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Abstract

In this paper, an adaptive output feedback control scheme is proposed for a class of
parametric strict feedback systems with asymmetric full-state constraints and unknown
output gain. Firstly, an adaptive state observer is constructed to estimate the unmeasured
system states. To compensate for the effect of the unknown output gain on the tracking
performance, a new error signal incorporating an adaptive compensation coefficient is
introduced into the backstepping design. Then, by combining the universal transformed
function with a coordinate transformation, all system states are kept within time-varying
asymmetric bounds, and the feasibility issues of conventional constrained control methods
are avoided. Based on Lyapunov stability analysis, all signals in the closed-loop system are
proven to be globally uniformly ultimately bounded. Finally, simulation results based on
motor models demonstrate the effectiveness of the proposed scheme.

Keywords: nonlinear system; unknown output gain; full-state constraints; adaptive
backstepping control; tracking control

1. Introduction

Recently, various modern industrial systems can be modeled as nonlinear dynamical
systems, such as industrial manipulators [1], computer numerical control machine tools [2],
electromechanical systems [3,4], and renewable energy systems [5]. In practice, these
nonlinear systems are often affected by complex disturbances and performance degradation
associated with unknown output gain [6,7]. In the presence of unknown output gain,
it is essential to guarantee that all state variables remain within safe and performance-
specified ranges throughout the entire operating period, thereby preventing instabilities [8],
structural damage [9], or loss of control [10].

In nonlinear systems, output feedback control is important when full-state measure-
ments are unavailable [11-13]. However, the output signal may be affected by unknown
output gain during operation, which may degrade the control performance [14]. Sev-
eral studies have been conducted to address this issue. The authors of [15] proposed
an output-feedback compensation control strategy that combines a switching adaptive
observer with a backstepping-based controller to handle unknown output gain in nonlinear
systems while guaranteeing bounded convergence and enhanced transient performance.
Furthermore, the authors of [16] investigated output-feedback adaptive compensation for
a class of parametric strict feedback systems with unknown output gain by employing a
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switching-type adaptive state observer and an adaptive compensation mechanism. How-
ever, this work mainly focused on compensating for unknown output gain and improving
transient performance, without taking state constraints into account. In addition, the
authors of [17] extended the related compensation framework to nonlinear, switched, inter-
connected systems under an average dwell time by developing a switched state observer
and an adaptive compensation scheme. Nevertheless, the main objective of this work was
still output tracking and boundedness analysis of closed-loop signals, and the issue of
asymmetric time-varying full-state constraints was not addressed. Motivated by the above
observations, it is still necessary to investigate how to simultaneously achieve unmeasured-
state reconstruction, unknown output gain compensation, and asymmetric time-varying
full-state constraint satisfaction for uncertain strict feedback nonlinear systems under an
output-feedback framework.

In practical systems, especially in mechanical and electromechanical applications, state
variables are often subject to physical and safety constraints. These constraints are usually
asymmetric due to practical operational requirements [18,19]. Violating these constraints
may cause system performance deterioration or even catastrophic consequences [20]. There-
fore, constraint satisfaction must be considered in controller design [21]. As an effective
approach for enforcing such constraints, the barrier Lyapunov function (BLF) method has
been extensively utilized to ensure that state constraints are rigorously satisfied. For in-
stance, the authors of [22] proposed a distributed fuzzy optimal consensus controller using a
BLF-based control scheme, while the authors of [23] developed a neuro-adaptive optimized
controller via the same method to handle state constraints. To enhance the convergence
performance while avoiding the explosion of complexity problem, in [24,25], BLF-based
control was integrated with dynamic surface control and finite-time and fixed-time con-
trol strategies. The authors of [26] solved the state constraint problem by introducing
the universal transformed function and coordinate transformation techniques. However,
the corresponding controller design depends on accurate measurement information. Once
the output signal is affected by unknown output gain, the measured information may
become unreliable, which may further weaken the constraint-handling mechanism that
relies on accurate state information, making it difficult to guarantee constraint satisfaction.

From the above discussions on unknown output gain compensation and state con-
straint control, it can be observed that most existing studies have addressed these two
issues separately, while their simultaneous consideration has received limited attention. On
the one hand, many existing results have developed observers and adaptive compensation
mechanisms for unknown output gain [15-17], while state constraints are rarely considered
in these works. On the other hand, existing constraint-handling methods can effectively
guarantee state confinement when accurate output information is available [22-26], but they
usually rely on accurate measurement information. Therefore, for uncertain strict feedback
nonlinear systems, it remains challenging to simultaneously achieve unmeasured-state re-
construction, unknown output gain compensation, and asymmetric time-varying full-state
constraint satisfaction under an output-feedback framework.

Motivated by the preceding discussions, an adaptive output-feedback tracking con-
trol approach is developed for nonlinear systems subject to asymmetric constraints and
unknown output gain. Based on the abovementioned discussions, the main contributions
are summarized as follows:

(1) An adaptive state observer is developed to reconstruct the unmeasured states under
unknown output gain. By introducing a new error signal with an adaptive com-
pensation coefficient into the observer-based backstepping design, together with the
corresponding adaptive updating laws, the adverse effect of unknown output gain on
tracking performance can be effectively reduced.
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(2) To handle asymmetric time-varying full-state constraints, a control design combin-
ing the universal transformed function with a novel coordinate transformation is
proposed. The developed method guarantees that all system states remain within
the prescribed asymmetric constraint boundaries throughout the entire operation
process, without requiring the strict feasibility conditions encountered in conventional
BLF-based approaches.

(3) By integrating adaptive state estimation and constraint-handling mechanisms into a
single design, the proposed approach addresses the challenge of guaranteeing con-
straint satisfaction when the available output information is affected by unknown gain.
Different from the compensation-based control methods in [16,17], where asymmetric
full-state constraints are not explicitly addressed, the proposed method further in-
corporates a constraint-handling mechanism into the output-feedback control design.
In addition, compared with the constrained control methods in [26], where adaptive
compensation for unknown output gain was not considered, an adaptive compen-
sation mechanism is incorporated in the proposed design to effectively reduce the
influence of unknown output gain while ensuring constraint satisfaction.

This paper is organized as follows. Section 2 introduces the necessary background
knowledge and presents the problem formulation. Section 3 presents a universal trans-
formed function, the adaptive state observer design, the backstepping-based tracking
controller design, and the stability analysis. The effectiveness of the proposed control
scheme is verified by numerical simulations in Section 4. Finally, Section 5 concludes
this paper.

2. Problem Statement and Preliminaries
2.1. Problem Statement

In this paper, the parameter strict feedback system is considered as follows:

%1 = x0+ 0T @1(x1) +dq(t)
% = xip1 + 07 i(x1, %) + di(t)

()
Xn = u+ 0Ty (x1, %) +du(t)
y=x
wherei = 2,...,n—1and % = [xp,...,x;]. Here, x = [x1,%}]7 is the state vector, and

u € R represents the input of the system, while y € R denotes the measured output,
6 € RP represents the unknown parameter vector, and ¢1(x1) € RP and ¢;1(x1, %;) € R? are
defined as known smooth nonlinear vector functions for i = 2,...,n. Moreover, d;(%,) € R
fori =1,...,nis defined as a state-dependent unknown uncertainty.

Remark 1. The system in Equation (1) has been widely studied in the literature [27,28]. It is
widely employed to model various practical nonlinear systems, including motor systems, chemical
reactors, and robotic systems.

In practical engineering systems, the available output signal may be affected by
environmental disturbances, hardware degradation, calibration errors, or data acquisition
uncertainties. These factors can be lumped into an unknown output gain, which directly
scales the output signal and may significantly influence the control performance.
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Definition 1. The output signal W(t) € R is affected by an unknown output gain after time Ty if
the available output signal satisfies

WE(t) =pW(t), VE>T; 0<p<l1 )

Based on Definition 1, the unknown output gain of the system in Equation (1) can be
described as follows:

yE() =py(t), 0<p<1 (3)

Remark 2. It should be noted that the multiplicative factor p(t) represents a lumped gain degrada-
tion in the output channel. Physically, such attenuation could stem from several sources, including
but not limited to sensor sensitivity loss, mechanical coupling degradation, or plant efficiency
decrease. Since this paper does not employ an isolation mechanism, we treat p(t) as a general output
gain uncertainty. The focus is on ensuring tracking performance under such degradation rather
than identifying its specific physical origin.

Define x1 = px; and k¥ = % Then, the system model is equivalent to

X1 = px2 + 6] i (xkx1) + pda (1)
X = Xip1 + 0] ¢i(kx1, %) + di(t)
Xn =1+ 08 P (kx1, %) + dn(t)
vF =

where 01 = p0,0; =6,i=2,...,n,and éf = [él,. .. ,ép]T. Nevertheless, in the controller

design, x is available.

The control objective is to develop an adaptive observer-based output-feedback track-
ing control scheme such that the following are true:

(1) The closed-loop signals in the system are globally uniformly ultimately bounded.
(2) The system output y is required to follow the reference trajectory y,(t) while ensuring
that all system states remain within the time-varying asymmetric boundaries:

O, = {xa | Hi(t) > xa(t) —ya(t) > —Hy (1)} (5)
Qxi = {xi !Hl(t) > x,»(t) > —ﬂi(i’), = 2,...,11} (6)

In this formulation, H;(t) and H;(t) are positive and twice differentiable
constraint functions, respectively.

Remark 3. For the time-varying asymmetric boundaries, the tracking error y — vy and states x;
remain in the constraint boundaries throughout the operation. Specifically, if H;(t) = H;(t), then
the constraint boundaries become symmetric.

2.2. Preliminaries

To accomplish the above control objective, several useful assumptions are necessary to
present, and they are as follows.

Assumption 1. Considering the unknown output gain model in Equation (3), the gain coefficient
p satisfies p > p, where p is a known positive constant.

Assumption 2. The unknown parameter vector 0 is bounded, and it satisfies ||| < 6y, where
O is a positive constant.
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Assumption 3. The disturbance d;(%;) is assumed to be bounded, and there is an unknown positive
constant d; such that |d;(x;)| < d;
Assumption 4. The reference signal y; and its derivatives 1, y‘(iz), e, ygn) are bounded.

Lemma 1. For any continuous function F(a,b), wherea € RM and b € RN, there exist smooth
functions X(a) > 1and Y(b) > 1 such that |F(a,b)| < X(a)Y(b).

3. Output-Feedback Adaptive Tracking Control Design
3.1. Universal Transformed Functions

The tracking error is defined as z; = &)1 — y4, where & is the adaptive compensation
coefficient and will be determined later. Based on the constraint x; € )y, in Equation (5),
it follows that z; € Q, := {z1 | —H; < z1 < H;}. To guarantee that z; remains within the
prescribed constraint, the universal transformed function method is introduced as follows:

HiHiz Z1

= (Hy+z)(Hi—z1) M 7

with the initial state z1(0) € (—H;, H;). From Equation (7), it follows that ¢ (t) — oo as z;
approaches its boundary. Specifically, for any initial condition z; (0) € (—H;, Hy), we have
(pl(t) — 00asz| — Hl or z1 — —ﬂl.

Based on the property of ¢1(f), it can be concluded that for any z1(0) € Q) if ¢1(t) is
always bounded, then z (t) € Q, holds for Vt > 0. By substituting the system model with
unknown output gain in Equation (4) into ¢y, it can be found that

@1 = piloxz + 0191 +pd1 — yg)] + &1 (8)
with
H,H,(H{H, +2?
Ll 2 hkt 1)2 9)
(Hy +21)*(Hy — 1)
[ = —Hyz3H, B H,z2H, 10)

(Hi+z1)2(H1 —z1)  (Hy+z1)(H1 —2z1)?

Furthermore, to cope with the constraints of X; (j = 2,...,n), the universal trans-
formed functions are introduced as
HiHjz; Zj

_ 7% _ G 11
Y=l 2 ) v

Based on the system in Equation (4) and the constraints in Equation (6), the dynamics
of transformed states can be expressed as follows:

9j = #ih i@ + 0+ ]+ j =2, n—1 (12
Pn = pnlu+ 924)71 +dn] + Cn (13)
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where
ﬂjﬁj (ﬂjﬁj + 2]2)
B = Yas: > (7=2,...,n) (14)
(H; +zj)*(Hj — zj)
—Hz?H. H.22H,
17j==] =] ]
= /| - ] . (15)

(ﬂ]’—i-Zj)z(Hj—Zj) (H]’-l-x]')(Hj —zj)2

3.2. Design of Adaptive State Observer

In the system in Equation (4), it is worth noting that the state variables x,,...,x;
are unmeasurable in the control design, and a state observer should be constructed to
estimate these states. Based on the designed observer, an adaptive output-feedback control
strategy with an adaptive compensation mechanism for unknown output gain is proposed.
The adaptive state observer is designed as follows:

X1 = P + 0T (Rix1) + ki (yF — #1)
= %01 + 0T pi(Rixa, &) + ki(yF — #1) (16)
=u+0%pu(Rix1, %) + kn(yF — %1)

. }{).

where 2 < i < n — 1 and £; denote the estimate of x; and %; = [%2,...,%;]T
Define the following observer error as e = [ey, .. ., ey] T

e, = X;j — J?l', (17)

From Equations (4) and (16), the error equation of the state observer can be expressed
as follows:

¢ = Ae + Bypfo + FT(kx1,%,)© + AFTO® + B,d (18)

where F(kx1,%) = diag{¢1(k1x1),--., Pn(R1Xx1,%n)}, = p=0 0, = 6 -9,
AF = diag{¢1(x1x1) — (Kl)(l),...,(l)n(Kl)(],xn) ( 1,%1)}, G = diag{p,1,...,1},
0",

Bi=[1 0 =0 0 --- 1T,and
[~k p 0 .-+ 0]
—k 0 1 - 0 ~

: 0 6
A= ) ’ ' |, @=|:|, ©6=|:
0, 0,

: B e |

| —k, -+ -+ 0 |

Assume that there exists a positive definite matrix P such that
ATP+PA < —Q (19)

where Q is symmetric positive definite.
Choose the Lyapunov candidate function 1} to be
ol

Vo =elPe+ —po + 3[R+ Lo (20)

27,
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where M = 6%/[ . LZZ and § =k — R.
According to Equations (16) and (18), the time derivative of V; can be derived as
follows:

Vo = —eTQe + 2T P[B1p%s + FT (R1x1, 2,)® + OTAF + B,d]
1 ~ A M ~2 A ~ 1 AT A
- — — —Rk“ksgn(k) - —O' O 21
%opo 4! g()’Yz .
According to Assumptions 2 and 3 and Young’s inequality, the following inequalities
can be obtained:

2¢T PBy gy < 2elyPBigy#o + el I PPI e%3 + po” (22)
2eT PFT (R 1, %0)© < 2e,PFT (R1x1, %)@ + T [ PFT (R x1, £1) F(R1x1, ) PTie + OO (23)
n n n
2¢" PAF'O < e PPe + 03[} LiR*x% + ) L7 )_¢j] (24)
i=1 =2 j=2
2¢"PB,d < e PB,BI Pe + d%, (25)

where e;g = [e1,0,...,0]T, [} = diag{0,1,...,1} € R™", and e = [e1,0,...,0] +
[0,62,. . .,en].
Substituting Equations (22)—(25) into Equation (21) yields
Uy < — eTQe + —po[270eTyPB1%2 — fo] + L&2[112 — # sgn(k
0<—e Qe+ ’YOPO[ Yoe10PB1£2 — po] + K [r1xT — # sgn(&)]
2 ATE 1 a7 - . A 2
+0 +O° O+ 79 [272F (R1x1, £n) Pero — O] + diy (26)
2

where Q = Q — PP — [£3 + maxy<;<,¢?(Rx1, %)L PPL, — 63, Y, L?[; — PB,BLP].
The piecewise updating law for % is designed as follows:

0, fkR=1land £ <0
k = Projj; 1,,{K} = ork =1/¢gand K >0 (27)

KC, otherwise

where
0, m<0
K= €} . (28)
71)(%4—,712—01;@ m >0
€1+ X1
where m = y1x3 + ﬁ — opk. In the equation, Proj[-] denotes the projection operator,

which ensures that the estimate & remains confined within the interval [1, p].
The updating laws of ® and p are designed as follows:

A

© =Proji_g,, 0, {272F (R1x1, 1) Pero — 20} (29)
p =Proji,1)(270e{oPB1 22 — 00P) (30)

From the observer model, it is implied that x(t) > 0 forall t > 0if x(0) > 0. In practice,
it is reasonable to choose #(0) > 0, since & is an estimate of . Since £ > 0 and & = x — &,
and noting that lim;_, £(f) = x, it follows that () is monotonically non-decreasing and

https:/ /doi.org/10.3390/s26103084


https://doi.org/10.3390/s26103084

Sensors 2026, 26, 3084

8 of 19

converges to k. By substituting Equations (30) and (29) into Equation (26) and applying
Young’s inequality, it can be obtained that

Vo < —eTQ(xxy, £)e + %ﬁﬁ + %k% + %@T@ +p° + 070 + a3,

_ ) % Moy,
< —eTQ(rx1, R)e — (5 —1)p* — — &
< —e"Q(xx1, %) (270 )P 3%| |

g —1)@T@+ﬂp2+—j I@'1;<3+2®T®+azﬁ/I (31)

27, 279 31 27

From Equation (31), we can obtain the stability of the observer error system by choos-
ing the design parameter K = [ky, ..., k,| such that Q(xx, %) > 0.

Remark 4. The stability of the system can be ensured via the designed piecewise update law &.
Howeuver, the available output signal may be attenuated due to the unknown output gain, which
8"/;

2

/
ey +X]
is incorporated into the update law in Equation (27), which enhances the compensation capability

may degrade the tracking performance. To mitigate this effect, an additional modified term

against output attenuation. Consequently, & can increase rapidly when the output signal is affected
by a small unknown gain.

3.3. Design of Backstepping Adaptive Controller

An adaptive output-feedback control scheme with a state observer is constructed
via the backstepping technique, ensuring the global boundedness of all signals in the
closed-loop system.

First, the system is transformed into the following form:

X1= px2 + 61 1 (xx1) + pda (t)

b = i1 + 0L pi(Rix, Bi) + ki (yF — %1)
£n = u+ 01 pu(Rix, Bn) +kn(yF — 21) (32)

=

The controller design follows a backstepping procedure consisting of # steps. Different
from conventional stability problems addressed by backstepping methods, a coordinate
transformation is constructed as follows:

zizﬁi—(xi,l, i=2,...,n (33)

_Aa

(Pl*)\l

. (34)
4’1—Ai/ Y A

Step 1:
According to the definition and properties of ¢1, we have

@1 = palkx1 + &(pxz + 0] 1 (xx1) + pda (1)) — V4] + T (35)

We then construct the Lyapunov candidate function Vj:

52+ 1 g (36)

1 1
Vi e >

~ 2717 2,

https:/ /doi.org/10.3390/s26103084
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where §; = 6; —d;and § =5 — 8.
According to the first equation of Equation (35), V; can be obtained as follows:

Vi =ik (2 + 22) + @rpnkpar + @11 [RO] @1 (kx1) + &ely (£) — ¥4]

A 1+ [
+ @181 + rpakxs — —0101 — —55 (37)
3 V4
Since ¢1;(0) = 0, and ¢;; is smooth, there exists a continuous function ¢;; such

that ¢1j(xx1) = xx1¢1j(xx1). On the other hand, according to Lemma 1, as for ¢1;(xx1),
there exist A;(-) and B(-) such that |¢y;(xx1)| < A;(x)Bj(x1). We define B(x1) =
[B1(x1),---,Bp(x1)]", o; = kA;j(x)|61j], and ¢ = [0y, ..., 8,|T. Therefore, we have

#0191 (xx1) < Rx19B (38)

Then, Equation (37) becomes

Vi =@1u1kp(X2 + 22) + @rpakpar + @rp1[Rx19B + Rdy (1) — 4]

A 1< 1 ~A
+ @181 + rpakxs — —0101 — —55 (39)
BE V4
To address the bounded time-varying uncertainties, we define that ®; = sup, [|Z1(¢)||
and
1 T +1
E1(t) = [9, di(t) - Hya] € RV (40)
T
& =B, 1] ernt (41)
6 = max{ull, &1} (42)

Hence, we can find that

P R[07 g1 (xx1) + di (t) — 9a] = prak[E] (£)E1]
< |1|p1kd4||81]|

< d11jo + 0191 PR T (43)
T
where T = ( \/WM)
With Young’s inequality, we also obtain that
a e 1 1 ; o 1
piiko(¥2 +22) < (5 + 171)4’%]4%7(2 + %xz + E/\%(P% (44)

Substituting Equations (43) and (44) into Equation (39) yields that

. 1 1 R ;\ . N
Wi S(E + 171)4’%#%’(2 + @101 + @11k x1 + 01 @1 RT + @1 kpaq
1 2 2 M 2 1<+ 0
= Ngg — 56 -F 45
+ 2Azgo2 + o110 + 1 %5 73(51(51 745 (45)

https:/ /doi.org/10.3390/s26103084
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We design the following virtual controller a; = — %Ecl % with
_ 1 1 2.0 A A
=agi+(5+ a)?’l#ﬂf + {1+ prkx1 + o1 RT (46)
01 = Y3111 RT — 30301 (47)
§ = a1 — Y4048 (48)
Then, it can be derived that
. . § 1
prikpay < @rpiko(— &1 —)
K M1
—g1p(s — 5 < —g1d1 + @105 (49)

Thus, we have

1 ~ x . 1._.. _
Vi <—cipf+ /\2sz + o110 + ﬂxz - %51(51 — Y3P1H1RT) — ES(S — Y4Q1pR1)

<—cog?+ E/\%(p% + om0 + %x% + 03816, + 0458 (50)

Step 2:
According to Equation (34), the derivative of ¢; can be expressed as follows:

§2 = Wa[%2 — 1) + {2 (51)

and the derivative of z, can be obtained:

& A A = a“
z) =23 + 05 pa(R1x1, R2) + kaer — ﬁ[#’xz + 671 (kx1) + pda (1))
8041 A ale A 80(1 A 8a1 . 8041
- , g -2l
o3, 1" 96, ok, ' oH, ' am
80(1 A 8061 i 8061 x a(xl %

— 01— =851 —5—Vi— ==
25, 1 35; 1 a]/djyd aydjyd
. Ju
=3 — a—xi [ox2 + 67 1 (k1) + pd1 (t)] + Az (52)
Using Young’s inequality, it follows that
Jux 0| . 1 1 o«
- G"zﬂzﬁpxz < (5 i+ g+ RGP+ (53)
1
oo P Lol gn (k1) < quﬂz( ) [ (k1)1 (cx1) + 4 0h0m (54)
oy o 1
— oz st pdy (1) < ghB (5t +7D2 55
Papagz 0 1()_%%2(%) 1 (55)
We establish the Lyapunov function candidate:
L
V2=5¢ (56)

https:/ /doi.org/10.3390/s26103084
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The time derivative of V5 is
i du
Vo =@ap2{Asps +az — ﬁ[m@ + 071 (kx1) + pda ()] + Az} + 9202
du 1
SgaMiaAags + paianz + 9ala + PR3(3 )" + 1 D% + gapiaa
ou 1 1 du
02/9%1v0 L Lo 00k 1o
+ ¢2H2x2(axl) T " (P2V2(3X )"+ e
onq
+ 4)2#%(87) 1 (x1) 1 (1) + 9M'9M (57)
We design the virtual control a; as follows:
2 92,2 o daq 2 1
ay = — ¢ A5 — 1+%5+—+ K K 58
2 22 T Az = @apin( Xl) [T+ %3 " ¢1 (kx1)¢1(kx1)]  (58)
By substituting Equation (58) into Equation (57), we can obtain
. 1 1
Va < — 0293 — 50593 + + %16’% + 191{49M + EDZ + H2A39293 (59)
Step i:
According to Equation (12), the derivative of ¢; can be expressed as follows:
¢i = pil%i — &) + G (60)
and the derivative of z; can be described as
A A . = du
2 =%i1 + 0] ¢i(Rixa, &) + kiey — ﬁ[m + 0] 1 (xx1) + pda ()]
i—1 i—1 1 i—1 i—1
a“z—l A a“z—l A afxl—l A afxl—l aai—l*
- -y Wictg -y Ly Rty
2 ] 2 ] == ]
= 9% ! =1 99; LY 5 9H; ! /=1 9H;
i—1 a“l—l X i—1 aai_1§ i—1 aal—ly'\ i—1 ao‘i—l]?
- S - ~ 1= ~ dj — X dj
=1 99 ! =% T T
R o
=R - 11 [ox2 + 6T 1 ()x1) + pd1 (B)] + A (61)
We establish the Lyapunov function candidate:
1
vi-lep ©)
and its derivative can be deduced as follows:
) ow;_
Vi =pipti{Aiv19ip1 + i — ﬁ[ﬁxz + 6] 1 (xx1) + pd1 (1)) + Ai} + @il
=Qipidip1Qit1 + Qipin; + 4’1‘#1'/\1' + @il
on;_q
~ Pitliy %2 ~ pipiat a 0791 (cx1) — it a 1(t) (63)
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By using Young’s inequality, it follows that
ou;_ 0,15 . 1 du;
— Qitti— %2 < @FF (= 1)2x%+4 qv?u?( P (64)
X1
_ iy Q=1 g7 < &g 1o
piti O di(kx) o2 P )1 (kx1)¢1 (kx1) + 70040m (65)
alxl 1 2 2 al)(l 1\2 1 2
() < i (5 )"+ 4D (66)
We design the virtual controller «; as follows:
1 i1 Gi Oki—1\or: | o
N = — Ci—@; — )\ = 2 — U 1_|_x _~_7
i l#iq)l 10 iPi-1 0 pipi( P )l 270
+ 1 (k1) (cx1)] - (67)
By combining this with Equation (67), we can obtain
1
V <S¢ (Pz + + % 2+ 6M6M+ 4D +.uz i-+19PiPi+1 — Ki- 1A Pi-19Pi (68)
Step n:
We can get that 2, = u + 0L, (Rix1, £n) + kn(y" — £1) and
. alxn,1 T
Zn = a0 [oxa + 01 ¢1(kx1) + pdr ()] + An (69)
with
n—1 n—1
Ky_—1 2 0w, 1 A
Ap =0, ¢n(Rix1, %) + kner — Y a”A 1 -y 2 19]'
=1 9% = 99
] ]
a“n 1z i daey 1 nil oy 145
— Z — — "H
= ]
=1 aﬂj ! j=1 J j
-1 n—1 n—1
aanfl A a“nfl % a“nfl =
- R e —Yaj — s 1dj (70)
=1 35]‘ ! a9 = 94 ! = 94 !
We construct the Lyapunov function candidate:
1
Vi =597 (71)
The time derivative of V;, is
. oy
Vi =4)n}ln{“ B a;l(ll [sz + HlT(Pl (KX1) + Pdl(tﬂ + A”} + ¢nln (72)
We design the following adaptive controller:
1 _
U= —Cyp—qn — il L 143 — Ay
Hn n n
o
guttn (=52 2L+ 2+ — 9] (k1)1 (kx1)] (73)
and hence, it follows that
o Mg Lorg Ip2
Vi = qu)n + + 5 &2 + 40M9M + 4D Hn—1An@Pn—-1¢n (74)
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3.4. Stability Analysis

The main results of the proposed method are formally summarized in the following
theorem at this stage.

Theorem 1. Under Assumptions 14, considering the parametric strict feedback systems subject
to unknown output gain and asymmetric time-varying full-state constraints, with the designed
adaptive state observer in Equation (16), the error transformations in Equations (7) and (12),
the adaptive updating laws in Equations (29) and (30), and the adaptive tracking controller in
Equation (73), the following results can be obtained:

(1) All signals in the closed-loop system remain uniformly bounded;
(2)  The system states always evolve within the time-varying asymmetric constraint bounds.

Proof. Selecting the Lypunov function V = Vj + V; + ... 4V, then yields that
, - n ~
Van S—GT(Q—%Iz) (c1—3)g ZC 97 — ( —1>P2

At (3 oot (4o
31 2y &
+ ag\/1] + 0.2785mD + 0.2785 mE + {30307 + {4045

UO 2 MUl 3 02 T ~2
+day+ +K+®@—<1—)Us
M 2’YOP 3711 27, i)t

<—AV -+ (75)

[o-"ny
where I = diag{0,1,...,0}, A = min{Am';[fax(;) B o 5 (g —1),2(% ~1),2(e -

1

126,200,203 (1- 1), 203 (1- 1) } and 1 = &, + 20>+ ¥ + 2070 +
1107 00 + 0.2785mE + 0.2785mD + ag /7] + (30307 + {404s?. [

To guarantee the stability of the closed-loop systems, the parameters cy, . .., ¢y, 0y, 03,
02, (3, and (4 should be chosen to satisfy the following conditions: ¢; — % >0,¢9,...,cp >0,
~1>0,72-1>0,1-4 >0,and1— 2 >0.
To ensure the stability of the closed-loop system, the observer gain parameter k is
designed such that the following matrix inequality is satisfied:

Z’Yo

ATP + PA — 2PP — ¥(t)I; PPI; + B*PB,BIP — 62, Z (L2) + ”’71 <0 (76)

where ¥ (t) = maxj<j<y, ¢i(%;).
Based on the Schur complement, the aforementioned inequality is equivalent to the
following condition:

(1,1) * * *
LP —¥1I x «
0 77
P 0o -1 =« |°= @7)

BBIP 0 0 -I

To eliminate the bilinear terms involving P and K, a new variable C = KP is intro-
duced. Accordingly, the controller gain can be recovered as K = P~!C, which enables the
conditions to be expressed in linear matrix inequality (LMI) form.
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In the inequality, the (1,1) block is given by ATP + PA + HTW + WH + ¢I,
0
A=|: @& ,H=[—-1 0 --- 0 0 ].and K= P~'C. Moreover, G € {G1,G,}
0 --- 0
with G; = diag{1,1,...,1} and G, = I, 1.
It follows from integrating Equation (75) that

V(1) e MV(0) + 4 (1—e M), (78)

Therefore, V (t) is bounded, and hence, all signals in the closed-loop systems remain
bounded. That aside, the asymmetric time-varying constrains can be achieved.

Remark 5. From the stability result V. < —AV + 1, the ultimate bound of the tracking error is
determined by the constants A and 1. A larger A or a smaller 1 leads to a tighter ultimate bound
V2i/A. According to Equation (75), increasing the design parameters c;, 01, . .., 04 enlarges A,
while increasing o, y1, 2 helps reduce 1. However, excessively large c;, 01, . . ., 04 values inherently
induce high-gain control and increase the actuator burden. Thus, a tradeoff between performance
and control effort should be adjusted by actual requirements.

4. Simulation

To verify the effectiveness of the designed output-feedback adaptive tracking control
scheme under unknown output gain, numerical simulations were carried out on a perma-
nent magnet DC motor model. The dynamic model of the permanent magnet DC motor
was adopted from [29,30] and, it is given by

X1 = X2,
Xy = —?XQ + §X3 — % sin(xy), (79)

X3 = Liqu - f—;xg, - Liq(l — ax3)x,

where the state variables are chosen as x1, x3, and x3, representing the rotor angular position,
angular velocity, and armature current, respectively. The control input u is defined as the
applied armature voltage, while y denotes the measured system output. The parameter |
denotes the rotor moment of inertia, B is the viscous damping factor, and K; represents the
torque constant. Rs denotes the armature resistance, and L, denotes the inductance.

The available output signal was assumed to be affected by unknown output gain.
Specifically, the output gain model is given by

r y(t), t < 4s,
Y (t) O.Sy(t), t > 4s, (80)

The model in Equation (80) represents a typical multiplicative output gain attenuation.
The activation time and attenuation level were selected as representative simulation settings
to evaluate the tracking performance under unknown output gain.

The selected parameters of the DC motor system were ] = 1 x 10~*kg-m?, B =
1x107*N-m-s/rad, R; = 2.0Q, L; = 5 x 107®H, and K; = 0.05N - m/A. The chosen
desired reference trajectory was y; = 0.2sin(7tt). The selected initial conditions of the
model states were x3(0) = x2(0) = 0.2, x1(0) = 0.1, £3(0) = £,(0) = £1(0) = 0.1, p(0) =
0.5, #(0) = 1, 4;(0) = 0.1, and 4(0) = 0.1. To ensure safe operation of the system, time-
varying state constraints were imposed on each state variable. The constraint boundaries
were defined as Hi(t) = 0.05cos(t) 4-0.35, Hy (t) = 0.05sin(t) — 0.35, H(t) = 0.1 cos(t) +
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2.8, Hy(t) = 0.1sin(t) — 2.0, H3(t) = 0.05cos(t) + 2.5, and H;(t) = 0.1sin(t) — 3.0. We
chose the following design parameters: ¢; = 120.5, ¢ = 1, c5 = 5, 79 = 1055, 71 = 55,
Y2 = 1000, v3 = 1500, 74 = 1.1, 0y = 0.0005, o7 = 0.0001, o» = 0.0005, o5 = 0.0005,

and o3 = 0.0005.

The simulation results are presented in Figures 1-9. Figures 1-3 illustrate the evolu-
tions of the system states x1, x2, and x3 together with their estimates £, £, and %3, as well
as the constraint boundaries Hy, H,, H», H,, H3, and Hj, respectively. It can be observed
that the estimated states closely tracked the actual system states in the presence of unknown
output gain. Moreover, all state trajectories remained strictly within the asymmetric con-
straint boundaries. These results demonstrate that the proposed adaptive output-feedback
controller can effectively guarantee state constraint satisfaction while maintaining accurate

state estimation under unknown output gain.

1
Time (s)
Figure 1. Evolution of x; and £; with constraint boundaries H; and H.

3 T
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- — =i
2+ — — —H |4
— ——H,
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Figure 2. Evolution of x, and £, with constraint boundaries H, and H,.
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Figure 3. Evolution of x3 and £3 with constraint boundaries Hz and Hj.
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Figure 4. Tracking performance of the output x1, x1, and y;.

Figure 4 illustrates the tracking performance of the proposed method and its com-
parison with the method in [17]. As shown in Figure 4, the system output x; can rapidly
track the desired trajectory y; with high accuracy, even when the available output signal is
affected by unknown output gain. The transient response was fast, and the steady-state
tracking error remained small, demonstrating the effectiveness of the proposed adaptive
compensation mechanism.

Figures 5-8 illustrate the observer errors and the evolution of the adaptive parameters.
As shown in Figure 6, the observer errors e, e;, and e3 converged to a small neighbor-
hood around zero, indicating the effectiveness of the proposed state observer. Figure 7
presents the evolution of the adaptive parameter g, which gradually converged with small
oscillations during the transient process. Figure 8 shows the evolution of the adaptive
compensation coefficient «. It can be observed that & was adaptively adjusted to reduce the
influence of unknown output gain, thereby maintaining accurate system output tracking.

For comparison, the compensation-based control method in [17] was applied. The sim-
ulation results are illustrated in Figure 9. It can be concluded from Figures 4 and 9 that the
proposed method achieved improved tracking performance compared with the method
in [17]. In addition, the root mean square error (RMSE), the mean absolute error (MAE),
and the integral absolute error (IAE) are presented in Table 1, demonstrating the advantages
of the proposed adaptive compensation method in this paper.

3 T

Control input u(t)

I
0 2 4 6 8 10 12 14 16 18 20
Time (s)

Figure 5. Control input signal u(#).
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Figure 6. Observer errors e1, ¢p, and es.
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Figure 7. Evolution of the adaptive parameter g.
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Figure 8. Evolution of the adaptive parameter .
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Figure 9. Tracking performance of the output x1, x1, and y; in [17].
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Table 1. Performance comparison.

Performance Metrics ERMS MAE IAE
Ours 0.012845 0.010867 0.217339
In[17] 0.016739 0.011610 0.232208

5. Conclusions

This paper proposed an adaptive output-feedback tracking control strategy for non-
linear strict feedback systems subject to unknown output gain and full-state constraints.
An adaptive state observer was constructed to estimate the unmeasured states under un-
known output gain. Furthermore, by combining the UTFs with the bounded estimation
method, the proposed control framework effectively addressed the state constraint problem.
Based on the backstepping technique, a new error signal containing an adaptive compensa-
tion coefficient was introduced into the control design to reduce the influence of unknown
output gain. It was shown that the closed-loop system was globally uniformly ultimately
bounded, and the tracking error converged to an adjustable neighborhood of the origin.
Simulation results confirmed the effectiveness and reliability of the proposed method.
Future work will focus on extending the proposed framework to more general output gain
uncertainties and actuator nonlinearities in nonlinear systems with state constraints.
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