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Abstract

Modern transportation systems impose stringent requirements on high-speed railway
(HSR) communications in terms of high data rate and high reliability. Conventional radio
frequency (RF) links are limited by the scarcity of spectrum resources, whereas free-space
optical (FSO) links are highly vulnerable to atmospheric turbulence and weather conditions.
To overcome the limitations of a single transmission medium, this paper proposes and inves-
tigates a hybrid FSO/RF selection combining (SC) communication system for narrow-strip
cells in HSR scenarios. First, a geometric coverage model is established for heterogeneous
base-station deployment, together with a location-aware activation mechanism that enables
adaptive activation of base stations according to train positions. Then, by taking practical
railway operating conditions into account, the FSO link is modeled to capture the combined
effects of atmospheric turbulence, pointing errors, and atmospheric attenuation, while the
RF link is modeled as a composite channel incorporating path loss, shadow fading and
small-scale fading. Based on this framework, exact closed-form expressions for the system
edge coverage probability (ECP) and the percentage of cell coverage area (CCA) are derived.
For the sake of comparisons, theoretical expressions of the standalone FSO and standalone
RF links are also obtained. Finally, Monte-Carlo simulations are conducted to verify the
validity of the derived analytical results. The numerical comparisons demonstrate excellent
agreement between the analytical predictions and simulation results, with average relative
deviations of only 0.047% for ECP and 0.095% for the percentage of CCA. Compared with
either the standalone FSO system or standalone RF system, the proposed hybrid architec-
ture achieves superior coverage performance across different transmit powers, weather
conditions, and cell diameters, offering a highly reliable and robust networking solution
for future seamless broadband HSR communication systems.

Keywords: high-speed railway communications; hybrid FSO/RF system; selection
combining; coverage analysis; edge coverage probability; percentage of cell coverage area

1. Introduction

With the rapid advancement of urbanization and the growing demand for convenient
transportation, high-speed railway (HSR) has become an indispensable component of
modern transportation networks. Meanwhile, the continuous development of intelligent
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railway services and the explosive growth of passenger data traffic have imposed increas-
ingly stringent requirements on the transmission capacity, reliability, and quality of service
of railway communication systems. As the successor to global system for mobile commu-
nications-railway, the future railway mobile communication system, which is built upon
fifth-generation (5G) technologies, aims to provide high-data-rate, low-latency, and highly
reliable communication services for intelligent railway applications. However, current rail-
way broadband access systems still primarily rely on radio frequency (RF) communications
to provide network connectivity for passengers [1]. With the continuous increase in train
operating speeds and communication traffic demands, conventional RF communications
suffer from limited spectrum resources and complex electromagnetic environments [2],
resulting in significant challenges in terms of transmission capacity and coverage perfor-
mance. Consequently, exploring optical wireless communication technologies capable
of providing ultra-large bandwidth, high-speed transmission, and strong immunity to
electromagnetic interference has emerged as an important research direction for future
intelligent railway communication systems.

In recent years, free-space optical (FSO) communication has attracted extensive atten-
tion from both academia and industry as a highly promising technology for broadband
wireless access. Owing to its advantages of high bandwidth [3,4], license-free operation [5],
and strong anti-interference capability, FSO has gradually emerged as an ideal candidate for
addressing communication challenges in HSR systems and has shown great potential for
achieving high-speed communication in high-mobility railway environments [6]. However,
the line-of-sight transmission nature of FSO links makes them highly sensitive to atmo-
spheric conditions. Atmospheric attenuation caused by fog and haze, as well as atmospheric
turbulence induced by aerosol scattering, can lead to beam spreading, beam wandering,
and intensity fluctuations, severely degrading the reliability of FSO communications [7,8].
In addition, in HSR scenarios, the high mobility of the train and track irregularities in-
evitably introduce pointing errors between the transmitter and receiver, which further
deteriorate the transmission performance of the FSO link.

To overcome the reliability bottleneck of standalone FSO systems under adverse
weather conditions or misalignment errors, combining FSO with conventional RF systems
to form a hybrid FSO/RF communication system has become a highly attractive and effi-
cient solution. At present, research on hybrid FSO/RF systems has covered a wide range
of frontier topics. In the area of physical layer security, researchers have analyzed secrecy
performance under various fading channels [9,10]. In terms of system architecture and
coding design, space modulation, multiple-input multiple-output, and rate-compatible low-
density parity-check codes have been introduced to improve transmission efficiency [11,12].
Moreover, hybrid FSO/RF techniques have also been extensively investigated in complex
scenarios such as two-hop cooperative systems, wireless-powered relays, and air-to-ground
integrated networks [13-16]. To optimize reception performance, a variety of diversity
combining schemes, such as maximal-ratio combining, adaptive combining, and selection
combining (SC), have been thoroughly evaluated and compared [17-20]. In heterogeneous
FSO/RF systems, SC is considered a practical receiver strategy because it avoids direct
signal-level fusion between optical and RF receivers and only requires link-quality-based se-
lection. However, most existing studies on hybrid FSO/RF systems are still limited to fixed
point-to-point communications, static networks, or high-altitude platforms, and few studies
have introduced such a promising hybrid architecture into HSR scenarios characterized by
extremely high mobility and special geometric topology.

In wireless communication system design, cell coverage analysis is a core task for
evaluating service quality and guiding base-station deployment. The key metrics used to
assess coverage performance mainly include the edge coverage probability (ECP) and the
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percentage of cell coverage area (CCA). Unlike the circular cells in conventional cellular
networks, HSR systems are constrained by the linear topology of railways and therefore
require a narrow-strip cell coverage model. At present, some progress has been made in
the analysis of coverage performance for narrow-strip cells in HSR scenarios. For example,
researchers have extensively analyzed the narrowband coverage performance of conven-
tional RF networks under the Suzuki composite fading channel, which includes path loss,
log-normal shadowing, and Rayleigh small-scale fading [21], as well as the coverage opti-
mization problem in HSR systems employing carrier aggregation techniques [22]. Similarly,
coverage analysis of single-FSO HSR cells has also begun to attract attention [6]. However,
for hybrid FSO/RF systems applied to narrow-strip HSR cells, coverage performance analy-
sis, especially the derivation of ECP and the percentage of CCA, remains largely unexplored
in the literature. Considering the deterministic railway trajectory and the complementary
propagation characteristics of FSO and RF links, how to deploy heterogeneous base sta-
tions and dynamically activate them according to train locations to effectively exploit link
diversity for continuous coverage remains a challenge of both theoretical significance and
practical engineering value.

To fill this research gap, this paper introduces a hybrid FSO/RF communication
architecture into intelligent HSR scenarios. We design a heterogeneous network deployment
scheme suitable for narrow-strip HSR cells, in which FSO base stations are deployed
relatively densely while RF base stations provide wider single-point coverage. To guarantee
communication continuity while offering potential energy-saving benefits, the proposed
system adopts parallel transmission and a location-aware activation strategy, where data
streams from the optical backbone are simultaneously transmitted over different physical
links and non-serving base stations remain in sleep mode. Considering that the onboard
front-end link is similar to conventional cellular communications, the focus of this paper is
strictly confined to the complex high-mobility train-to-ground backhaul link. At the train
receiver, an SC strategy is employed to dynamically select the link with better instantaneous
signal quality. Based on this architecture, this paper conducts rigorous mathematical
modeling and theoretical analysis of the coverage performance of the hybrid FSO/RF
backhaul link in narrow-strip cells. The main contributions of this paper are summarized
as follows:

*  For high-speed railway narrow-strip cell scenarios, a hybrid FSO/RF communication
architecture is proposed. The system adopts heterogeneous deployment of FSO
and RF base stations with a shared optical fiber backbone, together with a location-
aware dynamic activation mechanism, which improves coverage reliability while
providing potential energy-saving benefits. In addition, a relatively complete hybrid
FSO/RF channel model is developed, providing a tractable mathematical foundation
for analytical performance evaluation and enhancing the ability to characterize the
complex propagation environment in high-speed railway scenarios.

¢ A closed-form ECP expression for the hybrid FSO/RF system is derived by character-
izing the statistical behavior of the received signal-to-noise ratio (SNR) and utilizing
Meijer G-function representations, which enables efficient analytical evaluation of
the cell-edge coverage performance. Meanwhile, closed-form expressions for single
FSO and single RF links are also obtained, which serve as analytical benchmarks for
quantifying the coverage gain of the proposed hybrid scheme.

*  Toaddress the intractability of evaluating the percentage of CCA, a compact power-law
approximation method is proposed, which overcomes the analytical difficulty caused
by high-order nonlinear integrals and yields a highly accurate closed-form expression
for the percentage of CCA. The derived analytical results are validated by Monte
Carlo simulations, demonstrating the effectiveness of the proposed coverage analysis
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framework. The proposed hybrid architecture demonstrates significant performance
gains over standalone FSO and RF systems in terms of both ECP and the percentage
of CCA. Moreover, by avoiding unnecessary activation of non-serving base stations,
the proposed location-aware activation mechanism provides potential benefits in
reducing operational overhead, thereby offering useful design insights for coverage
planning and efficient deployment of HSR communication networks.

The paper is structured as follows. Section 2 describes the proposed system architec-
ture and channel models. The derivation of the ECP and the percentage of CCA expressions
is provided in Section 3. Section 4 presents numerical evaluations and related discussions.
Finally, Section 5 summarizes the main findings of this work.

2. System and Channel Models
2.1. System Model

As shown in Figure 1, this paper considers a hybrid FSO/RF communication system
applied to narrow-strip cells in HSR scenarios. In the proposed architecture, FSO base
stations (FSO-BSs) and RF base stations (RF-BSs) are heterogeneously deployed along the
railway line and share the same high-capacity optical backbone. Specifically, the FSO-BSs
are deployed relatively densely, with the spacing between adjacent base stations set to the
cell diameter. In contrast, owing to the use of directional antennas pointing to both sides of
the track, each RF-BS provides a wider single-point coverage area, and thus the deployment
spacing is set to twice the cell diameter. Such a heterogeneous network architecture enables
the entire HSR line to be fully and continuously covered by a sequence of narrow-strip cells.

RF-BS RF-BS
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Figure 1. A hybrid FSO/RF communication system for narrow-strip HSR cells.

In addition to the communication infrastructure, sensing devices are considered in
the proposed system to provide real-time train position and environmental information.
Specifically, onboard positioning sensors provide the train location information, while
trackside visibility sensors measure the atmospheric visibility distance. These sensing
data provide the necessary geometric and environmental parameters for establishing the
proposed hybrid FSO/RF communication system model.

To ensure communication continuity and high reliability under high-mobility train
operation, the system adopts parallel transmission and a location-aware activation mech-
anism. Specifically, the train position information obtained from onboard positioning
sensors is utilized to determine the activation state of along-track base stations. The data
streams from the service provider are first delivered through the optical backbone to both
the FSO and RF base stations, which then transmit the same signal streams to the train
over different physical links at the same data rate. Specifically, the along-track FSO/RF
base stations are interconnected through the shared optical backbone network, which
connects heterogeneous access nodes with a centralized network controller and carries
control signaling. The train periodically reports its position information obtained from
onboard positioning sensors to the centralized network controller. Based on the train posi-
tion information, railway trajectory, and predefined deployment locations of base stations,
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the controller determines the upcoming service region and sends activation commands
to the corresponding FSO/RF base stations before the train enters their coverage areas.
Meanwhile, base stations outside the current service region remain in sleep mode to avoid
unnecessary continuous operation. High-accuracy train position information is assumed
based on onboard positioning sensors, while positioning errors in practical systems may
exist and affect the accuracy of BS activation decisions. This location-aware activation
mechanism enables coordinated management of heterogeneous access nodes and provides
potential benefits in reducing operational overhead by avoiding continuous activation of
non-serving base stations.

On the train side, rooftop-mounted receivers are installed for both the FSO and RF
links: an FSO receiver (FSO-RX) and an RF receiver (RF-RX). After capturing the spatial
signals, the receiver employs an SC strategy to continuously evaluate the instantaneous
signal quality of the two links and dynamically select the one with better performance
for data reception. It is worth noting that the adoption of SC is motivated by practical
implementation considerations in heterogeneous FSO/RF HSR systems. Since FSO and RF
links employ different transmission mechanisms and receiver structures, SC does not re-
quire direct signal-level fusion between heterogeneous links and provides a low-complexity
reception strategy suitable for high-mobility HSR scenarios. Moreover, the use of SC at
the receiver eliminates the need for strict phase synchronization between the two het-
erogeneous links. The distributed FSO/RF base stations are assumed to achieve time
synchronization through standard synchronization protocols (e.g., IEEE 1588 Precision
Time Protocol) over the shared optical backbone network, where packet/frame-level syn-
chronization is sufficient for coordinated operation of heterogeneous access nodes. The
demodulated data are then forwarded to the in-train communication network.

The overall HSR communication link can be divided into two main parts: the train-
to-ground backhaul link, i.e., the link from the base station to the train receiver, and the
in-train front-end link, i.e., the link from the onboard access point to the user terminals.
Since the communication mechanism of the in-train front-end link is similar to that of
conventional cellular or indoor Wi-Fi systems that have been extensively studied, the main
technical bottleneck in HSR communications lies in the train-to-ground backhaul link
under high-mobility conditions. Therefore, the focus of this paper is strictly confined to
the performance analysis of the backhaul link. For uplink transmission, another type of
communication (such as WiFi, Li-Fi, 5G, etc.) can be used to avoid interference.

Figure 2 illustrates the cell coverage and geometric distance model of the proposed
hybrid system. Since both the FSO-BSs and RF-BSs are deployed in close proximity to
the railway track, the perpendicular distance between the base stations and the track is
extremely small and can be neglected. In addition, although the FSO transmitter is installed
slightly higher than the roof-mounted receiver on the train, the propagation path of the laser
beam can be approximated as horizontal line-of-sight transmission over sufficiently long
communication distances. Under these assumptions, the three-dimensional transmission
distance can be reasonably simplified to a one-dimensional distance. This approximation
captures the dominant longitudinal propagation characteristics of HSR communications.
As shown in Figure 2, the cell diameter, which is also equal to the spacing between two
adjacent FSO-BSs, is denoted by D, and the instantaneous horizontal distance between
the train receiver and the currently active serving base station is denoted by I/, which
can be determined based on the train position information obtained from the onboard
positioning sensors.
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Figure 2. Cell coverage scenario.

2.2. FSO Subsystem

Figure 3 depicts the coverage configuration and the overall architecture of the proposed
hybrid FSO/RF communication system in HSR scenarios. The data stream delivered
through the optical backbone is first processed at the hybrid transmitter, where on-off
keying (OOK) modulation is adopted for the FSO link and binary phase-shift keying (BPSK)
modulation is applied to the RF link. The modulated signals are subsequently transmitted
through the corresponding FSO and RF channels.

The FSO subsystem is based on intensity modulation and direct detection (IM/DD).
To ensure non-negative optical intensity, a direct-current bias is introduced into the mod-
ulated waveform by the laser diode before optical transmission [23]. The biased optical
signal propagates through the FSO channel and is converted into an electrical signal by
the photodetector at the receiver. After bias removal and signal demodulation, the recov-
ered information is delivered to the in-train communication system, enabling end-to-end
connectivity between the base station and onboard users.

FSO sub-system Receiver FSO sub-system
|
r ' FSO Channel i : '
i Laser Diode detector demodulator
Data Modulator Diversity wtator

Train's internal
communication
system

Selection

stream |
RF Channel Combining

RF RF Up- ) ) ) f (8C) RF Down-
Modulator converter RF-RX converter
RF-TX .

T
Receiver RF sub-system

RF
demodulator

T
RF sub-system

Figure 3. The proposed hybrid FSO/RF communication system diagram for HSR scenarios.

The received electrical signal at the FSO receiver is modeled as [24]
y=Rhx+n (1)

where x € {0, 2Py} represents the OOK-modulated optical intensity, with the two symbols
0 and 2P being transmitted with equal probability. Here, P denotes the average optical
transmit power. The parameter R is the photoelectric conversion efficiency, / is the overall
FSO channel gain, and n represents the additive white Gaussian noise (AWGN) term.
The noise component is statistically independent of the transmitted signal and follows a
zero-mean Gaussian distribution with variance ¢2. The FSO channel gain is given by

I = yhahy vy

where hy, h,, and hy, denote the atmospheric attenuation, atmospheric turbulence, and point-
ing error components, respectively. These three components characterize the dominant
propagation impairments in HSR FSO links, including atmospheric effects and beam
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misalignment induced by high mobility and mechanical disturbances, and are modeled
as follows.

During free-space optical transmission, the optical signal suffers from atmospheric
attenuation caused by absorption and scattering. The absorption loss originates mainly
from interactions between the optical wave and atmospheric molecules, whereas scattering
effects are associated with particles such as molecules, aerosols, and water droplets in
fog, haze, rain, and snow. Generally, atmospheric scattering can be categorized into Mie
scattering and Rayleigh scattering. Since Mie scattering dominates within the typical
FSO wavelength range, the influence of Rayleigh scattering is neglected in this work.
By jointly considering the effects of atmospheric absorption, scattering, and adverse weather
conditions, the atmospheric attenuation factor /; in (2) is modeled as [25]

h = e~ 3)

where m(A) denotes the wavelength-dependent attenuation coefficient determined by the
atmospheric visibility and optical wavelength, which is given by

1735/ A \ 1
m(A) = T (550) (4)

where V (in km) is the visibility distance obtained from trackside visibility measurements,
and A represents the wavelength of the transmitted optical signal. The parameter g describes
the size distribution characteristics of atmospheric scattering particles under different
weather conditions and is expressed as [25]

1.6, if V > 50 km,
1.3, if 6km < V < 50 km,
q=1016V+34, iflkm <V <6km, (5)
V —0.5, if 0.5km < V < 1km,
0, if V < 0.5 km.

Consequently, the atmospheric attenuation under various weather conditions can be evalu-
ated using (3)-(5).

In addition to atmospheric attenuation, turbulence-induced intensity fluctuations
significantly affect FSO link performance. To characterize the random variations of re-
ceived optical intensity, several turbulence models have been developed. Among them,
the log-normal and Gamma-Gamma models are widely adopted for weak and strong
turbulence regimes, respectively. The Malaga distribution provides a unified model for
different turbulence regimes and has been widely adopted for characterizing irradiance
fluctuations under various atmospheric turbulence conditions in FSO systems [26]. Accord-
ingly, the probability density function (PDF) of the atmospheric turbulence coefficient /1, in

Pl [ aph,
fha(ha):Alkzzlﬂkha Ka—k<2 W) (6)

where the coefficients A1 and a; are defined as

IS SR
o i\ 40

(DR GG
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Here, a characterizes the effective number of large-scale scattering cells, {, represents the
average power of the scattered optical component, and B is the turbulence-related fading
parameter. In addition, () denotes the average power of the coherent optical component,
I'(-) is the Gamma function, and Ky (-) refers to the modified Bessel function of the second
kind of order v.

Furthermore, pointing deviations resulting from mechanical vibrations and train-
induced oscillations may cause additional power fluctuations in FSO transmissions.
The PDF of the pointing error coefficient /i, in (2) is expressed as [26]

, 0<hy < Ag (8)

where r represents the ratio between the equivalent beam radius at the receiver plane
and the standard deviation of the pointing displacement. The parameter Ay is defined

2
as {erf(\/ﬁB/ZﬁwL)} , where w; = wy \/1 + [)\L/(nw%)}z denotes the beam radius at

propagation distance L corresponding to the e~? intensity level. Here, wy is the initial

beam waist radius, and erf(-) denotes the error function. The pointing error component
provides a statistical characterization of beam misalignment caused by train vibration,
mechanical instability, and other mobility-related disturbances. Detailed beam acquisition
and tracking procedures are not explicitly modeled, since this work focuses on statistical
coverage performance analysis rather than instantaneous beam control design.

With the established FSO channel model, the instantaneous received SNR at the FSO
receiver is given by
_ 2P2R?h?  2PZR?

2
0,1% Ur21 (hlhahp) (9)

T

2.3. RF Subsystem

As shown in Figure 3, at the transmitter of the RF subsystem, the BPSK-modulated
signal is up-converted to the RF carrier frequency of 800 MHz before being transmitted
over the RF link. Considering the deterministic railway trajectory and the availability of
train position and velocity information, the Doppler shift caused by the relative motion
between the train and RF-BS can be predicted and compensated. Therefore, the residual
Doppler effect after compensation is neglected in the RF channel model. At the RF receiver,
the incoming RF waveform is converted to the baseband and demodulated to retrieve the
transmitted information. The recovered data are subsequently delivered to the in-train
communication system, enabling end-to-end connectivity between the base station and
onboard users. The received RF signal is modeled as [21]

y= \/EhRFxRF +n (10)

where E represents the transmit power, xgr denotes the BPSK-modulated symbol with
normalized average power, and kg is the RF channel coefficient. The noise term 7 is
assumed to be AWGN with zero mean and variance 02, and is statistically independent of
the transmitted signal.

To capture the propagation characteristics of HSR RF links, a composite channel model
consisting of path loss, shadow fading, and small-scale fading is adopted. Accordingly,
the RF channel coefficient is expressed as

hrp = g4/ PL(I)S (11)
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where PL(l), S, and g represent the path loss gain, shadow fading factor, and small-scale
fading coefficient, respectively. These components are individually modeled to describe
the large-scale and small-scale propagation effects in HSR environments.

The path loss gain is given by [21]

A+Blogyo ()
PL()=10"" 1 (12)
where the parameters A and B are defined as
A = Ay +74.52 4 26.16log,,(f) — 13.82log;, (Iy,) — 3.2(log10(11.75hT))2, (13)
B = 44.9 — 6.55log,(hy,) + A2

where f (MHz) denotes the carrier frequency, and h;, (m) and ht (m) represent the effective
antenna heights of the RF-BS and onboard receiver, respectively. The parameters A; and A,
are environment-specific correction factors.

The shadow fading term S is modeled as a log-normal random variable, with the PDF

given by
10log,,5)?
fs(s) = \/2%05 exp (—(220)) s>0 (14)

where ¢ = 10/In(10) and o represents the standard deviation of the shadow fading
component in dB. The shadow fading component statistically captures large-scale variations
caused by environmental obstructions and propagation environment changes.

The small-scale fading component g is modeled as Rayleigh fading, which is widely
adopted for HSR communication scenarios due to the existence of multipath propagation.
Since g follows a Rayleigh distribution, g2 follows an exponential distribution. Assuming
E[g?] = 1, the PDF of g2 can be expressed as

fa(t) = et t>0 (15)

The combination of Rayleigh small-scale fading and log-normal shadow fading results
in a Suzuki composite fading channel, also referred to as a Rayleigh-lognormal distribution.
This model is widely adopted for describing RF propagation scenarios involving both
multipath effects and large-scale environmental obstructions in HSR communications [27].

Accordingly, the instantaneous received SNR of the RF link is obtained as

_ Eg*PL(D)S

=& = /7 1
T2 0}21 ( 6)

3. Coverage Performance Analysis

This section first characterizes the statistical behavior of the received SNR, followed
by an evaluation of the HSR coverage performance in terms of ECP and the percentage
of CCA.

3.1. Statistical Characteristics of SNR
3.1.1. CDF of SNR for FSO Link

The PDF of & is given by

£i10) = [ fup (hlha) fi, ()l (17)
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where fj,. (h|ha) is the conditional probability given the turbulence state f,. From [26],
we have

= [ anlhe) o )

2
o0 apk_q | aph, hor? ( h >'1
A mhy? K | 24— | —— dh
/h/(hlAg) 1,; Kta “ k( é,‘gﬁ+0/)h1ha A7 \Inha a  (18)

B 2A1 aph 1+72
N 2, a, k

2 kG ( Cg:B + Q/)Aoefm(/\)l
where by = ag[aB/ (e + Y )] fo 7 (-) denotes the Meijer G-function in the standard
notation. Based on the relationship between the instantaneous SNR -y; and the channel

gain h in (3), the CDF of 71 can be obtained via random variable transformation in the
following theorem.

Theorem 1. The cumulative distribution function (CDF) of «y1 can be expressed as

2A o Byrem Ml 1, 1412
E (1) 1 napyie” ) (19)
(G + OV)V2PuRA)| 7 &,k O
Proof. See Appendix A. [J
3.1.2. CDF of SNR for RF Link
According to [21], the PDF of 7, is
Vi, 101"
20t; 272
H 10~ _Gar2l) T 2

where N, denotes the order of the Gauss-Hermite quadrature, and ¢; and H; represent the
corresponding quadrature abscissas and weights, respectively. Combined with the ECP
expression in [21], the CDF of 7, is given by

V20t;
Ey,(72) 1——ZH exp ( ngzlPOL(l)) (21)

3.2. ECP Analysis

This subsection investigates the ECP performance of the hybrid FSO/RF HSR com-
munication system under the SC scheme. The FSO and RF channels are assumed to be
statistically independent since they are dominated by different channel impairments and
physical mechanisms.

3.2.1. Definition of ECP

The ECP represents the probability that the received SNR at the cell edge (I = D)
remains above a predefined threshold. The ECP is given by

Pe(y) = Pr{y(D) > ra}
=1-Pr{y(D) <ra} (22)
=1- Fv(’)’(D) =Tth)
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3.2.2. ECP of SC-Based Hybrid FSO/RF System

Among various diversity combining techniques, SC selects the branch providing the
maximum instantaneous SNR for signal detection due to its low implementation complexity.
Accordingly, the output SNR of the SC receiver is given by [28]

v = max(71,72) (23)

According to the selection criterion in (23), the distribution of the SC output SNR can
be obtained by combining the statistical characteristics of the FSO and RF links. Since the
two links are assumed to be statistically independent, the CDF of 7 is formulated as the
product of their individual CDFs. Based on this result, the ECP of the hybrid FSO/RF HSR
system is further derived in closed form, as summarized in Theorem 2.

Theorem 2. The ECP of the SC-based hybrid FSO/RF HSR communication system can be expressed
as follows

Pe(y) =1—=F (7 =rm)

ZA B
=1— TT Z kagj ( Tnitfrne
k=1

N, _ Yooy
+ r*A ZPH‘exp oarp10T D 4 ka3,1< TnaBrine™MP
1
2/ = E-PL(]) = 24 (

m(A)D

1/ 1 + 1’2 )
%, a,k,0 (24)

1,142
2, a,k,0

(6gB + Q) V2PxR Ay

ggﬁ + Q/) \/EPtXRAO

Proof. See Appendix B. [

Corollary 1. By substituting (19) into (22), the ECP of the FSO subsystem can be derived in closed
form as follows

A2 & 31( onafrine™ NP
(

2 =1- b Gy
e(1) 2 k; k24 gsB + Q)V2PxRAg

2
1,147 ) 25)

2, a,k, 0

Remark 1. The ECP of the RF subsystem has been derived in [21] and is given by

N
1 N 0210”10
Pe(72) = NG ‘X%Hi exp " TE-PL(D) (26)
1=

3.3. Percentage of CCA Analysis

This subsection focuses on the analysis of the percentage of CCA, which serves as an
additional metric for evaluating the spatial coverage performance of the proposed HSR
communication system.

3.3.1. Definition of Percentage of CCA

For narrow-strip HSR cells, the percentage of CCA characterizes the average coverage
reliability along the railway trajectory and is defined as

1 D
P= [ Pr{7() = ra}dl

(27)
- %/OD Po(l)dl
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pSC

3.3.2. Percentage of CCA for the SC-Based Hybrid FSO/RF System

Based on the definition of the percentage of CCA in (27), the percentage of CCA can
be interpreted as the spatially averaged performance of the SC-based system along the
train trajectory. By substituting the ECP expression of the SC scheme given in (A6) into (30),
the percentage of CCA can be reformulated as an integral over the propagation distance.

However, the resulting expression involves both Meijer G function terms and non-
linear exponential attenuation terms, which makes the integral intractable to evaluate in
closed form. To address this issue, a variable transformation together with a power-law
approximation is introduced to obtain a tractable analytical expression.

Based on these manipulations, a closed-form expression for the percentage of CCA
can be derived, as stated in Theorem 3.

Theorem 3. The percentage of CCA for the SC-based hybrid FSO/RF HSR communication system
can be expressed as follows
1 1, 1472
,u,k 0,0

Z b l (( TnPrine™

(A)D

B+ Q) V2PxRAg | 7
1,1, 1472
2, a,k 0,0
N Tt pryne™ P
G
ZH( ) Z <(§ B+ Q/)V2PxRA

P
32 OBl 1-5,1, 1+
_ZHiZka(Bﬁ ( Q' \/ 2 k 0. —S
i=1 k=1 ggﬁ "— ) ZPtXRAO r-, &, K, U,

(;rg,B + Q/) \/EPtXRAO

CrzA
2Dm

_G32 ( TntPren
(

(28)

2, a, k 0, —S

1-5,1, 1412 )

Proof. See Appendix C. I
Remark 2. The percentage of CCA of the FSO subsystem can be expressed as [6]

m(A)D 1,1, 1412
2,k 0,0

ZA & Ot frne
pFso _q _ "4 b, | G372 n&Prth
! 2Dm(A) k; 3 (CgB+ Q') V2P«RA

1,1, 1472
2, a,k 0,0

Remark 3. The percentage of CCA of the RF subsystem can be expressed as [21]

(29)

_ o TntPrin
(§gB + Q) V2PxRA

10
E Varti-AN'B /10 N, A fm B
10> c ( o' th 10 1 P1° ) (30)

P = H; 10 ,
? \/>D B Z (Ngrth B E
where c(a,b) = fob ti=Ye~tdt denotes the lower incomplete gamma function.

4. Numerical Results

This section provides numerical evaluations of the proposed hybrid FSO/RF HSR
communication system to assess its cell coverage performance. Monte Carlo simulations
are conducted to examine the consistency of the analytical results. The close match between
the theoretical predictions and simulation outcomes demonstrates the effectiveness of the
derived coverage expressions. The key simulation parameters are summarized in Table 1.
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Table 1. Main simulation parameters.
Parameters Symbols Values
Photoelectric conversion efficiency R 0.8
Receiver diameter B 0.2m
Divergence angle 0 0.01 rad
Noise standard deviation On 106> A/Hz
Beam wavelength A 850 nm
Effective number of large-scale cells o 3.99
Amount of fading parameter B 2
Pointing error parameter r 5
Average scattered optical power g 0.2
Average coherent optical power Q 0.5
Beam waist radius wo 104
Standard deviation of 10log® T 6
Carrier frequency f 800 MHZ
BS antenna height hy, 20m
TAP antenna height ht 4m
Order of Gauss-Hermite approximation Np 40
Number of Snapshots N 10°

4.1. Results of ECP

This subsection presents the ECP performance shown in Figures 4-7. Three transmis-
sion schemes are evaluated for comparison, including the standalone FSO link, the stan-
dalone RF link, and the hybrid FSO/RF system employing the SC strategy. According to
the parameters listed in Table 1, the FSO link operates at a wavelength of 850 nm. This
near-infrared wavelength is selected due to its favorable safety characteristics and practical
applicability in public environments. In addition, Class 1 or Class 1M laser sources are
assumed, which comply with international laser safety requirements and are considered
safe for normal human exposure [29,30].

Since the considered hybrid FSO/RF SC communication system for high-speed rail
requires a high level of service reliability, we further plot the ECP curves at 90%, 95%,
and 99% levels for comparison [31]. The same levels are also considered in the CCA results.
It can be seen that, by appropriately selecting the transmit power, the system can satisfy
different ECP requirements, indicating that the considered scheme exhibits strong stability
and reliability in terms of coverage performance.

Figure 4 illustrates the ECP versus transmit power for different schemes. It can be
observed that the ECP of all three schemes increases monotonically with transmit power
and gradually saturates, since higher transmit power improves the received SNR and
reduces the outage probability. Notably, the RF link achieves higher ECP in the low-
power region, while the FSO link gradually outperforms the RF link as the transmit power
increases. This is because RF links are less sensitive to atmospheric effects and provide more
reliable edge coverage under power-limited conditions, whereas FSO links can exploit their
high directivity and gain advantages when sufficient power is available. The SC scheme
achieves the best ECP over the entire power range by dynamically selecting the link with
higher instantaneous SNR, thereby obtaining diversity gain and mitigating the impact of
deep fading in individual links.

Figure 5 illustrates the ECP versus cell diameter for different schemes. It can be ob-
served that the ECP of all three schemes decreases with increasing cell diameter. This is
because a larger cell diameter results in longer propagation distances, introducing higher
path loss and reducing the received SNR, which increases the outage probability. The FSO
link exhibits a faster ECP degradation than the RF link, since the effects of atmospheric
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turbulence and pointing errors become more significant as the distance increases. In con-
trast, the RF link benefits from stronger diffraction and scattering capabilities and shows
better robustness against distance variation. The SC scheme achieves the highest ECP over

the entire cell diameter range because it benefits from the higher link quality of the FSO

link at short distances, while relying on the RF link to mitigate FSO degradation at longer

distances, thereby reducing the impact of single-link fading on edge coverage reliability.
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L e .
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0.8 9

0.6
=¥
O
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Figure 4. The relationship between the ECP and the transmit power when D = 1 and V = 30 km.

1.0 99

0.95
0.9

0.8

0.6

ECP

0.4

02

—— Theory, FSO Only
Theory, RF Only
Theory, SC

X Simulation, FSO Only
*  Simulation, RF Only
O Simulation, SC

0.0

0.5 1.0 1.5

D (km)

Figure 5. The relationship between the ECP and the cell diameter when P = E = 10 dBm and
V =30 km.

Figure 6 illustrates the ECP versus atmospheric visibility for different schemes. It

can be observed that the ECP of the RF link remains almost unchanged with visibility

variation, whereas the ECP of the FSO link increases significantly with increasing visibility

and gradually saturates under high-visibility conditions. This is because low visibility

(e.g., dense fog) strengthens atmospheric scattering, causing severe attenuation of the FSO

optical signal, while the RF link is much less affected by visibility degradation. Moreover,

the SC scheme achieves the highest ECP over the entire visibility range. Under low-

visibility conditions, SC mainly relies on the RF link to maintain edge reliability; as visibility

improves, SC can exploit the improved FSO link quality to further enhance the ECP. This

improvement is attributed to the complementary weather-dependent characteristics of FSO
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and RF links, allowing SC to dynamically select the link with better channel conditions and
mitigate the reliability degradation caused by adverse weather.

10 pFeem—em—e————eeeeeeeee—— 99
0.95
0.9 [
0.8
KKK KK KKK —K—K—
0.6
=9
Q
il
04
— Theory, FSO Only
Theory, RF Only
02 b Theory, SC
’ X Simulation, FSO Only
*  Simulation, RF Only
0 Simulation, SC
00 N 2 i PR | " " M | . PR
1 10 V (km) 100 1000

Figure 6. The relationship between the ECP and atmospheric visibility when Py = E = 10 dBm and
D =1km.

Figure 7 illustrates the ECP versus the Mélaga turbulence parameter « for different
schemes under different B values. Since the RF link is unaffected by atmospheric turbulence,
its ECP remains almost unchanged with varying «. In contrast, the ECP of both the FSO
link and the SC scheme gradually increases as a increases. This is because a larger a
corresponds to weaker large-scale turbulence fluctuations, which reduces optical intensity
scintillation and mitigates signal fading, thereby improving the received optical signal
quality. Moreover, increasing 8 further enhances the ECP, since a larger j represents weaker
small-scale scattering effects and reduces the impact of turbulence-induced fading on the
FSO link. The SC scheme achieves higher ECP over the entire « range because it can
compensate for FSO degradation through the RF link under strong turbulence conditions
and exploit the higher received SNR of the FSO link under weak turbulence conditions,
thereby further improving edge coverage reliability.

Q0.8 | B=2,3,4

JORIVERVES e SOM

—— Theory, FSO Only
Theory, RF Only
—— Theory, SC
X Simulation, FSO Only
% Simulation, RF Only
O  Simulation, SC
: I :

kK

0.7

1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0
[0}

0.6

Figure 7. The relationship between the ECP and Mélaga turbulence parameter « for different values
of B when P = E =10dBm, D = 1km, and V = 30 km.
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For Figures 4-7, the simulation results are in excellent agreement with the theoretical
values, with the average relative error of ECP between theoretical and simulation results
being only 0.047%, thereby confirming the correctness of the derived ECP expression.

4.2. Results of Percentage of CCA

In this subsection, numerical results of the percentage of CCA are presented in
Figures 8-11. For comparison, the coverage performance of three schemes is considered:
the FSO-only link, the RF-only link, and the hybrid FSO/RF system with the SC strategy.

Figure 8 illustrates the variation in the percentage of CCA versus transmit power for
different schemes. It can be observed that the percentage of CCA for all three schemes
increases monotonically with increasing transmit power and eventually saturates. This is
because as the transmit power increases, more locations farther from the base station can
satisfy the SNR threshold, thereby enlarging the effective coverage area. In addition, the SC
scheme achieves a higher percentage of CCA over the entire power range, indicating that
the hybrid link can increase the proportion of coverage area satisfying the SNR threshold.
It is worth noting that the coverage expansion characteristics of the standalone FSO and
RF links are different. In the low-power region, the RF link can maintain a larger coverage
area satisfying the SNR threshold due to its slower propagation loss increase.

1.0 e — 0.99
0.95
09 ——— A -
0.8
S
O 0.6
Gt
3]
o
Ey
8
g 04 — Theory, FSO Only
= Theory, RF Only
Theory, SC
02 | X Simulation, FSO Only

*  Simulation, RF Only
O Simulation, SC

0.0
-15 -10 =5 0 5 10 15 20 25 30 35
P, E (dBm)

Figure 8. The relationship between the percentage of CCA and the transmit power when D = 1 and
V =30 km.

Figure 9 illustrates the variation in the percentage of CCA versus cell diameter for
different schemes. It can be observed that the percentage of CCA for all three schemes
decreases monotonically with increasing cell diameter. This is because an increase in cell
diameter leads to longer transmission distances, causing the coverage boundary to shrink
and reducing the proportion of locations satisfying the SNR threshold. Moreover, the SC
scheme achieves a higher percentage of CCA over the entire distance range, especially
in the medium-to-long distance region. This is because as the cell diameter increases,
the longer propagation distance of the FSO link intensifies the attenuation caused by path
loss, pointing errors, and atmospheric turbulence, resulting in a rapid reduction of its
coverage area satisfying the SNR threshold. In contrast, the RF link is mainly affected by
propagation loss and is not subject to optical attenuation, enabling more stable coverage
performance over longer distances. By dynamically selecting the link with better channel
conditions, SC exploits the high received SNR of the FSO link at short distances and uses
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the RF link to compensate for FSO degradation at longer distances, thereby increasing the
percentage of CCA.

1.0
0.95
0.9

0.8

o
=N

<o
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Percentage of CCA
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O Simulation, SC

0.0 1 1 1 1 1 1 1
0.5 1.0 1.5 2.0 2.5 3.0 3.5

D (km)

Figure 9. The relationship between the percentage of CCA and the cell diameter when
Pyx = E=10dBm and V = 30 km.

Figure 10 illustrates the variation of the percentage of CCA ratio versus atmospheric
visibility for different schemes. It can be observed that the percentage of CCA for the
RF link remains almost unchanged with visibility variation, whereas that of the FSO
link increases significantly with increasing visibility and gradually saturates under high-
visibility conditions. This is because low visibility (e.g., dense fog) enhances atmospheric
scattering, resulting in severe attenuation of the FSO optical signal, while the RF link
is less affected by fog-induced attenuation. Moreover, the SC scheme achieves a higher
percentage of CCA over the entire visibility range. Under low-visibility conditions, SC
mainly relies on the RF link to maintain a larger effective coverage area. As visibility
improves, the atmospheric attenuation of the FSO link decreases, allowing SC to select the
FSO link with higher received SNR and further enlarge the coverage area satisfying the SNR
threshold. This improvement mainly benefits from the complementary weather-dependent
characteristics of the FSO and RF links. By selecting the link with better channel conditions,
SC can increase the effective coverage ratio under different visibility conditions.
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Figure 10. The relationship between the percentage of CCA and atmospheric visibility when
Py = E=10dBmand D = 1 km.
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Figure 11 presents the percentage of CCA versus the Mélaga turbulence parameter «
under different § values. It can be observed that the percentage of CCA of the FSO link
and the SC scheme increases with increasing «. This is because a larger a indicates weaker
large-scale turbulence, which reduces optical intensity fluctuations and enlarges the area
satisfying the SNR threshold. Moreover, increasing 8 further improves the percentage of
CCA by mitigating the impact of small-scale scattering-induced fading. The SC scheme
achieves a higher CCA over the entire x range because it can utilize the RF link to com-
pensate for the coverage loss of the FSO link under strong turbulence conditions, thereby
maintaining a larger area satisfying the SNR threshold.

1.0
0,99~ = mr
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0.8 N 1 N 1 N 1 N 1 N 1 N 1 N 1

1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0
o

Figure 11. The relationship between the percentage of CCA and Mélaga turbulence parameter a for
different values of p when Py = E = 10 dBm, D = 1 km, and V = 30 km.

For Figures 8-11, the average relative error of the percentage of CCA between theoreti-
cal and simulation results is 0.095%; therefore, the gap is small and can be ignored. This
verifies the correctness of the derived percentage of CCA expression.

5. Conclusions

This paper investigated a hybrid FSO/RF communication system for narrow strip-like
high-speed railway cells by incorporating an SC-based reception strategy and a location-
aware base-station activation mechanism. The coverage performance of the proposed
architecture was analyzed through theoretical derivations and Monte Carlo simulations.
The main conclusions are summarized as follows:

¢ A hybrid FSO/RF coverage model for HSR scenarios was established by considering
heterogeneous along-track base-station deployment and the major propagation im-
pairments of FSO and RF links. Based on this model, analytical expressions for ECP
and the percentage of CCA were derived, and their accuracy was verified through
Monte Carlo simulations.

*  The SC-based hybrid architecture consistently outperforms standalone FSO and RF
schemes in terms of ECP and the percentage of CCA. This improvement is attributed to
the ability of SC to dynamically select the link with better channel conditions, thereby
exploiting the complementary characteristics of FSO and RF links under different
transmission distances and atmospheric conditions.
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¢ The numerical results demonstrate that system coverage is affected by transmit power,
cell diameter, and atmospheric visibility. The FSO link provides higher performance
under favorable propagation conditions, while the RF link offers more stable per-
formance under adverse conditions or longer transmission distances. The proposed
location-aware activation mechanism enables adaptive base-station operation based on
train positions and provides potential energy-saving benefits by avoiding unnecessary
activation of non-serving base stations.

The current work focuses on the theoretical coverage analysis of hybrid FSO/RF HSR
systems. Future studies may further consider practical factors, such as detailed energy
consumption models, imperfect positioning information, handover latency, blockage effects,
and curved railway trajectories, to evaluate system performance under more realistic
deployment conditions.
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Abbreviations
The following abbreviations are used in this manuscript:
5G Fifth-generation

AWGN Additive white Gaussian noise
BPSK Binary phase-shift keying

BSs Base stations

CCA Cell coverage area

CDF Cumulative distribution function
ECP Edge coverage probability

FSO Free-space optical

FSO-BSs  Free-space optical Base Stations
FSO-RX  Free-space optical Receiver

HSR High-speed railway

OOK On-off keying

PDF Probability density function
RF Radio frequency

RF-BSs  Radio frequency Base Stations
RF-RX Radio frequency Receiver

SC Selection combining

SNR Signal-to-noise ratio
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Appendix A. Proof of Theorem 1

From (9) and (18), and applying the random variable transformation theorem, the PDF
of 1 can be obtained as follows

VZA P 3,0 aBon/711 1412
; Al
Subsequently, the CDF of 71 is obtained as
F’h 7) / f’h t)dt
m 2 2
_ / 1 7’4A k ?g< / DC‘B(Tn\/E _m(/\)l 1"‘ T )dt (A2)
o 4 (5 (CgB + Q') V2P RAge e, o,k

By letting t = x? and performing a change of variables, we obtain

2A aBonx
E 1Y 5GP z
n (71) —00 Z k ( (Cgﬁ + Q/)\ﬁpthA()e*m(/\)l

1+ 12
2, a, k

)dx (A3)

Finally, by applying ([29], eq.(07.34.21.0002.01)) the closed-form expression in (19)
is obtained.

Appendix B. Proof of Theorem 2

Assuming that the FSO and RF links are statistically independent, the CDF of the SC
output SNR can be expressed as [28]

Ey(7) = By (1) Fya (72) (Ad)

By substituting (19) and (21) into the (A4), the CDF of the SC output SNR can be

obtained as follows
L1+72
r2,a,k,0

fat
A _ opri10”
- =Y H nthet A5
2y = 1P E-PL(]) (83)

N e ] G i B
k=1 ’ (§gﬁ+0’)ﬁPthA0 2, a,k,0

A d 31 ( onaPryre" M
(

F. = b G

Finally, the ECP can be expressed as

Pe(y) =1—-F, (v =)

24 B m(A)D 2
1 rrA 2 kai’i Tnafrne 12, 147
2 k=1 ! (gg‘B + Q/)\/EPtXRA() r 7 06/ k/ 0
fa
n A %H- ox 0 2710 0 (A6)
27 = P T T EPL()
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https://doi.org/10.3390/s26165149


https://doi.org/10.3390/s26165149

Sensors 2026, 26, 5149 21 of 24

Appendix C. Proof of Theorem 3
By substituting (A6) into (27), we obtain

1 T fre™ M) 1,147
pSC = — / 1- 2y pe nBpre di
“ Dl 2 ¢ (§ﬁ+0’)\fPthA0 r?,a,k,0
L1prad 101"
(o rth
D Z\f Z p(_EloA”'{?m“ ) A7)
y 2 bG Onefrype™ m(A)l 1,1+72 dl.
(é‘gﬁ+0’)f PR A | 72,0,k 0
After a straightforward transformation, we further have
24 B D m(A)l 2
psc =14 Lo | e Ontprine LI a
2 = o A\ (EgB+ QY)V2PRAg |1, 2k, 0
101"
(T rth
/ Z H;exp
ZD\F ( E10~ f10"0810(! )1%) (A8)
B m(A)l 2
y Z kai”i Onttrne 12, 1+7r di
o T\ (e + Q) V2PuR A |1, 2.k, 0

The formula can be appropriately transformed and rearranged, and further simplified

to obtain
P =1- %A ﬂ b [ G§"i< e |11+ r2>dl
= Jo T\ (EgB+ QYY) V2PKR A |17, 2.k, 0
s [ B toe (-t 08)
Bt i i)
Lett = "M then! = W}(L)i), dl = trf(tA). Accordingly, we have
PSC = 2Dm 2 bk/ " t—1G31 ((ggﬁ _i_Ugffftfh;thAo rl 1lx+kr0>dt
2 m(A)D B
+2D;:16\)n/18 1ZiHieXp<—m> (A10)
" Iibkcﬁ ( (5B +U;>Df)[53}§1;xRAo E f)) &

To simplify the complicated analytical expression and complete the integration, the ex-
ponential term containing the logarithmic function is approximated by a simple power-
law form.
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Let U = — @l T p _ em()D Next, using the least-squares fitting method,
E10” 10/m(2)10
the target function is given by
B
ft) = exp<U(lnt)1°> (A11)
with the fitting function written as
fy=ce (A12)

where t € [l, F ], u, %, and F are constants. Our objective is to determine the optimal values
of Cand S.
Taking the natural logarithm on both sides yields

In(f(1)) = U(In') 10 (AL13)
In(f(t)) =1In(C) + SIn(t)
Let the variable substitution be x = In(t), y(x) = Ux1o, 7(x) =1In(C) + Sx.

Since t € [1 F} corresponds to the range of [0 Xmax ] where xmax = In(F), the problem
is then transformed into fitting the nonlinear function y(x) with a linear function 7(x) over
the interval [0, Xmax]-

Define the squared-error integral as

xmax 2
E(S,In(C)) = / [uxh — (sx+1n(C))] dx (A14)
0
To minimize the error, we take partial derivatives with respect to S and In(C), and set

them to zero.
Taking the partial derivative with respect to In(C),

oE Xmax B
ST = —2/0 (txth — 5x—In(C))dx =0 (A15)
Integrating yields
E+1
Ul Sxha
_ —(1 = Al
% ] > (In(C))xmax =0 (Ale6)

which can be simplified as

B
10
UXmiax . SXmax

1 = Al7
Taking the partial derivative with respect to S,
aE Xmax ﬁ
g_—zfo x(Uxth — sx—1n(C))dx = 0 (A18)
Integrating gives
2
erlr?at B Sxd . B X2 In(C) _0 (A19)
Ey2 3 2
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Substituting Equation (1) into Equation (2) removes the dependence on C, yielding

B
B2 3 10 +1 2 2

After collecting like terms and simplifying, the expression for S is finally obtained as

_6Uf - (in(F)) b
(5+1)(5+2)

Substituting the obtained value of S into Equation (1), the corresponding expression

S

(A21)

of C can be derived as

B
0

=

zu(1 - %) (In(F))

C=exp (A22)
B B
(5+1)(5+2)
Then, by substituting S and C into (A22), we obtain
pFSO _ 1 _ rA i b /eme 131 Tn&Print L1472 d
a 2Dm(A) = 24\ (EgB + Q) V2PxRAg |, K, 0
CrlA .emM)D Np
too ot | Hy(1)5! (A23)
2Dm(A)y/7 1 1:21 Z
p 2
o Z kag& OntBrint 12, 147 dar
=\ (EeB+ QY)V2PRAg |17, a,k,0

At this point, using ([29], eq.(07.34.21.0002.01)), we have (28).
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