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Abstract

Analytical solutions serve as primary benchmarks for verifying model test design, provide
rapid predictive tools for preliminary design, and offer fundamental physical understand-
ing of complex structure interaction problems of the geological body. It is essential for
ensuring the reliability of experimental results. For the study on slope stability under
earthquakes, the seismic behavior of key inclined cracks in the slope is a hot topic, which
is a crucial issue in rock mechanics and engineering geomechanics. This paper studies
the dynamic propagation of the inclined crack under seismic conditions, proposes the
analytical solution of fracture mechanics, and conducts a centrifuge shaking table test
accordingly for monitoring and validation. The analytical solution results have been val-
idated experimentally by a centrifuge shaking table test on the seismic behavior of an
inclined crack. Results indicate that the amplitude of seismic waves significantly affects
crack propagation: the greater the amplitude, the faster the propagation rate. Analysis
of crack propagation and maximum surface displacement reveals hysteresis and sudden
jumps of surface deformation caused by rock mass structure and locked segments, both in
indoor tests and in strong earthquake regions. This paper combines a theoretical and exper-
imental monitoring study, providing a good example of integrating analytical solutions
and modeling validation for research on earthquake-induced landslide disasters.

Keywords: inclined crack; slope; fracture mechanics; dynamic propagation; seismic behavior;
centrifuge shaking table test

1. Introduction
Analytical solutions remain indispensable in geotechnical engineering. They serve

as primary benchmarks for verifying model test design, numerical simulation (finite ele-
ment/discrete element), and back analysis of on-site monitoring, provide rapid predictive
tools for preliminary design, and offer fundamental physical understanding of complex
structure interaction problems of geology body [1–5]. In complex problems, analytical
solutions, although limited by simplified conditions, possess clear physical significance and
efficient computation. They are a crucial step in understanding the essence of the problem
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and guiding test modeling and engineering practice [6–8]. Analytical solutions serve as a
crucial bridge connecting theory and engineering practice. In today’s era, where experi-
mental simulation is increasingly prevalent, the importance of analytical solutions has not
diminished but has instead become an essential prerequisite for ensuring the reliability
of experimental results. Without analytical solutions, the validation and interpretation of
modeling design would be severely compromised [2,3,9–13].

Slope stability under earthquakes is a crucial issue in rock mechanics and engineering
geomechanics. Seismic behavior of the key inclined crack in the slope is well concerned. In
the past, scientists and engineers have analyzed slope stability through various methods
and theoretically proposed the limit equilibrium method to estimate the safety of homo-
geneous slopes [14,15]. Some analytical solutions have also been proposed to analyze the
collapse mechanism of slopes [16]. For the analysis of the dynamic propagation of cutting
cracks vertical to the horizontal plane of slope tops, some scholars have conducted stability
analysis using fracture mechanics theory combined with the finite element method [17].
The inclined crack in the slope was studied by Thomas et al. [18] using fracture mechanics
to analyze the effect of a linear crack on slope stability, but they only approximately calcu-
lated the stress intensity factor at the crack end and measured slope stability by defining a
safety factor, without considering time-dependent seismic dynamic response. This paper
studied the propagation process of the inclined crack in the slope under seismic conditions,
proposed the analytical solution of fracture mechanics, and conducted a validation of the
centrifuge shaking table test accordingly.

The centrifuge shaking table test is the most advanced and effective physical simu-
lation method for studying the seismic behavior of crack propagation and instability of
slope rock mass structures [19,20]. Its core advantages lie in the authenticity of the stress
field, controllability of the process, clarity of mechanism, and reliability of data [21,22].
For the purpose of this paper, which is to conduct experimental verification of analytical
solutions, the centrifuge shaking table test can truly reproduce the mechanical behavior
and the entire process of crack initiation, propagation, and coalescence of rock mass under
seismic waves. The dynamic process is precisely controllable, allowing for the gradual
application of various seismic waves for typical instability mechanisms. Compared to
field prototype testing, the centrifuge shaking table test is cost-effective and has a shorter
cycle; compared to pure numerical simulation, it has strong physical authenticity and direct
mechanism revelation [23].

The first section of this paper is an introduction; the second section analyzes the
seismic behavior of inclined crack in slope via analytical solution of fracture mechanics; the
third section introduces the experimental setup and model preparation on verification by
centrifuge shaking table test; the fourth section provides the excitation scheme considering
the analytical solution in advance, and the analytical result of fracture mechanics and
centrifuge modeling; the fifth section presents the discussion on the result and the hysteresis
and sudden jump of surface deformation of slopes both in the centrifuge test and in strong
earthquake zones; and finally, a conclusion.

2. Fracture Mechanics Analysis of the Seismic Behavior of an Inclined
Crack in a Slope
2.1. Analysis of Stress Intensity Factors for the Inclined Cracks in the Slope

Figure 1 shows a straight inclined crack hidden inside the slope, with the slope angle
γ and the angle α between the inclined crack direction and the vertical direction. The
extension lines of both ends of the inclined crack intersect the horizontal plane of the slope
top at point A and the slope surface at point B. The length of AB is b. Above the plane AB,
the rock mass is subjected to gravity, and the weight is denoted as W.
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Figure 1. Stress analysis diagram of a slope with an inclined crack.

Figure 1 illustrates that the area of the triangle ABC is as follows:

S∆ABC =
b2

2

(
sinαcosα − cos2αcotγ

)
(1)

If the slope is homogeneous and the thickness of the triangle is a unit length, then

W = S∆ABCρ (2)

where ρ is the density, and
N = Wsinα; T = Wcosα (3)

where W is the weight of rock mass above the plane AB, N is the normal force component
perpendicular to the crack, and T is the tangential force component parallel to the crack.

In fracture mechanics [24], the stress intensity factor generated by tensile and shear
stress at the tip of the inclined crack is given by

KI = σ
√

πa (4)

KII = (τ1 + τ2 + FT)
√

πa (5)

where σ is the stress on the surface of the crack, a is the crack length, τ1 is the frictional
force on the inclined crack surface, τ2 is the shear force at a distance from the inclined crack,
and FT is the average shear stress generated by seismic waves on the inclined crack surface,
as shown in Appendix A.

When considering the effect of seismic waves, the inclined crack surface is generally
closed, so the average normal stress FN and average shear stress FT generated by seismic
waves on the inclined crack surface are shown in Appendix A.

When FN + N/b > 0, the frictional force τ1 on the inclined crack surface can be shown
as follows:

τ1 = −
[

c +
(

FN +
N
b

)
tan β

]
(6)

where c is the cohesive strength and β is the rock mass internal friction angle.
When FN + N/b < 0, the frictional force τ1 on the inclined crack surface is 0, and there

is a tensile stress σ as follows:
σ = FN +

N
b

(7)

Shear stress τ2 is given by

τ2 =
T
b

(8)
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2.2. Estimation of Dynamic Propagation of Inclined Crack

Theoretically, when the stress intensity factor reaches the fracture toughness, the crack
will propagate; when the stress intensity factor is less than the fracture toughness, according
to the rheological properties of the material, the crack may begin subcritical propagation.

During crack propagation, if the stress intensity factor remains constant, it means
that the crack propagation process is steady-state; if the stress intensity factor continues
to increase, crack propagation will enter a non-steady-state process; if the stress intensity
factor gradually decreases, crack propagation will slow down and eventually stop. If kinetic
and dissipated energy are ignored, crack propagation satisfies the following criteria [25–27]:

dUc

da
+

dSe
da

= 0 (9)

where Uc is the strain energy of crack length a, which is the difference between the elastic
strain energy stored in a plate with a crack and the strain energy in a plate without a
crack under the same conditions. Se is the surface energy of the crack with the length of a.
According to fracture mechanics:

dUc

da
= −2

(
KI

2 + KII
2
)(1 − υ2)

E
(10)

where υ is the Poisson’s ratio.
The change rate in surface energy Se is

dSe
da

= 2η (11)

where η is the unit surface energy.
Substitute Equations (4)–(8) and (10)–(11) into Equation (9), and as shown in

Appendix B, take the derivative of time t to obtain the following equation for the esti-
mation of the dynamic propagation of an inclined crack:

da
dt

= f (t, a) (12)

3. Centrifuge Shaking Table Test Monitoring and Verification
3.1. Experimental Setup

The centrifuge shaking table, which belongs to China Institute of Water Resources
and Hydropower Research (IWHR), has an effective radius of 5 m and a payload capacity
of 1 ton. It is able to be operated at a maximum centrifugal acceleration of 300 g and
at a maximum vibration acceleration of 50 g (Figure 2). The model box was built as a
solid-walled rigid container 890 mm in length, 200 mm in width, and 400 mm in height.

3.2. Model Preparation

The similarity ratio was set to 1:50 (model: prototype) [29,30] and the centrifuge
acceleration was set to 50 g. The length, elastic modulus, and density were selected as the
main control parameters; see Table 1.

The model was built with a size of 870 mm in length, 200 mm in width, and 300 mm
in height, and the slope angle was set to 45◦. Based on previous studies [29,30], to fulfill
the test requirements, barite powder, quartz sand, gypsum powder, glycerin, and water
were selected as similar materials in a specific ratio (0.18:0.71:0.04:0.02:0.05). The gypsum
powder had a particle size of 200 mesh, the barite powder was 800 mesh, the quartz sand
was in a range of 40–80 mesh, and the glycerin used had a purity of 95%. To mitigate the
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boundary effect, there were two polystyrene foam plastic plates at the narrow sides of
the model box with a thickness of 10 mm. Physical and mechanical parameters of similar
material were all obtained by uniaxial compression tests and direct shear tests, which were
carried out by a self-developed dynamic direct shear test device [16].

Figure 2. Overview of test equipment and model. (a) Centrifuge shaking table at IWHR; (b) cross-
section of slope model with monitoring (modified from [28]).

Table 1. Physical parameters of similar material [28].

Density ρ (kg/m3)
Elasticity

Modulus E
(MPa)

Compression
Strength
σc (MPa)

Poisson’s
Ratio

µ

Cohesion
c (kPa)

Internal Friction
Angle
θ (◦)

Rock 2200.00 59.60 0.44 0.21 72.10 22.10
Joint / / / / 0 0

A non-persistent joint, with 190 mm in length, 1 mm in thickness, was preset in the
slope model to represent the inclined crack at an angle of 30◦. Between the inclined crack
and the slope surface, the corresponding length of the rock bridge is 40 mm. Therefore,
the length of extension of the inclined crack is 230 mm (Figure 2). The inclined crack was
preset as unfilled tensile fractures with zero internal friction and cohesion. To prevent
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bonding during curing, a polyethylene film was placed at the preset locations of the inclined
crack. Finally, the model was hardened indoors for 14 days to stabilize its physical and
mechanical properties. This configuration provides a real dynamic propagation of a natural
inclined crack [31].

For the seismic behavior record of the slope, a monitoring system was installed (Figure 2).
The GoPro Hero 10 Black cameras were fixed from a top view to record and capture high-
quality slope activity. The surface displacement of the slope could be analyzed through
the non-contact, full-field measurement technique, particle image velocimetry (PIV). PIV
uses sequential high-resolution images captured continuously by fixed digital cameras.
Prior to testing, either inherent natural speckles or artificially sprayed speckle patterns
serve as traceable feature markers on the slope surface. The PIV algorithm conducts cross-
correlation analysis within small interrogation windows between adjacent image frames
to quantify the spatial offset of matched speckle subsets, yielding the two-dimensional
full-field horizontal and vertical displacement distribution of the slope surface. Notably,
this technique needs no pre-mounted physical sensors, anchor bolts, or contact transducers
on rock and soil masses. Meanwhile, ten unidirectional accelerometers (A1–A10) were
embedded in different positions of the slope, and the accelerometer A1 on the shaker
base was specifically installed for recording the output wave. The accelerometer is Model
B06BM1, following key characteristics with a frequency range of 1–10 kHz (±5% error)
and 0.5–11 kHz (±10% error), dynamic range of ±50 g with a resolution of 0.0001 grms,
providing a dynamic range of approximately 120 dB, and a natural/mounted resonant
frequency of ≥37 kHz.

Recorded from the 1940 Mw 6.9 Imperial Valley earthquake, the El Centro wave
is a widely used classic ground motion with the typical waveform and clear spectral
characteristics. It features an epicentral distance of 6–12 km, PGA of 0.313 g, PGV of
31.8 cm/s, and a strike-slip focal mechanism. In this study, the El Centro wave was
given priority to be selected as the excitation wave, supported by a well-documented
dataset of the commonly used strong earthquake record in typical frequency characteristics.
Meanwhile, the El Centro wave has been widely used in seismic analysis and dynamic
numerical simulation in geotechnical and earthquake engineering, especially shaking table
and centrifuge tests [32].

4. Result
Before the centrifuge modeling, it is a priority to use analytical solutions of fracture

mechanics to repeatedly calculate and compare the dynamic propagation of an inclined
crack in a slope under various test designs, which not only can obtain quick answers and
preliminary predictions for the tests, but also can establish rigorous verification standards
for each key step, greatly ensuring the reliability of the centrifuge shaking table test results.
As shown in Tables 2 and 3, the excitation scheme along with related parameters was
decided such that, with increasing amplitudes, six excitation conditions were set up in
the centrifuge shaking table test, and the seismic waves, at an interval of 0.8 s, were
vertically input from the bottom of the model. All subsequent time-frequency analyses
were performed using the prototype-scale seismic signals. The results of the analytical
solution by fracture mechanics analysis indicate the predicted dynamic propagation length
of the inclined cracks of the slope (see Table 4) and the time history of dynamic propagation
of the inclined crack of the slope (see Figure 3) in stages of centrifuge modeling. Accordingly,
in Figure 4, images of the centrifuge shaking table test at the end of stage No. 6 indicate
that the dynamic propagation of an inclined crack in the slope caused the failure of the
slope, accompanied by the recorded development of cracks and deformation of the surface.
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Figure 3. The predicted time history of dynamic propagation of an inclined crack of slope of centrifuge
modeling in stages.

Figure 4. Images of centrifuge shaking table test at the end of stage No. 6. (a) Sliding surface; (b) crest
deformation; (c) deformation and failure of slope free surface (modified from [28]).

Table 2. Excitation scheme [28].

Input
Waves

Stage
Number

Amplitudes
(Prototype)

Amplitudes
(Model)

Time
(Prototype)

Time
(Model)

El Centro wave

1 0.05 g 2.5 g 40 s 0.8 s
2 0.1 g 5 g 40 s 0.8 s
3 0.2 g 10 g 40 s 0.8 s
4 0.3 g 15 g 40 s 0.8 s
5 0.4 g 20 g 40 s 0.8 s
6 0.5 g 25 g 40 s 0.8 s
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Table 3. Calculation parameters for the prediction of dynamic propagation of the inclined cracks of
the slope in stages of centrifuge modeling.

Parameter Name Symbol Unit
Stage Number

1 2 3 4 5 6

Initial inclined crack length a m 0.19 to be
calculated

to be
calculated

to be
calculated

to be
calculated

to be
calculated

Angel of inclined crack α radian 60◦ 60◦ 60◦ 60◦ 60◦ 60◦

Length of extension of
inclined crack b m 0.23 0.23 0.23 0.23 0.23 0.23

Slope angle γ degree 45◦ 45◦ 45◦ 45◦ 45◦ 45◦

Friction factor tanβ 0.4061 0.4061 0.4061 0.4061 0.4061 0.4061
Cohesion strength c MPa 0.0721 0.0721 0.0721 0.0721 0.0721 0.0721
Density ρ kg/m3 2200 2200 2200 2200 2200 2200
Incident angle of incident wave γ1 radian 60◦ 60◦ 60◦ 60◦ 60◦ 60◦

Velocity of P wave c1 m/s 174.63 174.63 174.63 174.63 174.63 174.63
Acceleration of incident wave Ag0 g 2.5 g 5 g 10 g 15 g 20 g 25 g
Maximum amplitude of
incident wave A0 m 1.4718 × 10−4 2.9437 × 10−4 5.8874 × 10−4 8.8311 × 10−4 0.0012 0.0015

Incident wave frequency f Hz 65 65 65 65 65 65
Modulus of elasticity E MPa 59.6 59.6 59.6 59.6 59.6 59.6
Poisson’s ratio υ 0.21 0.21 0.21 0.21 0.21 0.21
Surface energy η MPam 24 24 24 24 24 24
Duration t s 0.8 0.8 0.8 0.8 0.8 0.8

Table 4. The predicted dynamic propagation length of the inclined cracks of slope in stages of
centrifuge modeling.

Parameter Name Symbol Unit
Stage Number

1 2 3 4 5 6

Increase in the inclined crack length ∆a m 0.0016 0.0032 0.0063 0.0096 0.0127 0.0159
Inclined crack length in total a m 0.1916 0.1948 0.2011 0.2107 0.2234 0.2393 *

* Length of extension of inclined crack b is 0.23 m.

5. Discussion
The results of an increase in the inclined crack length under seismic waves, both

by analytical solution of fracture mechanics and centrifuge modeling, indicate that the
amplitude of seismic waves is sensitive to the effect of the inclined crack propagation. The
greater the amplitude of the seismic wave, the faster the inclined crack propagation rate;
see Table 4.

In most of the stages of centrifuge modeling, as shown in Figure 5, the surface of
the slope was recorded by a camera, and the surface deformation analysis of the slope
was carried out by PIV. The maximum surface displacements of the slope were 1.5 mm
in stage No. 3, 2.3 mm in stage No. 4, 4.2 mm in stage No. 5, and 20 mm in stage No. 6,
respectively. If only judging from the images and before stage No. 6, the maximum
surface displacements were not obvious, although the max amplitude of seismic waves
kept increasing up to 20 g in stage No. 5 of centrifuge modeling.

Meanwhile, further considering Figure 6, the length of the inclined crack in stages is a
key factor; it is illustrated that both the acceleration and maximum amplitude of incident
wave increase in every stage. Quite the contrary, the maximum surface displacements of
the slope in stages only occurred in stage No. 6.

From both theoretical and practical perspectives, the material basis and important
internal factors of slope surface deformation (shallow creep, unloading rebound, topple
and fall, tensile cracking, local collapse, etc.) are the rock mass structure (structural planes
and structural bodies), and the stress/stress field, which must be emphasized, is the main
driving and accelerating condition that cannot be neglected. The two factors work together
to determine the stability of the slope and the starting position, mode, direction, and scale of
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slope surface deformation [33–37]. Further, naturally formed by local stress concentration,
stress arching, and stress redistribution, the locked segment is a special component unit
of rock mass structure mentioned above, being a natural geological body rather than a
reinforced structure, which is a typical application and extension of rock mass structure
control theory in slope stability research [1,38–41]. Domestic and foreign scholars define the
locked segment as a key structural body/combination that controls rock mass deformation
and instability, and the structural integrity and strength of the locked section determine
the magnitude and stability of slope surface deformation. The core mechanism is that
stress concentration enhances the local rock mass strength, producing locking and anti-
deformation and anti-sliding effects [42–47]. For this reason, in the paper, taking into
account of the inherent rock mass structure of the rock slope, especially the natural locked
section under the changing stress field [48–52], the rock mass structure and the locked
segment can resist the pressure of deformation and can control and coordinate to mitigate
local deformation to the maximum extent, before the sliding surface undergoes overall
sliding through progressive failure.

Figure 5. The images and corresponding PIV-derived displacements of slope surface: (a) 2.4 s end of
stage No. 3; (b) 3.2 s end of stage No. 4; (c) 4.0 s end of stage No. 5; and (d) 4.8 s end of stage No. 6
(modified from [28]).

Figure 6. Variations in the maximum amplitude of the incident wave (a), crack length (b), and
maximum surface displacement of the slope in stages of centrifuge modeling.

Additionally, it has been shown that the spatiotemporal evolution of the displacement
center of the slope surface can effectively determine the landslide stage, identify the locked
segment, and further predict the expansion path of the sliding surface [41,43,47]. On
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this basis, combining Figures 5 and 6, with the increase in seismic inputs in stage No. 3
and No. 4, the almost stable displacement center and region of the slope surface reflect
the energy storage, the effect of the rock mass structure, and the formation of the locked
segment. In stage No. 5, the relatively larger displacement, which is widely distributed
in a similar region without a remarkable displacement center, represents the rock mass
structure, and the locked segment continues to be in function without instability. In the
final stage, No. 6, dissipation or scattering of the displacement center indicates that the
locked segment has been breached and the rock mass structure has become unstable with a
sudden jump in displacement of the slope surface. At this moment, some displacement
centers gather at the foot of the slope, illustrating that the crack extends to the slope surface
and the shear outlet of the slope appears eventually.

As shown in Figure 7, further in-depth analysis of the dates obtained by the analytical
solution and the centrifuge modeling can effectively echo the discussion above. The semi-
log plot indicates very important hidden details that with the significant increase in the
maximum amplitude of incident wave ranging from 2.5 g to 25 g in the six stages of cen-
trifuge modeling, the growth rate of the increase in the inclined crack length slowed down
significantly after stage No. 3, rather than continuing to increase sharply; correspondingly,
when the growth rate of the maximum displacement of surface of slope entered stages
No. 4 and No. 5, it increased very little, almost unchanged, and only suddenly increased
sharply after entering stage No. 6.

Figure 7. Semi-log plot of variations in the increase in the inclined crack length and maximum surface
displacement of the slope in stages of centrifuge modeling.

To a large extent, it can be considered that although the exacerbated seismic inputs
occur in stages, the rock mass structure and locked segment formed by stress concentration
and redistribution in the slope stress field significantly restrain the dynamic propagation
of inclined cracks and the deformation of the geological body, affecting the development
of slope surface displacement. Only after the stress release and failure of the rock mass
structure and locked segment, a large displacement constrained previously became a
sudden jump in the surface of the slope.

In fact, analytical solutions of fracture mechanics can also provide relevant information
before the centrifuge modeling. In addition to the predicted time history of dynamic
propagation of inclined crack of slope of centrifuge modeling in Figure 3, additional
prediction results can be analyzed by derivative operation to obtain the predicted time
histories of velocity and acceleration of the inclined crack length growth, respectively
(see Figure 8). The lines in the two figures both show a noticeable step-like evolution.
Considering the exacerbated seismic inputs over time, the increments of the velocity and
acceleration of the inclined crack length growth are difficult to detect between most of the
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time or stages, as reflected by the bench heights. The obvious suppression of the seismic
behavior of the inclined crack propagation can also be attributed to the rock mass structure
and locked segment enhanced by the stress field. For this reason, it can be used to infer the
potential situation of the lagging deformation and sudden jump of the slope surface.

Figure 8. Time histories of velocity (a) and acceleration (b) of the inclined crack length growth by
analytical solution.

As a result of the comprehensive discussions on analytical solution and centrifuge
modeling above, the statement that the surface deformation of the slope lags and sudden
jumps should be more reasonable and appropriate than the statement that the surface
deformation of the slope is not obvious in an overly simplistic and misleading manner.

Consistently, in strong earthquake zones, corresponding evidence can also be found
to indicate that the hysteresis and sudden jump of surface deformation of slopes occur
under and after a series of seismic waves. This type of rock slope is more dangerous
and difficult to predict earlier through surface deformation monitoring of space, sky, and
ground [53–58]. According to studies on the Daguangbao landslide in Gaochuan County,
Sichuan, Xinmo landslide in Maoxian, Sichuan, and the landslide in Zelongnong Gully
in Tibet, China, it is found that the hysteresis and sudden jump of surface deformation
of slopes under earthquakes are based on comprehensive remote sensing interpretation,
on-site geological investigation, and seismic records [59–64]. This greatly supports the
experimental observation and analytical conclusions on the surface deformation of the
slope in this paper.

6. Limitation
Based on fracture mechanics theory, the analytical solution proposed has predicted

and guided the centrifuge shaking table test on the seismic behavior of inclined crack in a
slope, but the present theoretical research has certain simplifications compared with real
earthquake conditions, and therefore, there are still the following limitations.

The incident seismic waves adopted in this work are simplified to normally incident
plane P-waves and SV-waves. In nature, seismic waves have complex incident angles
that control slope failure modes like bedding slip and tensile fracture [65,66], and greatly
change the acceleration amplification coefficients [67], especially at the slope crest and
shoulder [68]. The simplified incident angle of the seismic wave in this study only covers a
limited range of cases and cannot fully replicate real-world seismic conditions.

The slope engineering geological model is simplified in this work. It ignores the dy-
namic response caused by the actual thickness of the slope cover layer, internal differences
in the properties of rock masses, and differences in integrity and strength of the same rock
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masses [69], thus failing to capture the reinforcing effect of geotechnical heterogeneity of
the slope on dynamic amplification.

In the centrifuge shaking table test of this study, the test was unable to effectively track
and measure the dynamic propagation of the inclined crack in the slope. The process of
crack propagation is supported and supplemented by a theoretical analytical solution. The
quantitative crack-growth measurements are very important. The solution to this problem
will depend on more mature experimental monitoring methods and technologies.

Future research will focus on the coupling relationship between complex incident
angles of seismic waves, slope failure modes, and dynamic amplification responses. Mean-
while, detailed geological models that fully reflect the spatial heterogeneity of rock masses
will be discussed. Furthermore, more and more field survey and observation data will be
necessary to verify and optimize the present theoretical method, making it better adapted
to complex in situ seismic environments.

7. Conclusions
An analytical solution is important in academic research and engineering practice,

serving as the primary benchmark for verifying relevant schemes and a rapid prediction
tool for preliminary analysis. The absence of an analytical solution may limit the depth
of experimental interpretation and quantitative validation of measurement results. For
the mechanical model of the dynamic propagation of the inclined crack in a slope, this
paper adapts the method of fracture mechanics to study the seismic behavior of dynamics
process of the inclined crack propagation in a slope. The analytical results indicate that the
amplitude of seismic waves has a significant effect on the inclined crack propagation.

First, the analytical solution clarifies the relationship between seismic loading and
inclined crack propagation. By considering the normal and shear stresses generated by
seismic waves on the crack surface, the stress intensity factors and crack-growth process
were estimated. The calculated results show that the inclined crack length increases
progressively under the input staged El Centro wave. With increasing amplitude of seismic
waves, the crack-growth increment, velocity, and acceleration also increase, indicating that
the amplitude of seismic waves is a key factor controlling the dynamic propagation of
inclined cracks in a slope.

Second, the centrifuge shaking table test reasonably validates the prediction of the
analytical solution. Six excitation stages were applied to a slope model with a preset
non-persistent inclined crack. The experimental observation results show that the crack
gradually propagated toward the slope surface and finally developed into a sliding surface,
accompanied by obvious slope deformation and failure in the final excitation stage. This
process is consistent with the prediction of the analytical solution.

Third, the monitored slope surface deformation reveals a clear hysteresis and sudden-
jump response in the final stage. In the intermediate stages, PIV results show that the
maximum surface displacement of the slope remains small, even though the results of
the analytical solution indicate continuous crack propagation. A sharp increase in surface
displacement of the slope occurs only in the final stage, when the locked segment is
breached, and the rock mass structure becomes unstable. Therefore, surface deformation
of the slope alone may not fully reflect the internal damage evolution of a cracked slope
under earthquake loading. The coupling of analytical crack-growth estimation and surface
deformation monitoring provides a more reasonable basis for interpreting the instability of
a seismic slope with an inclined crack, showing promising potential for research on seismic
landslide prediction.
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Appendix A. Calculation of Average Stress of Elastic Waves on the
Crack Surface

If an incident wave acts on a crack (see Figure A1), the angle between the incident
wave and the x-axis is γj (j = 1, 2), corresponding to the P wave, j = 1, corresponding to SV
wave, j = 2. The stress field of the incident P-wave is given by [70]

σx = σp(1 − 2κ2sin2γ1)exp{−i[α1(xcosγ1 + ysinγ1) + ωt]}
σy = σp

(
1 − 2κ2cos2γ1

)
exp{−i[α1(xcosγ1 + ysinγ1) + ωt]}

σxy = σpκ2sin22γ1exp{−i[α1(xcosγ1 + ysinγ1) + ωt]}
(A1)

where

κ =
c2

c1
=

(
µ

λ + 2µ

)1/2

=

[
1 − 2υ

2(1 − υ)

]1/2

(A2)

where c1 and c2 are the velocities of the P wave and SV wave, respectively. µ and λ are
lame constant, and υ is Poisson’s ratio.

αn = ω/cn(n = 1, 2) (A3)

where ω is the circular frequency of the wave.

σp = −µα2
1ϕ0 (A4)

ϕ0 = A0c1/(ωcosγ1) (A5)

where ϕ0 is a constant related to the amplitude of the incident wave. A0 is the amplitude of
the incident wave.

If the incident wave is an SV wave, the corresponding stress field is given by
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σx = −τsvsin2γ2exp{−i[α2(xcosγ2 + ysinγ2) + ωt]}
σy = −σx

σxy = τsvcos2γ2exp{−i[α2(xcosγ2 + ysinγ2) + ωt]}
(A6)

where
τsv = µα2

2ψ0 (A7)

where ψ0 is a constant related to the amplitude of the incident wave, and

ψ0 = A0c2/(ωcosγ2) (A8)

As shown in Figure A1, the normal stress and shear stress generated by elastic waves
on the crack surface are σy and σxy, respectively. After integrating them along the crack
area and dividing them by the length, it is obtained that the average normal stress FN and
average shear stress FT on the crack surface.

When the incident waves are P waves

FN =
2σp(1−2κ2cosγ1)sin(

α1a
2 cosγ1+ωt)

aα1cosγ1

FT =
2σpκ2sin2γ1sin(

α1a
2 cosγ1+ωt)

aα1cosγ1

(A9)

When the incident waves are SV waves

FN =
2τsvsin2γ2sin( α2a

2 cosγ2+ωt)
aα2cosγ2

FT =
2τsvcos2γ2sin( α2a

2 cosγ2+ωt)
aα2cosγ2

(A10)

 

Figure A1. Stress analysis diagram of the incident wave on the crack surface.

Appendix B. Calculation of the Estimation of the Dynamic Propagation
of an Inclined Crack

If the incident wave is a P wave, substitute Equations (4)–(8) and (10)–(11) into
Equation (9), and take the derivative of time t to obtain the following equation for the
estimation of the dynamic propagation of an inclined crack:

f (a, t) = − fun1/( fun2 + fun3 − fun4) (A11)

where a is the crack length, and
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fun1 = 2ωcos(R1acosγ1/2 + ωt)(( fn + NaR1cosγ1) fn1 + ft1 − tanβ fn1) (A12)

fun2 = 2( fn + R1Nacosγ1( fn1 fcR1cosγ1/2 + R1cosγ1N/b) (A13)

fun3 = 2 fct( ft1R1cosγ1 fc/2 + (−c + T/b − Ntanβ/b)R1cosγ1 − tanβ fn1 fcR1cosγ1) (A14)

fun4 = ηER2
1(cosγ1)

2/(π(1 − υ2)) (A15)

where ω is the circular frequency of the wave, γ1 is the angle between the incident wave
and the x-axis, N is the normal force component perpendicular to the crack, β is the rock
mass internal friction angle, c is the cohesive strength, T is the tangential force component
parallel to the crack, b is the length of AB in Figure 1, υ is the Poisson’s ratio, η is the unit
surface energy, and

R1 = ω/c1 (A16)

fn = fn1sin(R1acosγ1/2 + ωt) (A17)

fn1 = 2A(1 − 2k2cosγ1) (A18)

ft1 = 2Ak2sin2γ1 (A19)

fc = cos(R1acosγ1 + ωt) (A20)

fct = ft + (τ1 + τ2)R1acosγ1 (A21)

where c1 is the velocity of the P wave, τ1 is the frictional force on the inclined crack surface,
τ2 is the shear force at a distance from the inclined crack, and

A = −ER2
1 f0 (A22)

k =

(
1 − 2ν

2(1 − ν)

)0.5
(A23)

f0 =
A0c1

ωcosγ1
(A24)

ft = ft1sin(R1acosγ1/2 + ωt) (A25)

where E is the modulus of elasticity, and A0 is the maximum amplitude of the incident P wave.
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