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Highlights

What are the main findings?

¢ A Fisher-information-based generalized GDOP metric is developed to evaluate the
local observability of UWB-aided cooperative ranging sensor networks under topology-
coupled and heteroscedastic link-noise conditions.

* A resource-constrained greedy cooperative sensor node pre-selection heuristic is de-
veloped to jointly control the number of selected nodes, induced active ranging links,
ranging-slot occupation, and general sensing-resource cost.

What are the implications of the main findings?

¢ The proposed method provides an interpretable information-theoretic criterion for
cooperative sensor node pre-selection before cooperative localization or factor-graph
optimization in GNSS-denied environments.

¢ The framework explicitly distinguishes the selected-node budget from the induced-
link and ranging-slot budgets, while all mobile nodes remain in the cooperative
localization state.

Abstract

Ultra-wideband (UWB) inter-node ranging provides relative-distance constraints for co-
operative localization in GNSS-denied UAV swarms, but dense candidate networks can
exceed the available ranging slots, communication bandwidth, computation, and energy.
This paper proposes a Fisher-information-based cooperative sensor node pre-selection
method under heterogeneous ranging noise. All mobile nodes remain in the localization
state, while the selected nodes induce the active ranging-link set. Selected-node, induced-
link, ranging-slot, and normalized general-resource budgets are represented separately.
Using predicted geometry and estimated link-quality weights, a gauge-free normalized
Fisher information matrix combines link geometry, link-quality-dependent weights, and
topology-induced coupling. A trace-based generalized GDOP (G-GDOP) criterion is op-
timized by a two-stage greedy heuristic with recursive matrix updates. The experiments
show that G-GDOP is a local observability and information-quality metric rather than
a direct predictor of topology-level nonlinear recovery error. Within the same topology,
normalized local RMSE increased from 0.698 [0.673, 0.752] in the Low G-GDOP group to
1.014 [0.999, 1.068] and 1.980 [1.806, 2.180] in the Medium and High groups. Increasing the
selected-node budget from K = 6 to K = 20 reduced median RMSE from 0.550 to 0.148 m
while increasing the median induced-link number from 109 to 214. Additional tests covered
Gaussian and heterogeneous ranging noise, deterministic NLOS bias, online link-weight
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errors, and predicted-position uncertainty. Direct Inversion and Woodbury Updating were
numerically equivalent within a predefined tolerance in all 24 size-regime combinations,
and a Woodbury runtime advantage was supported in 20 conditions. The proposed frame-
work therefore provides an interpretable resource-aware pre-selection module without
implying an unconditional real-time guarantee.

Keywords: UWB cooperative localization; cooperative sensor node pre-selection; Fisher
information matrix; generalized GDOP; heterogeneous ranging noise; resource-constrained
sensing; GNSS-denied navigation

1. Introduction

Reliable positioning and navigation are fundamental requirements for unmanned
aerial vehicles (UAVs), mobile robots, and cooperative sensing systems operating in GNSS-
denied or GNSS-degraded environments. In urban canyons, indoor-outdoor transition
areas, cluttered low-altitude spaces, and post-disaster scenarios, GNSS signals are often
affected by blockage, attenuation, multipath propagation, and non-line-of-sight (NLOS)
effects, which may reduce positioning availability and degrade localization accuracy. To
overcome the limitations of standalone GNSS positioning, various onboard and inter-node
sensing sources, such as ultra-wideband (UWB) ranging, inertial measurement units (IMUs),
visual-inertial odometry (VIO), simultaneous localization and mapping (SLAM), and range-
based cooperative measurements, have been introduced into UAV and robotic localization
systems [1-7]. Among these sensing technologies, UWB-based inter-node ranging is
particularly attractive for cooperative localization because it can provide direct relative
distance constraints with relatively low cost, low power consumption, and high temporal
resolution. UWB waveform design and admissible emission spectra are constrained by
regional regulations and pulse-shaping requirements, while the ranging error observed by
a practical receiver depends strongly on propagation conditions, reflections, interference,
and fading [8,9]. These physical effects motivate the heterogeneous random-error and
residual bias stress tests used later in this paper, but the present work does not claim to
reproduce a complete radio-frequency channel or transceiver model.

In a UAV swarm or multi-robot system equipped with UWB ranging sensors, the
inter-node ranging links naturally form a cooperative ranging sensor network. Each UAV-
borne sensor node can provide not only its own motion information, but also relative
measurements to neighboring nodes. These relative measurements can improve the local
observability of the network and reduce the accumulated positioning drift caused by
GNSS outages or onboard sensor errors. Recent studies on UAV swarms and multi-robot
systems have demonstrated the potential of formation-constrained cooperative localization,
cluster-based localization, and multi-condition cooperative positioning in GNSS-denied
environments [10-12]. However, in dense cooperative sensing scenarios, the number
of potential ranging links is usually much larger than the number that can be activated
simultaneously. Communication bandwidth, ranging time slots, onboard computation, and
residual energy all restrict the scale of cooperative participation.

Therefore, a key issue in resource-constrained cooperative localization is not only
how to estimate the positions of all mobile nodes from available measurements, but also
which mobile nodes should be included in the selected node subset under limited resources.
In the framework considered in this paper, individual ranging links are not optimized
as independent decision variables. Instead, the active ranging-link set is induced by the
selected node subset and the candidate ranging graph.
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Geometric dilution of precision (GDOP) is a classical and interpretable metric for eval-
uating the influence of observation geometry on localization accuracy. It has been widely
used in satellite navigation, wireless positioning, and geometric configuration analysis be-
cause of its clear physical meaning and low computational cost. Nevertheless, conventional
GDOP is mainly developed for single-target localization under homoscedastic observation
assumptions. This setting is different from cooperative ranging sensor networks, where
multiple unknown nodes are estimated jointly and inter-node measurements introduce
block-coupled information structures. Moreover, the quality of different UWB ranging
links may vary significantly due to inter-node distance, antenna orientation, occlusion,
multipath propagation, NLOS conditions, and environmental interference. As a result, the
localization contribution of each link is jointly affected by link geometry, heterogeneous
measurement noise, and cooperative network topology. A direct application of conven-
tional GDOP is therefore insufficient to characterize the system-level information quality of
topology-coupled cooperative localization networks [13-17].

The Fisher information matrix (FIM) and the Cramér-Rao lower bound (CRLB) provide
a rigorous statistical framework for analyzing localization accuracy and theoretical error
lower bounds. FIM- and equivalent-FIM-based methods can incorporate measurement
geometry, noise statistics, and network topology into a unified information representation,
and have been widely used in wireless sensor network localization, cooperative navigation,
factor-graph-based localization, sensor selection, and link scheduling [14,15,18-23]. How-
ever, directly applying information-theoretic criteria to sensor node or link selection may
introduce considerable computational burden, especially when the number of candidate
nodes or links increases. Existing studies have investigated position-error-bound-based
selection, game-theoretic resource allocation, topology optimization, and cooperative link
selection strategies [19-23]. Although these methods have improved cooperative localiza-
tion performance from different perspectives, an efficient and interpretable node selection
criterion is still needed for UWB-aided cooperative localization, where link geometry, het-
erogeneous ranging noise, and multi-node topological coupling should be evaluated jointly
while maintaining acceptable computational complexity.

The trace-inverse A-optimal objective, marginal-gain greedy selection, and Woodbury
identity are established mathematical tools and are not claimed here as new primitives. The
contribution of this study is their problem-specific integration into an anchor-free UWB
cooperative sensor node pre-selection framework. The decision variable is the selected
node subset; usable links are induced by that subset, heterogeneous online link-quality
estimates enter the projected information matrix, and node, link, slot, and general resource
limits are treated explicitly. Multiplication of the physical FIM by the positive reference
factor 0 only changes the numerical scale. Likewise, division by the common observable
dimension d, does not change the minimizing subset when the total state and predicted
geometry are fixed; it is introduced only to make reported objective values interpretable
across network sizes. To provide a clearer comparison of existing studies on cooperative
localization and node selection, representative works are summarized in Table 1.

Table 1. Comparison of representative studies on cooperative localization and resource-aware sensor
node and measurement selection.

Research Category Main Focus Considered Factors Selection Remaining Gap
GNSS-denied and collaborative Collabl(;ratlsllelz poT}tlopmg ar{lid Reflatlve %’angln%, MU ited Mainly fOCl;S on local;lzahﬁ)n feasibility
ositioning studies [1-3] range-based localization under information, an Limite and sensor fusion rather than
P ; degraded GNSS conditions cooperative constraints resource-constrained node/link selection
Measurement

Multi-sensor fusion and
factor-graph-based localization [4-7]

Focus mainly on estimation and fusion
Limited accuracy rather than selecting informative
cooperative measurements

Fusion of UWB, IMU, VIO, and uncertainty and
SLAM measurements inter-platform ranging
constraints
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Table 1. Cont.

Research Category Main Focus Considered Factors Selection Remaining Gap
. Cooperative localization for UAV or Format'lor\ constraints, Node optimization under limited ranging
UAV swarm and multi-robot . . . clustering, and . L X
. - multi-agent systems in GNSS-denied ) o Partial and communication resources is not fully
cooperative localization [10-12] . multi-condition
environments e addressed
positioning
GDOP- and geometry-based Geometric quality evaluation and Mainly observation . D1ff1§u1t toc haracterlze‘heterogeneous_
S . . . AR Partial ranging noise and multi-node topological
localization analysis [16,17] configuration optimization geometry .
coupling
FIM/EFIM- and CRLB-based system  System-level accuracy analysis and Geo'm'etry, noise . Dlregt mforma'tlon—theoretlc_ evaluathn
ey . statistics, and network Partial may involve high computational cost in
analysis [14,15,18] theoretical error bounds
topology dense networks
Existing sensor node and link Cooperative node activation, link Partial cons1§1erat10n of . Accuracy-complexity balance and
. N . accuracy, noise, and Explicit . a1 f .
selection methods [19-23] selection, or resource allocation . interpretability remain challenging
resource constraints
Gauge-free geometry,
. . . . heterogeneous ranging . .
Proposed method Fisher-information-based cooperative noise, induced active Explicit Dynamic scenarios, factor-graph

sensor node pre-selection

links, and resource

integration, and hardware validation

constraints

As summarized in Table 1, existing studies have made important progress in GNSS-
denied positioning, multi-sensor fusion, cooperative localization, topology-aware estima-
tion, and sensor node or measurement-selection techniques. However, dense UWB coopera-
tive ranging networks still lack an interpretable and computationally efficient pre-selection
framework that can jointly evaluate link geometry, heterogeneous ranging reliability, and
topology-induced multi-node coupling under limited ranging and communication re-
sources. This motivates the development of a Fisher-information-based cooperative sensor
node pre-selection framework for resource-constrained UWB cooperative localization.

The main contributions of this paper are summarized as follows:

1. A UWB cooperative ranging network model is established for resource-constrained
cooperative sensor node pre-selection under heterogeneous ranging noise conditions.
The proposed formulation distinguishes between the complete localization state and
the selected node subset. All N mobile sensor nodes remain in the localization state,
whereas only the selected nodes are scheduled as active UWB ranging initiators. The
corresponding active ranging-link set is induced by the selected node subset and is
not optimized independently.

2. A trace-based A-optimal criterion is specialized to the topology-coupled UWB pre-
selection problem and reported through the G-GDOP notation. It combines UWB
link-direction geometry, estimated heterogeneous ranging noise weights, and multi-
node coupling in a gauge-free local information-quality measure; its normalization
does not change the selected node subset for a fixed predicted network state.

3. A resource-constrained cooperative sensor node pre-selection model is formulated
by separately representing the selected-node budget, induced active-link number,
ranging-slot occupation, and general sensing-resource cost. A marginal-gain-based
greedy heuristic with recursive information matrix updates is then developed to
construct a feasible selected node subset without repeatedly inverting the complete
candidate information matrix.

4. A comprehensive nine-experiment validation framework is established to clarify the
applicability boundary and same-topology ranking behavior of G-GDOP, quantify
node-, induced-link-, ranging-slot-, and general-resource trade-offs, and compare the
proposed heuristic with the small-scale exhaustive optimum. The framework also
evaluates Gaussian noise, heterogeneous link quality, deterministic NLOS bias, online
weight-estimation errors, predicted-position uncertainty, and the tolerance-qualified
numerical equivalence and runtime scaling of Direct Inversion and Woodbury Updat-
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ing. Shared non-success and common-unobservable cases are retained in the formal
status accounting rather than being silently discarded.

The remainder of this paper is organized as follows. Section 2 presents the UWB-aided
cooperative sensor network model and constructs the generalized GDOP metric. Section 3
formulates the resource-constrained cooperative sensor node pre-selection problem and
introduces the proposed greedy algorithm with recursive matrix updates. Section 4 reports
the simulation settings and experimental results. Section 5 concludes the paper and outlines
future research directions.

2. UWB-Aided Cooperative Sensor Network Modeling and Generalized
GDOP Metric

2.1. Problem Definition of Cooperative Sensor Node Pre-Selection

Consider a GNSS-denied UAV swarm consisting of N mobile sensor nodes equipped
with onboard motion sensors and UWB ranging modules. The candidate mobile sensor
node set is defined as

C=1{12,...,N}L

An optional set of pre-surveyed reference nodes is denoted by .A. The candidate UWB
ranging network is represented by the undirected graph

gc = (C U -A/ Sc)/

where & contains all candidate UWB ranging links that satisfy the communication-range
and ranging-availability conditions. In dense cooperative ranging networks, activating
all candidate sensor nodes and all available UWB ranging links may exceed the available
ranging time slots, communication bandwidth, onboard computational capacity, or energy
budget. Therefore, at each ranging-scheduling epoch, only a subset of cooperative sensor
nodes is selected for active ranging. The selected node subset is denoted by

Scc¢,  [S|=K

where K is the prescribed selected-node budget. This study optimizes the selected node
subset S rather than independently selecting individual UWB ranging links. The selected
nodes are scheduled as active UWB ranging initiators, whereas the remaining mobile nodes
can still serve as ranging responders and remain part of the localization state. Once S is
determined, the corresponding active ranging-link set is induced as

ES)=1{(,j)€&|ijecC icSorjeS)}

: ‘ 1)
U{(i,a)eé& |ieS, ac A}.

Therefore, cooperative sensor node pre-selection controls the selected node subset and
its induced ranging operations, rather than independently optimizing each individual
UWSB link. The main scenario considered in this study is anchor-free cooperative ranging,
for which

A=a.

In this case, the active ranging-link set reduces to
ES)={Gj)e&|ijeC iecSorje S}

The formal problem and all reported experiments in this paper use the anchor-free case. The
anchor-assisted expression is retained only to show how the same induced-link notation
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could be extended when independently surveyed anchors are available; no known-position
anchor is introduced into the reported GNSS-denied scenario.

For each candidate mobile-node ranging link e = (u,v) € &, define the selection-
dependent link activation indicator as

1, ueSorves,
Xe(S) = ()
00 u¢Sandov ¢ S.

The induced active ranging-link set can equivalently be written as
E(S) ={ec & | xe(S) =1}

Accordingly, an inter-node ranging link becomes active when at least one of its two
endpoints is selected as an active UWB ranging initiator. If both endpoints are unselected,
the corresponding link remains inactive. Each candidate ranging link is included at most
once in £(S), even when both of its endpoints belong to S.

For any mobile sensor node i € C, its three-dimensional position is expressed as

T 3
pPi = [Xi/yi/zi] e R’
The localization state contains the positions of all N mobile sensor nodes and is written as

X = [p{,pg,...,pIT\,}T € RN,

The selected node subset & determines the active ranging measurements but does not
change the dimension of the localization state. Consequently, the information matrices
corresponding to different candidate subsets have the same dimension, which enables
consistent comparison across node budgets and recursive low-rank matrix updates.

A mobile node belonging to the selected node subset S is termed a selected nodeand is
scheduled as an active UWB ranging initiator. Here, active UWB ranging initiator describes
the ranging role of a selected node rather than a separate decision variable. Unselected
mobile nodes remain unknown state variables and may serve as passive ranging responders
through candidate UWB links. Thus, the selection decision controls the active ranging
schedule and the induced measurement topology without changing the complete mobile-
node state. Unless otherwise stated, the proposed method performs cooperative sensor
node pre-selection only; individual UWB ranging links are not treated as independent
binary decision variables.

In practical GNSS-denied operation, the information matrix used for cooperative
sensor node pre-selection is constructed from predicted or estimated node positions, such
as those propagated from inertial sensing, visual odometry, or the localization result
obtained at the previous epoch. For mobile node i, the predicted position is denoted by

5 = 5 2T
pi = [%i. i, zi] -
The predicted state of the complete mobile network is written as
T
< [sT 5T ST
X = [Pl/PZl""PN} .

The online cooperative sensor node pre-selection algorithm evaluates the ranging geometry
at X rather than at the unknown true state x. The true node positions are used only as an
oracle reference and for performance evaluation in the simulation experiments. This distinc-
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tion removes the unrealistic assumption that the online selector has access to ground-truth
geometry. Section 4.1.3 therefore evaluates sensitivity to snapshot-wise Gaussian position
perturbations while holding the candidate graph, link-quality information, measurement
realization, and resource constraints fixed. The broader limitations of this controlled
uncertainty model are discussed in Section 4.3.

Since an anchor-free range-only network is invariant to global translation and rotation,
its Fisher information matrix is singular in the full 3N-dimensional state space. The
rigid-body gauge directions are therefore removed by projection onto their orthogonal
complement. It should be emphasized that removing the global rigid-body gauge directions
does not automatically guarantee local observability. Disconnected or non-rigid active-
ranging topologies may introduce additional unobservable directions. Consequently, the
projected information matrix must additionally satisfy a full-rank condition in the gauge-
free subspace. The corresponding construction and numerical rank test are introduced in
Section 2.3.

2.2. UWB Ranging Sensor Model and Link-Quality Weighting

Different UWB ranging links may exhibit heterogeneous random errors and systematic
positive biases. For an active link e = (i, j), the bias-aware ranging model is

Zg — he(x) + be ‘|— ne, (3)

where b, is the systematic bias and 1, ~ N(0,0?) is the zero-mean random error. For a
mobile-node-mobile-node link, k.(x) = ||p; — pj||2, whereas for a mobile-node-anchor-
node link, &, (x) = ||p; — qall2-

The propagation state is modeled by ¢, € £ = {LOS, wLOS,NLOS}, with ¢, = o,
and b, = yi¢,. The class parameters satisfy o105 < owrLos < ONLOS, HLOS = HwLos = 0, and
unLos = 0. The heteroscedastic random-noise experiment uses ynyos = 0, whereas the
NLOS-bias experiment uses yinros = bnros > 0.

In practical operation, c,, (762, and b, are not assumed known exactly. Link-quality
features f, are used to obtain 77, = Pr(c, = c | f,) with ). 7T, = 1 and posterior-mean
bias Ee =Y cer TecHe. After subtracting this mean, moment matching gives

~\2
ae‘Z,res = Z ﬁe,c [0_02 + (,uc — bg> ] 4)
cel

A hard classification simply makes {7z, } one-hot at C,.
For a selected node subset S, let Mg = |£(S)|. The actual measurement, estimated-
bias, corrected-measurement, and residual-bias vectors are collected as
zs = hg(x) + bs + ng, bs = [bey, - bey,]",

ESZZS—BSZhS(X)+ES+n3, BSZbS—BS.

The online covariance is Rs = diag (3321,re5, ey 6632M5,res)' Linearization at X gives
0zs ~ Hgdx + bg + ng. (5)

Accurate posterior-mean correction makes 55 small; without correction, BS = 0 and the
residual bias equals the injected physical bias.
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For an unknown-node-unknown-node link, define u;; = (p; — P;)/[[pi — Pjll2; the
corresponding Jacobian row is h;; = [0, ..., ug, .., —ug, ...,0]. For an unknown-node-

anchor-node link, u;;, = (p; — qa)/||Pi — qul|2, and only the position block of node i

is nonzero.
Collecting all active rows gives Hg € RMs*3N_ With Rg = diag(agl, e ’Ung ), the
physical Fisher information matrix is
Jphys (S) = H§R§1Hs + Jprior- (6)

Here Jprior 7~ 0 contains only physically available prior information. In the anchor-free
range-only analysis Jprior = 0, and X is only the linearization point. A reference variance ot
defines Jorior = 03Jprior-

For oracle benchmarking, w} = 03 /02 and W% = U(%Rgl, yielding

ﬁ)hys(s) = HEWEHS +Tprior = 2 w§hgh€ + jprior'
ec&(S)

These oracle quantities are used only as ideal simulation references.
In practical online weighting, Equation (4) gives

2
~ a0
We = ——, (7)
‘ Uez,res
with Ws = Ugf{gl and
jphys(S) = Hg/WSHS + jprior' 8)

Equivalently, Tphys (8) = 2965(5) Z/ﬁehghﬂ’ + Tprior'

Subsquent theoretical and algorithmic sections use w, = w,, Wg = WS, and
jphys (8) = jphys(S)' Thus jphys(S) = ZEEE(S) wfhghe + jprior‘ USil‘lg Equation (2), the
same model is Jphys(S) = Jprior + Lecg, Xe(S )@ch!h,. This separates fixed per-link infor-
mation from subset-dependent link activation.

Unless (-)* is shown, all weights and normalized information matrices are estimated
online quantities. The covariance-based Fisher matrix does not explicitly represent deter-
ministic residual NLOS bias, and Rg and ﬁg serve different roles: the former describes
physical random errors and oracle benchmarks, whereas the latter supplies practical online
weights. Therefore, when f{g # Rg, the inverse estimated information matrix is not gener-
ally the actual covariance of the mismatched WLS estimator; the corresponding first-order
covariance and bias propagation are analyzed in Section First-Order Error Propagation
Under Covariance and Bias Mismatch.

2.3. Gauge-Free Subspace Treatment for Anchor-Free Ranging

In an anchor-free range-only network, common translation and rotation leave all
inter-node distances unchanged, so the full 3N-dimensional Jacobian and Fisher matrix
contain rigid-body gauge directions and are singular. Center the predicted positions using
pi=pi—N! Z]-I\Ll p; and, for p = [px, py, p2]", define

0 —Pz Py
[Plx=|p: 0 —pxf.
—Py Px 0
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The translational and rotational gauge directions are then collected in

_[ﬁl]x
G=|1y®l _[?Z]X € R3N%6, ©)
—[Pn]x

LetG = UngVg have singular values y; > 92 > - -+ > 0. The numerical gauge rank
and gauge-free dimension are

de =#{l: 7> 1M}, Ty = 10710, (10)

and
do = 3N —dj. (11)

Thus dg = 6 and d, = 3N — 6 for a nondegenerate three-dimensional configuration,
while degenerate configurations use the numerical rank directly. The gauge-free basis
Q, = null(GT) € R3N*% satisfies QT Q, = I;, and QI G = 0. This basis removes only the
rigid gauge; it does not itself guarantee complete local observability.

For the anchor-free range-only model, HsG = 0 and, when Jprior = 0, Jphys(S)G = 0.
Projection onto the gauge-free coordinates gives

Jo(8) = QI T pnys(8)Q, € R, (12)

Disconnected, insufficiently constrained, or non-rigid topologies can still be rank deficient
after this projection, so

10(S) = #{k : 1 (Jo(S)) > TAmax(Jo(S))},  1,=1075,

with 7(S) = 0 when Amax(Jo(S)) = 0. Local observability modulo the rigid-body gauge

therefore requires
10(S) = do. (13)

Equivalently, the symmetrized projected information matrix must be positive definite
under the adopted relative eigenvalue threshold. Infeasible subsets are rejected rather than
made invertible by artificial regularization. For fixed predicted geometry, G, Q,, dg, and d,
are computed once and kept unchanged across candidate subsets.

First-Order Error Propagation Under Covariance and Bias Mismatch

The covariance-based Fisher matrix describes local random-error information, whereas
deterministic residual NLOS bias must be propagated separately. Under covariance mis-
match, the inverse of the estimated information matrix is also not generally the actual
estimation-error covariance. Define

HO,S = HSQO/ RS = diag((fezl,. .. 0’2 ),

7 EMS

R oo (52 52 T
RS = dlag(o—elrres/ sy UEMS/TQS)’ JO,pI‘iOI‘ = Qo Jpl‘iOI‘QD'
The oracle and practical projected matrices and their normalized forms are

Jg,true (S) = HgnglHo,S + Jo,prior/
Jo,WLS(S) = HESRngo,S + Jo,prior/

~

E(S) = Oglg,true(s)/ jo (S) = U(%/J\o,WLS(S)-
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Unless (-)* is shown, the subsequent pre-selection algorithm uses the normalized estimated

~

quantity J,(S).
For a feasible topology, define KS = To,WLS(S ) _1H§ $ﬁ§1 and bg = bg — bg. For the
anchor-free case with Jprior = 0, the first-order error and bias are

0ys ~ As(ns +bs),  09,(S) = Asbs.

Since the physical random error has covariance R, the actual first-order random covariance
is the sandwich expression
y AT
Crand(S) = ASRSAS' (14)

The dimension-normalized local MSE surrogate combines random and bias contributions,

Fioea(5) = 7 {5(Crana (S)]+ 1054(S) B,

RMSE, (S) = 1/ Fioeat(S). (15)

The oracle gain is A% = Jg,true(S)—ngngl. When Rs = Rg, bs = 0, and Jprior = O,
Crand(S) = J5 true (S )L otherwise Crang(S) # Jowis(S) ! in general. Thus the inverse
online information matrix must not be interpreted as the actual covariance or an oracle

with RMSE surrogate

CRLB under model mismatch. The surrogate in Equation (15) remains a secondary diag-
nostic, whereas the primary NLOS-bias metric is the rigid-aligned nonlinear localization
RMSE obtained directly from the biased UWB measurements.

2.4. Conventional GDOP Metric and Its Limitations

The geometric dilution of precision (GDOP) is a commonly used geometric perfor-
mance metric in single-target localization. Under the assumption of independent and
identically distributed measurement noise, the observation model can be expressed as

z=h(x)+n, n~ N(0,030).

Accordingly, the conventional GDOP can be written as
GDOP = 4 /tr [(HTH)*] .

In this case, the root mean square error (RMSE) of the estimator can be approximately
expressed as
RMSE =~ ¢y - GDOP.

The essence of conventional GDOP is to measure the amplification effect of observation
geometry on measurement errors. It is a dimensionless metric with clear physical interpre-
tation and low computational complexity. Although conventional GDOP has been widely
used in single-target localization, satellite navigation, wireless positioning, and base-station
layout problems, it has the following limitations when directly applied to cooperative
ranging sensor networks.

First, conventional GDOP is based on the single-target localization assumption and
is insufficient to characterize the error propagation mechanism caused by multi-node
state coupling. In cooperative sensor network localization, the variables to be estimated
consist of the positions of multiple mobile sensor nodes, and the state dimension is usually
3N,. UWB inter-node ranging observations introduce significant block-coupled structures
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into the error covariance matrix. Therefore, single-target GDOP is unable to reflect the
system-level information quality of multi-node joint estimation.

Second, conventional GDOP cannot effectively handle heteroscedastic measurement
noise. The conventional GDOP adopts the form of H'H, which implicitly assumes that all
observations follow the same noise variance model. In practical UAV-borne cooperative
sensing systems, the accuracy of UWB ranging is affected by inter-node distance, occlusion,
line-of-sight conditions, non-line-of-sight effects, and link quality. As a result, different
ranging observations usually have different noise levels, and conventional GDOP cannot
accurately reflect the differences in information contributions among different UWB links.

Third, conventional GDOP cannot fully characterize the influence of cooperative rang-
ing sensor network topology on system-level localization performance. In cooperative
localization systems, the information matrix is affected not only by local geometric rela-
tionships, but also by graph connectivity, information propagation paths, and the selection
of cooperative sensor nodes or ranging links. Conventional GDOP mainly describes local
geometric quality and is therefore insufficient to characterize the local observability and
error-bound level of topology-coupled cooperative localization networks.

Figure 1 contrasts the conventional single-target GDOP setting with the proposed
G-GDOP formulation. Conventional GDOP mainly describes the geometric quality of
known reference-to-target observations. In the proposed anchor-free cooperative model, all
mobile nodes remain unknown state variables, whereas only nodes in the selected node
subset are scheduled as active UWB ranging initiators. The selected node subset induces
the ranging topology, and G-GDOP evaluates its estimated local information quality after
link-quality weighting and removal of the rigid-body gauge directions.

(a) Conventional GDOP (b) Proposed G-GDOP

2

2]
7]

4

2]
2]

Single unknown target All N mobile nodes remain unknown state variables;
Known reference nodes selected nodes act as active UWB ranging initiators.
Mainly geometric quality G-GDOP jointly incorporates link geometry, estimated re-
Homoscedastic observations liability, topology coupling, and gauge-free projection.
Selected Unselected mobile Tnactive _ Induced
node responder candidate link active link

Figure 1. Conceptual comparison between conventional single-target GDOP and the proposed
G-GDOP for anchor-free, topology-coupled multi-node UWB cooperative localization.

Generalized GDOP can be regarded as an extension of conventional GDOP from
single-target homoscedastic localization to multi-node and heteroscedastic cooperative
ranging sensor networks. At the application level, it extends the use of GDOP from ge-
ometric quality evaluation to system-level information assessment, cooperative sensor
node pre-selection, and topology-aware cooperative localization. Therefore, it is neces-
sary to construct a system-level generalized GDOP metric under the Fisher information
matrix framework, so as to uniformly reflect the combined effects of link geometry, net-
work topology, and ranging noise weights on the local information quality of cooperative
localization systems.
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2.5. Definition and Property Analysis of the Generalized GDOP Metric

In this paper, G-GDOP is defined within the FIM/CRLB framework for UWB-aided
cooperative ranging sensor networks. It retains the error-amplification interpretation
of conventional GDOP while incorporating link-quality-dependent noise weighting and
multi-node topological coupling, thereby allowing local observability differences among
cooperative ranging topologies to be compared.

2.5.1. A-Optimal G-GDOP in the Gauge-Free Subspace

The trace-based A-optimal criterion is evaluated from the normalized Fisher informa-
tion matrix projected onto the gauge-free subspace. Topologies that remain unobservable
after removal of the rigid-body gauge are excluded by defining

w1o(S)], 1o(S) = do,
DA(S) = (16)
+OO/ 7’0(5) < dD/

with the corresponding generalized GDOP
G-GDOP(S) = 1/ ®A(S). (17)

For the practical pre-selection method, J,(S) is constructed from predicted geometry and
estimated link-error covariance, so @4 (S) is an online information surrogate for ranking
feasible subsets. Its inverse-trace value coincides with the normalized oracle CRLB only
when the estimated and true covariances are identical; under covariance mismatch, the
actual first-order estimator covariance is instead given by Equation (14).

For comparisons across network sizes, define

qDA,norm(S) = loq)A(S>/ (18)

G-GDOProrm (S) = y/PAnorm(S)- (19)

For fixed network size and predicted geometry, d, is common to all feasible selected node

and

subsets, and therefore

argmin P (S) = argmin P norm (S). (20)
S S

The normalized form is used for cross-size reporting, whereas the unnormalized form is
retained when discussing the connection with conventional GDOP.

2.5.2. Physical Interpretation of the Generalized GDOP Metric

For a feasible topology induced by the selected node subset with r,(S) = d,, J, (S) !
is the normalized local oracle CRLB under the true random-error covariance. By con-
trast, the practical criterion uses i) (S), constructed from estimated link-error statis-
tics, and its inverse trace is therefore an estimated local information-quality surrogate.
A smaller practical G-GDOP indicates a more favorable estimated information structure
under the adopted online geometry and weighting model, but does not by itself guarantee
smaller nonlinear localization error under covariance mismatch, residual NLOS bias, or
poor initialization.
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The practical and oracle projected information models differ only in their link weights:

_ - _ op
JD(S) = QLYI- Z wﬁ’hzhﬂ +]prior Qo, W = %/
ecE(S) O,res
T T T %
J;(’S) =Q, 2 a);h[’ h, +Jprior Q,, w: = -
ecE(S) 0;

Thus G-GDOP jointly reflects link geometry, heterogeneous measurement reliability, and
the position at which each link couples into the multi-node state. The link direction
determines the spatial information direction, the variance determines its reliability, and
the induced topology determines how that information couples the network state. This
unified information representation is the main advantage of G-GDOP for heteroscedastic
multi-node cooperative ranging.

2.5.3. Property Analysis of the Generalized GDOP Criterion

The suitability of the proposed criterion for cooperative sensor node pre-selection is
examined through monotonicity, spectral bounds, and sensitivity to ranging topology and
link reliability in the gauge-free subspace.

Monotonicity

For fixed predicted geometry, estimated link weights, and gauge-free basis Q,, let
S1 € S;. The endpoint-activation rule in Equation (2) implies the following complete
ordering chain:

Xe(S1) < xe(S2), Ve € &, E(S1) CE(Sy),
AJprys= Y. @h.h, =0, AJo = Q) AJphysQo = 0,
e€E(S$)\E(S)
.TU,Z = To,l + A.Tu = Ta,l/ j;,zl = T;,llf
tr(J,5) < tr(,1), G-GDOP, < G-GDOP;,

G-GDOPporm2 < G-GDOPporm 1-

The inverse inequalities require both projected information matrices to be positive definite.
Because d, = 3N — dg is fixed for the same network size and linearization geometry, adding
valid ranging information cannot increase either A-optimal G-GDOP measure under these
fixed conditions. The result does not compare different predicted geometries, because
changing geometry requires recomputation of G, 4 ¢ do, Qo, and the ranging Jacobians.

Spectral Bounds

Let 0 < Amin(J,) < Amax(J,) and d, = 3N —dg; for the nondegenerate three-
dimensional configurations used in the main experiments, d; = 6 and d, = 3N — 6.
The trace and both G-GDOP forms satisfy the compact set of bounds

w, )= 3
? k=1 Ak(joy

< G'GDOPnorm <

1 _
m - Amin (jo )
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Hence all gauge-free eigen-directions influence G-GDOP, with particular sensitivity to
weakly observed directions. As Amin(J,) — 0, conditioning deteriorates and the upper
local error-amplification bound increases.

Sensitivity to Topology, Geometry, and Link Reliability
For a selected node subset S,

jo(S) = Qg[ Z wf?hgh@ +Tprior QO' (21)

ec&(S)

In the anchor-free range-only experiments Tprior = 0. Equation (21) therefore exposes three
coupled factors directly: £(S) determines the active topology, h, determines geometric
direction and state coupling, and w, represents estimated UWB measurement reliability.
Changing the selected node subset, an active link, its reliability weight, or the predicted
geometry consequently changes J,(S) and therefore G-GDOP.

In summary, G-GDOP is a trace-based A-optimal information measure evaluated in
the gauge-free subspace and is finite only when the induced ranging topology is locally
observable modulo the global rigid-body gauge. It extends conventional GDOP to topology-
coupled, heteroscedastic cooperative ranging networks, while its validity remains local to
the adopted predicted geometry and linearized measurement model. Dense networks may
still exceed communication, sensing, and computational budgets; the next section therefore
formulates the resource-constrained pre-selection problem and develops a marginal-gain-
based greedy heuristic.

3. G-GDOP-Based Cooperative Sensor Node Pre-Selection
3.1. G-GDOP-Based Cooperative Sensor Node Pre-Selection Problem

In dense UWB-aided cooperative ranging sensor networks, bandwidth, ranging slots,
energy, and onboard computation may prevent all mobile nodes from actively initiating
ranging exchanges within one scheduling epoch. Let C = {1,2,..., N} denote the complete
mobile-node set and S C C the selected node subset. Under the fixed selected-node-budget
case, |S| = K, while all N nodes remain in the localization state and unselected nodes may
still serve as ranging responders.

As discussed in Section 2.5.1, the selection criterion is G-GDOP(S) = /®4(S), where
for a feasible topology 7,(S) = dy, PA(S) = tr[Jo(S)~!]. The basic fixed-budget problem
is therefore

C e . -1
m1r§1gn(}1ze tr []o (S) ]
subjectto |S| =K, (22)
rg (S) - do .
Because the selected node subset induces the active ranging-link set, a candidate node

does not have a subset-independent information increment. Define the fixed projected
prior and per-link contributions as

Jo,base = lepriorQO/ B, = Z/‘}eQZhZheQO = 0.

All practical per-link matrices use estimated online weights; oracle weights are reserved for
explicitly labeled benchmark and diagnostic evaluations. Using the activation indicator
Xe(S) gives

Jo (S) = Jobase + 2 XE<S>B€- (23)

ec&.
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Equivalently, Jo(S) = Jopase + Lece(s)Be- For a current subset S; and candidate
i ¢ S;, define

AE(S) = E(STULN\E(S),  Aloi(S)= Y. B
eeNE;(St)

The candidate update is consequently Jo(S; U {i}) = Jo(St) + AJ,i(St), which makes its
selection dependence explicit.

Induced active-link number. The selected-node budget controls selected nodes, not the number
of ranging links generated by their induced topology. Define

M(S) = E(S)| = }_ xe(S). (24)

ecé.

For the complete candidate set, M(C) = |&|, whereas the number of links newly activated
by candidate i is AM;(S;) = M(S: U {i}) — M(S¢) = |AE;(St)|. Thus the incremental link
number equals the iteration-dependent update width before possible linear dependence
among projected link vectors is considered.
Ranging-slot occupation. Let s, € N, denote the scheduling slots required by candidate link
e. The total slot occupation is

Toot(S) = Z Xe(S)se = Z Se- (25)

ecé, ec&(S)

Adding candidate i requires ATgo1i(St) = Leeag,(s,) Se- When s, = 1 for every candi-
date link, Tyt (S) = M(S); the general definition also accommodates repeated ranging,
handshakes, or multi-slot protocols.

3.1.1. General Sensing-Resource Cost

Let C?Ode > 0 denote the normalized cost of selecting node i as an active UWB ranging
initiator and ci"* > 0 the normalized communication, ranging, energy, or processing cost
associated with active link e. The total cost is

Cres(S) =) cpode 4 Y Xe(S )clink, (26)

ieS ecé,

Equivalently, Cres(S) = Yics 1% + ¥, £(S) clink ‘and the incremental cost of candidate i
is ACresi(St) = c™de + 5,5 £(SH) clink The node and link coefficients must use a common
normalized resource unit. If hardware-specific energy or communication measurements
are unavailable, |S|, M(S), and T (S) are reported as the primary physical resource
indicators rather than interpreting Cres as exact energy.

For the anchor-free range-only observability analysis, Jprior = 0 and Jypase = 0;
inverse-based A-optimal candidate evaluation is therefore performed only after a full-rank
observable seed has been constructed. Beyond the selected-node budget and observabil-
ity requirement, communication availability and residual energy can impose additional
feasibility conditions.

3.1.2. Communication-Availability Constraint

A candidate link belongs to &£ only when its inter-node distance satisfies
dij < dmax, V(l,]) €& (27)

Hence £(S ) C & automatically, and this range condition is enforced during candidate-graph
construction rather than repeated as a selection-dependent constraint in Equation (29).
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3.1.3. Energy-Feasibility Constraint

A selected node must satisfy
Ei 2 Emin/ Vi e S/ (28)

where E; is the residual energy of node i and Ein the minimum threshold for initiating
ranging. This is an eligibility condition on an individual node, whereas Cres(S) is an
aggregate per-epoch cost of the selected node subset and its induced topology.

3.1.4. Local-Observability Constraint

The projected information matrix must reach the complete gauge-free dimension,
1o(S) = d,, which is equivalent under the adopted numerical threshold to requiring the
symmetrized J,(S) to be positive definite. Combining the resource and observability
requirements gives

mirél‘igrréize PA(S) =tr []0(8)71}

subjectto |S| <K,
B

Tslot(S) < leotr (29)
<

El 2 Emin/ Vl E Sl
70(S) = do.

Here K, Bjjnk, Bglor, and Bres are respectively the node, induced-link, ranging-slot, and
general-resource budgets. The candidate graph has already been formed under

gc == (C/ gc)/ S(S) g gc/ dz] S dmax V(l,]) S gC/

so these are graph properties rather than additional binary selection constraints. Fixed-K
experiments use sufficiently loose link, slot, and general-resource budgets and impose
|S| = K; the complete resource-constrained formulation uses |S| < K because another
budget may become active first.

3.1.5. Information—-Resource Trade-Off Indicators

Let S, = C denote the All-Node Reference. If its induced topology is locally observ-
able, define the quality-retention, resource-usage, and saving ratios by

_ Da(San)
QA(‘S) - @A(S) ’ 0 < QA(S) S 1/
M(S) Tslot(S)
ink(S) = ’ slo S) = ’
phnk( ) |SC‘ P t( ) Tslot(Sall)
Cres(S .
Pres(S) = Qes(é;l)l), 54(S) =1—p4(S), g € {link,slot, res}.

A value of Qp closer to one indicates greater retention of All-Node A-optimal information
quality. A feasible solution S, dominates S, in the information-resource plane when

q)A($u> S ®A<Sb)/ Cres(Su) S Cres(Sb)/

with at least one strict inequality; the nondominated solutions form an empirical
information—resource Pareto frontier.
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The resulting optimization remains combinatorial: for fixed cardinality there are
(II}] ) possible subsets. This growth makes exhaustive search suitable only for small-scale
optimality verification and impractical for online dense-network pre-selection, motivating
the marginal-gain greedy heuristic introduced next.

Figure 2 summarizes the resource-constrained formulation. The candidate graph, pre-
dicted geometry, and estimated link-quality statistics form the inputs, and the selected node
subset is the decision variable. Active ranging links are induced by the endpoint-activation
rule. Feasible selected node subsets are evaluated through the gauge-free projected in-
formation matrix under the common node, link, slot, energy, resource-cost, and local-
observability constraints.

Online inputs

Predicted full state X
Candidate graph G,
Estimated weights {@, }
Residual energies {E;}

l Resource-constrained topology screening

-

Decision variable Gauge-free information

Induced topology

Selected node subset 7 Jo(S) = ],
XE(S) = I{u E 0 0,base
gL e Sorv € S} +Z7C€(S)Bf
All N nodes remain €
E(S) = : S)=1
in the state () = {e: xe(5) =1} 10(S) = do
( l 7
Common resource
Eonstaings A-optimal objective Selegediontput
5| < K min® 4(S) Sout
M(S) < Blink 5 E(Sout)
Tsi0t(S) < Bstot Dy(S) = tr[]o(S)fl] Information, accuracy,
Cres(S) < Bres and resource indicators
E; > Emin, 1 €S L
- J

Figure 2. Resource-constrained cooperative sensor node pre-selection problem with induced ranging
links and gauge-free information evaluation. Arrows indicate the dependency flow from the online
inputs and selection decision to the induced topology, information matrix, feasibility constraints,
objective, and final selected-node output.

3.2. Greedy Cooperative Sensor Node Pre-Selection Heuristic Based on G-GDOP Marginal Gain

The method consists of resource-feasible observable-seed construction followed by
post-seed A-optimal selection. Let S; C C denote the selected node subset after iteration ¢.
Both stages use

ftZ{iGC\St E; > Emin,

M(St) + AM;(St) < Biink,
Tslot(Sf) + A’1—‘slot,i(‘sl‘) < leot/

Cres(st) + Acres,i(st) < Bres}-

Algorithm 1 gives the stage-specific evaluation, stopping, and failure logic.

https://doi.org/10.3390/s26165164


https://doi.org/10.3390/s26165164

Sensors 2026, 26, 5164

18 of 49

Algorithm 1: Greedy Cooperative Sensor Node Pre-Selection Heuristic Based on G-GDOP

_ = s s
W N = O

14:
15:
16:
17:
18:
19:
20:
21:
22:
23:

24:
25:
26:
27:
28:
29:
30:
31:
32:
33:

34:
35:

37:
38:
39:
40:
41:
42:
43:
44:
45:
46:
47:
48:
49:
50:
51:
52:
53:
54:
55:
56:
57:

R N A o

Input: C, Gc = (C,&c), K, Biink, Bstots Bres, Emin, {Ei}, {sc}, {ciod¢}, {clink}, %, {@.}, 77, and €ge; use +oo to disable
an upper budget.
Output: status, Sout, € (Sout ), M, Telot, and Cres.

: Compute Q,, dg, do, and the projected weighted link-information vectors {ae}gegc .
. if preprocessing fails then return SELECTION_NUMERICAL_FAILURE.

S+ T;E— M« 0; Tyor < 0; Cres < 0; ], < 0.

: function STATS(Z, S).

A&+ E(SU{i}) \ E(S).

AM; + |AE]; AT; + Loeae, se-
AC! « C{mde + ZeeASi C(ljnk'

Ao ¢ Locas, 0e] -

return (A&;, AM;, AT;, AC;, A, ;).

: end function.
: function FEASIBLE(i, AM;, AT;, AG;).

return (E; > Emin) A (IS] +1 < K) A (M + AM; < Biin) A (Taor + AT; < Byor) A (Cees + AC; < Bres).

: end function.

Stage I: observable-seed construction
while rankT] (Jo) < d, do.
if |S| > K then return UNOBSERVABLE.
Crem + C\ S.
if Ciem = @ then return UNOBSERVABLE.
Foeed & T; 1% + T K* O Teur rankT[ (Jo)-
for eachi € Crery in increasing node-ID order do.
(Agi, AM;, AT;, AC;, AL),,') — STATS(i, S)
if ~FEASIBLE(i, AM;, AT;, AC;) then continue.
Fseed H}—seedq{i};];ri E]L7+A]o,i~ . )
i rankrl( F1); compute the retained AL} of [,
Ki < (1 — Teur, AL, —AT;, —AC;, —i).
if i* = Fork; = k* theni* < iand k* + «;.
end for.
if Fyeeq = @ then return RESOURCE_INFEASIBLE.
(AEix, AMj», ATjx, ACix, A, 1% ) — STATS(i*,S); S = SU{i*}; € +— EUAE.
M M+ AMix; Tgor <= Tsor + ATjx; Cres <= Cres + ACix; Jo + Jo + AIO/I*'
end while.
Sseed < S; Kseed < |Sseed|-
if J; ! cannot be evaluated then return SELECTION_NUMERICAL_FAILURE.
P+ J;h
Stage II: post-seed A-optimal refinement
while |S| < Kdo.
i* 4= J; " = —00; AT* <= +00; AC* 4= 400; P* <— P.
for each i € C )\ S inincreasing node-ID order do.
(AE;, AM;, AT, AC;, A], ;)  STATS(i, S).
if ~“FEASIBLE(i, AM;, AT;, AC;) then continue.
if A§; = @ then PU) + P; else compute P) using Equation (37).
gi < tr(P) — tr(P®).
ifi* = Porg; > g* + € thensstore (7, gi, AT;, AC;, P(i)) as the current candidate.
else if |g; — ¢*| < ete and AT; < AT* — € then store (i, g;, AT;, AC;, pl) ).
else if |g; — ¢*| < €tie, |AT; — AT*| < €ge, and AC; < AC* — eyie then store (i, g;, AT;, AC;, P1)).
else if |g; — ¢*| < €tie, |AT; — AT*| < €tie, |AC; — AC*| < €4, and i < i* then store (i, g;, AT;, AC;, P1)).
end for.
if i* = @ then break.
(AEix, AM», ATjx, ACix, A, ix ) < STATS(i*,S).
S+ SU{*}E + EUAEx.
M < M+ AM;x; Tgor < Tsiot + ATix; Cres <= Cres + ACix.
Jo <o +A]o,i*}P — P*.
end while.
if exact-K selection is required and |S| < K then return RESOURCE_INFEASIBLE.
if rankrl (Jo) < d, then return UNOBSERVABLE.
Evaluate the final A-optimal metric and resource statistics.
if the final metric evaluation fails then return SELECTION_NUMERICAL_FAILURE.
Sout < S.
return SUCCESS, Sout, € (Sout), M, Tsiot, Cres-

After a full-rank seed exists, the marginal gain for i € F; is

A(i ‘ St) = (I)A(St) — CDA(St U {l}) (30)
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Its dependence on &; reflects the fact that some links incident to i may already have been
activated. The greedy rule is

i* = argmax A(i | S), (31)
ieFy

with numerically tied gains resolved first by smaller ATy ;(S¢) and then by smaller
ACies,i(St). The subset update is simply Sy = S U {i*}.

Because an empty anchor-free network is rank deficient, Stage I first constructs
Sseed satisfying

To(Sseed) = do- (32)

Writing kseed = |Sseed|, if kseed = K the node budget is already exhausted and the returned
selected node subset is determined entirely by the Stage I lexicographic observable-seed
ordering. Otherwise, Stage II starts from Sy = Sceeq and Py, = Jo(Sseed) . The
detailed ordering, resource checks, and failure returns remain those in Algorithm 1.

3.2.1. Set-Dependent Induced-Link Information Increment

For i € F;, the newly activated link set is
A&'(St) = S(St U {Z}) \ 5(St) (33)

This set difference prevents double counting under endpoint activation. The associated
projected increment is

AJoi(S)= ). B (34)

CEAS,‘(St)

equivalently AJ,i(St) = Yeens,(s)) 0.QIhIh.Q,. Hence Jo (St U {i}) = Jo(St) + AJ,i(St).
Both the increment and marginal gain must therefore be reconstructed at every iteration. If
A&i(St) = @, then AJ, i(St) = 0and A(i | §;) = 0. After selecting i*, &1 = & U A&« (Sk)
with & = E(St)

3.2.2. Low-Rank Recursive Inverse Update

Candidate evaluation uses the estimated weight @, from Equation (7). For each newly
activated link define a, = /w,QI'h] € R%, and collect the r;; = |A&;(St)| vectors in
Ui(St) = [aey,. - 2, ] € R7%*"it, The low-rank information increment is

AJ,i(St) = Ui(SHUi (S (35)

With current inverse
P =TJ,(S) ", (36)

the candidate inverse is obtained from
sz‘) =P; —PU;(S)
T -1
LR IEAR AEA] (37)
X Ui(St)TPt.

After i* is selected, J, (S¢1) = J,(St) + AJ, 1+ (St) and
P =P, (38)

All candidate matrices remain in the same d, = 3N — d; gauge-free subspace for fixed
predicted geometry, so the Woodbury update is dimensionally consistent after observable-
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seed construction. For the nondegenerate three-dimensional experiments, d; = 6 and
do = 3N —6.

Algorithm 1 provides the executable selection procedure, Figure 3 summarizes the
high-level two-stage workflow, and Figure 4 gives a concise structural illustration of the
corresponding induced-topology evolution.

Inputs
Candidate ranging graph and predicted geometry; estimated
link weights; selected-node and communication-resource limits

Y

Gauge-free information preprocessing
Construct the observable-subspace representation
and projected per-link information contributions

l

Stage I: Observable-seed construction
Build a resource-feasible selected node subset until the induced
ranging topology becomes observable in the gauge-free subspace

|

Stage II: Post-seed A-optimal refinement
Add the most informative feasible node at each step until the pre-
scribed selected-node budget or feasibility boundary is reached

Y
Outputs
selected node subset, induced active links, G-
GDOP/information indicators, and resource-usage statistics

Figure 3. High-level architecture of the proposed two-stage cooperative sensor node pre-selection
framework. Algorithm 1 provides the executable candidate-screening, update, tie-breaking, and
failure logic, whereas Figure 4 illustrates the corresponding induced-topology evolution.

(b) Observable seed (c) Post-seed topology

@@@ 0a2mO OalmO

® © TANE

& © &) ol
@ @ ‘@’0

(a) Candidate ranging graph

Q Unselected responder Current candidate O Selected node

Inactive link Newly induced link —— Induced active ranging link

Figure 4. Illustration of induced-topology evolution from the candidate ranging graph to an observ-
able seed and subsequent post-seed refinement. Colors distinguish selected nodes, unselected mobile
nodes, candidate links, induced active ranging links, and the links newly induced by the highlighted
candidate; the detailed decision logic is given in Algorithm 1. The numbers denote mobile-node IDs.

The proposed procedure is treated as a computationally efficient greedy heuristic for
engineering implementation. For the general optimization problem

ISnCHCl tr {TO(S)_l}.
|S[=K

the inverse-trace A-optimal objective is not generally submodular without additional
structural assumptions. In particular, the information contribution of a candidate node
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may depend on the currently selected node subset and the corresponding induced ranging
topology. Therefore, no general constant-factor approximation guarantee is claimed for
the proposed method. Instead, the solution quality of the proposed greedy heuristic is
evaluated empirically through repeated exhaustive-search comparisons in small-scale
networks and paired Monte Carlo experiments under different operating conditions.

For the following complexity analysis, the candidate graph G. = (C, &) is represented
using adjacency lists together with a Boolean active-link mask. The projected weighted
information vector a, € R% is precomputed for each candidate ranging link e € &..

Candidate nodes are evaluated sequentially in the complexity bounds reported below.
Parallel candidate evaluation is possible within one greedy iteration, but its additional
synchronization and memory costs are not included in the serial bounds.

3.3. Algorithm Complexity and Scalability Analysis

The complexity depends on the candidate-node count, graph density, gauge-free
dimension, update width, and resource-screening cost. The main quantities are N = |C|,
Me = |&|, do = 3N —dg, kseed = |Sseed|, and Kout = |Sout| < K. Under a fixed-K
experiment with loose resource budgets, Kout = K; otherwise a resource constraint may
cause Koyt < K. Atiteration t, 7; C C \ &; is the resource-feasible candidate set, n; = | F|
is the number requiring method-specific evaluation, and r;; = |A&;(S;)| is the number of
newly activated links for candidate i. Define rmax = max;;r;;. Since 7;; is the number of
columns of U;(S;), the algebraic rank of an information increment is at most r; ;.

3.3.1. Preprocessing Complexity

Preprocessing consists of candidate-graph construction, gauge-free basis construction,
and precomputation of projected per-link vectors. Direct pairwise graph construction costs
O(N?), although this term is replaced by the corresponding graph-construction cost when
the graph is supplied externally or obtained through spatial indexing. With G € R3N*s,
Q, € R3N*d and dy < 6, constructing the explicit orthogonal complement requires
approximately O(Nd,d,) operations. Each projected vector

a, = V@, QIh! ¢ R%

can be formed in O(d,) time by exploiting Jacobian block sparsity, so all M. vectors require
O(M,d,). The total direct-graph preprocessing cost is therefore

Cpre = O(N? + Ndodg + Med ). (39)

When the candidate graph is already available, the O(N?) term is omitted.

3.3.2. Complexity of Exhaustive Search

For fixed cardinality |S| = K, exhaustive search evaluates Ny, = (II\J ) subsets; for the

general |S| < K case, up to ./\/'e(iK) =y K, (1)) subsets may require consideration before
resource pruning. For one subset, induced-link and resource evaluation costs at most
O(M,), accumulation of rank-one projected information contributions costs O(M(S)d?),
and dense numerical-rank plus inverse-trace evaluation costs O(d3). A fixed-cardinality

upper-order expression is therefore

Coi = O [ (Ilf) (Me+ Mo + ds)] . (40)
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Resource constraints reduce the feasible set in practice but do not remove worst-case
combinatorial growth, so exhaustive search is used only for repeated small-scale optimality-
gap verification.

3.3.3. Resource-Feasibility Screening Cost

Let deg, (i) denote the candidate-graph degree of node i. For an unselected candidate,
newly activated links and the increments AM;, AT ;, and ACy, ; are obtained by scanning
its incident candidate links, giving O(1 + deg_ (7)) screening cost. At iteration ¢,

Cscreen,t =0 (N - t) + Z degc<i)
iEC\St

= O(N + Mc),
because the degree sum is at most 2M,. Over the full procedure,
Cscreen = O[Kout(N + Mc)]

This dependence exposes the role of graph density: M, = O(N) for a sparse graph but can
reach O(N?) in a dense graph.

3.3.4. Complexity of Observable-Seed Construction

Before the projected matrix reaches full gauge-free rank, the inverse-trace objective is
unavailable. Stage I therefore compares the numerical rank increase and minimum retained
positive eigenvalue produced by each resource-feasible candidate. For candidate 7 at seed
iteration t,

Jo(SrU{i}) =Jo(Sh) + Ui(S)Ui(Sh)T.

Explicit formation costs O(d2r;;), while a dense symmetric eigendecomposition for the
rank and minimum positive eigenvalue costs O(d3) per candidate. Hence

kseed_l
cseed=0[ Y ¥ (dre+dd)],
t=0 ieF;

and using ny < N —tand 7;; < max gives

Cseed = O [kseedN(dtz)rmax + dg>:| . (41)

This seed cost is part of the complete method; the recursive A-optimal complexity below
applies only after a full-rank seed exists. A rank-revealing incremental factorization could
reduce the seed-stage cost but is not assumed in the reported bound.

3.3.5. Post-Seed Greedy Evaluation with Direct Inversion

After seed construction, a direct-inversion implementation evaluates each feasible can-
didate by forming and inverting its complete projected information matrix. For candidate
i at iteration f, forming the low-rank increment costs O(d?r; ;) and directly inverting the
resulting d, x d, matrix costs O(d3). Consequently,

Kout -1

Yo Y (dris+dd)

t=Kgeeq 1€ Ft

Cdirect =0

7
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with upper bound
Cairect = O [(Kou’f - kseed)N (dgrmax + d?))} : (42)

3.3.6. Post-Seed Greedy Evaluation with Woodbury Updates

For candidate i at iteration t, U;(S;) € R%*"it contains the projected vectors of newly
activated links and P; = J,(S;) ~!. One Woodbury candidate evaluation requires O (d2r; ;)
for P;U;, (’)(dorl%t) for the inner product, (’)(r?, t) for inversion of the inner matrix, and
the same leading-order multiplication terms for the trace correction and inverse update.
Therefore,

CH® = O(@ris + dor?, +13,). (43)

The exact post-seed recursive cost is
Kout—1

2 2 (d%ri,t + d"”iz,t + T’?,t>

t=Kgeeq 1€ Ft

7

CA:O[

and the bounds n; < N —tand r;; < rmax yield

CA =0 [(KOUt - kseed)N
(44)
X (d%rmax + dorfnax + rf’nax)] .

For a sparse bounded-degree candidate graph, rmax is effectively constant and M. = O(N),
reducing the post-seed stage approximately to O[(Kout — kseeq) Nd2]. This simplification
does not apply automatically in a dense network, where rmax can grow with N.

3.3.7. Total Time Complexity of the Proposed Procedure

Combining preprocessing, resource screening, seed construction, and post-seed recur-
sive evaluation gives Ciotal = Cpre + Cscreen + Cseed + Ca, OF explicitly

Ciotal = O {NZ + Ndodg + Med,
+ Kout(N + Mc)

kseed71
3T () )
t=0 icF;

Kout—1 :l

2 2 3
+ )y X (dori,t +doriy + ri,t)
t:kseed ieF;

Equation (45) shows that the method avoids combinatorial subset enumeration but still de-
pends on candidate-graph density, resource screening, observable-seed size, and iteration-
dependent update widths. The compact O(KNd?2) expression is therefore only an approxi-
mate post-seed description under a sparse bounded-degree graph, not the unconditional
complexity of the complete algorithm.

3.3.8. Space Complexity

For serial evaluation, adjacency lists and active-link masks require O(N + M, ) storage,
the explicit gauge-free basis requires O(Nd, ), projected per-link vectors require O(M.d,),
and the current projected information matrix plus inverse require O(d2). The largest
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temporary Woodbury matrices require O(dormax + 72ax)- Hence the total serial space
complexity is
Cspace = O(N + M. + Nd, + M.d,

(46)
+ 2 + doTmax + Py -

A dense B, € R%*4 is not stored for every candidate link because that would require
O(M_.d?) memory; only a, is retained and its rank-one contribution is formed when needed.
Likewise, no fixed candidate-node increment is stored because AE;(S;) and U;(S;) depend
on the current selected node subset. Parallel evaluation within an iteration would require
additional memory proportional to the number of concurrent candidates; the bound in
Equation (46) assumes sequential candidate evaluation.

As summarized in Table 2, exhaustive search retains combinatorial dependence on
the candidate-node number. The proposed heuristic replaces subset enumeration with
sequential candidate evaluation and uses low-rank recursive updates after a full-rank
observable seed has been constructed.

Table 2. Complexity comparison of exhaustive and greedy cooperative sensor node pre-selection

procedures.
Procedure Time Complexity Main Dependence
Preprocessing O(N? + Nd,dg + Mcd,) Graph, gauge basis, and per-link vectors
Fixed-cardinality exhaustivesearch O | (¥) (M. + M.d? + d3) Combinatorial subset enumeration
Resource-feasibility screening O[Kout(N + M.)] Candidate graph and resource budgets
Observable-seed construction O| Ltk oy Lier (d?rip + d3) Rank and eigenvalue tests
Post-seed direct-inversion greedy @] Lok oy LicF; (d3riy +d3) Full candidate inversion
Post-seed recursive greedy (@] ):,steed Yier, (dgr,,f +d, r,?/, + rﬁt)} Woodbury update width
Sparse bounded-degree special case O [(Kout — Kseed ) Nd?] Post-seed stage only

The resulting procedure is polynomial in the number of candidate evaluations, but its
practical runtime is not determined by N alone. Candidate-graph density, the observable-
seed stage, resource screening, and the distribution of r;; also affect the computational
cost. Consequently, no unconditional real-time claim is made solely from the asymp-
totic expression. Empirical runtime and memory measurements are reported in the
scalability experiment.

Candidate evaluations within the same iteration are conditionally independent given
the current selected node subset and may be parallelized. However, the experiments in
this paper use a serial implementation so that all reported running times correspond to the
complexity model derived above.

4. Simulation Validation
4.1. Experimental Settings and Evaluation Metrics

To evaluate the proposed G-GDOP-based UWB cooperative sensor node pre-selection
method, simulation experiments are conducted in a controllable three-dimensional envi-
ronment. The experiments evaluate the applicability boundary of G-GDOP, information—
accuracy-resource trade-offs under selected-node and ranging-slot budgets, repeated small-
scale comparisons with exhaustive enumeration, robustness to Gaussian ranging noise,
heterogeneous ranging noise, and NLOS bias, sensitivity to predicted positions and link-
quality estimates, and computational scalability.

4.1.1. Simulation Scenario and General Parameter Settings

A three-dimensional UWB cooperative localization simulation environment is con-
structed in this study. The simulation region is set as 1000 m x 1000 m x 300 m. Simulated
UAV-borne sensor nodes are uniformly and randomly distributed in the three-dimensional
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space. When the distance between two nodes is smaller than the communication/ranging
radius R, an effective UWB ranging link is assumed to be established between them. Un-
less otherwise specified, the default total number of nodes is set to N = 30, and the default
number of selected nodes is set to K = 10. Unless otherwise specified, the experiments
use the anchor-free range-only formulation: all N mobile nodes remain in the localization
state, K nodes are scheduled as active UWB ranging initiators, and the corresponding
active links are induced by that selection. Each Monte Carlo trial represents one static
network snapshot; closed-loop UAV motion and communication dynamics are outside
the present simulation scope. The G-GDOP, A-optimal, and D-optimal criteria use the
gauge-free projected Fisher information matrix and full-rank observability test defined in
Section 2.3. For localization-error evaluation, the estimated configuration of all N mobile
nodes is rigidly aligned with the corresponding ground-truth configuration before the
RMSE is calculated. Hence, the reported RMSE measures the recovery accuracy of the
complete mobile-node configuration under the ranging topology induced by the selected
nodes, rather than the error of only the selected nodes. Table 3 lists the general simulation

parameters used in this study.

Table 3. General simulation parameter settings.

Parameter Description Default Value

Simulation region Three-dimensional cooperative localization space 1000 m x 1000m x 300 m

N Total number of UAV-borne mobile sensor nodes 30

K Number of selected nodes 10

Rc Communication/ranging radius 450m

o Standard deviation of ranging noise 0.1m

Node distribution Spatial distribution of UAV nodes Three-dimensional random distribution

Localization scenario

Cooperative localization mode

Anchor-free full-state inter-node ranging
localization

RMSE calculation

Error calculation method

Calculated for all N mobile nodes after
rigid alignment

Information metric calculation

Treatment of rigid-body gauge directions

Gauge-free projection with a numerical
full-rank test

Gauge-rank threshold

Relative singular-value threshold for G

T, = 10710

Projected-FIM rank threshold

Relative eigenvalue threshold for J,

77 =108

Active-link budget

Maximum number of induced active links

Experiment dependent

Ranging-slot model

Slot occupation of one active ranging link

se = 1 by default

Ranging-slot budget

Maximum total ranging-slot occupation

Experiment dependent

Selected-node cost

Normalized cost of one selected node

c?c’de = 1 in the illustrative cost model

Active-link cost

Normalized cost of one induced ranging link

clink — 1 in the illustrative cost model

General resource budget

Maximum normalized resource cost

Experiment dependent

Monte Carlo trials Number of paired trials per operating condition Ryme = 100
Bootstrap repetitions Number of bootstrap resamples Bpoot = 10,000
Runtime repetitions Repeated executions after one warm-up run 10

Statistical summary

Primary summary for continuous metrics

Median and pointwise 95% bootstrap CI

Binary-rate interval

Confidence interval for feasibility and success rates

95% Wilson CI
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The UWB ranging-noise parameters are chosen to represent decimeter-level UWB
ranging accuracy and the degradation of ranging precision under LOS/NLOS conditions.
The simulation region, node scale, and communication/ranging radius are used to construct
a controllable three-dimensional cooperative ranging network. Their effects will be further
analyzed in the subsequent node-budget experiment, noise robustness experiment, and
scalability experiment.

4.1.2. UWB Ranging Error and Estimated Link-Quality Settings
For each measurable UWB link e = (i,]), the simulated observation is generated
according to
ze = ||pi — pj|, + be + ne, nQNN(O,Uez). (47)

Three ranging-error regimes are considered. First, in the homoscedastic Gaussian-
noise experiments, all active links use

0, = 0.10 m, b, =0.

Second, in the heteroscedastic random-noise experiment, the links are divided into LOS,
wLOS, and NLOS/degraded classes with proportions of 50%, 30%, and 20%, respectively.
Their random-error standard deviations are set to 0.05 m, 0.10 m, and 0.30 m, while all
systematic bias terms are set to zero. Third, in the NLOS-bias experiment, the same link
classes and random standard deviations are retained, and a positive bias is introduced only
into the NLOS/degraded links:

0, ¢, € {LOS, wLOS},
bNLOS/ Ce = NLOS,

be =

where
bnros € {0.30, 0.50, 0.70, 1.00} m.

Two link-quality information settings are considered. In the oracle setting, the true class
and true random-error variance are provided to the pre-selection method. This setting is
used only as an ideal upper-reference benchmark for evaluating the weighting mechanism.

In the practical estimated-quality setting, the link class is imperfectly identified. Let
1 € [0,1] denote the adjacent-class misclassification probability. The class-confusion matrix
is defined as

1—-79 n 0
T(p)=|n/2 1-n 3/2], (48)
0 o 1=n
where the rows correspond to the true classes {LOS, wLOS,NLOS} and the columns
correspond to the estimated classes.

In addition to class misclassification, a relative standard-deviation estimation error is

introduced as
O = max{ogg(l—i-ee),amin}, €e Nu(_PIP)/ (49)

where p controls the variance-estimation uncertainty and omin > 0 prevents a nonphysical
nonpositive standard deviation. The confusion matrix and variance perturbation form
a controlled sensitivity model rather than a trained LOS/NLOS classifier or a complete
non-Gaussian UWB channel model. Thus, the experiment tests the effect of imperfect
quality information within the prescribed model, while validation with classifier outputs
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and measured UWB error distributions remains outside the scope of the present study. The
estimated weight supplied to the practical pre-selection method is
0
We = 2

All competing methods in a paired Monte Carlo trial use the same node topology, true
link classes, random ranging noise realization, NLOS bias realization, and estimated-quality
realization. The physical UWB measurements are generated using the true random-error
covariance Rs. The practical weighted pre-selection method and the practical weighted
nonlinear localization solver use Rg. The true covariance is supplied to a method only
when that method is explicitly labeled as an oracle benchmark. In the unmodeled-NLOS-
bias stress test, the injected positive bias magnitude is not included in the selection weights
and is not supplied to the nonlinear localization solver. Thus, bs = 0 and the experiment
evaluates sensitivity to a residual systematic error rather than an oracle bias-aware estimator.
Therefore, performance differences within each trial are caused by the pre-selection strategy
rather than by independently generated random conditions.

4.1.3. Controlled Predicted-Position Uncertainty Experiment

A controlled predicted-position uncertainty experiment is introduced to quantify how
errors in the geometry available to the online pre-selection algorithm affect the information
objective, selected node subset, observability assessment, and downstream nonlinear
localization. For each of the Ry;c = 100 paired Monte Carlo trials, the true node positions
p; are generated once. A trial-specific standardized position-error realization z; ~ N(0,I3)
is also generated once and is shared across all tested uncertainty levels. The predicted
position used by the online selector is constructed as

pi(op) = pi +0pz;, (50)

where 0, denotes the per-coordinate standard deviation of the prediction error. The tested
levels are
0, €{0,05,1,2,5,10, 20, 40} m.

The default prediction-error setting used in the preceding experiments corresponds to
0p = 2 m per coordinate.

To isolate predicted-geometry uncertainty from topology-discovery and link-quality-
estimation errors, the true node configuration, candidate ranging graph, link-quality classes,
ranging noise realization, resource parameters, localization initialization, and standardized
position-error directions are held fixed across all 0}, levels within the same trial. The
candidate graph is constructed once from the true node configuration using R. = 550 m
and is not regenerated from the perturbed predicted positions. The experiment uses
N = 30 nodes, a selected-node budget of K = 10, the heterogeneous link classes in Table 4,
zero link-quality estimation error (§ = p = 0), and no injected systematic NLOS bias. Thus,
the controlled variable is the geometry supplied to the pre-selection stage.

Table 4. True UWB link-quality classes and ranging-error parameters.

Link Class Proportion Random-Error Standard Deviation Systematic Bias
LOS 50% 0.05m 0
wLOS 30% 0.10 m 0
NLOS/degraded 20% 0.30 m 0 or 0.30-1.00 m
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At each uncertainty level, the practical Weighted G-GDOP method constructs the
gauge-free basis, ranging Jacobian, observability test, and A-optimal objective using p;(c}).
A true-geometry reference is obtained by running the same Weighted G-GDOP greedy pro-
cedure with p; = p;, while keeping the candidate graph, link weights, resource constraints,
and all other trial-level quantities unchanged. This reference is therefore a geometry-
knowledge reference for the same greedy method rather than a globally optimal subset.

For the selected node subset obtained using predicted geometry, Spreq, the absolute
relative mismatch between the online objective and the objective evaluated for the same
subset under true geometry is

~ d ~t —
cb]:[;re (Spred ) - [:ue seom (Spred )

dp = e
(Df:ue seom (Spred)

(51)

Both quantities in Equation (51) use the same estimated link weights; only the geometry
used to construct the projected information matrix is changed. Subset agreement with the
true-geometry reference selected node subset Sirye is quantified using

‘Spred N Strue
]Sub = ‘—

. (52)
Spred U Strue

The information-quality loss caused by geometry-dependent subset selection is additionally
measured under true geometry as

a\)true-geom (Spred ) B (/I\)Kue-geom (S’ff ue )

A = A P (53)
(o cIi:ue geom ( Strue)

The same selected node subset obtained using predicted geometry is also checked for
observability under both predicted and true geometry using the common projected-FIM
rank threshold 7;. Nonlinear localization is then performed with the common downstream
solver, and the paired RMSE difference is defined as

ARMSE = RMSE;req — RMSEirue-geom. (54)

Observability-status changes, additional selection or localization failures relative to the
true-geometry-reference-success trials, and the contributing sample counts are retained
explicitly. Continuous metrics are summarized by the median and pointwise 95% percentile
bootstrap confidence interval, whereas binary rates use the common 95% Wilson interval
defined in the paired Monte Carlo protocol.

4.1.4. Comparison Methods and Ablation Versions

To comprehensively evaluate the performance of the proposed method, the compar-
ison set includes Random Selection, Nearest Neighbor, Max-Min Distance, D-Optimal,
Feasible Traditional GDOP, Unweighted G-GDOP, Weighted G-GDOP, and the All-Node
Reference. Meanwhile, to verify the effects of topology-coupled modeling and heteroscedas-
tic link-noise weighting in the proposed model, two ablation versions, namely Unweighted
G-GDOP and Weighted G-GDOP, are introduced for comparison. Table 5 summarizes the
comparison methods and G-GDOP variants used in the subsequent experiments.
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Table 5. Comparison methods and G-GDOP variants.

Method Description

Randomly constructs one size-K selected node subset in
each paired Monte Carlo trial using a pre-generated

Random Selection random seed and the same common resource-feasibility
screening. An unobservable or localization-failed result
is retained as a failure and is not redrawn.

Nearest Neighbor A distance-priority local greedy node selection strategy.

A geometric dispersion method that maximizes the

Max-Min Distan 2. .
stance minimum distance among the selected nodes.

A node selection method that maximizes the

D-Optimal determinant of the information matrix.
Feasible Traditional A resource-feasible node selection method based on
GDOP minimization of the traditional GDOP metric.
A G-GDOP-based method that considers
Unweighted G-GDOP topology-coupled multi-node information but does not

use heteroscedastic link-noise weighting.

The proposed G-GDOP-based method that jointly
Weighted G-GDOP considers topology-coupled information and
heteroscedastic link-noise weighting.

Activates all candidate nodes and all available induced
All-Node Reference ranging links. It is used as a resource-unconstrained
reference rather than as an accuracy upper bound.

For a fair comparison, all-node pre-selection methods except the All-Node Reference
are evaluated under the same node budget K. In the heteroscedastic link-noise ablation
experiment, the comparison between Feasible Traditional GDOP and Unweighted G-GDOP
is used to analyze the effect of topology-induced multi-node coupling. The comparison
between Unweighted G-GDOP and Weighted G-GDOP is used to analyze the contribution
of heteroscedastic link-noise weighting.

In the resource-constrained experiments, all competing sequential selection methods
use the same candidate graph, selected-node budget, induced-link budget, ranging-slot
budget, residual-energy threshold, and general resource-cost budget. A candidate that
would violate any common budget is removed from the feasible candidate set before the
method-specific selection score is evaluated.

For exhaustive search, only subsets satisfying all common resource and local observ-
ability constraints are enumerated. The All-Node Reference is reported as a resource-
unconstrained reference and is not included as a feasible competitor when its resource
consumption exceeds the prescribed budget.

4.1.5. Nonlinear Localization Backend Used for RMSE Evaluation

The nonlinear localization backend is used only to evaluate the ranging topology
returned by a pre-selection method; it does not provide ground-truth geometry, an objective
value, or an initialization to the selector. Within each paired trial, every competing method
uses the same localization backend and the same trial-level initialization protocol.
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A classical multidimensional-scaling (MDS) configuration is first constructed from
the finite symmetric pairwise-range matrix supplied to the localization subproblem. Let D
denote this range matrix and H. = Iy — 1 NII{] / N. The double-centered Gram matrix is

B - _%Hc(D @ D)Hc.

After numerical symmetrization, the three largest nonnegative eigenvalues and their eigen-
vectors form the three-dimensional MDS initialization; a rank-deficient result is padded
with zero coordinates. If this initialization is invalid, a centered random initialization with
scale determined by the median positive range is used. Ground-truth coordinates are not
used to initialize MDS or the iterative estimator. The diagnostic backend does not perform
method-specific oracle completion of missing measurements: a localization subproblem
that cannot provide the required finite input is retained as a localization failure.
The subsequent weighted Gauss—-Newton stage minimizes

where b, = 0 in the unmodeled-bias stress test. At iteration g, the damped normal
equations are
TW — ulw —10-4
(HIWH, +A1)6; = H]Wr;,  A=10"

The maximum iteration number is 50. Iteration terminates when ||64]|> < 107> or when the
change in residual norm is below 10~°. A normal system with reciprocal condition number
below 10712, an empty usable Jacobian, or a nonfinite update is treated as a solver failure
rather than being repaired using true coordinates.

Because range-only localization is identifiable only up to a rigid transformation, the
final estimate is aligned to the ground-truth configuration solely for RMSE evaluation
by an SVD-based orthogonal Procrustes transform with translation and rotation but no
scaling; reflections are rejected. A trial is classified as localization-success only when
the backend returns a finite N x 3 estimate and the rigid-aligned RMSE is finite. Failed
trials are retained in status accounting and are not regenerated. This common backend
is a diagnostic evaluation tool, not a claim that MDS-Gauss—Newton is the only or pre-
ferred downstream estimator; factor-graph and incremental-smoothing validation remains
future work.

4.1.6. Evaluation Metrics and Statistical Settings

To evaluate the performance of different cooperative sensor node pre-selection meth-
ods from multiple perspectives, this study adopts localization accuracy, the A-optimal
metric, the G-GDOP metric, running time, and the proportion of NLOS/degraded links as
evaluation metrics.

Localization accuracy.

Let ﬁiah denote the estimated position of mobile node i after rigid alignment with the
ground-truth configuration, and let p; denote its true position. The full-state localization
RMSE is defined as

RMSE — | L3 |52l — p |2 55
N EHPZ pl”?_‘ ( )
1=
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The RMSE is calculated over all N mobile sensor nodes, including both the selected
nodes and the unselected ranging responders. Therefore, changing the selected-node
budget K changes the measurement topology but does not change the set of states included
in the RMSE calculation.

Online A-optimal selection metric.

For a feasible topology induced by the selected node subset, the practical online
A-optimal selection metric is

~

Ba(8) = 7 ul($) 7). (56)

This metric is constructed from predicted coordinates and estimated link-error vari-
ances and is used by the practical pre-selection algorithm.

Oracle true-covariance A-optimal metric.

For diagnostic evaluation, the selected node subset is also assessed under the true
random-error covariance:

Paine(S) = 7 u[13($)7]. 7)

This metric is unavailable to the practical online algorithm and is reported only to
quantify the effect of covariance-estimation errors.

First-Order Local RMSE Surrogate Under Model Mismatch

The first-order local RMSE surrogate is calculated using Equation (15). It incorporates
the true physical random-error covariance, the covariance used by the practical estimator,
and the residual bias vector. This metric is used only as a secondary diagnostic and is not
substituted for the actual nonlinear localization RMSE.

Generalized GDOP metric.

For a feasible topology induced by the selected node subset, the generalized GDOP
metric is defined as
G-GDOP(S) = y/tr[Jo(S)71]. (58)
This metric describes the local error amplification level in the gauge-free coordinates under
the joint effects of link geometry, network topology, and estimated link-quality weighting.
Induced active-link number.

The number of induced active ranging links is evaluated as

This metric measures the number of UWB ranging operations activated by the selected
node subset.

Ranging-slot occupation.
The total ranging-slot occupation is evaluated as

Tslot(S): Z Se-

ec&(S)

In the default unit-slot experiment, s, = 1, so that T (S) = M(S). A nonuniform-slot
sensitivity experiment may assign different s, values to different ranging protocols or
link-quality classes.
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General resource cost.

The normalized general resource cost is evaluated using Equation (26). Because this
quantity is an engineering cost proxy rather than a hardware-calibrated energy measure-
ment, the raw selected-node number, induced-link number, and ranging-slot occupation
are reported together with it.

A-Optimal Quality Retention and Resource Saving

The dimensionless A-optimal quality-retention ratio Qa (S) and the resource-usage
ratios Plink, Pslot- and pres are used to characterize the information—resource trade-off relative
to the All-Node Reference.

Selection-Stage Running Time

The reported running time includes only the cooperative sensor node pre-selection
procedure. UWB measurement generation, nonlinear localization, rigid alignment, result
serialization, and figure generation are excluded.

For the proposed method, the following runtime components are recorded separately:

candidate-graph and per-link-vector preprocessing time;
resource-feasibility screening time;

observable-seed construction time;

post-seed A-optimal candidate-evaluation time; and

SAEERC I

total pre-selection time.

Each timing instance is executed once for numerical-library warm-up and is then
repeated ten times using exactly the same input data. The median of the ten repeated mea-
surements is retained as the trial-level running time. Across paired Monte Carlo trials, the
reported point estimate is the median of the trial-level running times, and the uncertainty
band is the corresponding pointwise 95% percentile bootstrap confidence interval.

Graph and Update-Structure Indicators

To interpret the observed runtime, the following structural quantities are recorded for
every trial:

Mc == |gc|/
- ZMC
Pe= NIN—1)"

Kout -1

Neyal = Z |‘Ft|/
t=0

- Y LicF Tit
Neval ’
and
Fmax = Maxg.
The observable-seed size kg.oq and the returned selected-node count Koyt are also recorded.
These quantities allow the empirical running time to be interpreted together with the

theoretical complexity terms.

Peak Memory Consumption

Peak memory consumption is recorded during the pre-selection stage. The mea-
surement excludes the memory used by nonlinear localization, plotting, and result files.
The reported value is used to evaluate the practical influence of explicitly storing Q,, the
per-link projected vectors, and the current inverse information matrix.
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Proportion of NLOS/Degraded Links
The proportion of NLOS/degraded links is defined as
Nsel
PNLOS = I\I]\ISI;?S , 59)
link

where Nf{?ﬁos denotes the number of NLOS/degraded links in the subnetwork induced
by the selected node subset, and leiﬁlk denotes the total number of effective ranging links
in the subnetwork induced by the selected node subset. This metric is used to evaluate
whether a method can reduce the inclusion of low-quality ranging links in the cooperative
localization subnetwork.

4.1.7. Paired Monte Carlo Protocol, Failure Handling, and Statistical Reporting

Unless otherwise stated, each operating condition is evaluated using Ryjc = 100 paired
Monte Carlo trials. For the r-th trial, the true node configuration, predicted node con-
figuration, candidate ranging graph, true link-quality classes, estimated link-quality real-
ization, standardized ranging noise realization, NLOS-bias realization, resource parame-
ters, and nonlinear localization initialization are generated only once and are shared by all
competing methods.

The true node coordinates are used only to generate the physical UWB measurements
and to calculate the rigid-aligned full-state localization RMSE. All practical pre-selection
methods construct their ranging Jacobians and online information matrices using the same
predicted node coordinates. Similarly, the true link-error covariance is used to generate
the physical ranging errors, whereas a practical weighted method uses the same estimated
link-error covariance available in that trial. The true covariance is supplied only to methods
explicitly labeled as oracle benchmarks.

Common random numbers are also used across parameter levels whenever the cor-
responding physical interpretation permits. In the Gaussian noise sweep, a standardized
realization g,ﬁ’) is generated once and scaled by the specified noise standard deviation.
In the NLOS-bias sweep, the node topology, link classes, standardized random errors,
estimated link-quality realization, and localization initialization are held fixed while only
the injected bias magnitude is changed. In the node-, link-, and ranging-slot-budget sweeps,
the candidate topology and measurement realization are kept unchanged within each trial.

No method-specific trial regeneration is permitted. If a method cannot construct a
selected node subset satisfying the common resource constraints, the result is recorded as
resource-infeasible. If the returned projected information matrix does not satisfy

1’0(8) = do,

the result is recorded as unobservable. An unobservable matrix is not made artificially
invertible through numerical regularization. If the nonlinear localization solver does not
converge to a finite solution, or if the rigid-aligned RMSE is non-finite, the result is recorded
as a localization failure. Failed trials are not replaced by newly generated topologies, noise
realizations, or initial values.

The resource-feasibility rate, observability rate, selection-success rate, and nonlinear
localization success rate are calculated using all Ryc common trials as the denominator.
These binary rates are reported together with 95% Wilson confidence intervals.
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For a continuous metric y, the reported point estimate for method m is the median
over the trials in which that metric is defined:

(r)

~ . r
Ym = median,cy,, Vi’ -

Here, V), is the set of trials in which the metric is defined. Information matrix metrics are
summarized over observable trials, whereas nonlinear localization RMSE is summarized
over localization-success trials. The number of contributing trials is reported with every
continuous summary.

Uncertainty intervals for continuous metrics are calculated using Bpoot = 10,000 percentile-
bootstrap repetitions. Monte Carlo trial indices are resampled with replacement. Within one
bootstrap repetition, the same resampled trial indices are applied jointly to all competing
methods so that the within-trial pairing is preserved. The 2.5th and 97.5th percentiles of
the bootstrap distribution form the pointwise 95% confidence interval.

For a pairwise comparison between method m and reference method b, only trials
in which both methods provide a valid value are used. The paired median difference is
defined as

Zm/b = medianrevmmvb (yﬁp — yl(;r)).

Its 95% confidence interval is obtained by jointly resampling the paired trial indices. The
number of common valid trials 71p,;; is reported for every pairwise comparison.

Unless otherwise stated, curves and point estimates show medians, and shaded
regions or error bars show pointwise 95% bootstrap confidence intervals. Interquartile
ranges may be shown only as supplementary distributional summaries and are not used as
the primary uncertainty intervals.

4.1.8. Computational Environment

Since the experiments in this study include running-time comparisons, all formal
experiments are conducted under a unified computational environment to ensure the
interpretability of the computational-efficiency evaluation. The Exp01-Exp09 selection,
evaluation, and reporting pipelines use the validated ggdop_core_step9 backend under
Python 3.13.12 on a 64-bit Windows 11 computer equipped with an AMD Ryzen 7 4800U
processor (Advanced Micro Devices, Inc., Santa Clara, CA, USA) and 16 GB DDR4-3200
memory. The reported running time is the median pre-selection time obtained from
ten repeated executions for each network topology after one numerical-library warm-up
run. All methods are executed serially under the same process and numerical-thread
configuration. Measurement generation, nonlinear localization, rigid alignment, plotting,
and file serialization are excluded from the reported pre-selection time.

4.2. Simulation Results
4.2.1. Applicability Boundary and Local Diagnostic Consistency

Table 6 summarizes the applicability boundary and the local diagnostic behavior of
G-GDOP. In the global diagnostic set, the median G-GDOP was 24.95 [19.97, 28.34], and
the topology-level median RMSE was 0.419 [0.326, 0.482] m. The local analysis yielded
median values of 0.1316 [0.0896, 0.1737] for the CRLB proxy and 0.2723 [0.1976, 0.3419] for
the empirical local MSE. The clearest ordering appeared in the normalized local RMSE,
which increased from 0.698 [0.673, 0.752] in the Low group to 1.014 [0.999, 1.068] in the
Medium group and 1.980 [1.806, 2.180] in the High group. This ordered separation supports
the use of G-GDOP as a ranking indicator within the tested domain, without implying a
coefficient-based global association. The same-topology ordering is visualized in Figure 5.
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Table 6. Applicability-boundary and local-diagnostic summaries for G-GDOP.
Global Applicability Diagnostics
Metric Valid Samples Median [95% CI] Unit
G-GDOP 59 24.95[19.97, 28.34] -
Topology-level median 59 0.419 [0.326, 0.482]
RMSE
Local Diagnostic Consistency
Metric Valid Samples Median [95% CI] Unit
Local CRLB proxy 59 0.1316 [0.0896, 0.1737] m?
Empirical local MSE 59 0.2723 [0.1976, 0.3419] m?
Within-Topology Ranking
G-GDOP Group Valid Samples Normalized Local RMSE [95% CI]
Low 20 0.698 [0.673, 0.752]
Medium 20 1.014 [0.999, 1.068]
High 20 1.980 [1.806, 2.180]

Notes: Lower values indicate better information quality or localization accuracy. Shared non-success cases remain
in the formal status accounting. The local CRLB proxy is 03 4 and therefore has unit m?. Empirical local MSE is
the median squared rigid-aligned RMSE over successful diagnostic repetitions and also has unit m?. Normalized
local RMSE is dimensionless. The table reports ordered groups only and does not report Pearson, Spearman, or
coefficient-of-determination statistics.

2.5 A

2.0 A

1.54

—

o}

Topology-normalized local RMSE

0.5 A

Low Medium High
G-GDOP group

Figure 5. Same-topology ranking validation of G-GDOP. Topology-normalized local RMSE is shown
for the Low, Medium, and High G-GDOP groups.

4.2.2. Information-Accuracy—Resource Trade-Offs

The node- and ranging-slot-budget results in Table 7 reveal the expected information—
accuracy-resource trade-off. For Weighted G-GDOP, increasing K from 6 to 20 raised the
median number of active links from 109 to 214 and the median runtime from 0.0578 to
0.0963 s, while reducing the median normalized objective from 7.994 to 0.777 and the
median RMSE from 0.550 to 0.148 m. Relaxing the ranging-slot budget from Bg,; = 0.45
to 1.0 produced a corresponding change: the active-link count increased from 112 to 214,
whereas the objective and RMSE decreased from 6.694 to 0.777 and from 0.435 to 0.148 m,
respectively. At K = 20, Weighted G-GDOP activated 214 links, compared with 229 for
the All-Node Reference, and achieved median objective and RMSE values of 0.777 and
0.148 m; the corresponding all-node values were 0.745 and 0.143 m. Shared non-success
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cases remain included in the formal status accounting and are not attributed to individual
methods. Figures 6 and 7 show the corresponding runtime growth and RMSE reduction as
K increases.

Table 7. Information—accuracy—resource trade-offs under node and ranging-slot budgets.

Node-Budget Trade-Off

K Method Links Norm. objective RMSE (m) Time (s)
6 Weighted G-GDOP [105.2)??15.5] [5,632? ;;1,360] [0.435?%(.)814] [0.05% 5 07.%584]
8 Weighted G-GDOP [124.2),23;31.0] [3.4;12%?399] [0.285?%)?368] [0.06(;5(3),6 (%693]
10 Weighted G-GDOP [142.2)%?49.0] [1.721;124.1144] [0.285%?).3249] [0,07%;),7(?.%764]
12 Weighted G-GDOP [157.3),61166.0] [1.15145??416] [0.12)'7%%.7201] [0.07%3,8 (%819]
15 Weighted G-GDOP [178.3)??88.0] [0.88'7?61?005] [0.12;%(.)170] [0.08%2,8 07.3887]
20 Weighted G-GDOP [206.?),142118‘0] [0.73:'3%.7819] [0.1254(1).8159] [0.09%29 (?.?)975]
20 All-Node Reference [224.3,2337.01 [0.6354(1)?783] [0.1;)3%)?156] [000%20 (?.?)035]
Ranging-Slot-Budget Trade-Off
0.35 Weighted G-GDOP [96.09,696.0] [99.3?197',3 ;197.347] [10.415(31',4 1!5(;1.454] [0.04%;) ,4 (?.10491]
0.45 Weighted G-GDOP [107.(1),1%15.01 [4.7267',6 19 f.572] [0.32;?)?565] [0.05%;),5 (?.?)605]
0.55 Weighted G-GDOP [125.3),2531 0] [34033’65,25?098] [o.zgé%%fsm] [0.06%) ,6 (?%699]
0.70 Weighted G-GDOP [156.(1),6} 65.0] [1412;43,’11%451] [0.1%1,%.7202] [0.07%8 ,8 (()).%]818]
1.00 Weighted G-GDOP [206.3}318.0] [04731.’32.78201 [0.1?3%?159] [0.09%? ,9 (?.90978]
1.00 All-Node Reference [22243,2;37.01 [046&%?783] [o.1gi1,z(l)?156] [0.00%4(1),0 (?.%035]

Notes: The All-Node Reference is included only at the matching full-budget endpoint. Shared structural non-
success cases are not attributed to individual methods. The node-budget and ranging-slot-budget dimensions are
kept in separate panels and are not collapsed into one sweep.

The monotonic statement above applies to the reported medians of Weighted G-GDOP,
not to every comparison method or every trial. In Figure 7, the Nearest Neighbor curve can
increase over part of the budget range. Adding selected nodes according to distance alone
changes the induced topology but does not guarantee improved geometric diversity or link
reliability, and the final nonlinear RMSE also depends on initialization and convergence.
Accordingly, the manuscript does not claim that RMSE must decrease monotonically with
K for all selection rules, nor that Weighted G-GDOP is the lowest-RMSE method under
every tested budget.

4.2.3. Small-Scale Comparison with Exhaustive Enumeration

Table 8 provides an absolute small-scale comparison between Weighted G-GDOP
and the Exhaustive Optimum. For K = 3, 4, 5, and 6, the respective median normalized
objective pairs (Weighted G-GDOP versus Exhaustive Optimum) were 8.179 versus 3.901,
2.210 versus 1.702, 1.375 versus 1.250, and 1.060 versus 1.021. The absolute objective
values therefore became progressively closer over the tested range of K. Meanwhile, the
runtime of Weighted G-GDOP increased only from 0.0050 to 0.0074 s, whereas exhaustive
enumeration increased from 0.0308 to 0.1279 s. These results are used solely as an absolute
benchmark and do not establish a general approximation guarantee. Figure 8 visualizes
the convergence of the tested objective values over the small-scale range of K.
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Figure 6. Pre-selection runtime versus the selected-node budget K in the node-budget experiment for
the tested selection methods and the All-Node Reference.
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Figure 7. Rigid-aligned full-state RMSE versus the selected-node budget K in the node-budget experiment.

Table 8. Small-scale comparison of Weighted G-GDOP with exhaustive enumeration.

Normalized .
K Method Objective Time (s)
3 Weighted G-GDOP 8.179 [6.520, 9.809] 0.0050 [0.0050, 0.0050]

3 Exhaustive optimum 3.901 [3.547, 4.195] 0.0308 [0.0307, 0.0309]
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Table 8. Cont.
Normalized .

K Method Objective Time (s)

4 Weighted G-GDOP 2.210[2.073,2.442] 0.0059 [0.0059, 0.0059]
4 Exhaustive optimum 1.702 [1.590, 1.835] 0.0684 [0.0684, 0.0685]
5 Weighted G-GDOP 1.375[1.291, 1.460] 0.0067 [0.0067, 0.0068]
5 Exhaustive optimum 1.250 [1.154, 1.344] 0.1094 [0.1093, 0.1095]
6 Weighted G-GDOP 1.060 [0.996, 1.149] 0.0074 [0.0074, 0.0075]
6 Exhaustive optimum 1.021 [0.933, 1.085] 0.1279 [0.1277, 0.1280]

Notes: Only absolute objective and runtime statistics are reported. The table does not state a general approximation
ratio, optimality gap guarantee, or performance bound.

101 —e— D-Optimal
Exhaustive Optimum
g —8— Feasible Traditional GDOP
§ o —e— Weighted G-GDOP
2 ]
o
©
£
g
< 97
e
]
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©
£
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3.0 3.5 4.0 4.5 5.0 5.5 6.0
Selected-node number K

Figure 8. Dimension-normalized A-optimal objective versus the selected node number K in the
small-scale exhaustive-enumeration benchmark.

The comparatively large difference at K = 3 was examined separately by tracing the
same 100 paired Monte Carlo trials used in the formal comparison. In all 100 trials, the
observable-seed size was ksoq = 3 and the final selected-node count was also kout = 3;
hence, the post-seed A-optimal Stage II performed zero node-addition iterations. The
Stage I seed was identical to the exhaustive-optimal selected node subset in only 7 of
100 trials, and the median paired true-objective gap relative to exhaustive enumeration
was 79.0%.

The first divergence from the exhaustive-optimal selected node subset was attributed
to the retained minimum-eigenvalue criterion in 83 trials and to the deterministic node-ID
tie-break in 10 trials; the remaining seven trials did not diverge. Across the 300 Stage I
seed decisions, numerical rank increase reduced the feasible candidate set in 12 decisions,
retained minimum eigenvalue further reduced the surviving candidate set in all 300 de-
cisions, and node ID was finally decisive in 31. The incremental induced-link number,
ranging-slot occupation, and general resource cost did not discriminate among feasible
candidates in any of these 300 decisions. In this N = 12, K = 3 setting, every final selected
node subset activated 30 links, occupied 30 ranging slots, and had a general resource cost
of 33. As a diagnostic check, when the observable seed was selected directly by the final
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A-optimal objective instead of the Stage I lexicographic ordering, the exhaustive optimum
was recovered in all 100 trials.

4.2.4. Robustness, Ablation, and Sensitivity Analyses

Tables 9-12 consolidate the Gaussian-noise, heterogeneous-noise, NLOS-bias, and
online weight-estimation analyses. Gaussian ranging noise (Panel A). As ¢ increased
from 0.01 to 1.0, the median RMSE of Weighted G-GDOP increased from 0.0223 to 2.228 m.
Its median objective remained 0.01754, and its median runtime remained approximately
0.0756 s, because the candidate geometry and selection rule were unchanged across the
injected Gaussian-noise levels. At ¢ = 1.0, Weighted G-GDOP achieved a median RMSE of
2.228 m, compared with 2.256 m for D-Optimal, 2.976 m for Feasible Traditional GDOP, and
5.896 m for Nearest Neighbor. The resource-unconstrained All-Node Reference recorded a
median RMSE of 1.262 m at this noise level; it is reported as a reference and is not treated
as a universal accuracy bound. The complete RMSE trend is shown in Figure 9.

17:51 —8— All-Node Reference
D-Optimal
15.0 1 —@— Feasible Traditional GDOP
—8— Max-Min Distance
—8— Nearest Neighbor
12.51 _¢— Random Selection
Weighted G-GDOP
— 10.0 4
E
[N H]
s
= 7.51
5.0 4
2.5
0.0 - VM
0.0 0.2 0.4 0.6 0.8 1.0

Ranging-noise standard deviation o (m)

Figure 9. Rigid-aligned RMSE under increasing Gaussian ranging noise standard deviation ¢ for the
tested methods.

Table 9. Gaussian ranging noise robustness.

o (m) Method N(‘)’;‘;;ﬂ‘iffed RMSE (m) Time (s)
0.01 All-Node Reference 0.00672 [0.00606, 0.00756] 0.0127 [0.0124, 0.0135] 0.0035 [0.0034, 0.0035]
0.01 D-Optimal 0.02109 [0.01786, 0.02298] 0.0225 [0.0207, 0.0251] 0.0752 [0.0745, 0.0763]
0.01 Feasible Traditional GDOP 3.42817 [2.74044, 3.98743] 0.0295 [0.0265, 0.0332] 0.0713 [0.0706, 0.0726]
0.01 Max-Min Distance 0.03256 [0.02311, 0.05777] 0.0274 [0.0248, 0.0390] 0.0040 [0.0039, 0.0041]
0.01 Nearest Neighbor 0.31088 [0.03210, 2.01513] 0.0627 [0.0332, 0.1441] 0.0043 [0.0040, 0.0044]
0.01 Random Selection 0.04212 [0.02986, 0.09134] 0.0326 [0.0279, 0.0586] 0.0041 [0.0038, 0.0041]
0.01 Weighted G-GDOP 0.01754 [0.01554, 0.02241] 0.0223 [0.0205, 0.0242] 0.0756 [0.0752, 0.0767]
0.50 All-Node Reference 0.00672 [0.00606, 0.00756] 0.6321 [0.6199, 0.6752] 0.0035 [0.0034, 0.0035]
0.50 D-Optimal 0.02109 [0.01789, 0.02298] 1.1204 [1.0351, 1.2555] 0.0752 [0.0745, 0.0763]
0.50 Feasible Traditional GDOP 3.42817 [2.73387, 3.98743] 1.4839 [1.3511, 1.6752] 0.0713 [0.0706, 0.0726]
0.50 Max-Min Distance 0.03256 [0.02311, 0.05777] 1.4142 [1.2119, 1.7212] 0.0040 [0.0039, 0.0041]
0.50 Nearest Neighbor 031088 [0.03210, 2.01513] 3.0273 [1.6688, 9.6621] 0.0043 [0.0040, 0.0044]
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Table 9. Cont.

N lized .
o (m) Method (glr)ljlztlifrz RMSE (m) Time (s)
0.50 Random Selection 0.04212 [0.02986, 0.09134] 1.5451 [1.3018, 2.0021] 0.0041 [0.0038, 0.0041]
0.50 Weighted G-GDOP 0.01754 [0.01554, 0.02241] 1.1195 [1.0210, 1.2102] 0.0756 [0.0752, 0.0767]
1.00 All-Node Reference 0.00672 [0.00614, 0.00756] 1.2618 [1.2375, 1.3591] 0.0035 [0.0034, 0.0035]
1.00 D-Optimal 0.02109 [0.01786, 0.02410] 2.2556 [2.0280, 2.4969] 0.0752 [0.0745, 0.0764]
1.00 Feasible Traditional GDOP 3.42817 [2.73387, 4.05261] 2.9763 [2.6400, 3.2315] 0.0713 [0.0706, 0.0726]
1.00 Max-Min Distance 0.03252 [0.02311, 0.04825] 2.9006 [2.4124, 3.2275] 0.0040 [0.0039, 0.0041]
1.00 Nearest Neighbor 0.31088 [0.03210, 2.01513] 5.8956 [3.3559, 17.0095] 0.0043 [0.0040, 0.0044]
1.00 Random Selection 0.04212 [0.02986, 0.09134] 2.9996 [2.3935, 3.4209] 0.0041 [0.0038, 0.0041]
1.00 Weighted G-GDOP 0.01754 [0.01559, 0.02096] 2.2275 [2.0464, 2.4035] 0.0756 [0.0750, 0.0767]
Notes: The table retains representative lower, intermediate, and upper noise levels; the complete ¢ grid remains
available in the formal results and figure.
Table 10. Heterogeneous-noise ablation.
Local RMSE Normalized Empirical Time
Method G-GDOP Surrogate (m) Objective RMSE (m) (s)
D-Optimal 12.634 0.1379 1.901 0.2172 0.1536
-Optima [11.903, 15.229] [0.1299, 0.1662] [1.682,2.761] [0.2015, 0.2503] [0.1478,0.1551]
Feasible Traditional 17.123 0.1868 3.264 0.2848 0.1481
GDOP [16.017,21.543] [0.1748,0.2351] [2.841,3.927] [0.2550, 0.3269] [0.1435,0.1513]
Oracle-Weighted 11.710 0.1278 1.632 0.1999 0.1528
G-GDOP [10.406, 12.497] [0.1132,0.1364] [1.289,1.859] [0.1844, 0.2230] [0.1473,0.1551]
. 11.789 0.1286 1.696 0.2047 0.1526
Unweighted G-GDOP [10.515,14.031] [0.1152,0.1531] [1.479,2.017] [0.1885,0.2300] [0.1493, 0.1544]

Notes: The first-order local RMSE surrogate is the square root of the corresponding local MSE surrogate and has

unit m. It is a secondary local diagnostic and is not substituted for the empirical nonlinear localization RMSE.

Table 11. NLOS-bias sensitivity.

NLOS Bias (m) Method SL uorcre(\)lggtlg (Sn]i) IE;}};:I(C;I)

0.0 D-Optimal 0.1672[0.1500,0.1816]  0.2430 [0.2197, 0.2670]

0.0 Weighted 0.1486 [0.1364,0.1609]  0.2197 [0.2071, 0.2407]
G-GDOP

0.0 Feasible Traditional GDOP 02399 [0.2144,0.2703] 03373 [0.2999, 0.3756]

0.0 Oracle-Weighted G-GDOP 0.1361[0.1230,0.1486]  0.2078 [0.1878, 0.2278]

0.0 Unweighted G-GDOP 0.1521 [0.1440,0.1651]  0.2542 [0.2302, 0.2697]

05 D-Optimal 02429 [0.2119,02677]  0.3536 [0.3108, 0.4291]

05 Weighted 0.2231[0.1999,0.2400]  0.3622 [0.3160, 0.3993]
G-GDOP

05 Feasible Traditional GDOP 0.3572[0.3081,0.4116]  0.5508 [0.4915, 0.6794]

05 Oracle-Weighted G-GDOP 0.1871[0.1594,0.2005] 02661 [0.2362, 0.3205]

05 Unweighted G-GDOP 0.2269[0.2091,0.2452]  0.3696 [0.3405, 0.4183]

1.0 D-Optimal 0.3767[0.3280,0.4338] 06081 [0.4981, 0.7154]

1.0 Weighted 0.3475[0.3172,0.3949] 05946 [0.5278, 0.6449]
G-GDOP

1.0 Feasible Traditional GDOP 0.5703 [0.4820,0.6306]  0.9528 [0.8430, 1.0891]

1.0 Oracle-Weighted G-GDOP 0.2672[0.2367,0.3073]  0.4033 [0.3579, 0.5093]

10 Unweighted G-GDOP 0.3761 [0.3296,0.3943]  0.6148 [0.5366, 0.7010]

Notes: The local RMSE surrogate incorporates the true random-error covariance, estimator covariance, and
residual bias. It has unit m and remains distinct from the rigid-aligned nonlinear empirical RMSE.
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Table 12. Online link-weight error sensitivity.

Method/Reference

Pairs

Relative True-Objective

True-Objective

Subset-Jaccard

K P Difference Difference Difference
0.0 0.0 Weighted 97 0.0000 0.0000 0.0000

: : G-GDOP [0.0000, 0.0000] [0.0000, 0.0000] [0.0000, 0.0000]
. . Weighted 97 0.0330 0.0408 —0.3333

- - G-GDOP [0.0000, 0.0892] [0.0000, 0.0860] [—0.3333, —0.1818]
03 03 Weighted 97 0.0621 0.0735 —0.3333

: . G-GDOP [0.0019, 0.0967] [0.0067, 0.1041] [—0.3333, —0.3333]

Unweighted G-GDOP
- - 97 0.1400 0.2351 —0.3333

(full-grid median)

Notes: All differences are calculated as the tested method minus Oracle-Weighted G-GDOP. Negative subset
Jaccard differences indicate lower subset overlap. The unweighted row is an explicitly derived full-grid median,

not an additional trial condition.

Heterogeneous-noise comparison (Panel B). Oracle-Weighted G-GDOP attained the
lowest median G-GDOP (11.710), local RMSE surrogate (0.1278), normalized objective
(1.632), and empirical RMSE (0.1999 m). Unweighted G-GDOP was the closest comparator,
with median objective and RMSE values of 1.696 and 0.2047 m, whereas Feasible Traditional
GDOP yielded 3.264 and 0.2848 m. Median runtimes varied only from 0.1481 to 0.1536 s
across the panel, indicating that the observed differences primarily reflect selection quality.
Figure 10 compares the corresponding local RMSE surrogates.

0.20 A

0.15 A

0.10 A

Local RMSE surrogate (m)

0.05 4

0.00 -

Method

Figure 10. Local RMSE surrogate in the heterogeneous-noise ablation for D-Optimal, Feasible
Traditional GDOP, Oracle-Weighted G-GDOP, and Unweighted G-GDOP.

NLOS-bias sensitivity (Panel C). Both the local surrogate and empirical RMSE deterio-
rated as the positive NLOS bias increased. The median RMSE of Oracle-Weighted G-GDOP
rose from 0.2078 to 0.4033 m between bias levels of 0 and 1.0 m, while Weighted G-GDOP
increased from 0.2197 to 0.5946 m. At the largest bias, Weighted G-GDOP retained a local
surrogate of 0.3475, compared with 0.3767 for D-Optimal, 0.3761 for Unweighted G-GDOP,
and 0.5703 for Feasible Traditional GDOP. Because the NLOS-link ratios and runtimes
changed little with bias, the degradation is associated with bias exposure rather than a
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change in the nominal selection budget. Figure 11 shows the first-order local-surrogate
degradation with increasing bias.

—8— D-Optimal

0.6 1 - Weighted G-GDOP

—8— Feasible Traditional GDOP
—8— Oracle-Weighted G-GDOP

05 —8— Unweighted G-GDOP

0.4

0.3 4

First-order local RMSE surrogate (m)

0.2 A

0.1 T T T T
0.0 0.2 0.4 0.6 0.8 1.0

Injected NLOS bias (m)

Figure 11. First-order local RMSE surrogate versus the injected NLOS bias for the tested methods.

Online weight-estimation errors (Panel D). Each #—p condition included 97 paired
trials. At = p = 0, the median relative true-objective difference, true-objective difference,
and subset Jaccard difference between Weighted G-GDOP and the oracle were all zero.
At the largest tested perturbation, 7 = p = 0.3, the corresponding median differences
were 0.0621, 0.0735, and —0.3333. Across the complete r7—p grid, Unweighted G-GDOP
retained a median relative true-objective difference of 0.1400. Weighted G-GDOP therefore
remained closer to the oracle objective throughout the tested perturbation grid, although
subset agreement decreased as the weight errors increased. Figure 12 shows the RMSE
response along the p = 0 slice.

0.28 A
—8— Weighted G-GDOP
Oracle-Weighted G-GDOP
—8— Unweighted G-GDOP
0.26 4
0.24 4
£
w
0
=
& 0.22 1
0.20 4
0.18 4

T T T
0.00 0.05 0.10 0.15 0.20 0.25 0.30
Misclassification probability n

Figure 12. RMSE sensitivity to the link-quality misclassification probability 7 at p = 0 for Weighted
G-GDOP, Oracle-Weighted G-GDOP, and Unweighted G-GDOP.
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4.2.5. Numerical Equivalence and Computational Scalability

Across all 24 tested network-size-graph-regime combinations, Direct Inversion and
Woodbury Updating were numerically equivalent under the stated np. isclose tolerance
(rtol=1 x 107%and atol =1 x 1078). Across the 589 common-success paired groups,
the maximum absolute objective difference was 1.376 x 108, confirming that the Wood-
bury update preserves the objective values to numerical precision. For runtime, Woodbury
Updating was faster in 20 of the 24 tested size-regime combinations; the largest median
speedup was 1.947 at N = 100 in the fixed-radius regime. Complete condition-by-condition
numerical-equivalence and runtime results are provided in Supplementary Tables S1 and S2,
respectively.

Figure 13 visualizes the runtime speedup relative to Direct Inversion as network size
increases in the dense-graph regime.

1251 —@— Direct Inversion

Woodbury Updating

=

N

o
1

1.15 A

1.10 A

1.05 A

Speedup relative to Direct Inversion

1.009 © L @ @ L @ @ ®

20 40 60 80 100
Number of mobile nodes N

Figure 13. Runtime speedup relative to Direct Inversion versus network size N in the dense graph
regime. A speedup above one favors Woodbury Updating.

4.2.6. Sensitivity to Predicted-Position Uncertainty

The controlled position uncertainty experiment shows that errors in the predicted
geometry first affect the online information objective and subset choice, whereas the
downstream nonlinear localization error changes more gradually. At the default setting
of 0, = 2 m per coordinate, the median realized 3-D position RMSE was 3.446 m. The
median absolute predicted-versus-true geometry objective mismatch d¢ was 0.840% with a
95% bootstrap confidence interval of [0.626%, 1.123%], while the median subset Jaccard
index was 1.000 [1.000, 1.000]. The median true-geometry selection gap A$! and the paired
nonlinear localization-RMSE difference were both zero at this default uncertainty level.

As 0y increased, the median objective mismatch rose to 2.41%, 5.47%, 12.00%, and
22.93% at 0, = 5, 10, 20, and 40 m, respectively, while the corresponding median subset
Jaccard indices decreased to 0.818, 0.667, 0.538, and 0.538. The median true-geometry
selection gap remained zero through 0, = 10 m, then increased to 4.91% [0, 9.49%] at 20 m
and 16.63% [10.53%, 21.04%] at 40 m. The paired nonlinear-RMSE difference remained
comparatively small, with medians of 6.26 mm [0, 11.96 mm| and 8.77 mm [0, 20.48 mm|
at the two largest uncertainty levels. Figure 14 summarizes these paired effects.
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Figure 14. Sensitivity of cooperative sensor node pre-selection to predicted-position uncertainty.
The per-coordinate prediction-error standard deviation ¢}, is varied using paired Gaussian error
realizations while other trial-level quantities are held fixed. (a) Absolute relative mismatch of the
A-optimal objective between predicted and true geometry for the selected node subset obtained
using predicted geometry. (b) Jaccard similarity between selected node subsets obtained under
predicted and true geometry. (c) Signed true-geometry objective gap relative to the true-geometry
greedy reference. (d) Paired difference in rigid-aligned nonlinear localization RMSE. Markers show
medians and error bars show pointwise 95% percentile bootstrap confidence intervals over the
97 true-geometry-reference-success trials.

Three of the 100 trial groups were unobservable under the true-geometry reference
and remained common-unobservable cases across all tested uncertainty levels. Among the
97 true-geometry-reference-success trials, the additional geometry-induced selection-failure
rate, localization-failure rate, and predicted-versus-true observability-status-mismatch rate
were each 0/97 = 0% at every tested 0 (95% Wilson CI: 0-3.81%).

4.3. Discussion and Practical Implications

The validation results define a clear applicability boundary for the proposed criterion.
Across different topology realizations, G-GDOP is not treated as a direct predictor of
the final error of a nonlinear localization pipeline because that error also depends on
initialization, convergence, rigid alignment, and the realized noise and bias. Within a fixed
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topology and local linearization regime, however, the ordered normalized local RMSE
values of 0.698, 1.014, and 1.980 for the Low, Medium, and High groups demonstrate
that G-GDOP provides a meaningful information-quality ranking. It should therefore
be interpreted as a local observability and structural-screening metric rather than as an
absolute global-error predictor.

The resource experiments further show why the selected node subset and the induced
active-link set must be distinguished. Raising K from 6 to 20 increased the median induced-
link number from 109 to 214 and the median pre-selection time from 0.0578 to 0.0963 s,
while reducing the median normalized objective from 7.994 to 0.777 and the median RMSE
from 0.550 to 0.148 m. The ranging-slot sweep produced the same information—accuracy-
resource pattern. At the full tested budget, Weighted G-GDOP approached the All-Node
Reference while activating fewer links. The small-scale exhaustive comparison also showed
that the absolute objective values became progressively closer as K increased, but this
empirical result is not presented as a general approximation guarantee.

The K = 3 result further identifies a boundary behavior of the two-stage heuristic. At
this smallest tested budget, the observable seed consumed the entire node budget in every
paired trial, so the large objective difference cannot be attributed to the post-seed A-optimal
Stage II; that stage was never entered for an additional node selection iteration. Instead,
the final selected node subset of size three was fixed entirely by the observability-first
Stage I ordering. The diagnostic attribution showed that retained minimum eigenvalue
was the dominant source of the first divergence from the exhaustive optimum, whereas
deterministic node-ID tie-breaking explained a smaller number of cases. Induced-link,
ranging-slot, and general resource increments did not explain the K = 3 difference in
this particular dense small-scale configuration because they were equal across the feasible
candidate choices. Thus, K = 3 should be viewed as an observable-seed boundary case
rather than as a direct measure of the typical approximation behavior of the post-seed
A-optimal greedy stage.

The robustness analyses identify two distinct sources of uncertainty: link-quality
errors and predicted-geometry errors. Under heterogeneous ranging noise, link-dependent
weighting improved the information objective and empirical RMSE relative to the tested
baselines, whereas positive NLOS bias degraded both the local surrogate and nonlinear
localization accuracy, confirming that covariance weighting alone does not remove de-
terministic bias. Online link-class and variance errors also increased the true-objective
difference and reduced subset agreement relative to the oracle, although Weighted G-
GDOP remained closer to the oracle objective than Unweighted G-GDOP over the tested
perturbation grid.

The predicted-position experiment further shows that geometry uncertainty affects
the information-based pre-selection stage before it produces a comparable change in down-
stream nonlinear localization accuracy. At the default 0, = 2 m per coordinate, the median
predicted-versus-true objective mismatch was only 0.840%, the median subset Jaccard index
remained 1.000, and both the median true-geometry selection gap and paired nonlinear-
RMSE difference were zero. With increasing uncertainty, subset agreement decreased and
the objective mismatch increased; at 0, = 40 m, the median objective mismatch reached
22.93%, the median Jaccard index was 0.538, and the median true-geometry selection gap
reached 16.63%. The corresponding median paired nonlinear-RMSE difference remained
8.77 mm. No predicted-versus-true observability-status mismatch was observed, and no ad-
ditional geometry-induced failure occurred among the 97 true-geometry-reference-success
trials. These results support the use of predicted geometry under the tested default and
moderate uncertainty levels, but they do not imply invariance to large position errors.
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The implementation results likewise separate numerical correctness from runtime
benefit. Direct Inversion and Woodbury Updating were numerically equivalent within
the predefined tolerance in all 24 tested network-size and graph-regime combinations,
while a Woodbury runtime advantage was supported in 20 conditions. The benefit was
weaker in several small or sparse cases and reached its largest median speedup of 1.947 at
N = 100 in the fixed-radius regime. The recursive update should therefore be interpreted
as a numerically consistent acceleration mechanism whose practical benefit depends on
network size, graph structure, and update width rather than as an unconditional real-
time guarantee.

From an engineering perspective, the proposed framework is a snapshot-level co-
operative sensor node pre-selection layer intended to precede a downstream nonlinear
or factor-graph estimator. The present experiments do not validate a specific GTSAM,
iSAM2, or sliding-window implementation, and the normalized resource cost is not a
hardware-calibrated energy measurement. Moreover, the controlled geometry experiment
deliberately holds the candidate graph fixed and uses snapshot-wise Gaussian position
perturbations; it therefore does not represent topology-discovery errors, temporally corre-
lated state-prediction drift, latency, packet loss, or closed-loop dynamic state propagation.
Link-quality uncertainty is represented by controlled class-confusion and variance-error
models rather than by a measured classifier or a fully non-Gaussian UWB error model. The
validation is also Monte Carlo based and does not include a public measured UWB dataset,
hardware-in-the-loop testing, or UAV flight experiments. Accordingly, the practical claims
are restricted to the information quality, subset selection, observability behavior, nonlinear
RMSE, resource use, and computational behavior observed under the reported simula-
tion conditions. Future work should investigate jointly uncertain geometry and topology,
temporally correlated prediction errors, robust bias and outlier treatment, factor-graph
integration, temporal scheduling, and validation using UWB-equipped UAV platforms or
hardware-in-the-loop systems.

5. Conclusions

This paper developed a Fisher-information-based cooperative sensor node pre-
selection framework for UWB-aided GNSS-denied UAV swarm localization. All mobile
nodes remain in the localization state, while nodes in the resource-limited selected node
subset are scheduled as active UWB ranging initiators, thereby inducing the active ranging-
link set. The formulation separately represents the selected-node budget, induced-link
number, ranging-slot occupation, residual-energy eligibility, and a normalized general
resource cost.

A gauge-free projected Fisher information matrix was used to remove the rigid-
body ambiguity of anchor-free range-only localization, and a trace-based G-GDOP/A-
optimal criterion was constructed from link geometry, heterogeneous ranging reliability,
and cooperative topology. A two-stage greedy heuristic first builds an observable seed and
then uses marginal information gain with recursive Woodbury updates. The complexity
analysis explicitly separates preprocessing, resource-feasibility screening, observable-seed
construction, and post-seed candidate evaluation.

The nine formal experiments establish both the usefulness and the applicability bound-
ary of the proposed method. G-GDOP did not serve as a direct predictor of global nonlinear
recovery errot, but it produced clear same-topology local-error ordering. Increasing node or
slot resources improved the information objective and localization RMSE at the cost of more
induced links and computation. Small-scale exhaustive enumeration provided an absolute
optimality benchmark without implying a general approximation ratio. Gaussian-noise,
heterogeneous-noise, NLOS-bias, online weight-error, and predicted-position-uncertainty
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experiments showed that link-dependent weighting is beneficial when its reliability
estimates are informative, while deterministic bias, weight-estimation mismatch, and
large predicted-position errors degrade information quality, localization performance, or
subset agreement.

Direct Inversion and Woodbury Updating remained numerically consistent, while
Woodbury provided a runtime advantage in most tested conditions. Its benefit nevertheless
depended on network size and graph regime; the framework should therefore be viewed
as an interpretable structural-screening module rather than an unconditional real-time or
bias-robustness guarantee.

The present evidence remains limited to snapshot-level simulations with predicted-
state and parameterized link-quality inputs. Future work will address dynamic and
jointly uncertain topology/geometry, robust bias and outlier handling, factor-graph inte-
gration, hardware-calibrated resource models, and UWB-equipped UAV or hardware-in-
the-loop validation.

Supplementary Materials: The following supporting information can be downloaded at: https://
www.mdpi.com/article/10.3390/s26165164/s1, Table S1: Numerical equivalence of Direct Inversion
and Woodbury Updating across network sizes and graph regimes; Table S2: Runtime comparison of
Direct Inversion and Woodbury Updating across all tested network sizes and graph regimes.
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Abbreviations

The following abbreviations are used in this manuscript:

UAV Unmanned Aerial Vehicle

GNSS Global Navigation Satellite System
UWB Ultra-Wideband

IMU Inertial Measurement Unit

LOS Line-of-Sight

wLOS Weak Line-of-Sight

NLOS Non-Line-of-Sight

VIO Visual-Inertial Odometry

SLAM Simultaneous Localization and Mapping
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GDOP Geometric Dilution of Precision

G-GDOP Generalized Geometric Dilution of Precision
FIM Fisher Information Matrix

EFIM Equivalent Fisher Information Matrix

CRLB Cramér-Rao Lower Bound

RMSE Root Mean Square Error

MDS Multidimensional Scaling
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