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Abstract: Progress on asymmetric correlations of asset returns has recently advanced considerably. 

Asymmetric correlations can cause problems in hedging effectiveness and overstate the value of 

diversification. Furthermore, considering the asymmetric correlations in portfolio construction sig-

nificantly enhances performance. The purpose of this paper is to trace developments and identify 

areas that require further research. We examine three aspects of asymmetric correlations: first, the 

existence of asymmetric correlations between asset returns and their significance tests; second, the 

test on the existence of asymmetric correlations between different markets and financial assets; and 

third, the root cause analysis of asymmetric correlations. In the first part, the contents of extreme 

value theory, the H statistic and a model-free test are covered. In the second part, commonly used 

models such as copula and GARCH are included. In addition to the GARCH and copula formula-

tions, many other methods are included, such as regime switching, the Markov switching model, 

and the multifractal asymmetric detrend cross-correlation analysis method. In addition, we com-

pare the advantages and differences between the models. In the third part, the causes of asymmetry 

are discussed, for example, higher common fundamental risk, correlation of individual fundamen-

tal risk, and so on. 
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1. Introduction 

Several recent studies corroborating asset returns have three asymmetric character-

istics: the asymmetries in volatility, correlations, and betas. Notably, Black (1976) was the 

first researcher to consider asymmetry in volatility. Since then, asymmetric GARCH-type 

models have become popular when investigating the characteristics of financial time se-

ries, and a significant number of asymmetric GARCH models have been proposed (Choy 

et al. 2012). In addition, there is notable relevance between beta coefficients and asset pric-

ing theories, and beta coefficients help to understand the riskiness of the associated asset 

stocks (Hong et al. 2007); see Ball and Kothari (1989), Conrad et al. (1991), and Bekaert and 

Wu (2000) for literature covering asymmetries in the betas. 

This paper focuses on asymmetric correlations, the study of which is important for 

three reasons. Firstly, hedging mainly depends on the correlations between assets and 

financial instruments, and the existence of asymmetric correlations may lead to problems 

in hedging effectiveness (Hong et al. 2007). Second, in an optimal portfolio selection prob-

lem, if all stocks tend to fall with the decline of the market, the value of diversification 

may be exaggerated without considering the increase of downside correlations (Ang and 

Chen 2002). Third, taking the asymmetric correlations into account enhances the portfolio 

performance significantly (Taamouti and Tsafack 2009). 
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Let  1 2,t tr r  denote two assets returns during time period t. For convenience of com-

putation and statistical analysis, the returns are normalized to zero mean and unit variance. 

Using the same notation as in Longin and Solnik (2001), Ang and Chen (2002), and Hong et 

al. (2007), we define the exceeding correlation at a given level c  as follows: 
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where   c  measures the correlation between two returns above a certain exceedance 

level c , and   c  measures the correlation below a certain exceedance level c . Addi-

tionally,   c  represents the correlation during market upturns, and   c  denotes the 

correlation during downturns.  

If      c c  for all 0c , the correlation between the positive returns are the 

same as those with negative returns. This is called symmetric correlation. However, if 

     c c  for all 0c , then there are asymmetric correlations. Specifically, certain 

literature on co-movement also indicates asymmetric correlations.  

The asymmetric correlations of Austrian, Belgian, and Italian government bonds with 

US government bonds from January 1976 to March 2010 are shown in Figure 1, taken from 

Ozsoy (2013). On the one hand, the three curves share some similar patterns, indicating 

these countries’ exhibit larger conditional correlations on the negative standardized exceed-

ances than those on the positive standardized exceedances. On the other hand, they differ 

from each other with Belgium’s conditional correlations intersecting Austria’s at standard-

ized exceedances of 0 and about 0.038, and with Italy’s conditional correlations at the bot-

tom. 

 

Figure 1. Asymmetric correlations. 

This paper is organized as follows. In Section 2, we outline the existence of asymmetric 

correlations of asset returns and its significance test. In Section 3, we review the test on the 

existence of asymmetric correlations between different markets and financial assets. In Sec-

tion 4, we present the root cause analysis of asymmetric correlations. In Section 5, we pro-

vide our conclusions of this study and directions for future research. 
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2. Existence of Asymmetric Correlations 

From the introduction, it is clear that asymmetric correlations are a crucial topic in 

the research of portfolio selection-related issues. Therefore, in this section, we review the 

discovery of asymmetric correlations and their existence tests. We then summarize and 

provide some problems worthy of comprehensive study. 

2.1. Literatures Review 

In this subsection, we consider the existing research on asymmetric correlations. 

Some important literature is shown in Table 1. 

Table 1. Selected work on existence of asymmetric correlations. 

Author (Year) Paper Title  

Longin and Solnik (2001) Extreme Correlation of International Equity Markets 

Ang and Chen (2002) Asymmetric Correlations of Equity Portfolios 

Campbell et al. (2002) Increased Correlation in Bear Markets  

Hong et al. (2007) 
Asymmetries in Stock Returns: Statistical Tests and Economic 

Evaluation 

Pan et al. (2014) 
Testing Asymmetric Correlations in Stock Returns via 

Empirical Likelihood Method 

Jondeau (2016) Asymmetry in Tail Dependence in Equity Portfolios 

Erb et al. (1994) considered the behavior of correlation over time and predicting cor-

relation to be of importance. Therefore, the changing international correlations in the G7 

countries were investigated, and the results showed that correlations during recessions 

were higher than those during periods of growth, and that correlations were not symmet-

rical in up and down markets. 

In order to verify the hypothesis that the correlation between international equity mar-

kets increases during fluctuation periods, Longin and Solnik (2001) used extreme value the-

ory to model the tail of multivariate distribution, derived the extreme correlation distribu-

tion of the broad category distributions, and found that correlation was related to the market 

trend and that correlation increased in bear markets. Since Longin and Solnik (2001), asym-

metric correlations have garnered more and more research attention. 

However, Forbes and Rigobon (2002) found that a correlation calculated conditional 

on some variables was a biased estimator for the corresponding unconditional correlation. 

Ang and Chen (2002) found that correlations between U.S. stocks and the aggregate 

U.S. market were much greater during declines than during market rallies. A new H sta-

tistic was developed to test conditional correlation asymmetries, which could correct for 

conditioning biases. Moreover, they established several empirical models about asymmet-

ric correlation in the U.S. equity market. The results showed that mall stocks, value stocks, 

and past loser stocks had more asymmetric movements, and that stocks with lower betas 

exhibited greater asymmetric correlations by controlling for size. 

To overcome estimator bias for implied correlation, Campbell et al. (2002) derived 

the quantile correlation estimator, which, based on the quantiles of the multivariate dis-

tribution, used the unbiased quantile correlation estimates to explore the correlations in 

international equity markets, and found that correlation in international equity returns 

increased significantly in bear markets. 

Hong et al. (2007) emphasized that the H statistic proposed by Ang and Chen (2002) 

only answered the question of whether the asymmetry could be explicated by a given 

mode. Therefore, Hong et al. (2007) provided a model-free test for asymmetric correlations 

of stock returns in which stocks fluctuated with the market more often when the market 

fell than when it rose; the test also had a simple asymptotic chi-square distribution and 

could easily be applied to test the symmetries of beta and covariance. There existed 
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significant asymmetries in size and momentum portfolios. To account for parameter and 

model uncertainties, a Bayesian framework was proposed to model them and evaluate 

their economic value. The results showed that taking the asymmetric characteristics of 

assets into consideration could significantly improve the performance of portfolio selec-

tion. 

To investigate the robustness of recent empirical results that indicated a structural 

breakdown of correlation, Campbell et al. (2008) derived theoretical truncated and exceed-

ance correlations, evaluated the performance of the truncated and exceedance correlation 

estimators, and found important asymmetry evidence of the conditional correlation func-

tions. 

Based on detrended fluctuation analysis (DFA), Alvarez-Ramirez et al. (2009) devel-

oped a DFA extension to study asymmetric correlations in nonstationary time-series, and 

the DFA version separated positive trends and negative trends to analyze the individual 

contributions to the overall scaling behavior. The results showed that the asymmetries of 

three different time-series were scale-dependent, and that there were different correlation 

properties depending on whether the signal trending was positive or negative. 

Based on a conditional version of Kendall’s tau and copula method, Manner (2010) 

proposed two tests for symmetric dependence; these tests outperformed the one proposed 

by Hong et al. (2007) in a Monte Carlo study. When the tests were applied to stock market 

returns and quarterly US GNP and unemployment data, the results showed that there 

was evidence of asymmetries and nonlinearities. 

Livan and Rebecchi (2012) investigated the spectral properties of correlation matrices 

between distinct statistical systems, in which the correlation matrices were intrinsically 

nonsymmetrical, and extended the spectral analyses to the realm of complex eigenvalues. 

Random matrix theory was used to differentiate the noise and nontrivial correlation struc-

tures. The above results were applied to study the asymmetric correlation matrix of daily 

prices of the US and UK stock exchanges. 

In order to analyze the asymmetric correlation of sovereign bond yield dynamics be-

tween eight Eurozone countries pair-wise, Dajčman (2013a) provided a dynamic version 

of the test proposed by Hong et al. (2007) and identified time periods when the correlation 

of Eurozone sovereign bond yield dynamics became asymmetric. They found that corre-

lation between the positive and the negative yield dynamics between sovereign bonds 

became asymmetric after the start of the Eurozone debt crisis. 

Pan et al. (2014) stressed that the model-free test proposed by Hong et al. (2007) seemed 

to be under-rejected in the size value and had low power in a finite sample. Therefore, they 

used an empirical likelihood method to conduct a model-free statistic that could test asym-

metric correlations of stock returns, corrected the size performance using a bootstrap 

method, which improved the performance of Hong et al.’s (2007) test, and analyzed the 

asymmetric correlations of the China stock market and international stock markets, respec-

tively. The results showed that asymmetric correlations occurred in the China stock market 

and international stock markets. 

Jondeau (2016) considered that standard nonparametric measures of tail dependence 

had poor finite-sample properties in view of the limited number of observations in the 

tails of a joint distribution. Therefore, Jondeau (2016) developed a parametric model to 

measure and test asymmetry in tail dependence based on a multivariate noncentral t dis-

tribution. The proposed model accommodated situations in which the volatilities or the 

correlations between different asset returns changed over time. Applying the above model 

to real data, they found that the correlation between the international markets and Fama–

French portfolios in bear markets was greater than that in bull markets. 

Based on the statistic originally proposed by Hong et al. (2007), Alcock and Hatherley 

(2016) used a linear (β) dependence invariant metric to investigate the price of asymmetric 

dependence on the cross section of Wall Street stocks, and found that the existence of 

asymmetric dependence between the firm’s returns and those of the market would lead 

to corresponding price discounts or premiums, and that failing to recognize the impact of 
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asymmetric dependence of the cost of capital may cause low pricing or insufficient sub-

scription of public capital offerings. 

Miyazaki and Hamori (2016) implemented the model-free test proposed by Hong et 

al. (2007) to study the asymmetric cross-asset correlations of the gold market. The results 

showed that gold exhibited asymmetric correlation with stocks and the US dollar, and by 

dividing the sample into three characteristic periods, the exceedance correlation also ex-

hibited significant time variation even under similar market stress of the same asset pairs. 

Jiang et al. (2018a) emphasized that the test proposed by Hong et al. (2007) did not 

solve asymmetry problems beyond the second moment and had low power. Therefore, to 

measure the asymmetric co-movement between returns on a single asset and the market 

returns, they proposed a model-free entropy measure, which provided a direct test for 

asymmetry in the joint distribution, generalizing the correlation-based test proposed by 

Hong et al. (2007). The results showed that many common portfolios such as size, book 

value, and momentum portfolios had significant asymmetry in statistics. 

Jiang et al. (2018b) considered that the test proposed by Hong et al. (2007) captured 

only linear dependence. To characterize the general asymmetric dependence between two 

random variables, they proposed a modified information measure, provided a test of 

asymmetric dependence and examined its finite sample performance. The results showed 

that common stock portfolios and market returns in the US and other similarly developed 

countries existed obvious asymmetric correlations, and when these markets were in a 

downturn, they exhibited higher correlation with each other. 

2.2. Conclusions and Further Research 

Erb et al. (1994) and Longin and Solnik (2001) played a pioneering role in the discov-

ery of asymmetric correlations. However, Forbes and Rigobon (2002) found that there ex-

isted conditioning biases in the estimation of correlation. To correct the biases of correla-

tion, Ang and Chen (2002), Campbell et al. (2002), and Hong et al. (2007) proposed a new 

H statistic, quantile correlation estimator, and a model-free test, respectively. Furthermore, 

Campbell et al. (2008) derived theoretical truncated and exceedance correlations to verify 

the robustness of recent empirical results. The other studies are mostly based on the re-

search of Hong et al. (2007) and improve some of its shortcomings such as low power in 

a finite sample, or linear dependence. 

However, there are still some problems worth considering and studying in the veri-

fication of the existence of asymmetric correlations. First, does the exceedance level c  af-

fect the results of all the test statistics mentioned above? If so, how does the exceedance level 

affect the results? How do we choose a reasonable and accurate exceedance level? Second, 

as pointed out by Dajčman (2013a), the model-free test proposed by Hong et al. (2007) de-

pends on the time interval. The interesting question is whether the model-free test is con-

sistent with the time interval and whether there are certain methods and criteria for the se-

lection of time intervals. 

3. Asymmetric Correlations between Different Markets and Financial Assets 

With the discovery of asymmetric correlations, especially the corresponding asym-

metric correlation test statistics, more and more scholars are beginning to pay attention to 

the asymmetric correlations of asset returns. In the research of asymmetric correlations, 

the two most used models are GARCH family models and copula. In the first two subsec-

tions, we focus on asymmetric GARCH family models and copula. In the third subsection, 

we introduce some other research methods related to asymmetric correlations. Finally, we 

make a summary and comparative analysis, and put forward some new and open issues 

worth studying. 
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3.1. Asymmetric GARCH Formulations 

In this subsection, we first review the development of GARCH family models. Then, 

we represent the use of GARCH formulation in capturing the asymmetric correlations 

between different financial markets. Some pioneering research is summarized in Table 2, 

shown below. 

Table 2. Selected works on correlation/covariance and GARCH. 

Author (Year) Paper Title  

Engle (1982) 
Autoregressive Conditional Heteroscedasticity and Estimates of 

UK Inflation 

Bollerslev (1986) Generalized Autoregressive Conditional Heteroscedasticity 

Bollerslev (1990) 
Modelling the Coherence in Short-run Nominal Exchange 

Rates: A Multivariate Generalized ARCH Model 

Engle and Kroner (1995) Multivariate Simultaneous Generalized ARCH 

Tse and Tsui (2002) 
A Multivariate Generalized Autoregressive Conditional 

Heteroscedasticity Model with Time-varying Correlations 

Engle (2002) 

Dynamic Conditional Correlation (DCC): A Simple Class of 

Multivariate Generalized Autoregressive Conditional 

Heteroskedasticity Models 

Cappiello et al. (2006) 
Asymmetric Dynamics in the Correlations of Global Equity and 

Bond Returns 

Wang and Nie (2016) 
Research of Asymmetric Dynamics in the Correlations of the 

Chinese Stock Markets 

Chen et al. (2021) 
On a Bivariate Hysteretic AR-GARCH Model with Conditional 

Asymmetry in Correlations 

Engle (1982) first introduced the autoregressive conditional heteroscedasticity 

(ARCH) model, and Bollerslev (1986) subsequently extended the ARCH model to the 

generalized autoregressive conditional heteroskedasticity (GARCH) model. 

Bollerslev et al. (1988) proposed a multivariate GARCH (MGARCH) model and used 

it to estimate the earnings of bills, bonds, and stocks. To ensure that the conditional 

covariance was positive definite, Bollerslev (1990) proposed the constant conditional 

correlations (CCC) MGARCH model. However, many researchers found that practi-

cal financial data violated certain assumptions of the CCC MGARCH model. Engle 

and Kroner (1995) proposed a BEKK method for multivariate ARCH processes and 

derived the sufficiency constraints to ensure the conditional covariance matrices were 

positive definite. Kroner and Ng (1998) compared the restrictions of VECH, BEKK, 

factor ARCH, and CCC GARCH models; introduced a group of robust conditional 

moment tests to check whether the model was specified properly; and proposed a 

generalized adoption model that allowed for asymmetric influences on the variances 

and covariances. Many researchers have found that the correlation is not invariant, 

which means the correlation is time-varying. Tse and Tsui (2002) proposed a 

MGARCH model whose correlation could be changed over time, in which they de-

composed the conditional variance–covariance matrix into a product of two parts: one 

was a conditional variance matrix, and the other was a conditional correlation coeffi-

cient matrix. They also stuck each term of the conditional variance matrix to a single 

variable GARCH model and engineered each element of the conditional correlation 

coefficient matrix to follow an ARMA model. Meanwhile, Engle (2002) suggested a 

DCC MGARCH model to estimate time-varying correlations. Since then, GARCH 

family models and its generations, especially the asymmetric version of the DCC 

MGARCH model, have been widely used in asymmetric correlations measurement 
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and testing. For additional GARCH family models, see, e.g., Liu and Heyde (2008), 

Liu and Neudecker (2009), and Dewick (2022). 

Next, let us briefly introduce the asymmetry generalized dynamic conditional 

correlation multivariate GARCH (AG-DCC-MVGARCH) model. Assume tr  is the p-

dimensional asset returns at time t. Then, tr  obeys the multivariate normal distribu-

tion 

 1| 0, ,t t tr N H   

where 1t  represents the information set at time t − 1; tH  is the conditional variance–

covariance matrix; and it can be decomposed as 

,t t t tH D R D  

where tD  is a p p  diagonal variance matrix of asset returns;  ,t i tD diag h ; ,i th  is 

the time-varying variance obtained from the single-variable GARCH model; tR  is the 

time-varying conditional correlation coefficient matrix defined as 

 

1 1

1 1 1 1 1

,

,

t t t t

t t t t t t

R Q QQ

Q Q AQA B QB G NG A A B Q B G G   

 

    



            
 

where tQ
  is a diagonal matrix; , ,t i i tQ q     , , ,i i tq  is the corresponding diagonal ele-

ment of tQ ; A, B, and G are p p  parameter matrices; ,

,

,

i t

i t

i t

r

h
  , Q  is the uncondi-

tional covariance matrix of ,i t ; , , ,i t i t i tI       ,  I   is the indicator function;  is the 

Hadamard product; N  is the unconditional variance–covariance matrix of ,i t  and can 

capture the asymmetric characteristics of conditional correlation. 

Butler and Joaquin (2002) used three popular bivariate distributions (the normal, 

RiskMetrics’ restricted GARCH(1,1) distribution) to investigate the correlations with 

monthly returns observed in bear, calm, and bull markets. The results showed that the 

correlation during the market declines was obviously higher than that predicted by the 

normal distribution and RiskMetrics distributions, and the correlation during the bear 

market was significantly higher than that during bull market. 

Kearney and Potì (2005) focused on country-level market index correlations, applied 

the symmetric and asymmetric version of the DCC MGARCH model to capture dynamic 

correlations, and found mixed evidence of asymmetric correlation reactions to news types 

simulated by the traditional asymmetric DCC MGARCH formulations. 

Cappiello et al. (2006) implemented an asymmetric version of the DCC MGARCH 

model proposed by Engle (2002) to investigate asymmetric correlations in international 

capital stock and bond returns. The results illustrated that both bonds and international 

capital stock exhibited asymmetric correlation. 

In the presence of asymmetry in the tail dependence, Tsafack (2009) considered that 

the DCC MGARCH model was a symmetric model, and that symmetrical portfolio mod-

els of this kind would cause investors to undervalue the value at risk (VaR) or expected 

shortfall (ES) of the portfolio, concluding that it was important to adopt an asymmetric 

portfolio model, e.g., the Gumbel copula, to deal with the asymmetric correlation problem. 

To study the correlation between some notable indices and bonds in the United States, 

Yang et al. (2010) applied an asymmetric generalized DCC MGARCH model to a series of 

daily data, such as the S&P 500 and corporate bonds, and their real estate counterparts. 

They found that the correlation between REIT and stock returns exhibited asymmetries. 

Horvath and Poldauf (2012) used multivariate GARCH models to investigate the co-

movements of certain stock markets among various countries. The results showed that 
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during 2008–2010, the correlation between stock returns increased, and that the correla-

tion between the stock markets in the US and China was basically zero before the crisis, 

but slightly increased during the crisis. 

Choy et al. (2012) used a bivariate GARCH model with DCC and leverage effect to 

model financial data, and proposed a new modified multivariate t-distribution, which of-

fered independent marginal Student-t distributions, to highlight the relationship between 

different stock returns. The empirical study showed that the correlations between the oil 

price shocks and stock returns from 2008 to 2009 increased significantly. 

Chen (2013) employed the asymmetry generalized dynamic conditional correlation 

multivariate GARCH (AG-DCC-MVGARCH) model, quasi-maximum likelihood estima-

tion, and LR test to investigate the asymmetric and dynamic correlation of stock returns 

in the US and China, and found that the correlation between different stock returns en-

hanced during bear markets. 

Toyoshima and Hamori (2013) used the asymmetric DCC MGARCH model to de-

scribe the correlation of stock markets in Japan and Singapore, and found that financial 

integration had advanced due to the Japan–Singapore Economic Partnership Agreement, 

and that the investment portfolio in Asia had increased since the recent global financial 

crisis. 

Gjika and Horváth (2013) used the asymmetric DCC MGARCH model to study stock 

market co-movements in central Europe. The results showed that the correlations in-

creased over time, and that the stock markets exhibited asymmetric correlations to a cer-

tain degree. 

Since the mean variance model was the most important model in the portfolio opti-

mization, Kalotychou et al. (2014) explored its economic value in modeling conditional 

correlations and evaluated its dynamic strategies. They found that, by characterizing the 

change of correlation properly, fund managers could improve risk-adjusted returns by 

accurately capturing correlation time variation. 

El Abed (2016) adopted a multivariate asymmetric DCC EGRACH framework to in-

vestigate the correlations of US dollar exchange rates and three European stock prices, 

and found that there were asymmetric responses in correlations, and that the correlation 

between exchange rates and stock prices increased during times of crisis. 

Chen (2016) used the AG-DCC-MGARCH model to analyze the correlations among 

the four main stock markets in China and the impacts of the major economic events on 

the dynamics of the correlation coefficients of the four main stock markets. The results 

showed that the conditional correlations between Hong Kong and Shanghai, Hong Kong 

and Shenzhen, and Shanghai and Shenzhen were asymmetric. 

Wang and Nie (2016) built EGARCH and an asymmetric version of the DCC 

MGARCH model to investigate dynamics and asymmetries in conditional variance and 

correlations in the Chinese stock markets. They found that A and B shares significantly 

existed dynamics and asymmetry in conditional correlation. 

By generalizing the time-varying conditional correlation model proposed by Tse and 

Tsui (2002), Chen et al. (2021) suggested a new MHAR-A-GARCH-T model and used it to 

investigate the correlations with conditionally dynamic asymmetric structure. Moreover, 

by employing an adaptive Bayesian MCMC method, they found that adopting the asym-

metric effects made a difference in estimation of dynamic correlations. 

3.2. Copula Formulations 

In this subsection, we first review the advancement of copula, and then introduce the 

application of copula in asymmetric correlations. 

Sklar (1959) proposed copula to verify the structure of dependency, especially the 

latent nonlinear correlation. Many researchers find that copula works well in capturing 

the correlation of financial data, so it is widely used in correlation measurement of finan-

cial data (Embrechts 1999). Since then, different copulas have been developed and are 

used in financial data exploration (Mashal and Zeevi 2002; Van den Goorbergh et al. 2005; 



J. Risk Financial Manag. 2023, 16, 187 9 of 18 
 

 

Bartram et al. 2007; Chen and Tu 2013; Pastpipatkul et al. 2018). For more details about 

copula and its applications, see, e.g., Dewick and Liu (2022). Some important publications 

are listed in Table 3. 

Table 3. Selected works on copula. 

Author (Year) Paper  

Sklar (1959) Fonctions Derépartitionàn Dimensions et Leurs Marges 

Embrechts (1999) An Introduction to Copulas 

Mashal and Zeevi (2002) 
Beyond Correlation: Extreme Co-movements between 

Financial Assets 

Patton (2006) Modelling Asymmetric Exchange Rate Dependence 

Christoffersen et al. (2012) 
Is the Potential for International Diversification 

Disappearing? A Dynamic Copula Approach 

We assume  1, , pF x x  is an arbitrary p dimension joint distribution function, 

   1 1 , , p pF x F x
 

are marginal distribution functions of  1, , pF x x , and  1, , pC u u  

is a p dimension copula of  1, , pF x x  if they satisfy the equation 

      1 1 1, , , , p p pF x x C F x F x , 

where the above function C  is called a copula of F . Moreover, if the marginal 

distributions are continuous, then there is a unique copula corresponding to the joint 

distribution  1, , pF x x , which can be obtained from 

      1 1
1 1 1, , , ,  p p pC u u F F u F u . 

On the contrary, the corresponding density function of joint distribution 

 1, , pF x x is calculated with 

        1 1 1
1

, , , ,


  
p

p p p i i
i

f x x c F x F x f x , 

given the density functions exist, where  i if x  represents the marginal density functions 

and c  is the density function of the copula and can be obtained by the equation 

 
    

  

1 1
1 1

1
1

1

, ,
, ,

 












p p

p p

i i i
i

f F u F u
c u u

f F u

. 

Patton (2004) considered the portfolio selection problem for investors with constant 

relative risk aversion, used models that could depict fourth order time-varying moments, 

and constructed time-varying dependence structure models allowing for different de-

pendencies during bear markets and bull markets using copula theory. They found that 

the understanding of higher moments and asymmetric dependence would, in some cases, 

bring significant economic and statistical benefits to investors without short-selling re-

strictions. 

Based on the GARCH model and regime-switching (RS) copula function, Wei and 

Zhang (2005) constructed the RS-copula–GARCH model to investigate the asymmetric tail 

dependence structure in Chinese stock markets and found that tail dependence structure 

of Shanghai and Shenzhen stock markets were asymmetric, and that RS-copula–GARCH 

model was superior to static copula model in describing dependence. 
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To test asymmetry of dependence between the German mark and the Japanese yen, 

Patton (2006) generalized the copulas theory to adopt conditioning variables and built 

conditional dependence models to fit the dependence of these exchange rates. The results 

showed that the exchange rates were more correlated when depreciating against the dol-

lar than when appreciating. 

To capture time-varying and nonlinear relationships among European stock markets, 

Bartram et al. (2007) used a time-varying copula model in which a GARCH formulation 

using a Gloston Jagannatha Runkle-generalized autoregressive conditional heteroskedas-

ticity-moving average-t model was used to model the marginal distributions and the 

Gaussian copula was adopted to model the joint distribution. The results showed that 

market dependence increased after the introduction of the common currency only for 

large equity markets. 

In order to investigate the dual dependence of exchange rates against the dollar, Bo-

ero et al. (2011) employed nonparametric plots and a robust semiparametric method to 

obtain the copula function. The results showed that the model captured asymmetric tail 

dependence well. 

Using four parametric copulas to model the dependence structure at different invest-

ment horizons, Kang et al. (2010) reexamined the asymmetric correlations within hedge 

fund returns and market returns at a range of investment, and found that the dependence 

asymmetry was not limited to a specific time range but emerged clearly at all investment 

periods, and that the size of asymmetry was not invariable to the investment period, and 

its degree decreased significantly with the extension of investment period. 

Garcia and Tsafack (2011) proposed an alternative RS copula of extreme dependence 

asymmetry. The copula-based model included one normal regime where dependence was 

symmetric and a second regime in which it was characterized by asymmetric dependence. 

Applying the above model to the capital stock and bond markets, they observed signifi-

cant asymmetric behavior between different markets. 

Christoffersen et al. (2012) considered that international equity markets were charac-

terized by nonlinear dependence and asymmetries, proposed a new dynamic asymmetric 

copula model that allowed for asymmetric and dynamic tail dependence, and found that 

correlations had increased significantly in all markets. 

To investigate the asymmetric dependence of financial data, Uhm et al. (2012) em-

ployed the copula approach for directional dependence. They found that the exchange 

rates correlation between the Republic of Korea and Japan was asymmetric due to the 

influence of the 2008 financial crisis and concluded that the direction-dependent copula 

method could be supplemented to interpret the asymmetric dependence. 

Cho and Lee (2022) considered that default probabilities of credit portfolios were se-

riously affected by system risk, so they used the GJR-GARCH model and copula method 

to fit the volatility and dependence, respectively, proposing a new time-varying credit 

risk model. The results showed that the suggested model outperformed the existing 

model, and that there was strong evidence to show the existence of asymmetric correlation 

of asset returns. 

3.3. Other Asymmetric Formulations 

Except the GARCH and copula formulations, many other methods are used to ex-

plore the asymmetric correlations, such as regime switching, the Markov switching 

model, and the multifractal asymmetric detrend cross-correlation analysis method (MF-

ADCCA). 

In order to characterize the risk and return in risk arbitrage, Mitchell and Pulvino 

(2001) used piecewise linear regressions to analyze 4750 mergers from 1963 to 1998. The 

results showed that risk arbitrage returns in most environments were uncorrelated with 

market returns, and that the correlation between market returns and risk arbitrage returns 

increased dramatically during market downturn. 
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The existence of asymmetric correlation made investors question the correctness of 

international diversification. In order to investigate the above result, Ang and Bekaert 

(2002) introduced RS model to deal with the asset allocation problem within a dynamic 

international situation and found that international diversification was still useful under 

regime changes. 

Yuan (2005) presented a rational expectations equilibrium model to cope with the 

determinants of asset market crises and contagion. They found that market return distri-

butions were asymmetric and that correlations between different asset returns tended to 

increase during crashes. 

Michayluk et al. (2006) examined the volatility spillover effects and the inherent cor-

relation among the US- and UK-securitized real estate indices, and found the correlation 

of different markets exhibited asymmetry. 

To verify whether asymmetric correlations existed and determine the explanation of 

asymmetry, Taamouti and Tsafack (2009) used the generalized impulse response function 

under an autoregressive model framework to quantify the relationship among return, vol-

atility, and correlation, and tested the asymmetric correlations between return and vola-

tility against correlation. The results showed that considering the asymmetric correlation 

between return and correlation could obtain improved financial gain. 

Abid and Bahloul (2011) used the discrete time Markov switching model to analyze 

the behavior of equity returns correlations, investigated the effect of this behavior on in-

ternational portfolio allocation, and found that the correlations in a bear market showed 

obvious difference with correlations in the bull market. 

Lee et al. (2011) examined the performance of asset correlation with the market re-

turns in the asymptotic single risk factor (ASRF) approach of the Basel II accord on regu-

latory capital requirement and found that asset correlations were asymmetric. 

By comparing the equity market in Croatia in good (bull, clam) and bad (bear, turbu-

lent) market conditions, Kunovac (2012) found that correlations between stock prices dur-

ing bear markets more than doubled those exhibited during bull markets. In addition, 

they found that the losses might occur if the asymmetry was ignored in practice by the 

research of taking asymmetric correlation into consideration and assessing the perfor-

mance of the portfolio selection model. 

Cao et al. (2013) used asymmetric multifractal detrended fluctuation analysis to test 

the asymmetry of China’s stock markets in the upward or downward trend. They found 

that asymmetric correlation was more obvious in large fluctuations. 

Dajčman (2013b) examined the asymmetric correlation pair-wise between the Euro-

zone’s stock market returns, and investigated if the results were sensitive to a time span 

of returns. The results showed the asymmetric correlation test relied on the time span of 

returns. 

By using the Chinese market data, Cao et al. (2014) proposed the MF-ADCCA model 

to study the asymmetric correlations in stock and exchange market. The empirical results 

showed that there was asymmetric cross-correlation between Chinese stock market and 

the Chinese RMB exchange market. 

Based on theoretical derivation, Chen et al. (2014) studied the time varying correla-

tion between the Chinese stock market and the broader macroeconomy. The results 

showed that there was indeed asymmetric correlation between the Chinese stock market 

and global economies. 

To verify whether the strength of the co-movements caused by market declines and 

market rallies were significantly different, Li (2014) developed a nonparametric test, and 

the proposed test could be applied to verify whether there were asymmetric co-move-

ments resulting from a linear or nonlinear dependence. The results showed significant 

evidence of asymmetric co-movements in the stock markets of the U.S. and other devel-

oped countries. 

To study the correlation of gold prices and oil prices with COVID-19, Mensi et al. 

(2020) used the asymmetric multifractal detrended fluctuation analysis (A-MF-DFA) 
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method to investigate the impacts between them and found obvious evidence of asym-

metric multifractality that increased as the fractality scale increased. 

Kristjanpoller et al. (2020) used the MF-ADCCA approach to study asymmetric mul-

tifractality and found significant evidence of asymmetric multifractality in the cross-cor-

relation between five main cryptocurrencies and six equity ETFs. 

Based on the autoregressive distributed lag model, Thampanya et al. (2020) investi-

gated the asymmetric influences of gold and cryptocurrency returns on the Thai stock 

market, and studied whether hedging functions of gold or cryptocurrency were still effec-

tive in the event of a stock market decline or rally. The results showed that gold and cryp-

tocurrencies were not good tools for stock market hedging. 

Given the fact that industry and market portfolios showed the asymmetry in correla-

tions, Kim et al. (2021) developed a novel optimal consumption and portfolio selection 

framework and found that neglecting asymmetric correlations could cause loss to investors. 

Xu et al. (2021) used the multifractal cross-correlation analysis method to investigate 

the asymmetric cross-correlations between international stock markets such as the China 

and US markets. The empirical results showed that the cross-correlations between mar-

kets were asymmetric, and that the cross-correlations were more stable and stronger in 

bear markets than those exhibited in bull markets. 

Chuang et al. (2022) suggested nonparametric tests to verify asymmetric co-move-

ments, applied them to daily return of SP 500 and 29 individual stocks, and found that 

most stock returns showed the showed asymmetric co-movements. 

3.4. Conclusions and Further Research 

Since Bollerslev et al. (1988) proposed the MGARCH model, MGARCH is widely 

used in the research of multiple asset returns. In particular, DCC model proposed by 

Engle (2002), a new family of multivariate GARCH models, constructs the model based 

on using the MGARCH model to study asymmetric correlation. Much of the research on 

asymmetric correlations based on GARCH model use the asymmetric version of DCC 

model. 

Copula has unique advantages in the study of correlation, especially for nonlinear 

relationships. In the research of asymmetric correlations, copula is often combined with 

other models, such as GARCH model and regime switching. 

In addition, regime switching, the Markov switching model, and the MF-ADCCA 

model are also used to investigate asymmetric correlations. 

Through the review of research on asymmetric correlations, we compare the differ-

ence and advantages of the aforementioned models: 

(a) GARCH family models are usually used to interpret covariance asymmetry. The 

most used GARCH family model with asymmetric correlation is an asymmetric version 

of DCC model proposed by Engle (2002). The asymmetric DCC MGARCH model could 

consider the asymmetric effects on conditional second moments, adopt asymmetric dy-

namics in the correlation as well as the asymmetric response in variances, and accommo-

date different news impact patterns for correlations between different assets. However, 

traditional GARCH family models are constructed using the conditionally normal distri-

bution assumption of asset returns, have too many unknown parameters to estimate, and 

usually impose limited scope or significant parameter restrictions. 

(b) Copula is a more effective measurement of dependence between multivariate var-

iables; since the joint distribution is nonelliptical the conventional correlation cannot cap-

ture the dependence structure appropriately. In addition, when decomposing multivari-

ate distribution into marginal distributions, copula can construct a better distribution of 

stock returns than existing multivariate distributions. However, copula needs the assump-

tion of marginal distributions and needs to specify an affirmatory dependence structure 

about the asset returns. 

(c) The multivariate regime switching model is a useful parametric alternative to cop-

ula models. In the regime switching model, the Markov switching model is a special case 
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of regime switching model in which the discrete state variable follows a Markov chain 

process. The regime switching model is versatile and effective in capturing nonlinear re-

lationships. However, the regime switching model assumes that the observations come 

from a mixture of parametric distributions and constant transition probabilities for the 

unobserved states. Furthermore, the identification of the number of regimes is also im-

portant but difficult. Both copula and regime switching models are usually combined with 

other models, such as the GARCH model. 

(d) The multifractal asymmetric detrend cross-correlation analysis method is model-

free and easy to implement. It can be used to analyze the nonlinear and highly volatile 

nature of and investigate asymmetric multifractality between financial time series data. 

4. Root Cause Analysis of Asymmetric Correlations 

4.1. Literature Review 

As the asymmetric correlations garner the attention of many researchers, the root 

cause of asymmetric correlations also increases in popularity. To our knowledge, we clas-

sify the literature on the root cause of asymmetric correlations into four categories: the 

first is cashflow related causes, the second is firm-level return dispersions, the third is 

skewness-related causes, the fourth is other causes. Some important publications on root 

cause of asymmetric correlations are listed in Table 4. 

Table 4. Selected works on root cause of asymmetric correlations. 

Author (Year) Paper  

Yu and Wu (2001) 
Economic Sources of Asymmetric Cross-correlation among 

Stock Returns 

Demirer and Lien (2004) 
Firm-level Return Dispersion and Correlation Asymmetry: 

Challenges for Portfolio Diversification 

Ding et al. (2011) 
Asymmetric Correlations in Equity Returns: a Fundamental-

based Explanation 

Albuquerque (2012) 
Skewness in Stock Returns: Reconciling the Evidence on 

Firm Versus Aggregate Returns 

Chung et al. (2019) What Causes the Asymmetric Correlation in Stock Returns 

Campbell (1991) and Vuolteenaho (2002) showed that stock returns could be decom-

posed into the following components: the expected return, shocks to expected cashflows, 

and shocks to discount rates. However, Vuolteenaho (2002) and Campbell and 

Vuolteenaho (2004) found that the first two components of stock returns were related, and 

pointed out that stock returns were caused by cashflow news. Therefore, cash flow related 

causes are first investigated. Yu and Wu (2001) suggested an alternative framework to 

explain and verify major causes of asymmetric cross-correlation and found the asymmet-

ric cross-correlation was mostly attributed to differences in sensitivity of stock prices to 

market information and the differences in quality of cash flow information of differently 

sized firms. Chung et al. (2019) considered the latent causes of the asymmetric correlation 

in stock returns. They found that the correlation of firms’ cash flow news variable and 

other accounting measures of firm performance was asymmetric, and that only the asym-

metric correlation in firm performance could explain the asymmetric correlation in stock 

returns. 

Unlike the cashflow-related causes, firm-level return dispersions were only studied 

by Demirer and Lien (2004). Demirer and Lien (2004) studied the question of whether 

firm-level return dispersions could explain asymmetric correlations in stock returns sig-

nificantly. The results showed that asymmetric correlations were correlated with asym-

metric firm-level return dispersions, and that portfolio managers need to take the asym-

metry in return correlation and firm-level return dispersions into account. 
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Skewness of financial data is another cause of asymmetric correlations. Emphasizing 

that significant literature explained aggregate stock market returns, displayed negative 

skewness, and ignored the fact that firm stock returns displayed positive skewness, Albu-

querque (2012) provided a unified theory, built a stationary asset pricing model of firm 

announcement events, and found that cross-sectional heterogeneity could result in asym-

metric correlations in stock returns. Chung and Kim (2017) thought that asymmetric cor-

relations led to negative skewness of portfolios, provided asymmetric correlation meas-

urements by using portfolio skewness, and found that asymmetric correlation was gener-

ated at the asset level of individual firms. 

The other causes of asymmetric correlations include increasing common fundamen-

tal risk, investor sentiment, variance and earning price ratio, and so on. However, they 

can only partially explain the asymmetric correlation. Ding et al. (2011) offered an expla-

nation to the potential fundamental causes of the asymmetric correlations of stock portfo-

lio returns. They found that several sources caused the asymmetry during market decline, 

such as increasing common fundamental risk, and they also concluded that these key fac-

tors were only part of the causes of asymmetric correlation. Wang et al. (2021) considered 

that the tests proposed to verify the existence of asymmetric correlations in previous lit-

erature could not be used in practical investment due to the natures of time-varying and 

unpredictable of asymmetric correlations. Therefore, they constructed a unified state–

space model to measure in-sample and out-of-sample asymmetric correlations. They 

found that there were many factors that resulted in asymmetric correlations, such as in-

vestor sentiment, variance and price-to-earnings ratio, but they all could not fully explain 

the asymmetric correlation. 

4.2. Conclusions and Further Research 

Through the above review, we can see that researchers have conducted extensive re-

search on the causes of asymmetric correlations and that various factors may cause or 

partially cause the asymmetric phenomenon of asset return. In our view, the financial 

market is rapidly changing. Therefore, during different periods of time, especially with 

the different financial policy guidance of each country, the causes for the asymmetry of 

asset returns may not be unique and certain; that is, different periods of time and different 

countries have different causes. There may not be a uniform determining cause for the 

asymmetric correlations of asset return, but there is a common applicable research frame-

work, which can contain various causes and methods that need to be verified one by one 

according to the actual situation. 

5. Conclusions 

Since Markowitz (1952), the portfolio selection problem has been a hot topic. How-

ever, when the asset returns show asymmetry in the correlations, the portfolio selection 

problem should be reconsidered seriously. Therefore, asymmetric correlations of stock 

returns play an important role in portfolio selection and risk management. In this paper, 

we review the development and application of asymmetric correlations in financial mar-

kets and identify the directions for future research. This review focuses on three aspects: 

(a) the existence of asymmetric correlations between stock returns and its significance test; 

(b) the test on the existence of asymmetric correlations between different markets and fi-

nancial assets; (c) the root cause analysis of asymmetric correlations. 

Abundant empirical research verifies that the correlations of stock returns are higher 

in bear markets than in bull markets. Longin and Solnik (2001) are among the first to show 

the existence of asymmetric correlations after controlling for bias resulting from condi-

tioning. The relevant methods and tools used on testing the existence of asymmetric cor-

relations are extreme value theory, quantile, Kendall’s tau, the copula method, detrended 

fluctuation analysis, etc. For the test on the existence of asymmetric correlations, GARCH 

family models and the copula method are two main methods. In addition, regime switch-

ing, the Markov switching model, and multifractal asymmetric detrend cross-correlation 
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analysis method are also important tools. Asymmetric correlations also become a stylized 

fact of asset returns. In order to deepen the study of asymmetric correlations, the root 

causes of asymmetric correlations have also attracted the interest of researchers. Accord-

ing to the contents of root causes of asymmetric correlations, we divide them into four 

categories: the cash flow related causes, the firm-level return dispersions, the skewness 

related causes and other causes. 

However, there are still many open issues worthy of consideration and research. For 

example, for the hypothesis testing of asymmetric correlations, how does the exceedance 

level affect the results of all the test statistics mentioned above, and how can we choose a 

reasonable and accurate exceedance level? In addition, Kang et al. (2010) found that the 

dependence of asymmetry was not limited to a specific time range but emerged clearly at 

all investment periods, that the size of asymmetry was not invariable to the investment 

period, and its degree decreased significantly with the extension of an investment period. 

Is there an appropriate way to measure the change degree of the size of asymmetry? Is the 

change degree of the size of asymmetry linear or nonlinear? 

As mentioned at the beginning of this paper, the asset returns do exist asymmetri-

cally in the volatility and correlations, but will the performance of portfolio selection be 

improved by taking the asymmetry in the volatility and correlations into account simul-

taneously? In addition, it is well known that the rolling window method proposed by 

DeMiguel and Nogales (2009) is widely used in testing the performance of portfolio selec-

tion. If we combine the above two methods and apply them to the portfolio selection prob-

lem, how can we detect the upturns and downturns of asset returns pairwise for a certain 

time window? 

As to the cause of asymmetric correlations, how do we build a common applicable 

research framework, which can contain various causes and methods that need to be veri-

fied one by one according to the actual situation? 

The asymmetric correlations only measure the asymmetry in terms of time; however, 

we consider that the asymmetry in correlation has two levels: the first is the time level, the 

second is the individual level, which means the asymmetry in different asset returns. For 

instance, on the stock market, the leader stock in one industry has a significant positive 

impact on other stocks, while other stocks in the same industry have a rather small posi-

tive impact on the leader stock. How do we measure the asymmetry at an individual level 

and combine the asymmetry in two levels of asset returns? Moreover, Chatterjee (2021) 

introduced a simple new rank correlation coefficient, which is not symmetric in two ran-

dom variables. How can we use it in the portfolio selection problem? 
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