive interest rate adjustments
or other monetary tools, to counteract inflationary pressures. Conversely, in economic
downturns, where disinflationary or deflationary pressures emerge, a more moderate
approach may be warranted to stabilize expectations without exacerbating the slowdown.
This flexible, context-sensitive approach helps to ensure that central bank actions effectively
anchor inflation expectations over time.
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6. Conclusions

We develop a modified New Keynesian model of inflation with rational expectations,
allowing the monetary framework to have state-contingent parameters. We argue that
this framework can describe an inflation-targeting (IT) monetary policy, such as that
implemented by Colombia’s Banrep from Q4 2000 to Q4 2019, which is flexible enough to
offset the pressures of forward-looking expectations by the public in the presence of demand
and/or supply shocks. The model shows that IT, under credibility, can be characterized as a
two-regime monetary framework, where a delay transition variable determines the central
bank’s state preferences (e.g., the lagged output gap for Banrep) depending on whether the
economy is experiencing a recessionary or inflationary state.

We show that this setup is consistent with an optimal monetary rule, where both
the central bank’s preferences and the economy’s non-behavioral parameters can be state-
dependent, leading to non-linearity in the monetary rule. We argue that a modified Taylor
principle does not necessarily need to be satisfied for the non-linear monetary rule to be
stable and dynamically consistent under rational expectations.

The theoretical model leads to an empirical smooth transition autoregressive model
(STAR) that can be tested using data. We perform statistical specification tests to assess
the appropriate non-linear specification, which is determined to be an LSTAR specification
with a transition variable that uses the output gap lagged by three periods.

We find empirical evidence that the optimal LSTAR monetary rule better describes
Banrep’s monetary policy under IT compared to an otherwise optimal linear rule with a
single monetary regime. We then use the reduced-form estimates in each regime to identify
some key structural parameters and to test whether the two monetary regimes differ due
to changes in the central bank’s preferences and/or changes in the economy’s structural
parameters. We find empirical evidence supporting a monetary rule that switches between
the two regimes due to changes in both preference parameters and structural parameters
in the Colombian case study. Under the key assumption of credibility of IT, we were able
to identify separately the changes in both preference parameters of Banrep and some key
parameters of the economy related to the IS aggregate demand and Phillips supply curves.

Author Contributions: Conceptualization, M.M., E.V. and A.G.; methodology, M.M. and E.V.; soft-
ware, M.M.; validation, M.M.; formal analysis, E.V.; investigation, M.M., E.V. and A.G; resources,
A.G.; data curation, A.G.; writing—original draft preparation, E.V.; writing—review and editing,
MM, E.V. and A.G,; visualization, E.V. and A.G.; supervision, M.M. and E.V.; project administration,
M.M. and E.V. All authors have read and agreed to the published version of the manuscript.

Funding: This research received no external funding.

Data Availability Statement: The data is publicly available at https://www.banrep.gov.co/es
accessed on 19 September 2024, the webpage of Banrep.

Acknowledgments: We thank the support of the Economics Department at Pontificia Universidad
Javeriana as well as EICEA at Universidad de La Sabana. We thank Banco de la Reptblica for
generously providing the data used in this study. We also wish to thank Hernando Vargas, Juan Felipe
Bernal, Santiago Caicedo, Fernando Jaramillo, Jose Ignacio Lopez, David Perez-Reyna, Mauricio
Rodriguez as well as two anonymous referees and participants at the IFABS 2019 at EAFIT; the XIV
Conference on Frontier Research in Applied Economics at Universidad Nacional de Colombia; and
the Macro Workshop Bogota, for useful comments and discussions. All statistical programming was
done using PROC IML, SAS 9.4, under a license for the usage of Universidad de La Sabana. We wish
to thank Nancy P. Rivera with assistance at the initial stage of this project. In spite of our best efforts
all remaining errors are our own.

Conflicts of Interest: The authors declare no conflicts of interest.


https://www.banrep.gov.co/es

J. Risk Financial Manag. 2024, 17, 547

19 of 27

Appendix A
Proof of Proposition 1. The fundamental problem to solve is

00 _=)2 22 N 2 .
f—E, Z ‘Bt Ax (7T —7) +A)2X, +Ai(i—ip1) + s [xr — xps1 + 0 (i — Triq — 1) — €1y (A1)
=0 Folre — Emrpq — kxy — ey

where ¢; ; and ¢, ; are the Lagrangian multipliers associated with (1) and (2). First order
conditions, which are necessary and sufficient, given that L; is a quadratic function in the
control variables, that solve the optimization program are

(712) : B Ar (70t — 70) + g — B (0114 Eo1) = 0
(xt) : B {Axxe + Prp — kpoi] — B Iyprs1 =0
(ir) : B'Nilie — ir—1) + 0] — BT [Ai(Eripq — )] = 0
(p14) = xt —yExppq + 0 (i — Epmpgq —1") —e1, =0 (A2)
(¢2,f) s 7t — CEpmry — kxy — e = 0. (A3)

The first three equations can be simplified to get

011+ CPa

Ar(me — 7T) + ot B =0 (A4)
At + pus — kot — %cpm =0 (A5)
Ai(iy —ip—1) + o1t — BAi(Etipp1 — i) =0 (A6)
From Equation (A6) we get
A;(Esi — 1) — A (i — iy

(Pl,t: IB l( th+1 tz- l(t t 1) (A7)

A(Ej_qip —ip—1) — Aj(Gp—1 — 14—
(Pl’til:ﬁl(tlt tl()T i(i—1 —11-2) (A8)

We replace Equations (A7) and (A8) in Equation (A5) which yields

)\x /\l

Par = oxt ﬁ(ﬁ(EtitH — i) — (if —i4-1)) (A9)
Aj . . . .
_%(,B(Et—llt — i) — (=1 —i—2))
as well as
Pap-1 = X1t a(ﬁ(Et—llt —ip1) — (g1 — 14—2)) (A10)
i

_‘Bo.k<ﬁ(Etf2it—l —itp) — (ip—2 —it—3))
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We replace Equations (A7), (A8), (A9), and (A10) in Equation (A4) to get after rear-
ranging

kA OAy o /\

Et(ippr —it) = — B, (7 — 7) — B Y g, (A1)
_'_<0k+‘377_|—§>(Etl(z’t —i 1)) + ;(z} — 1)
(Uk +ﬁz i é) (i1 —it—2) — :J;Z(Etz(it—l —ir-2))
+ga7(if2 —it-3)

Define Ai§ = E;_1 (i — i;—1) for all t where we suppose that rational expectations hold from
the central bank when taking decisions. Hence the optimal monetary rule that is consistent
with rational expectations would satisfy

o oktg+ e kA 7) - T A
<L 1_Uw+L€ﬁZ>AZt = _Uﬁ)\i (7‘[ _7-[) (‘;/\ '[;Z)\
+;Ait — (W)Aitl + %ZAQ—Z

we use the lag and forward operator’s namely Lv; = v;_1 and L™y = v}, 1 for any random
variable v;. This equation can be written in the following way lagging on both sides

I(L)Af; = ———(m1—7) — X1+ —— Al2
1. ock+n+¢ ..
+BAZt_1 - '[;Z(IAltz + 183 Alt 3
whereI'(L) =1 — %L + 1%727 L? and needs to be invertible. To see what is required note
that the characteristic equation is
PR R L FE (A13)
p p
where the two roots are given by
= s (ernrok— ot v 20k ) + G- 0)?)
261
z; = 2? (§+;7 + ok + \/kZ(rZ +20k(C+1)+ (¢ — 17)2>

where it can be shown that z; > 0 and z, > 0 for any set of values of the parameters. For
invertibility of I'(L) the roots of the characteristic equation have to be outside the unit
circlei.e., |z;| > 1 fori = 1,2 butsince z; > 0 for i = 1,2 then sufficient conditions are the
following

én

z1 > 1<:>(7k+(t;"+17)<[3+/3

281

zp > l<=pp>
&4+ ok + /202 +20k(E + 1) + (& — )
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or the sufficient condition g < B where

Z_ 2¢n C+n+ok+ A
ﬁmax{é‘+17+ak+A’ 2

where A = \/kzaz +20k(E+ 1) + (€ — )% For B € (0,1) to be the case it is required that
for a given value ok the values of ¢ and # are not too close to one. Note that I'(L) can be
written as I'(L) = (1 — G1L)(1 — GyL) where G; = Zl, € (0,1) for i = 1,2 which implies
that

(1-GL)™ = 14+GL+GL>+GL3+...
fori = 1,2

and therefore
rL) " =¥(1) = (1+GL+ G2+ G + ... ) (1+ GoL + G2+ GIL* + ..

or equivalently

¥(L) = 1+(G1+G2)L+(G%+G1G2+G§)L2

+(G?+G1G§+G%G2+G§)L3+...
= Y y,L"
h=0
where

Yo =1
YT = G+G&
Y, = GI+GiG+G3
¥, = AGl+ AGh

for some constants A; and Aj. These constants can be found by setting k = 0and k = 1
such that A; and A, satisfy

1 = Ai+A;
G+ Gy A1Gy + ArGy

(cie)=(e & )(a)

1 1 -1 _ G2 1 A G1
Since ( ) = ( Gé_cz Gl_lcz ) then ( 1 ) = ( Gl_GGZ > Hence
G G oG, GG, Ay B erEer
h+1 h+1
_ G-

2
=———= fork 1,2,...
c G, orke {0,1,2,...}

or equivalently
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Note that ¥, > 0 forall 7 € {0,1,2,...} such that they decrease for larger / given that
G; € (0,1) fori =1,2and G; > G, or G; < Gy. Multiply Equation (A12) by I’(L)_1 =Y(L)
on both sides to get

B = SR -1 - S - Y (D (a1
+(Tk+[;7+§‘I’(L)A}1 _ ok +5’Z TS (1) Aiy o + %Z‘I’(L)Azt3

Once x;_1 = (1 —{)y;—1 and x;_» = (1 — {)y;—_ are replaced in the last equation we get
Equation (5). O

Proof of Corollary 1. When ¢ = # = 0, then the characteristic function in Equation (A13)
is1— %kz = 0 and the unique root is z = = > 0. Hence invertibility of I'(L) requires the

condition z > 1 or %k <1. 0O

Proof of Proposition 2. Equation (6) under perfect foresight Aif = Ai; for all t can be
written as

A(L)Aiy = %(ﬂtq —7)+ %%—1 (A15)

where A(L) =1 — % +L— %Lz needs to be invertible in order to find the long run impact

on the difference of the nominal interest rate due to a change in the inflation or output gap.
To see what is required note that the characteristic equation is

_B L, 1
1 0k+z ﬁz =0 (A16)

where the two roots are given by

2
a = oB+ayBEtp) -
2
2 o= Sb—y\BEE - L

The roots are complex numbers (resp. real numbers) if ok < % (resp. ok > %).
Nonetheless if 8 € (%, 1) then the roots outside the unit circle cannot be real numbers.
To see this suppose z; is a real number greater than one. This implies that ok > 2/5731
must be satisfied and since zlg—il > Bfor B € (%, 1) then ok > B, which contradicts the

invertibility condition of corollary 1. We conclude that if 8 (%, 1) then z; fori = 1,2
are complex numbers. The criterion for complex roots to be outside the unit circle is

that the modulus of the complex roots has to be greater than one. If ok < % then

721 = 1B+ 3 % —B(4+B)iandzp = 1B — 1/ % — B(4 + B)i are the complex roots

where i = 1/—1. The invertibility condition then is that modulus for the complex number
2 2
is greater than one' i.e., 1/ g—i — B > 1 or equivalently ck < 1%% Since g > 1&7 then a

2
sufficient condition for invertibility is that ok is sufficiently close to zero such that ok < 1&7/5
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fora given B € (0,1). Note that A(L) can be written as A(L) = (1 — G1L)(1 — GoL) where
G = zl, € (—1,1) for i = 1,2 which implies that

and therefore

A(L)!

1-GL™" =

fori =

1+ GL+G >+ G5 + ...

1,2

= (L) =1+ (G +G)L+ (G} +GiGr + GF ) 12

+(G3+GiG3 + GIG + G ) L2+ = ) L]
h=0

where by a similar reasoning as in the Proof of Proposition 1 we have

Multiply Equation (A15) by A(L) ™' = ®(L) on both sides to get

Aip = h<I>

Dy
Dy
()

Dy,

A

(L) (1 — 7T) +

which is Equation (7) reported above.

Table Al. Descriptive statistics 1

1
G+ G
G?+ GGy + G

h 1 h+1
Gl —gh+
G — G

(1 — g))‘x ®

O

=y (L)yt—

Variable Interest Rate Inflation Rate Output Gap
Mean 0.0620 0.0499 —0.0009
Std Error 0.0026 0.0023 0.0014
Median 0.0593 0.0464 —0.0027
Range 0.0932 0.0789 0.0533
Min 0.0303 0.0184 —0.0231
Max 0.1235 0.0973 0.0302

1 Source: Banco de La Republica; author’s calculations.

Table A2. Terasvirta’s tests.

Test with Delay LM2 (p-Value, LMR1 (p-Value, LMR2 (p-Value, LMR3 (p-Value,
Variable Decision) Decision) Decision) Decision)
Inflation rate t — 1 0.'483 — — —
Linear
Inflation rate t — 2 0.001 0.047 0.100 0.0002
Non linear Reject ESTAR Non Informative Do not reject LSTAR
Inflation rate t — 3 0.026 0.251 0.139 0.024
Non linear Could be LSTAR Non informative Do not reject LSTAR
0.104 — — —

Inflation rate t — 4

Linear
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Table A2. Cont.

Test with Delay LM2 (p-Value, LMR1 (p-Value, LMR2 (p-Value, LMR3 (p-Value,
Variable Decision) Decision) Decision) Decision)
Output gap t — 1 0.079 0.242 0.460 0.0402
put gap Linear Could be LSTAR Non informative Do not reject LSTAR
0.272 — . _
Outputgap t — 2 Linear
Output gap t — 3 0.056 0.063 0.875 0.0386
put gap Non linear Reject ESTAR Non informative Do not reject LSTAR
Output gap t — 4 0.014 0.006 0.384 0.1479
utput gap Non linear Reject ESTAR Non informative Could be ESTAR
Diff. Interest rate t — 1 0.002 0.082 0.147 0.0009
' Non linear Could be LSTAR Non informative Do not reject LSTAR
Diff. Interest rate t — 2 0,'006 - — —
Linear
Diff. Interest rate t — 3 0,'701 - — —
Linear
Diff. Interest rate t — 4 0,'601 - — —
Linear

Source: author’s calculations.

Table A3. Jorda-Escribano’s tests.

Test with Delay Variable HOL p-Value HOE p-Value Decision Non Linear Test NL4 (p-Value, Decision)
Inflation rate t — 1 — — — 0.553 Linear
Inflation rate t — 2 0.0002 0.0003 ESTAR 0.001 Non Linear
Inflation rate t — 3 0.1633 0.2836 ESTAR 0.015 Non Linear
Inflation rate t — 4 — — — 0.251 Linear

Outputgap t — 1 — — — 0.130 Linear
Output gap t — 2 — — — 0.149 Linear
Output gap t — 3 0.0968 0.0116 LSTAR 0.016 Non linear
Outputgap t — 4 0.7539 0.0107 LSTAR 0.033 Non linear
Diff. Interest rate t — 1 0.0875 0.0167 LSTAR 0.004 Non linear
Diff. Interest rate t — 2 — — — 0.054 Linear
Diff. Interest rate t — 3 0.0009 0.0009 LSTAR 0.012 Non linear
Diff. Interest rate t — 4 — — — 0.874 Linear
Source: author’s calculations.
Table A4. Autocorrelation tests.
Lags p-Value
1 0.0898
4 0.103
8 0.156

Source: author’s calculations.
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Table A5. Normality tests.

Statistic p-Value
Shapiro-Wilk 0.1334
Kolmogorov-Smirnov 0.06
Cramer-Von Mises 0.0436
Anderson-Darling 0.0664

Source: author’s calculations.

Note

1 Let z = u + vi be a complex number with u, v real numbers. The modulus of z is v u? 4+ v2.
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